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PREFACE 

The development of experimental facilities for rail vehicle 

testing at the DOT High Speed Ground Test Center is being com

plemented by analytic studies being conducted by Transportation 

Systems Center under the UM204 UMTA Rail Supporting Technology 

Program for the Urban Mass Transportation Administration, Office 

of Research, Development, & Demonstrations. The purpose of 

this effort has been to gain insight into the dynamics of rail 

vehicles in order to guide the development of the wheel/rail 

simulators and to establish an analytic framework for the design 

and interpretation of tests to be conducted at these facilities. 

Continuation of these efforts are expected to result in defini

tion of the interrelations between track construction and main

tenance requirements and the vehicle design parameters, required 

for meeting ride vibrations and noise transmission standards at 

minimum costs. 

The work described here represents an initial effort to

wards meeting these objectives. This report describes work 

currently in progress and subject to revision. It is intended 

primarily to provide information on the current status of in

house TSC analytic efforts conducted from November 1971 to May 

1972. 
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1,0 INTRODUCTION 

A major limitation on rail transportation is the tracking 

error produced by the lateral vibrations of rail vehicles and 

wheel assemblies in response to track irregularities. In addi

tion to producing undesirable vibration in the passenger compart

ment, these vibrations are capable of producing severe wear of 

both the rails and vehicle wheels. Under extreme conditions, 

these oscillations may result in derailment. 

The most dramatic effect of the lateral dynamics of rail 

vehicles is the hunting phenomenon. At low speeds (25 to 50 mph) 

in vehicles with lightly damped secondary suspensions the phe

nomenon is observed as a large (possibly violent) oscillation of 

the vehicle body which occurs at a characteristic speed. At 

speeds above and below this characteristic speed the oscilla

tions are reduced. This low speed body hunting normally does 

not result in a catastrophic situation but does contribute to 

excessive wheel and rail wear and passenger discomfort. At very 

high speeds (above 100 mph) the hunting phenomenon appears as a 

violent oscillation of the wheel assemblies which is limited 

only by flange impact and eventual derailment. This oscillation 

begins at a critical vehicle speed and the motion is unstable 

at all velocities above the critical velocity. 
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Although the hunting instabilities have been observed for 

many years, the mechanism of the instability was first 

fully understood only in the past decade. Analytical and ex

perimental studies conducted by Wickens at British Railways 

(Ref. 1) and Matsuidaira at Japanese National Railways (Ref. 2) 

resulted in the development of linearized analytic models which 

could be applied to determine the stability of two axled rail 

vehicles operating on straight track. These studies also re

sulted in the development of roller rigs which were employed to 

simulate straight track for full scale stability investigations 

of prototype truck and vehicle designs. 

Although stability is a necessary condition for a new rail 

vehicle design it is not sufficient to assure safe and reliable 

performance on less than a perfectly straight track. In order 

to assure safety, limit wheel and rail wear and provide satis

factory ride vibration characteristics it is necessary to 

evaluate the response of the vehicle and wheel assemblies to 

rail irregularities. The U.S. Department of Transportation is 

currently designing and fabricating a Wheel/Rail Dynamics 

Research facility which will include a dynamic track simulator 

capable of full scale vehicle tests to fully evaluate the coupled 

response of rail vehicles to track irregularities and limiting 

rail conditions. 

This development of experimental facilities for rail vehicle 

testing is being complemented by analytic studies being conducted 

by the Transportation Systems Center (TSC) on behalf of the Urban 

1-2 



Mass Transportation Administration, Office of Research, Develop

ment, & Deomonstrations. 

The analytic models developed as a result of these studies 

will provide a framework for interpretation of the results of 

experimental investigations of the dynamics of rail vehicles 

and permit extrapolation of the test results to new vehicle 

design concepts and to prediction of the dynamic performance of 

vehicles under real track conditions. The analytic efforts 

will also support the design of the simulation equipment by 

providing a comparison of vehicle performance on track with that 

expected in the simulation. The analyses will also identify the 

range of test parameters required for vehicle performance evalu

ation and identification of critical test conditions that might 

approach limits of the simulation capabilities. The results 

obtained from simulator and track tests will be used to validate 

and improve the analytic models to permit their application to 

new vehicle and component designs and provide improved specifi

cations for track alignment. 

This document is intended to provide a summary of the work 

currently in progress at TSC towards establishing analytic 

models of the lateral response of rail vehicles to track irreg

ularities and preliminary results of these analyses. Section 2 

develops the mechanism of the hunting instability through the 

use of simplified wheelset, truck and vehicle models to develop 

an intuitive understanding of the hunting phenomenon. It is 

shown that at low speeds the energy associated with the lateral 
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vibrations of rail vehicles is dissipated by a complex inter

action between the creep forces developed by the different axles 

of the vehicle through the compliance of the vehicle suspension 

and wheel assembly structures. The linearized models of rail 

vehicle lateral dynamics for two axled vehicles developed by 

Wickens (Ref. 1) and Cooperrider (Ref. 3) are extended to in

clude track irregularities. It is shown that by appropriate 

substitutions this model can also be applied to four axled 

vehicles for the important special cases of a rigid truck frame 

and of flexible truck frames with either very low lateral stiff

ness or low torsional stiffnesses between axles. A heuristic 

formulation is presented for calculating the critical speeds of 

rail vehicles. This argument predicts low speed hunting will 

occur when the kinematic frequency associated with the geometry 

and compliance of the wheel assembly is in the neighborhood of a 

vehicle body lateral, yaw or roll natural frequency. High speed 

hunting will occur when the kinematic frequency approaches the 

larger of the wheel assembly yaw and lateral natural frequencies. 

This heuristic argument yields similar results for the critical 

speed to those obtained from the "resonance" theory but is based 

upon stability arguments rather than treatment of the kinematic 

oscillations of the wheelset as a forcing sinusoid. The basis of 

the ''resonance" theory of lateral motions and the limitations 

associated with this theory are discussed in Reference 4. This 

result is essentially in agreement with the numerical results 

obtained by Wickens and Cooperrider and those obtained for a 
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typical rapid transit vehicle in Section 2. 

In Section 3 the linear models developed in Section 2 are 

extended to include the non-linearities included by Cooperrider 

in Ref. 3 of flange impact, wheel slip and suspension friction 

and those implied by profiled wheels. The model is extended to 

include track irregularities and a simulation program is being 

planned for exercising this model. Section 3 also discusses the 

extension of the analyses to include the coupling of forward, 

vertical and lateral oscillations which are believed to limit 

wheel adhesion at high speeds. 
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2.1 SUMMARY 

2,0 LINEARIZED MODELS OF LATERAL 
RAIL VEHICLE DYNAMICS 

The mechanism of lateral guidance of rail vehicles by the 

wheel conicity is reviewed based on linearized models. These 

models are developed towards demonstration of the mechanics of 

the hunting instability and the influence of the compliance 

between axles and secondary suspension damping on controlling 

this instability. The equations of motion for predicting the 

characteristic roots describing transient performance and for 

predicting lateral response to track irregularities are described. 

The requirements of a relatively stiff compliance between axles 

is in conflict with the guidance requirements in negotiating 

curves. The relationships between compliance between axles and 

curve negotiations are developed. 

Approximate relationships are developed for predicting 

wheel slip in curve negotiation. The lateral dyna~ics programs 

are checked against published results. The implications of 

these results are applied for the parameters of a typical tran-

sit car. Section 3 discusses the extension of these models 

to include the non-linearities associated with the wheel/rail 

interaction and real suspension system designs. 
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2.2 ISOLATED WHEELSET 

Rail vehicles are guided along a track by the creep forces 

developed by the interaction of the conicity of the wheels with 

the rail for small tracking errors and by the forces developed 

by the contact of the flange and the rail for large lateral 

displacement relative to the track centerline. 

As shown in Figure 2-1, when the wheel set is given a lat-

eral displacement y the radius r 1 of the right wheel increases 

by ay1 where a is the cone angle, and the radius of the left 

wheel decreases by ay 

r
0 

+ ay 

r = r - a 
2 0 y 

so that the velocities of points a and b on the axles are 

v a (r 
0 

+ ay) 

V = ~ (r - ay) 
b r o 

This implies an angular velocity, 

(2-1) 

(2-2) 

(2-3) 

(2-4) 

(2-5) 

If the vehicle is turning around a constant radius curve, R, 

and is in a steady state condition, with no oscillations this 

angular velocity is: 

. 
l/J 

- v 
~ 

2-2 

(2-6) 
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Figure 2-l. Steering Action of Wheelset with Coned Wheels 
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so that in rounding a curve the lateral tracking error is 

y = (2-7) 

For a wheelset with a radius of 17" a cone angle of 0.05 and 

flange clearance of 13/16" on a track with a gauge of 56.5" the 

minimum curve radius that can be negotiated without flange 

contact is: 

R = 17 X 28.25 = 23 , 6 00" 
0.05 X 13/32 

So that the sharpest curve that can be negotiated without flange 

contact is 1970 feet which is about 3/8 of a mile. 

On straight track the wheel set corrects for a lateral 

position error by turning according to Equation 2-5 to produce 

a lateral velocity component: 

y v \jJ (2-8) 

Combining Equations 2-5 and 2-8 we obtain: 

0 (2-9) 

This is the equation of motion of an undamped second order 

system with a sinusoidal solution. The frequency of oscillation 

is: 

f = ~ _f-!C" 
k 2n l' r 0 £ 

(2-10) 

Noting that dx Vdt, Equation 2-9 can be rewritten as 

a 
Y" + y :rT 0 

0 (2-11) 
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The solution of this equation is a sinusoid in space with a 

characteristic wavelength 

(2-12) 

This undamped oscillation of a single unrestrained wheelset is 

known as "kinematic hunting" since the wheelset traces the same 

path independent of velocity. fk and Ak are known as the 

kinematic frequency and kinematic wavelength respectively. For 

r = 17". Q, = 28.25", a= 0.05, the kinematic wavelength is: 0 

Ak = 2n{¥. = 615" = 51.3 ft. 

for a speed of 60 mph, this wavelength corresponds to a kine-

matic frequency of 1.71 Hz. 

When the wheelset travels along an irregular track as 

shown in Figure 2-2 the velocities of points a and b for a pure 

rolling condition on the axles are: 

va = ~o (ro + a (y-61)) 

vb == ~o ( ro - a (y-82 >) 

This implies an angular velocity 

-(Va- Vb) 
2.9-

For pure rolling of the wheelset on the track 
. 
y = v 1jJ 
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(2-14b) 

(2-15) 

(2-16) 
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Figure 2-2. Wheelset Travelling on Irregular Track 



We define the location of the track centerline as 

(2-17) 

and Equation 2-15 becomes 

= 8 (2-18) 

Combining Equations 2-16 and 2-18 yields: 

(2-19) 

Noting that dx Vdt equation 2-19 can be rewritten as 

y + sk 
2 y" 0 (2-20) 

where 

s 2 = ( A.k) 2 = 
ro£ (2-21) 

k 21T a 

For straight track, 0 = constant, the solution is an oscillation 

at the kinematic frequency centered about y = 6 as obtained 

above. 

For a vehicle travelling on curved track of constant radius R, 

8 = R ( 1 - :~ ) l/
2 

(2-22) 

For small angles, 

(2-23) 

The solution to Equation 2-20 for this input is: 

Y = ( R + sk 
2 

) - ;~ (2-24) 
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so that 

(y - 6) = 

as obtained in Equation 2-7. 

i3 2 
k 

"""""R ( 2-2 5) 

For sinusoidal track irregularities the steady state solution 

to Equation 2-20 is 

y 

1 -(;k) 2 
( 2-26) 

where A is the wavelength of the irregularity and f = V/A is the 

frequency corresponding to that wavelength. For wavelengths of 

39 feet and Ak = 51.3 ft. the center of the wheelset will trace 

a path that has an amplitude of about 135% of the amplitude of 

the irregularity. For irregularity wavelengths of 78 ft. the 

response amplitude will be 1.77 times the irregularity amplitude. 

The tracking error in following irregularities is 

(y - 8) = (2-27) 

For wavelengths of 39 feet the tracking error is 235% of the 

irregularity amplitude and for wavelengths of 78 ft. the error 

is 77% of the irregularity amplitude. Therefore with a flange 

clearance of 13/16 inch, the maximum irregularity in the track 

centerline that can be accommodated without flange impact at a 

39 foot wavelength is 0.346 inch peak to peak. 
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Forces and torques applied to the wheelset are resisted by 

forces generated at the wheel rail contact which are approxi-

mately proportional to the relative velocities between wheel and 

rail at the contact for relative velocities which are small 

(less than 0.1%) compared to the forward vehicle velocity. For 

the wheelset shown in Figure 2-2, the difference between the 

actual velocities and those predicted for pure rolling contact 

in the forward and lateral directions are: 

vaT= (V- ~~) - ~o (ro + a{y-61~ 

(V + 1~) - ~0 (r0 - a(y-6 20 
vaL Y - v~ 

. 
vbL = y - v~ 

The corresponding creep forces are: 

FaT -fT 
vaT 

- f (" (yl - 61) 

v T ro 

vbT (" (y 
- 0 ) 

FbT -f = + f 2 
T -v T ro 

v fL(t- ~) FaL = FbL 
= f aL 

L V 

The net force in the y direction is: 

F = -2fL ( ~ - ~) y 

The net torque in the ~ direction is: 

2-9 

(2-28) 

( 2-2 9) 

(2-30a) 

(2-30b) 

+ ~~) (2-31) 

~~) (2-32) 

(2-33) 

(2-34) 



M = -2F 
T ( aJI, + J/, 2~) + 2 f (aJi,CS) 

r Y V T r 
0 0 

(2-35) 

which for zero force and moment yield Equations 2-16 and 2-18. 

If the wheelset is given mass and inertia, 

Fy 

M 

Equations 2-34 and 2-35 become 

my 

cijj 

my + 2fL ( ~ - 1jJ) = 0 

cijj + 2fT ( ~~ y + Q,~~)= 2fT a;! 
Equations 2-38 and 2-39 can be written as 

(Ms
2 

+ 2~Ls) -2f L y (S) 0 

= 

2f aJI, ~52 + 2£(S) 
1jJ ( s) 2fT T r 

0 

where s is the laplace transform variable. The 

aJI,6(S) 
r 

0 

transient 

( 2-3 6) 

(2-37) 

(2-3 8) 

(2-39a) 

(2-39b) 

solu-

tion is defined by the roots of the determinant of the coeffi-

cient matrix. This determinant is: 

2CfL) 3 + -- s v (2-40) 

The roots of this equation lie in the right half plane for all 

values of velocity indicating that the simple wheelset is un-

stable under all conditions unless some additional restraint 

is provided. 
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2.3 ISOLATED RIGID TRUCK 

For the rigid two axle assembly shown in Figure 2-3, the 

lateral velocity of the leading wheelset is 

and for the trailing wheetset 

The lateral creep forces are from Equation 2-34. 

Fy = -2f 2 L 

(~ ~) -2fLh£ * 
(~- ~) +2fLh£ i 

The moments generated at each axle are 

Ml -2f (a£ (y + h£~) £ 2~) = + -- + T ro v 

M = -2f (a£ (y r- h£~) £2~) + -- + 2 T v 
0 

The net lateral force is 

Fy 

The net moment acting on the truck is: 

2fTaQ,61 
r 

0 

2fTaQ,6 2 
r 

0 

~ 
2. h2~2~) M = 4fT (aQ, + U) + 4f r Y v L 

0 

+ 4fT ;~ cl: 6~ 

(2-41) 

(2-42) 

(2-43) 

(2-44) 

(2-45) 

(2-46) 

( 2-4 7) 

( 2-4 8) 

(2-49) 

For no applied net force or moment these equations reduce to: 

2-ll 
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Figure 2-3. Two Axle Rigid Truck Assembly 
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(2-50) 

(2-51) 

If we define 

(2-52) 

Equations 2-50 and 2-51 are identical to equation 2-16 and 2-18 

from a single wheelset. The equation of lateral motion of the 

rigid truck is: 

.. 2 61 + 82 
Y + SKT y = 2 (2-53) 

This results in a kinematic wavelength 

(2-54) 

for h = 1.41 and AK = 51.3 ft, the kinematic wavelength for a 

rigid truck is 88.8 feet. The sharpest curve that can be 

negotiated without flange contact for the wheelset used as an 

example in Section 2.3 is 5,910 ft. 

Since the rigid truck does not provide any dissipation 

forces to damp the kinematic oscillation and has the same 

equation form as the single whe·elset, the addition of either 

mass or inertia will result in unstable behavior. This apparent 

instability of a rigid truck was noted by Langer in Reference 5 

and caused him to conclude that guidance through the action of 

the wheel conicity is impossible and that only flange guidance 
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acted to keep a truck on a track. Fortunately, as shown below, 

most truck designs have finite stiffnesses between axles which 

results in an energy dissipation that permits stable behavior. 

The response of the rigid truck to irregularities can be obtained 

from Equation 2-26 by substituting AKT for AK and the average of 

6
1 

and 6
2 

for 8. 

2.4 FLEXIBLE TRUCK 

The simplified models given in the previous sections do not 

provide any means of dissipation of the kinematic hunting 

oscillation. As shown in the following paragraphs, a real truck 

does provide dissipation forces for the hunting mechanism by a 

complex interaction between the truck axles through the elastic 

members connecting the two axles. The rigid truck and simple 

wheelset represent the limiting cases where the compliance of 

these elastic members is extremely small or extremely large. 

For the model shown in Figure 2-4, the creep forces and 

moments generated by each wheelset motion are: 

Fl e\ -2f -L V ~1) (2-55) 

F2 -2f (y2 - ~ ) L V 2 (2-56) 

Ml -2£ (a£ yl + '>) + 2fT 
all, 81 (2-57) T r r 

0 0 

~ 2• ~ M2 
aJI, Jl, ~2 

2fT 
all, 

82 (2-58) = -2f - y + -- + T r 2 V r 
0 0 
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Figure 2-4. Flexible Two Axle Truck Assembly 
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If no external forces are applied, the requirements of equilib-

rium are: 

Fl + F2 0 (2-59) 

Ml + M2 + h£(Fl - F ) = 0 (2-60) 2 

h£ (lj! 1 + 1)!2) + 
Fl 

(2-61) yl - y2 K 
y 

Klj!(lj!l - 1jJ ) 
2 F 1 h£ + M1 (2-62) 

The substitutions: 

y!:. 
yl - y2 - yl + y2 

(2-63) == y 2 2 

lj!l - 1jJ lj!l + 1)!2 
1)!1:. == 

2 
1jJ (2-64) 2 2 

and some algebraic manipulations permit these requirements to be 

rewritten as: 

y- ijj 
v 0 

For large values of K , y!:. 
y 

(2-65) 

(2-66) 

(2-6 7) 

(2-68) 

hlijj. For large values of Klj!, 1)!1:. 

so that Equations 2-65 and 2-66 for a rigid truck reduce to: 
... 
Y. - ijj = 0 v ( 2-6 5) 

2-16 

0 



- + ro£ (1 + h2 fL) '~ = 
Y aV f ~ 

T 
(2 -69) 

which agree with Equations 2-50 and 2-51 derived for a rigid 

truck. If K + 0, from Equation 2-67 
y 

~- 1)!/J. = 0 v 

If KljJ + o from Equation 2-68, 

a£ Q,2 • 
y!J. + -1)!/J. 

r v 
0 

Substitution of Equation 2-70 into Equation 2-66) yields 

~~ y + ~2 ~ = ~~ (~1 : 62) 

(2-70) 

(2-71) 

(2-72) 

addition and subtraction of Equations 2-65 and 2-70 and of 2-71 

and 2-72 yield the simple wheelset equations obtained in 

Section 2.2. 

The transient response of the flexible truck described by 

Equations 2-65 through 2-68 is defined by the roots of the 

determinant: 

s 
v 0 

a --r 
0 

h 
fL S 

fT V 

D 

0 (1 + 
fLS) 
K V y 

0 
fTaQ, 

Ki)!r 
0 

0 

fL 
-h-

fT 

fL 
K y 

~+ fT'2s) 
K1)!V 
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Q, s 
v 

-hQ, 

0 

(2-73) 



which provides the characteristic Equation: 

D = 1 + (~~x:~x::) 

[1 (R>)J s 

r £ [1 + h2 fL 2(:~¥::') ~~J s2 + 0 + 
av

2 fT 

+(:~~) ( ~) (:~·) [1 + h2 
fL fL (K• 9] -+ 

fT Ky£2 fT 

{o'
3

)CT')(~) aV4 Kt/J Ky£ 
s4 == 0 

Some simplification results from defining 

v s == - s 
SK 1 

and regrouping terms to obtain: 

2 

+ ( fi:K) ( K;~K) (~K) (1 + 2Si + si) = 0 

s3 

(2-74) 

(2-7 5) 

(2-76) 

For the limiting cases of Ky + oo, K~ + oo, the characteristic 

equation predicts the rigid truck kinematic hunting. For 

K~ + 0, KY + 0, the equation reduces to the pair of single 
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wheelset kinematic hunting equations. We also obtain the result 

that for small values of either the lateral or rotational stiff

ness, the solution is the kinematic oscillation of a single 

wheelset. 

Equation 2-76 may also be written in the form: 

(sf+ 2Sawas 1 + w!) (sf+ 2Sbwbsl + w~) = o (2-76a) 

where for oscillatory solutions of the equations of motion 

wa and wb are the natural frequencies of the equivalent second 

order system. Sa and Sb are the associated damping ratios. The 

roots of the characteristic equation (Eq. 2-76) have been 

calculated as functions of the dimensionless stiffnesses for 

axle distances of h = 1.41 times the gauge distance (2£) which 

is typical of truck designs and for axle distances of h = 10 

which is typical of truck center separations. These results 

are plotted in Figures 2-5 through 2-10. 

It is seen that the interaction between the two axles 

through the elastic members does result in a dissipation of 

energy and that flexible trucks can be designed with a damping 

ratio of 0.35 for the kinematic truck oscillation. The kinematic 

wavelength of the damped truck would be about midway between 

the wavelength calculated for the rigid truck and that calculated 

for a simple wheelset. A change in the creep coefficient can 

result in a dramatic change in truck behavior. An increase 

in the creep coefficient will increase the kinematic frequency 

at a given speed. Depending on the truck design a change in 
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creep coefficient can result in either an increase or a decrease 

in the effective damping of the transient oscillations. 

As seen by comparison of Figures 2-6 and 2-10 the dissipa-

tion available for damping transient oscillations increase with 

vehicle length. However, a high stiffness between axles for a 

long vehicle results in a limitation on the ability of the 

vehicle to negotiate curves. For truer designs where the axle 

suspensions are connected to a rigid truck body as shown in 

Figure 2-ll, the effective stiffnesses between axles are: 

K 
y 

kl/J 
2 

For the stiffest primary suspension designs of LIM motor test 

vehicle: 

k 52,000 lb/in y 

kw = 20 x 106 lb-in/rad 

resulting in effective stiffnesses for 102" distance between 

X 10 6 lb-in lb 
axles of KW = 10 rad and Ky = 3,350 in The dimension-

less stiffnesses for a creep coefficient of 106 lb and a cone 

angle of 0.05 are: 

I KySK 3,350 X 100 Ky ::: = 0.335 
fL 10

6 

I 

=(:K)2 
Kw 

=(100 ) 
2 10 X 10 6 

K(jl 
fTSK 28.5 10 6 1.23 

X 100 
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For a cone angle of 0.025 these non-dimensionless stiffnesses 

would be 0.475 and 1.75. 

For a flexible truck travelling in a constant radius curve 

the Equations 2-65 to 2-68 can be simplified by the substitutions 

...:... v 
1/J /\ -- 0 , \jJ -

R 

y (tl) 0 1/; (tl) 

y6 -h£w 

')1(t1)-)2(t1) 0 

yield a tracking error 

y 

y/'1 

roQ, 

aR 1 + 

- h£ 
R 

fL ( h£) 
Ky R 

(2-77) 

1+ (::) 

(2-78) 

(2-79) 
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The tracking error of the forward wheelset is 

[ 1 + 

h2 fL ( a£ fT ) ] - 1 + 
roll, fT r Kyh£ 

0 (2-8 0) 
Yl = y + yt:, ciR fLfT a.SI-

1 + ro KyKI/J 

for the case of a rigid truck frame the tracking error is 

y (2-81) 

as obtained in Section 2.3 and for an infinitely flexible truck 

frame we obtain the simple wheelset solution of Section 2.2. 

For low values of yaw stiffness the tracking error for the lead-

ing wheelset decreases with decreasing lateral stiffness. How-

ever, for large values of yaw stiffness, a decrease in lateral 

compliance results in a larger tracking error than that for a 

rigid truck. 

The above result has also been obtained by Newland in 

Reference 6 from the static case of the model shown in Figure 

2-ll, with the substitutions: 

K 
y 

kt/J 
2 

Newland also obtains the tracking error due to application of a 

lateral force P as 
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(2-82) 

Slip of the wheels will occur when the creep forces, required 

to maintain the geometric relations of the axles implied by 

the elastic restraint of the assemblies, exceeds a critical 

value. This force is defined by the coefficient of sliding 

friction w as w W/2 where W is the axle load. This results in 

a minimum radius curve that can be negotiated by the flexible 

truck without wheel slip. This radius is obtained by Newland 

as: 

(2-83) 

For an infinitely rigid truck this minimum radius is 

2fLh£ [ 2 ] 1 / 2 R= 1JW l+h 
(2-84) 

Measurements of the limiting adhesion coefficient range from 

w = 0.15 to ]J 0.3. The creep coefficient is of the order of 

150 times the normal contact force. For a rigid truck with 

1 = 28.25 inch, h = 1.41, the minimum radius that can be 

negotiated without wheel slip is 2,870 feet for w 0.3 and 

5,740 feet for w = 0.15. As obtained above, flange contact 
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for this rigid truck will occur at a radius of 3,410 feet. 

Sharper curve radii may be negotiated by flexible trucks without 

slipping. For the case of zero yaw stiffness any curve can be 

negotiated. For zero lateral stiffness the minimum curve radius 

that can be negotiated without slipping is: 

(2-85) 

For a yaw stiffness of 10 x 10 6 lb-in/rad. and an axle load of 

20,000 lb this minimum radius is 565 feet which is considerably 

sharper than the 1970 foot radius at which flange contact will 

begin for a single isolated wheelset. The above equations 

assume that the vehicle is travelling at zero speed around a 

curve with no superelevation. When the vehicle is travelling 

at speed, a centrifugal force will be generated that may or may 

not be compensated by the superelevation of the track. If there 

is no slip, the tracking error can be calculated from Equation 

2-82 by substituting for P the difference between the centrifu-

gal force and the lateral gravity force component. produced by 

the superelevation. The minimum radius that can be negotiated 

without slip is calculated by reducing the effective adhesion 

force ~W by the same quantity. This is equivalent to reducing 

~ by the lateral acceleration sensed by a passenger in g units. 

Therefore, the smallest radius curve that can be negotiated 

without slip for the rigid truck example above with lateral 

accelerations of O.lg is 4,300 feet for~= 0.3 and 17,300 feet 

for ~ = 0.15. 
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Misalignments between axles will cause tracking errors and 

loss of adhesion on straight track similar to those that would 

occur if the vehicle was travelling around a curve whose center 

was located at the intersection of the center lines of the two 

axles. Por a truck having an 80 inch wheelbase and an axle 

misalignment of one milliradian, this equivalent radius would 

be 6,670 feet cr 1.27 miles. A misalignment of 0.1° would be 

equivalent to travelling around a curve having a radius of 

3,830 feet. 

2.5 PARALLELOGRAM WHEELSET ASSEMBLY 

In practice, many rail vehicle trucks are designed so that 

the journal boxes of the wheel axles are connected by rigid 

structural members, (which serve to equalize the load between 

axles) which rest on a rubber type pad mounted on the journal 

boxes as shown in Figure 2-12. The truck frame which houses 

the drive motors and provides suspension for the vehicle body 

is connected to these equalizing members through the primary 

suspension springs. This type of assembly suggests the model 

Ehown in Figure 2-13. For a hard rubber pad (about 70 durometer) 

having a shear modulus of about 150 psi, an effective diameter 

of 3.6 inch and a 1/8 inch thickness, the stiffnesses of the 

journal box connection to the equalizer bar on side frame are 

about: 

k k = 12,000 lb/in. 
X y 

k 37,000 lb-in/rad. a 
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This results in effective stiffness between axles referring to 

model of Figure 2-4, of: 

Ky 

K\jJ = k 9,
2 

X 

37,000 

(40) 2 22.5 lb/in 

12,000 x 28
2 

= 9.4 x 10
6 lb-in/rad. 

The very small effective lateral stiffness of this type of de-

sign permits the model of Figure 2-13 to be redrawn as shown in 

Figure 2-14. Since no moments can be resisted at the link 

connections of the parallelogram, 

are 

t:~2) 

which may be rewritten as: 

l'1 = -4K\jJ(1jJa - \jJ) 

M -4fT(:: y + t:*l) + 4fT:: (81 ; 82
) 

p -4fL( ~ ~) 

(2-86) 

(2-87) 

(2-88) 

(2-89) 

( 2-9 0) 

(2-91) 

These equations are recognized as having exactly the same form 

as those of a simple wheelset suspended from a frame having a 

yaw stiffness of 4K\jJ as indicated in Figure 2-15. 
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2.6 SPRING SUSPENDED WHEELSET 

For high frequency vibrations, the suspension system acts 

to isolate the vehicle body from motions of the truck assemblies. 

As a result of this isolation the vehicle body appears,to be a 

rigid frame moving at a constant forward velocity along the 

track for vibrations at frequencies well above the car body 

suspension natural frequency. Under these conditions the truck 

and suspension can be modelled as shown in Figure 2-16. For 

truck designs in which the wheelset assembly can be modelled as 

a single wheelset, the equations of motion are: 

My + 2fL(~ ~) + ky (y - Ya) == 0 (2-92) 

c"ij) + (ay ~~) klj!(l/J - 1/Ja) 
aSLo 

2fTt r + + = 2fT -- (2-93) r 

For high frequency motions the car body displacements Ya and 1/Ja 

approach zero. The characteristic equation governing the 

transient response of this system is: 

~SI,) 0 (2-94) 

The substitutions: 

2 r 0 SL v 
sk wk = -

2 sk 

2 2fT£ 2 
2 2fL 

WT WL = cs mS 

s wksl 
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permit rewriting this equation as: 

(2-95) 

Rouths criteria gives the kinematic frequency at which hunting 

instability will occur as: 

(2-96) 

The above criteria can be simplified by noting that 

w 2 
'::L KyS 

WL2 2fL 

Wlj.l2 Klj.IS 
;L T 2fT.Q,2 

and that the creep coefficient is about 150 times the normal 

force, 

2 
Wy - KyS 
:-:--7 -WL l50W 
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and that the lateral vehicle natural frequency is: 

and i3 :::: 100 inch 

1 fKYg 
f1 :::: 2rrV -w-w-
wy2 = (2rr)2fl2s :::: fl2s 

wL2 386 x 150 1500 

and B :::: 100 inch 

Wy 2 
fl 

2 

-2 = --
WL 15 

f 1 is normally less than 2 HZ and wy and w~ are normally of 

similar magnitudes. The magnitude of the term 

is of the order 

fl4 24 
A < < • 07 

225 225 

This term can, for many designs, therefore be neglected in 

Equation 2-96 and the critical kinematic frequency is given by: 

w~2 + (~)(~)wy2 
fT (mJ1, 2

) 1 +- --
fL C 

(2-97) 

(2-97a) 

The high speed hunting instability is therefore expected to occur 

when the kinematic frequency of the wheelset is 70% of the larger 

natural frequency of the wheelset on the vehicle suspension, -if 

the two natural frequencies are different. The instability will 
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occur at the natural frequency when the two natural frequencies 

are equal. At low frequencies the terms k (y- y ) , k,
11
(0- ~ ) 

y a ~ a 

represent the inertia forces associated with the car body and a 

portion of the creep forces associated with the other axles. If 

there is no damping, these inertia forces tend to destabilize 

the lateral guidance of the vehicle. These destabilizing forces 

are reacted by the dissipation provided by the interaction 

between vehicle axles. The effective inertia forces are a maxi-

mum at the vehicle body natural frequencies. It is therefore 

expected that lateral vibrations will increase with speed until 

these natural frequencies are reached by the kinematic frequency. 

At speeds well above the natural frequencies the simplifications 

used above are valid and the suspension acts to stabilize the 

vehicle. A characteristic speed whose kinematic frequency is at 

the vehicle natural frequency evidenced by large body oscilla-

tions is therefore not unlikely. 

Predictions of the critical speeds based upon the above 

arguments yield results which are similar to those that would 

be obtained from the "resonance" theory described in Reference 

4. This theory considered the kinematic oscillation as a fore-

ing function to the vehicle suspension. The "resonance" theory, 

however, does not account for the unstable nature of the hunting 

problem and can in some cases. result in grossly incorrect 

results. However, for many vehicle designs, these approxima-

tions permit a good first estimate of the critical speeds. In 

order to fully describe the vehicle behavior a more complete 
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model is required. The simplest credible model for predicting 

vehicle response and critical speeds is the seven degree of 

freedom two-axle vehicle model described below. 

2.7 TWO AXLE VEHICLE MODEL 

The two axle vehicle discussed by Wickens (Reference 1) 

and Cooperrider (Reference 3) shown in Figure 2-17 can be used 

to model vehicles with either rigid trucks or flexible trucks 

whose behavior is equivalent to the single axle as discussed 

above. This model can also be applied directly to study of more 

complex trucks when the natural frequencies associated with the 

truck assembly are much larger than natural frequencies of the 

car body mounted on the secondary suspension system. For more 

complex vehicle assemblies, the model of Figure 2-17 serves as 

a basic building block for construction of the more complete 

model. 

The equations of motion of this model are: 

myl + cy[yl 

+ ky[Yl 

. 

(Ya + e8 + ht~a)] 
(Ya + e8 + ht1)Ja)] -

- 2fL(~l -1); 1)- kg(Yl- s)= F1 

c;pl + cl/J(~l - ~a) + kl/J(l/Jl 1/Ja) 

- 2f (a< ·2~ ) at 
yl 

+ __ 1 + 
Kal/Jl + 2fT (51 = Ml T r v r 

0 0 
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Mya + 2ky[ya + e8 - (yl: y 2 )] + 2cy[ya + eB - (yl: y 2)] = o 

(2-100) 

J~a + c~a ~a + K~~a - k~(~l + ~2) - c~(~l + ~2) 

2kyhll,(y1 ~ y 2) - 2cyht(:Y1 ~ :Y2) = 0 

+ky[y2 - (Ya + e8 - ht~a~ 

- kg(y2 - 62) = F2 

~ 2· ~ a£ £ ~2 
- 2f - y + --T r 2 V 

where: 

Ky 2ky 

cy = 2cy 

K~ 2k~ + Kyh
2

£
2 

c~a = 2c~ + cyh2 £2 

2 Kye 

2 eye 

+ K b
2 

z 
2 

+ c b z 

0 

2 
= Kye + 2k 8 

2 = eye + 2c8l 

(2-101) 

(2-102) 

(2-103) 

(2-104) 

kg Gravitational stiffness resulting from wheel/rail 
normal forces (discussed in more detail in Section 3). 
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These equations can be non-dimensionalized and cast into a 

simpler form by the substitutions: 

82 
r 9- v 0 T wKt = WK = 

8K 
, = 

K a 

2 2fL 2 2f 9- 2 
T 

WL = mS ' WT = 
CSK K 

2 ~ 2 klj! 
wl = 2m w2 = c 

r\ - cy 
82 

clj!l 

4mw1 
, = 2cw2 

2 Klj! 
s1J! 

clj!a 
wlj! = 

2Jw1J! J 

2 Ke 
Be 

ce 
we 1 2Iwe 

2 Kye 2 2 
f33 

eye 
w3 -I- 2Iw3 

2 2k1j! 
84 

clj!l 
w4 = = 

J Jw4 

2 Kyh29-2 
f3s 

cyh29-2 
ws = = 

J 2Jw
5 

2 kg 2 ka 
w w c g m a 

e' e 9-' 
9- Ya 

= 
f3K 

::::: 

f3K 
r = 

f3K 0 

r 
yl + y2 yl - y2 

2(3K 
r = 

2BK 0 
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With these substitutions Equations 2-98 through 2-104 are 

reduced to: 

(2-105) 

(2-106) 

(2-107) 

(2-108) 
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2 
WK WK . 

<X: e' 8) ~ 
r + 2S r + r -a y w a a w y y 

2S 
WK <r e'S) = 0 - -y w y 

(2-109) 

2 w WK • ~ijj + 2f3l/Ja wl/Ja + 1j!a 2 a 
wl/J l/J 

2 
w4 

ijj WK (W4) .L 

-2 - 2f3 l/J 4 wl/J wl/J wl/J 

(::)(::)(:~) 0 (2-110) 

(2-lll) 

where the dot represents differentiation with respect to 

dimensionless time (T). 

This normalized form serves to reduce the magnitude of the 

coefficients in the equations of motion with a resulting simpli-

fication in the computation requirements to obtain characteristic 

roots and frequency response characteristics. Numerical solu-

tions of the equations of motion indicate that stability problems 

normally represent motions at the wheelset kinematic frequency. 
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In the normalized set of equations, displacements and their 

derivatives (e.g., ~, ~, ~) at the kinematic frequency have the 

same magnitude. This permits a rapid qualitative evaluation of 

the significance of the various design parameters in the deter

mination of critical speeds. The normalized form also defines 

the scaling laws required for an experimental scale model of 

rail vehicle behavior. That is, for conductinq a scaled ex

periment, the coefficients of Equations 2-105 through 2-111 must 

be the same for both the model and the full sized vehicle. 

Computer programs are being prepared to obtain the character

istic roots of the above equations in order to describe the 

vehicle transient response and stability. A program is also being 

prepared to calculate the response of the vehicle to sinusoidal 

track irregularities and stationary random track irregularities. 

In order to check the results, the programs are being 

applied to the example vehicle used by Wickens in Reference 1 

with the following parameters. 

m = 90 slug (2,810 lb) K 2 X 10 4 lb/ft 
y 

M = 400 slug (12,900 lb) K~ = 7.11 X 10 6 lb-ft/rad 

c = 360 lb-ft-sec 
2 

Ke = 2.43 X 106 lb-ft/rad 

12,000 lb-ft-sec 
2 k 9.5 X 104 lb/ft 

J = g 
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4,000 lb-ft-sec 2 4.0 ft I = e = 

fT 3 X 106 lb ~ 2.5 ft 

fL 3 X 10 6 lb h = 2.0 

a 0.4 k¢ 1.06 X 10 5 

~ = 2.5 ft SK = 3.31 ft 

The results of the calculations for this vehicle are in agreement 

with those obtained by Wickens. The oscillatory components of 

the solution are represented as the natural frequency and damping 

ratio of an equivalent second order system. Negative damping 

ratios represent unstable occillations. 

The results of the computations for a vehicle with no 

damping are shown in Figures 2-18 and 2-19. As shown in Figure 

2-18 the frequencies of oscillation are the vehicle lateral 

natural frequencies and the frequency corresponding to the wheel

set motion. At very low speeds, damping of the wheelset motion 

exists due to the restraint provided by the gravitational stiff

ness and the stiffness between axles. When the wheelset fre-

quency approaches the lateral natural frequency there are large 

changes in the damping ratio associated with that frequency. If 

there is no damping in the secondary suspension, the oscillations 

become unstable as shown in Figure 2-19. The introduction of a 

small amount of damping (as shown in Figure 2-20) into the 

suspension (3%) results in the suppression of the unstable 

oscillations at speeds that do not coincide with the character-
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istic speeds at which the wheelset frequency is equal to a body 

lateral natural frequency. As shown in Figure 2-21 the low 

speed unstable behaviour can be completely eliminated by the 

introduction of additional damping. However, we still note a 

characteristic speed at which there is a sharp reduction in the 

effective damping ratio which occurs when the wheelset frequency 

is equal to the lower body mode natural frequencies. This is 

evidenced by an increase in the lateral oscillations of the 

vehicle until the characteristic speed is exceeded. Once this 

speed is passed, however, the lateral oscillations decrease and 

the damping is about the same as that under crawl conditions. 

At very high speeds, the vehicle behaves according to the 

behaviour predicted in Section 2.5 for the spring suspended 

wheelset. If the gravitational stiffness is included in the 

lateral natural frequency w Equation 2-96 correctly predicts y 

unstable motion of the wheelsets at all speeds above 95.1 ft/sec. 

The low speed hunting phenomenon has been observed during 

tests of two R-42 cars borrowed from the New York City Transit 

Authority at the DOT High Speed Ground Test Center. Figure 

2-23 shows the lateral accelerations of the wheelset at speeds 

of 15, 30 and 50 mph, maximum accelerations of both the wheelsets 

and the car body lateral motions were observed at about 30 mph 

at a frequency of about 0.9 Hz. The dominant frequency of car 

body vibration at all speeds was about 0.9 Hz. This would imply 

a kinematic wavelength of about 50 feet which agrees with the 

51.3 feet predicted for conical wheels with a conici·ty of 0.05 
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above. The measurements of lateral displacements of the truck 

body indicate a dominant wavelength of about 50 feet as shown in 

Figure 2-22 (plots have common time scale) at all speeds. The 

large wheelset accelerations at 30 mph imply that there is an 

increase in the lateral wear forces at the wheel/rail interface 

at this speed. A reduction in wheel and rail maintenance costs 

could probably be achieved if this characteristic speed could be 

avoided. 
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3,0 EFFECTS OF NON-LINEARITIES ON LATERAL 

RAIL VEHICLE DYNAMICS 

3.1 SUMMARY 

Section 2 develops the mechanics of lateral guidance and 

lateral oscillations of rail vehicles based on linearized 

models of the vehicle. These analyses provide good results for 

well maintained vehicles and roadbeds on straight routes. How

ever, for rail vehicles travelling on track with large lateral 

and vertical irregularities and negotiating sharp curves, the 

non-linearities that result from flange contact, wheelslip, 

suspension friction and mechanical stops must be taken into 

account. In addition it is necessary to consider the effects 

of vertical wheel motions which may result in a decrease in 

creep coefficient and a loss of adhesion. The mechanics of these 

non-linearities and the modifications in the equations of motion 

resulting from them are discussed in the following paragraphs. 

3.2 PROFILED WHEELSET 

In Section 2 it was assumed that the wheels were perfectly 

conical so that the rolling radius was linearly proportional to 

the wheelset lateral displacement. Although this may be approxi

mately accurate for newly ground wheels, wear of the wheel sur

face will act to hollow out the wheels to produce curvature. 

New rail vehicle designs have been using profiled wheels in order 

to take advantage of the increase in gravitational stiffness 
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that results from the action of the normal forces at the wheel/ 

rail contact. The gravitational stiffness is defined as the 

force per unit lateral displacement that is required to move a 

loaded wheelset laterally in the absence of friction. 

If a horizontal force Fyg is applied to the wheelset shown 

in Figure 3-1. the wheelset will translate laterally a distance 

y, and tilt through an angle 81
. This will result in raising 

the axle load W against gravity through a vertical distance 6 . 
z 

This height change is: 

6 z yl 91 + ( rl : r2 - ro) 

rl - r2 
81 = 2Q, 

(3 -1) 

(3-2) 

The work performed by the force Fyg to produce a virtual dis

placement oy1 is equal to the change in potential energy of the 

system 

(3-3 

oy1 is equal to the change in potential energy of the system 

so that 

Fyg = 3 (P.E.) 
(lyl 

The gravitational stiffness may be defined as: 

3-2 

(3-4) 

(3 -5) 
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For conical wheels 

we obtain: 

2aW 
Kg = -Q,-

For profiled wheels 

if g(v) a v + a v n 
n 

rl al + aN (n) (yl + 0 )n-1 
0 

- aN(n) (o
0 

n-1 
r2 - al - y ) 1 

II 

0 )n-2 
rl aN (n) (n-1) (y1 + 

0 

II n-2 
r2 a (n) (n-1) (o - yl) n o 

(3-6) 

(3-7a) 

(3-7b) 

(3-8) 

(3-9a) 

(3-9b) 

(3-10) 

(3-lla) 

(3-llb) 

(3-12a) 

(3-l2b) 

The gravitational stiffness is then for small displacements 

Kg=~ [2a1 + 2naNOon-l + n(n-l)t 0
0
n-

2J (3-13) 

For large displacements the lateral force is given by: 
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2Wa1 WaN [ ~ 
Fyg: --~-- yl + ~ (yl + oo)n - (oo - yl)nj 

+~~naN [(yl + oo)n-1 + (oo- Yl)n-1 ]Yl 

+ ~ naN [ ( y 1 + o o) n -1 - ( o o - y 1) n -1 J (3-14) 

It is seen from Equation 3-13 that the effective gravitational 

stiffness can be made quite large without affecting the norminal 

conicity. This gravitational stiffness adds to the lateral 

suspension system stiffness in the analysis of Section 2.6 to 

produce an increase in the vehicle and wheelset critical speeds. 

Profiled wheel designs are currently being employed by the 

British and the Swiss to take advantage of this effect. The 

total force applied by the rails on the wheelsets in the lateral 

direction is 

Fy:- 2fL [~- ~J 

+ Y1 [ g' (Yl+ 0o) 

+ ~ [g' (Yl+oo) 

~~ [[g(yl+ 0o)- g(oo-yl)] 

- g I ( 8 0 -y 1) J 
- g I (Q 0 -y l) J J 

where y
1 

= y - 8 : displacement from track centerline 

(3-15) 

8 is defined by the wheel gauge, track gauge and the wheel rail 
0 

profiles. Changes in track gauge will produce corresponding 

changes in o • 
0 

The moment applied by the rails on the wheelset due to 

creep forces is 
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(3-16) 

The normal forces also produce a destabilizing torque that is 

given approximately by 

The net torque acting on the wheelset is: 

For a profile that can be represented by Equation 3-10, 

Equation 3-18 becomes 

M = - 2f [ £$ + 
T V 

alyl + aN[(yl+ 0o)n- (oo-yl)n] 

ro + aN [(yl+oo)n-1 + (oo-yl)n] 

3.3 TRACK COMPLIANCE 

(3-17) 

(3 -18) 

(3-19) 

The analyses given above have assumed that the rails and 

roadbed are infinitely stiff compared to the gravitational 

stiffness and have negligible deflection as a result of the 

creep forces. These assumptions are essentially correct for 

small displacements frbm the track centerline. However, for 

large displacements where the flanges do come into contact, the 

gravitational stiffness becomes quite large and significient 

track deflections may take place Assuming the track has a linear 

load deflection characteristic, the deflection of the track 

centerline is given by 
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8. 
l ( 3-2 0) 

the change in track gauge is given approximately by: 

2 (o - o . ) 0 Ol ~ [ g I ( y 1 + 0 0) - g I ( 0 0 -y 1) J (3-21) 

KTG 

where KTC is the overall track lateral stiffness and KTG is the 

stiffness between opposite rails to a gauge spreading force. 

Since the track is now capable of an instantaneous velocity, 

Equation 3-15 must be modified to include the track velocity in 

the creep forces. The creep force in the lateral direction is 

now given by: 

making note of 

Fy c 
- 2 f [z - 1/J - a 6] L v vat (3-22) 

cS=~+V~ at ax 
and assuming the track deflects parallel to its initial geometry 

we obtain 

-I o. 
l 

Fy c = - 2 f L [ ~ - 1/J - ~ + 8 i J (3-23) 

The form of Equation 3-23 permits interchanging the space vari-

able x and the time variable Vt in the computation. Otherwise 

it would be necessary in computations to maintain the variables 

as functions of both x and t. 
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3.4 CREEP FORCES 

The formulations given above have assumed linear relations 

between the creep velocities and the creep forces. The Johnson 

and Vermuellen Analysis {Reference 5) which is in good agreement 

with laboratory data gives the following relations between creep 

velocities and creep forces: 

for FR < ]lN 

where: 

vx 
v 

v 
....X 
v 

3]1N 
GTiab 

3]1N 
GTiab 

cp Fx [1 
FR 

1j;l ~r1 FR 

(1 :~) 1/3] 

(1 :~) 1/3] 

Jl adhesion constant (coefficient of friction) 

1J; 1 constant depending on wheel/rail curvatures 

cp constant depending on wheel/rail curvatures 

(3-24) 

{ 3-2 5) 

(3-26) 

a,b major and minor semi-axes of contact ellipse {pro-

portional to N
113

) 

G Shear modulus of material 

F longitudinal creep force 
X 

F lateral creep force y 

v = longitudinal creep velocity 
X 

v = lateral creep velocity y 

v forward velocity 

N = Normal force. 
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Equations 3-24 and 3-25 can be rewritten as 

v 
C Nl/3 

F 

~ (1 - FR) 
1/3] 

X X 

v 1 FR ]lN (3-27) 

v 
C Nl/3 

F [1 (1 -:~) 1/3] J_ = J_ 
v 2 FR 

( 3-2 8) 

for FR < ]lN 

where c 1 
and c 2 are functions of the geometry and material of 

the wheel and rail. 

The analyses of Section 2 have assumed a constant ratio 

between creep force and creep velocity until the adhesion limit. 

This approximation is valid only for very small values of the 

creep forces and creep velocities. Use of a constant creep 

coefficient results in the prediction of larger creep forces 

than those which will actually exist. For designs having low 

primary suspension stiffness, the actual value of the creep 

coefficient has little influence on the dynamic characteristics 

of the vehicle as long as the dimensionless stiffness is small. 

When the dimensionless stiffnesses are of the order of one, 

however, the actual magnitude of the creep coefficient is 

significant. 

The existence of lateral creep forces resulting from axle -

misalignment on rigid truck designs results in a decrease in the 

creep coefficients in both the lateral and lor~'Ji tudinal direc-

tions. 
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Field experiments on the adhesion coefficients as a function 

of speed indicate a decrease in adhesion and creep coefficients 

as a function of speed. Recent work by Paul (Reference 5) 

indicates that this decrease in apparent adhesion is due to 

oscillations in the magnitude of the contact stresses resulting 

from wheel/rail vibrations. This effect can be approximated by 

setting 

N = N
0 

(1 + a sin wt) 

where N is the nominal normal load and "a" is the ratio of the 
0 

oscillatory component of the normal load to the nominal normal 

load. Equations 3-27 and 3-28 become: 

v 
X 

v 

v 
_y 
v 

1/3 F ( )1/3 
c1N0 F: 1 + a sin wt 

(3-29) 

:"'"'JlN;::;-
0
-(rl:;--::--R_a_s.....,.i_n_w-:-t ~l/1 

(3-30) 

Since the vibrations associated with variations of the normal 

load will be at high frequency (above 40 Hz) compared to those 

of interest for the investigation of lateral dynamics (below 

10Hz), an approximate relationship between creep force and 

average creep velocity is obtained by: 

21T v 
X -v-- ~1T f 

0 

v 
X v (8 )d8 
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v 
_y 
v 

2~ 

=;~J 
0 

vy {8)d8 
v (3-32) 

The creep force, creep velocity relations implied by the above 

expressions resulting from variations in normal force are shown 

in Figure 3-2. 

The fluctuations in normal force result from the vertical 

interaction of the rails and vehicle wheels in response to track 

and wheel and wheel irregularities. A computer program has 

been prepared for calculation of the response of rail vehicles 

and prediction of track deflection due to vertical rail irregu-

larities. This program is described in Appendix B. The program 

assumes the half car model shown in Figure 3-3 which is a valid 

approximation at short wavelengths. Typical results of the 

calculations are shown in Figures 3-4 and 3-5. at relatively 

short wavelengths corresponding to irregularity frequencies in 

the neighborhood of the wheel/rail natural frequencies large 

amplifications of the irregularity motions occur. The accelera-

tions associated with these motions result in fluctuations of 

the contact stress which produce a decrease in both the adhesion 

limit and the effective creep coefficient as discussed above. 

Under some conditions these changes may actually act to stabiliz-

ing the hunting behaviors of the vehicle which under other 

conditions the adhesion may increase the likehood of derailment. 
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3.5 SUSPENSION SYSTEM NON-LINEARITIES 

Figure 3-6 schematically indicates the assembly of typical 

transit vehicle trucks. For small longitudinal lateral and yaw 

motions the clearance between the journal boxes and the truck 

frame permit the wheelsets to move relative to the truck frame 

to compensate for track misalignments. However, as the motions 

become large the journal boxes will come into contact with the 

truck frame resulting in a sudden stiffening of the effective 

primary suspension. Large acceleration on braking forces will 

produce a similar effect. When the relative motions between 

the car body and truck are large, sliding will occur on rubbing 

surfaces. There will also be impacts with mechanical stops and 

snubbers which have been designed to prevent excessive relative 

motions. 
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APPENDIX A 

COMPUTER PROGRAM FOR PREDICTING CHARACTERISTIC 

ROOTS DESCRIBING TRANSIENT LATERAL DYNAMICS 

OF TWO AXLED RAIL VEHICLES 

Prepared by 

Leonard Somers 

Service Technology Corp. 
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KENTRON HAWAII, LTD 
DOT-TSC ADP Support Services Project 

PROGRAM "POLY552" - AN INTRODUCTION 

The computer program "POLY552" described herein was devel-

oped to obtain the characteristic roots of a set of seven dif-

ferential equations which define a relatively simple system, 

representing a four-wheeled railway vehicle such as a wagon or a 

bogie. This simple system contains the essential physical con

tent of the larger systems which must be considered in investi-

gations on stability. Further details on the equations may be 

found in the appendix. 

POLY552 is implemented in the MAC-360 language, an algebric 

compiler developed at the MIT Instrumentation Laboratory for use 

in fields such as dynamics and control theory. MAC-360 features 

a three-line format corresponding to the 3 levels of an ordinary 

algebric equation, thus inputing equations in a form as close to 

the original as possible. 

The resultant matrix of equations is solved by POLY552 

through use of a modified MAC routine "AU232.PLOYMATRX", renamed 

"POLY55l", which evaluates the determinant of a matrix with 

polynomial elements using the MAC determinant function. The 

output of the determinant function are the polynomial coeffi-

cients of the system polynomial. 

A non-MAC routine DPRQD (from the IBM SSP library) is 

linked to POLY551 to provide rooting of the system polynomial. 
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Routine DPRQD uses a double precision ratio quotient algorithm 

to obtain the roots of a polynomial. The generated complex roots 

are then manipulated to yield the frequencies and damping ratios. 

The complete set of frequencies and damping factors are 

stored and then plotted using the MAC routine DCGPLOT. Labelling 

and lettering of the plots are also included in the plot portion 

of the program. 

POLY552 is catalogued in the MAC symbolic-program storage 

file at the MIT Draper Laboratory. It can be called into use by 

specific control cards. The control cards to summon POLY552 

the necessary input, and the output and plots expected are dis

cussed in the next few pages. 
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MOP ZOO 
SOlUOO 

M01~'400 

SUH500 

MO 18600 
501«700 

COO = SQOMfG /S~OMfG 

S" =COO 
2 

K L 

SM =ROO,SM =B15,SM =B1S 
1 41 61 

R01°~00 FNC OF FlkST ROW, STA~T OF S~Cn~D ROW. 

2 EOHSOO 
M019000 
S01Sl00 

SM 
161 

St'·,SM =Sr1,SM =815HL 
1 1 62 2 2 0 1 P R 1M F 

Rotczoo FNC CF SECON~ ROW, STf~T OF T~IRD ROW. 

MO 19·300 
SQ1C4QO 

B36 = - 2 BETA R OMEGA /OMEGA 
TWO T K T 

MO 1 C')QQ 

S01C.600 
(33 SQrlMf'G /SQO"''EG 

K T 

M01C700 SM =(33 
S01S800 322 

MQ1COQQ SM =l-B3t,SM =836 
5020000 321 351 

~020100 f~L lF THIRO RCW, START OF FOU~TH ROW. 

M02C200 
502 0300 

SM 
4ql 

SM , Sr-1 
321 41:'2 

SM 
322 

R02C400 ~N~ lf FOUPTH FOW, START CF ~IFTH ROW. 

SM = -2 BETA OMEGA /OMF.GA , SM M020500 
5020600 601 Y K Y 641 

-SM 
601 

Mv2C700 
S02GPOQ 

SM 
642 

SQJ~~G /SCCMFG , SM 
K Y 661 

R02C900 END OF FIFTH kOW, STA~T OF SIXTH ROW. 

SM E 
641 PF I MF 

SM = -2 BrT~ OMFGA OMFGA /(SQOMEG H L MQ21000 
5021100 761 Fivr ::yy[ K PSI PPIM::: 

r-1021200 
5021300 

M021400 
5021500 

SM 

771 

301 

OMEGA OMEGA /SQOMFG -2 bET:.. 
!=OUR FOUR K PSI 

2 ~~TA O~FGA /OMEGA SM SQ0"1EG /SQOM"'G 
PSI K PSI 1:'02 K PSI 

k02160C C:ND, CF SIXTH POW, SfAkT UF SEVENTH ROw. 
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MO 14 700 
5014800 

"1014°00 
5015000 

M015100 
501!:200 

~ 33 SQR - SQJMEG /SQJMEG 
T A T 

s~·, = 1 ' SM h33, s ·~ -'.QR 
'300 320 350 T 

SM :: 1' SM A33 
460 480 

SM == -1, SM = 1, S•~ = r:-M015300 
5015400 600 640 660 P~I~f 

MO 15500 
so 15600 

M015700 
5015800 

M015900 
5016000 

MOltlOC 
5016200 

R-016.300 

M016400 

MOH:SOO 

MD 16600 

M016700 

M016EOO 
5016900 

E017000 
MO 17100 
5017200 

M011300 
5017400 

F017500 
M017600 
so 17700 

SM = ·-SQDMfG /(SQOMEG H l 
760 FIVE PSI PRIMF 

s~ == -soaM~G /SQOMEG SM 
770 FIIUR PSI ?00 

SM = -SQOMEG /(SQOMfG c 
aoo THRFF THETA PRIME 

-SM Sr.' 1 
0 00 C6Q 

UlUI\!T == 0 

DU TO 12 FOR V =VSTART(VINC)VMAX 

PRINT HCG, TIMEOFOAY, SP2 

TT ME 

:JMEG4 V/BHA 
K K 

2 
SQOMFG flMF GA 

!< K 

PRINT HCG,V,O~FGA ,SQCWEG ,SP2 

VEL DC TTY CME:Gt, 
K 

K K 

2 
Ct-1EGA 

K 

M017800 Bl5 = -2 BETA R OMEGA /O~EG~ 

SOl 7900 CNE l K l 

P013000 ST~RT OF ~IPST kUW OF ~ATRIX flFMENTS. 

MOlolOO ROO = l - 815 
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FORTRAN IV G LEV~L 20 FMAC f'ATF = 722.50 

0001 
0002 
0003 
0004 
occs 
0006 
OOC7 
0008 
0009 
0010 
0011 
0012 
0013 
0014 

SUBROUTINE FMAC(CALFIL) 
DOUBLE PRECISION CALFIL(l), Q{lS), EE(151, POL(l5) 
IC = CALFillll 
CALL CPRIJD(CALFIL(2),IC,Q,EE,POL,IX, IE:R) 
C/\LFIL( 1 l =IER 
fALFIL{Z)=IX 
CALFIL(2+IX+l)=QliX+l) 
!)0 3 l=l,IX 
CALF I U I +2 l = Q ( I ) 
CALFILC I+Z+IX+lJ=EE(IJ 

3 CALFILI2+IX*2 +1+1) =POL{!) 
CALFIL{4+ IX*3) =POL(IX+l) 
RETUFN 
END 
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R031300 S~T TWO 

M0.31400 ""lJDFY, t I I'JE ,MAH K, N"1A~K, I\ POINTS, pt:-F T nn, 

MO 3 l 50 0 V V M I N , V V 1:1< A X , V V I N C H , V V T I C K , V V L q r , 

M031600 YAMIN,YA~AX,Y1INCH,YATICK,YBLOC, 

R031700 ~rT THPE~ 

M031800 MOGEY,LIN~,MA~K,NMARK,I\POlNTS,PtFIOJ, 

M031900 VVMIN,VVMAX,VVINCH,VVTICK,VVLOC, 

M032000 YAMIN,YAMAX,YA!NCH,YATICK,YCLQ(, 

R032100 S~T ~OUR 

MO 3 2200 MOOEY, llNf,t•lAR K, NMARK, NPOI NT$, PER I OD 

M032300 VVMIN,VVMAX,VVINCH,VVTICK,VVLOC, 

M032400 YAMIN,YAMAX,Y4INCH,YATICK,YOLOr, 

R032500 SET FIVE 

M032600 MOD~Y,LINE,MARK,NMARK,NPOINTS,PFRinn, 

M032700 VVMIN,VVMAX,VVINCH,VVTICK,VVLOC, 

M032ROO YAM1~ 1 YAMAX,YAINCH,YATICK,YELOC, 

R0320QQ seT SIX 

M033000 MOG~Y,LlN~,MA~K,NMARK,~POINTS,P~PIOG, 

M033100 VVMIN,VVMAX,VVINCH,VVTICK,VVLOC~ 

M033200 YAMIN,YAMAX,YAINCH,YATICK,YFLOC, 

R033300 S~T SEVEN 

M033400 MODEY,LlNE,MAqK,NMARK,~PCINTS,PE~lCD, 

M033500 VVMIN,VVMAX,VVINCh,VVTICK,VVLOC, 

M033600 YA~IN,YAMAX,YAINCH,Y~liCK,YGLnC 

M033700 CALL DCGPLOT(LARLl, 

M033800 00,3100,3100,0.06 

M033900 CALL DCGPLOT!LETRl, 

M034000 1.l,{Pl/Z),{-l.Z),3.5, 
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M034100 

''J3420Q 

/.!,) 34 300 

RO 34400 
R034500 

cnL CCGPLGHLtTR), 

R034600 STCOT nF PLDT G~NFRATI"N OF CAMPING RATIOS 

M034800 VVMIN=O,VV~~X=220tVVINCH=5.5,VVTICK=l0tVVLOC=80000 

M034°00 YAMIN=-O.lO,YftMAX=C.lO,YAINCH=7,Y~TICK=0.005,YALOC=VVLOC+l 

~035COJ MP~EX=Q,MCD~Y=2,Y~LQC=VVLOC+3,YCL0C=VVLOC+5,YDLOC=VVL0C+7 

M~35100 YELOC=VVLOC+u,yFLDC=VVLOC+ll,YGLJC=VVLOC+l3 

M035200 CALl OCGPlOT(PLOTl,NS~TS, 

3:>300 S::T CNF 

MG35500 VVMIN,VV~~X,VVINC~,VVTICK,VVLOC, 

~035600 YAMI~,YAMAX,YtiNCH,YATICK,YAlnr, 

RC3570C SET TWO 

~035900 VVMIN,VVMAX,VVI~CH,VVTICK,VVLOC, 

M036000 YAMIN,YA~AX,YAINCH,YATICK,YBLOC, 

R036100 S~T THREF 

M036300 VVMIN,VVMAX,VVINCH,VVliCK,VVLOC, 

M01t400 YAMJ~,YAMAX,YAINCH,Y~TICK,YCL1f, 

~036500 S~T FOUR 

M036600 MODEY,LINE,MAR~,NM4RK,~POINTS,PEPIOO, 

M036700 VVMIN,VV~AX,VVI~CH,VVTJCK,VVLOC, 

R036900 S~T FIVE 
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M037GOJ ~DD~Y,LINE,~A~~,NMARK,~POINTS,PfkTnn, 

M037100 VV~IN,VVMAX,VVINCH,VVliCK,VVLnc, 

M0372GO YAMIN,YAM~X,YAINCH,Y~TifK,YfLUr, 

R037300 SFT SIX 

M037400 ~CQFY,LINE,MAPK,NM!RK,~POINTS,PERICn, 

M037500 VVMIN,VVMAX,VVINCH,VVTICK,VVLQC, 

M037600 Y~MIN,YAMAX,YAINCH,YATICK,YFLOC, 

R037700 S~T SCVfN 

M037RQO MCD~Y,LIN~,MA~K,NM~RK,NPOINTS,PF~rn~, 

M037qQO VVMIN,VVMAX,VVINCH,VVTICK,VVLOC, 

M03~000 YAMIN,YA~AX,YAINCH,YATICK,YGLnr 

M0.3i::l00 Ct.Ll DCGPLOT ( LAl\Ll, 

M03E200 00,3100,3100,0.06 

M03?300 CALL OCGPLOT(lfTRI, 

MO 3 t 40 0 1. l , ( P 1/2 l , ( -l • 2 l ,3. 5, 

M03P600 CALL CCGPLOT(LfTR), 

M03b800 CALL DCGPLCT,(-1) 

R03?900 cN0 oc PLOT GENFRATIO~ 

f.'\03°000 

MOJSlOO 

CALL(NONMACIGP,C-11 

STAPT AT BEGI f\ 
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M02'!300 

"'02 f\400 

"102f500 

M028600 

M02PAOO 

M028900 

Mozqooo 
S02C'100 

M\.,2S200 
5020300 

Mozc:soo 
S02S600 

M029700 
SOZ<iECO 

Moz;::,qoo 

M030000 100 

PRINT HDG,LCUP,SPl 

RUN Wl. 

WOUT=ZOOO + 5C LGCP 

SfT FILE READ QOUT 

FILE PTAD V,X 

PFI f\!T HDG ,_v, X 

V~LOCITY NO. ROOTS 

FILE RFAD C~GA TO C~GA 
1 X 

PRINT MSG, UMGA TC C~GA ,SP2 
1 X 

PF~L ROOTS IN HtRTZ 

FTLF R~AD BFl~ TO 8FTA 
1 X 

PRINT MSG,ciETA TO BETA ,SP2 
1 X 

Hl.:l.GINM<Y t;'GCTS IN HFPTZ: 

P030100 ST.!IPT ClF PLCT GfNEFATION OF REAL ROOTS 
R030200 

M03G300 NSETS=7,LIN~=C,MARK=1,~MARK=l,NPUINTS=LOOP,P~~IOD=15 

M030400 VVMIN=O,VVMAX=220,VVINCH=5.5,VVTICK=lO,VVLOC=75000 

M03C500 Y!\i'nN=O,YA~·'AX= 12 ,Ytii\CH=7 ,Y.ATIC:K= l ,Yt.LOC=VVU1C+l 

M030600 MOn~x=O,MCO~Y=2,YBLOC=VVLOC+3,YCL1C=VVLOC+5,YDLnC=VVLUC+~ 

M030700 YELUC=VVLGC+a,vFLOC=VVLOC+ll,YGLOC=VVLOC+l3 

M030POO CALL DCGPLCT(PLnT),NSFTS, 

1<030'?00 S fT ONE 

M031000 MUDEX,LINE,MARK,NMARK,~POINTS,PERIOD, 

111031100 VVMIN,VV~".AX,VVINCH,VVTICK,VVLrlc, 

1-10 3 12 0 0 Y /1 rJ. l N , YAM A x·, Y ;\ I NC H , Y A TI C K , Y A L 0 C , 
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"1025000 

r-1025100 
S0252<JO 

M02~30() 

1>1025400 

'"0255()0 

i-102?600 

t025700 
r-'025800 
502500<) 

M02CCOC 
5026100 

M02t:200 

Mu2cJO~) 

SJZt400 

M026500 
S026t:OO 

M02670J 

MOZ6800 
sozcaoo 

f-4027000 

:"<1027100 

M027200 
S02130i..l 

1-1027400 

M027 SOC 

M027600 
S02 770J 

M027800 

12 

PKINT MSG,~ ,SP2 
X+l 

r I L c 1-i'; I T '~ V , X 

c)U \,J 22 f'-U"" W=l(l)X 

2 2 
OMG~ =0M~GA S~RT(C tee )/(2 P!l 

:"i K I\ 1.. 

22 ciLl WflT~ C~~a 

w 

'0 TO 34 FU~ W=L(llX 

GeT~ =-C~cGA ~ /IC~GA 2 PI) 
w K ~ A 

34 F Tl e WF IT E. o ETA 
w 

fll~ kEAG V,X,OMGA TJ [MGA , 
1 X 

riLL: WRIT t V 

FILE W~ITF OMGA T~ CMGA 
1 X 

SFT FILE ~RIT~ QD 

FILf ~PlTf V, ~~TA Tr R~TA 
X 

tF:Ti\ TO PET1 
1 X 

R02"000 ~~c- Cf- FI! c w;;Jlh '::,T.'C:f r:f rll' ~'::.<'.0 i'-\1') P><INT. 

R02 ·'!CO 

N\028200 L~ Tl 100 ~OP LrOP l(l)CUUNT 
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M021700 
5021800 

M021900 
S02 2000 

M02 2100 
$022200 

S~ = -2 B~TA C~EGA OMEGA /(SQOMEG E 
CJOl THR ?F' THRE~ K THFTA PR P1f 

$"1 - ~ ~ll SM 2 BETa OMEGA /OMEGA 
-141 -"Ul S6l THFTA K THETA 

s~-1 SQC'rAFG /SQD1EG 
S62 K THFT A 

R022300 [~L ~F S~VFNTH POW. 

1~02 2400 

MQ22500 
S02260J 

M022700 

t-1022800 

MO 2 2900 

M023000 
502.? HlO 

M023200 

M023300 
S02 3400 

M02.3500 

M023600 
5023700 

M023800 
5023°00 

M024000 

l\1024100 
$024200 

MOZ4300 
S02440C 

M024500 

MOZ4600 

M0247CC 

M024800 
5024900 

CALL Pt,LY55l(~U8),0,lr7.2 

RESUMf N,GAINN,GAI~DC,PULY TO POLY 
0 N 

ccu~n + 1 

UA= 1000 + 25 COUNT, '~ 2000 + 50 COUNT 

SFT ~llE kPITL OA 

FILr- l~qTF V 7 !J,PfJLY TrJ POLY 
0 N 

IC=\1+1 

r urc F =O 
0 

on TO 11 FOR A=1(l)(N+1l 

ll Cr1!"F =POLY 
i\ N+ 1-A 

P~INT MSG,COEF TO COEF ,SP2 
l N+ 1 

COF~FICifNTS IN ASCENDING ~ROER ARE: 

CALL{NONMAC,P~SIDrNTlGC,IC,COF~ 

1 
ro cnu 

N+l 

RESU~1F HR,X,f,l TO Q , EE TO FF. r POL TO POL 
1 X+l 1 X 1 X+1 

I~ l~R NZ, GC TO 13, CTHERWISE GO TO 20 

13 CnUNT=COU~T-1 

GfJ Ll lL 

20 PRINT MSG,~DL TU POL ,SP2 
X+1 
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M011000 
so 11100 

MQ 11200 
5011300 

M011400 
5011500 

M011600 
so ll 700 

MOllPOO 
S01lSOO 

MO 12000 
so 12100 

MO 12200 
5012300 

1.1012400 
5012500 

EO 12600 
M01270D 
5012800 

MO!LSOO 
5013000 

E01310(J 
M013200 
5013300 

MU 13400 

M013500 

SQUMEG 
G 

S(.JlJMEG 
A 

SQOMEG 
y 

y 

y 

L 
PR I '1 E 

L 

SQ!:c 

l 

f.; 

T 

StJf:' 
T 

F 

QC= 75000 

QD=/30000 

2 

T 

KG/MS 

K/'<.../ C 

K I M 
y 

S:JRT 15C[III~G 
y 

= C /(2 M CMEGA 
y y 

fiB': TA 
K 

L/ElFTA 
K 

::•''1f CJ /CMFGl'., 

2 
R 

l 

lJNf L 

C~""GA f(M~'"G~ 

TWO T 

R013600 ~nTRIX CO~STA~TS 
R013700 

MO 13800 
S013C!OO 

f'I•O 14000 
5014100 

M014200 
5014300 

AOO 

1'.1':) 

SM 
0 

SQR + SQJMEG /SQOMEG 
L G L 

-SQF< (: 
L p:< I~·\;:.-

/,00 t 5 M 

2C 

s~ , Si':~ 

-1, SM 
40 

:'1.15, S"'' 
60 

2 
-SQR. H L 

A15 

E014400 
"1014500 
S014600 

SM 
160 0 180 

-1, SM 
200 L PR IHE 
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M007200 OMEGA = SQRT(SCOMFG ) 
S00/300 TWO TWO 

'"10C 7 40ll BETA = sc /(2 c C'-1EGA ) 
SOC 7 50C TWO PSI Two 

M007600 SQOMEG = K /J 
5007700 PSI PSI 

1'1007roo OM::GA = SQPT(SQOMFG ) 
SOC7SOO PSI PSI 

MOC8000 BF.TA = c /(2 J OMEGA ) 
5008100 PSI PSI PSI 

MOC8200 SQOMEG K II 
5008 300 THETA THETA 

MOC8400 OMEGA = SQRT (SQCMEG 
$008500 THETA THETA 

MOC2600 BFTA c /(2 OMEGA 
5008700 THETA THETA lHFTA 

E008800 2 
M008900 SQOMEG = .K E II 
5009000 THREE y 

MQQq1QO OMEGA SQRTtSQCMEG 
500'1200 THRF. E THREE 

EOCS300 2 
MQOC400 BETA c E /(2 OMEGA socc;soo THREE y T HR "f 

M009600 SQUMEG = 2 SK /J 
SOOS700 FOUR PSI 

MOO<i800 OMEGA = SQRT( SQCMEG sooc;soo FOUR FOUR 

MOlOOOO BET A = c /{ J OMEGA 
5010100 FOUR PSI FOUR 

f010200 2 2 
MO 10300 SQOMEG = K H L /J so 10400 FIVE y 

MO 10500 OMEGA SQR T( SQOMEG I 
5010600 FIVE FIVE 

E010700 2 2 
M01CPOO BETA = c H L /(2 J OMEGA ) 
5010900 FIVE y Fr vr 
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MO 00100 
5000200 

MOCC300 

M000400 
so oc 500 

MOD0600 RfGIN 

MOOC700 

MOOCf:lOO 

MOOOOOO 

MOClGOO 

MOO 1100 

MOO 1200 

M001300 

t~001400 

MOC1500 

MO 01600 

M001700 

111001800 

M00l900 

M002000 

M002100 
S002200 

E002300 
M002400 
5002500 

[002600 
M002700 
so 02€:00 

E002900 
MOC300Q 
5003100 

M003200 
S003300 

COMMON(POLY551 I,SM 
224° 

l~DEX 1\,w,A,X 

RESERVE POLY ,COEF ,Q tEE ,POL ,OMGA ,BETA 
15 16 16 16 16 16 16 

PEAD VSTART,VINC,VMAX 

RfAO ALPHA,B,C,E,FL,FT 

READ M,MS,RO 

REAr Cl,C2,C3,Kl,K2,K3 

PRINT HOG, VSTART,VINC,VMAX,SP2 

V START I!'KP V r:ND 

PRINT HOG,~LPhA,B,C,E,FL,FT,SP2 

ALPHA c H 

PRINT HOG,H,I,J,KA,KG,L,SP2 

H J KA KG 

PRINT HOG,M,MS,RO,SP2 

RO 

PRINT HDG,Cl,C2,C3,Kl,K2,K3,SP2 

Cl C2 (3 K1 K2 

K 4 K2 
y 

2 
SK = 2 Kl 8 

PSI 

2 2 
K K H l + 2 SK 

PSI y PSI 

2 2 
K K E + 4 K3 8 

THETA y 

c = 4 C2 
y 
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E003400 
M003500 
5003600 

E003700 
M003800 
5003900 

E004000 
M004100 
5004200 

M004300 
S004400 

M004500 
S004600 

MOC4700 
S004800 

M004900 
5005000 

M005100 
5005200 

M005300 
5005400 

M005500 
5005600 

M06l5700 
SOQSBOO 

M005900 
5006000 

MOOclOO 
$006200 

MOOOOO 
S006400 

E006500 
MOC6600 
S006700 

MOC6800 
S006000 

"'1007000 
S007100 

2 
sc = 2 Cl 8 

PSI 

2 2 
c c H l + 2 sc 

PSI y PSI 

2 2 
c c f + 4 C3 B 

THETA y 

PPINT HOG, K ,SK ,K ,K 
y PSI P Sl 

K K 
y 

SK 
PSI PSI 

PRINT HDG,C ,C ,SP2 

( 

PSI 

SQBETA 
K 

BETA 
K 

SQOMEG 
L 

PSI THETA 

c 
THE:TA 

RO L/ALPHA 

SQR T( SQBFTA ) 
K 

2 FL/(MS BETA 

OMEGA = SQRTISQC~EG 
L L 

SQOMfG = K /(2 MS) 
ONE Y 

OMFGA = SQRT(SCCMEG 

K 

ONE ONE 

THETA 

BETA = C /{4 ~S OMEGA ) 
ONE Y ONE 

2 
SQOMEG = 2 FT L /IC BFTA ) 

T K 

OMFGA SQRT(SQC~EG I 
T T 

SK /C 
TWO PSI 
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CONTROL CARDS 

The following control cards are required to invoke POLY552 

from storage: 

1) II JOB 

This card enables job accounting and has the form: 

Col 1-2: 
Col 3-8: 
Col 14-16: 
Col 18-21: 

Col 23-28: 

II 
job name 
JOB 
roD charge number [to be obtained from Data 

Services) 
User's name 

The following parameters may also be inserted: 

a) Region 
b) Time estimate in minutes 

Example JOB card 

Card Column l b::blank 

2)IIPGPOLY552bbJOB4379,SOMERS,REGION=220K,TIME=6 

2) llbbbbbbbEXECbMACOMPIL 

Indicates that the MAC compile-time monitor is to 

process a compilation. 

3) IISYSINbDDb* 

This card informs the Operating System that the 

following cards will be processed by the program 

becjmg executed. 

4) *bbbbbbbMAC*POLY552 

Compilation Control Card 

5) I* 

Last card of a job step. 

6) llbbbbbbbbEXECbFORTGCL 

Causes compilation and linking of Fortran subroutines 

7) IILKED.SYSLINbDDbDSN=MAC.MAC4TRAN,DISP=SHR 

llbbbbbbbbbbDDbDSn=AAAALIN,DISP=(OLD,DELETE) 

causes new linking routine to be included in the 

load module into which the Fortran subroutines have 
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8) //dddddddEXECbMACRUN 

This card indicates that the MAC monitor is to 
process the run steps in the job. 

9) //R.EXTLIBbbDDbDSN=&AAAAMOD,DISP=OLD,DELETE) 
//bbbbbbbbbbDDbDSNAME=SYSl.MACEXT,DISP=SHR 

Defines data set in which non-MACload modules 
are located at MACRUN collection time. 

10) //R.FT06F00lbDDbSYSOUT=A 

Messages produced by the Fortran error monitor 
are written in the data set described on the 
DD card corresponding to Fortran unit 6. 

11) //R.CATLGbbDDbbDSN=SYSPLOT.CATLGB,DISP=SHR 

This card alerts the plotter and should be used 
only if a plot is desired. 

12) *bbbbbbbbRUNPOLY552 

Triggers POLY552 from storage and transfers control 
to it. 

This card is followed by the data cards. 
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INPUT 

The input parameters, which are outlined below, are pro-

jected into the deck in the order indicated. The comma-delimited 

format is utilized; this format dispenses with the need of para-

meter defini.tion by separate format statements, but does require 

the parameters to be separated from one another on a data card 

by commas. No comma should follow the last parameter on a data 

card. Parameters may be punched on any of the 80 columns. 

FIRST DATA CARD [3 Parameters] 

Order of 
Parameter Name 

lst VSTART 

2nd VINC 

3rd VMAX 

SECOND DATA CARD [6 Parameters] 

Order of 
Parameter Name 

lst ALPHA 

2nd B 

Description 

Initial 
Velocity 

Incremental 
Value of 
Velocity 

Final 
Velocity 

Description 

Effective conicity 
of a wheel, of a 
wheel-set in 
question 

Half length 
of contact area 
in direction 
transverse to the 
direction of rolling 
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Units 

ft/sec 

ft/sec 

ft/sec 

Units 

ft/ft 

ft 



3rd c Moment of slug ft 2 

Inertial of a 
wheel-set in 
yaw 

4th E Height of body ft 
centre of gravity 
above wheel-set 
axle center-line 

5th FL Longitudinal lbs 
creep coefficient 

6th FT Transverse lbs 
creep coefficient 

THIRD DATA CARD [ 6 Parameters] 

Order of 
Parameter Name Description Units 

1st H Constant which 
when multiplied 
by "L" gives "HL", 
the semi--wheel 
base 

2nd I Moment of Inertia slug ft 2 

of body in roll 

3rd J Moment of Inertia slug ft 2 

of body in yaw 

4th KA ft-lbs/rad 

5th KG lbs/ft 

6th L Half-distance ft 
between contact 
points in a lateral 
direction 
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FOURTH DATA CARD [3 Parameters] 

Order of 
Parameter Name Description Units 

1st M Mass of body slugs 

2nd MS Mass of wheel-set slugs 

3rd RO Wheel-tread circle ft 
radius, wheel-set 
in central position 

FIFTH DATA CARD [6 Parameters] 

Order of 
Parameter Name Description Units 

1st Cl Longitudinal lbs/fps 
suspension 
damping 
coefficient 

2nd C2 Lateral lbs/fps 
suspension 
damping· 
coefficient 

3rd C3 Vertical lbs/fps 
suspension 
damping 
coefficient 

4th Kl Longitudinal lbs/ft 
suspension 
stiffness 

5th K2 Lateral lbs/ft 
suspension 
stiffness 

6th K3 Vertical lbs/ft 
suspension 
stiffness 

The significance of the various parameters and their 

diagrammatic representation is given in the Appendix. 



//JOB 

// EXEC MACOMPIL 

II SYSIN DD* 

POLY552 

MAC PROGRAM 

/* 

//EXEC FORTGCL 

//FORT. SYSIN DD* 

FMAC 

FORTRAN SUBROUTINE 

!* 

DECK STRUCTURE 

// LKED.SYSLIN DD DSN=MAC.MAC4 TRAN, DISP=SHR 

II DD DSN=&AAAALIN, DISP = (OLD, DELETE) 

//RUN EXEC MACRUN 

//R.EXTLIB DD DSN=&AAAAMOD, DISP=(OLD,DELETE) 

DD DSNAME=SYSl. MACEXT, DISP=SHR 

//R.FT06F001 DD SYSOUT =.A 

//R.CATLG DD DSN=SYSPLOT.CATLGB,DISP=SHR 

//SYSIN DD* 

* RUN POLY 552 

DATA 
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Sample Data 

Card Col 1 Col 9 
5, 20, 220 
0.4, 3,25, 360, 4, 3E6, 3E6 
2, 4E3, 12E3, 1787, 949E2, 2.5 
4E2, 90, 1. 75 
0. 0, 0. 0, 0. 0, 5E3, 5E3, 5E4 
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PLOTTING 

The Plot Control Card should be used if a plot is required; 

otherwise remove this card. 

POLY552 will provide 2 framed "7.5 x 9" plots for 

l) System Frequency (on the ordinate axis)against 
velocity. 

2) Damping Constant (on the ordinate axis) against 
velocity. 

Points are marked by small dots. 

The program in its present form will only provide for plot 

values of velocity in ft/sec from 0 to 220 against corresponding 

values of frequency in hertz from 0 to 12, and Damping Constant 

from -0.10 to +0.10. 

For the sample data, the following plots were produced. 
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OUTPUT 

For each velocity value POLY552 will supply system frequencies 

and corresponding damping ratios. 

The two identical sets of values observed is due to the 

fact that complex roots of the system, on which computation 

is performed, occur in pairs. 

For the sample data, the following is the output. Only one 

data set, of the identical two, is listed. 

A later modification will be to remove the second set of 

identical values from the print format 
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Appendix 

This computer simulation model is based upon seven sets of 

second-order differential equations. From the definition 

of.the externally-applied forces and moments Equations 1-4 

defined below and the use of Figure 1 showing the vehicle 

geometry, the seven equations of motions of the vehicles 

Equations 5-11 can be written. 

Externally-applied forces and moments 

Ql = - 2fL (:yl/V - l/Jl) - kg {yl - 0 1) (1) 

Q2 2fT [ Cl. Q, (yl 01) 
Q,2. 

+ ka l/11 = - - + y-l/11] ro (2) 

Q6 = - 2fL (y2/V - l/12) - kg (y2 - 0 2) (3) 

Q7 = - 2fT [ a.Q, (y2 0 2) 
Q,2 

+ ka l/12 - + vl/121 ro (4) 

lateral motion, fwd wheelset: 

myl + ~ (yl - Ya - hQ. ¢a - ee) + ~y (yl - Ya - hQ. l/Ja - e8) 

+ 2fL (y1/V - l/11) + k Yl = kg 01 g 

(5) 
yaw motion, fwd wheelset: 

$J Cih + cljl <¢1 - 1Pa> kl/1 (l/Jl - l/Ja) ( n~ Q,2 
+ + 2fT - yl +-

ro v 
J 

(6) a.Q, 
- ka l/11 = 2fT r 01 

0 

body lateral motion: 

M'' + S: (2y -
. . :1 yl - y + 2e8) + (2Ya - Y1 - Y2 + 2e8 =0 Ya a 2 2 2 (7) 
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body yaw motion: 

Jip + clJ! 1jJ - ro (1)! + ~2 ) - Cy h.Q, (yl - y ) 
a a ~1j! 1 2 2 ( 8) 

K 
+ K 1j!a - klj! (1j!l + 1j!2) - _:y_ h.R. (yl - y2 ) 0 

1jJ 2 

body roll motion: 
. :X. . . ~ re + c8 8 + KG 8 - e (y 1 + y2 - 2y ) - e (yl - y - 2y )= 0 

2 a 2 2 a 

( 9) 

lateral motion, aft wheelset: 

my2 + :X (y2 - ya + h.R. ~a - eG) + ~ (y2 - Ya + h.R. 1J!a - eG) 
2 2 

(10) 

yaw motion, aft wheelset: \ 
(~2 - ¢a) 

( .~ £2 

cw2 + clj! + klj! (1j!2 - 1j!a) + 2fT ro y2 + v ~ 2) 

( 11) 

- k 1j!2 2fT 
a,.Q, 

02 = a r 
0 

where 

c1J! = c h2 £2 + 2 clj! y 

K1j! = Ky h2 £2 + 2 klj! 

c8 c" + cy 
2 

= e 
8 

K 
8 

K" 
8 + Ky e2 

The seven equations of motion are transformed (non-dimensionalized 

in time and amplitude} by the following substitutions 
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s2 vo£ v 
(12) == - T WK t WK SK 

, 
K a 

w2 2fL 2 = 2f f/., 2 
(13) = WT T L mSK L:BK 

w2 = ~, s1 l_ (14) 
1 2m 4mwl 

2 k1/J 
B2 == SL (15) w2 -, 2CW2 c 

K 2 Cye 
2 

w2 ye s3 = (16) , 
3 -I- 2Iw 3 
2 2k1/J , s4 l w4 = 

J Jw4 (17) 

w2 
Kyh2f/.,2 c h2f/.,2 

B5 = 
y 

(18} = 
5 J 2Jw5 

2 = ~ s1/J = SL (19) wljJ J 2Jw1/J 

2 Ke 
Be 

ce 
(20) WG = I = Tilii8 

2 = ~ By 2_ (21) w 
y M 2Mwy 

2 ~ 2 k (22) w = w = a g m a 
c 

e1 = e Q," f/., y = Ya (23) 
BK 

, , a -p SK K 

y = Y1 + Y2 
y/). = Y1 - Y2 (24) 

2SK 2f3K 
2 

Ky BK ~ = W1 = ( 25) 
w2 4fL 

L 

R2 = w~ = (BK)2 { k<V 
SK ) 

(26) T 
w2 f/., 2fT 

T 
1jJ = 1jl1 - 1/!2 1/J1 - 1/J2 

(27) , 1/J/). = 
2 2 
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-
01 == cl' 02 = 0 

2 
(28) 

lj;a == ljla' 8 0 (29) 

using the above substitutions, the final set of equations 

become: 

- R2 
(y + e~ 8) - 2S R 00K (~ + e~ 8) 

L a 1 L 'a 
WL 

(3 0) 

w2 J ~ + (~~_)2) K WK) 
. 

yf::,. + [1 + 2S 1 RL y/j, Yjj, 

w2 WL \ WL 
L 

- R2 h Q, ~ 
WK 

(31) 

- ljJ ljJ - 2 S1 RL h Q,~ ~ 
/::,. L a WL a 

w2 (81- 621 =:I 
w2 2 SK ) L 
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2 
{ w2 \-WK - WK] 

... 
1/! + [1 + 2 S2 RT 1/! + \ Ri - ~ I~) 

w2 WT wi / T 

- - (32) 

ulK . 
R2 01 + 02 = 2 S2 RT 1/! 1/! + r = 

a T a 2 SK WT 

w2 

( .,2 ) 
K 

WK + R2 - wa 1/! 
w2 1/!1'1 

+ [1 + 2 s RT 1/1 + rl'i :::: 

2 1'1 T 2 6 
T WT WT 

{33) - -
01 - 02 

2 13K 

w2 
WK K 

2 . <r - ,. ra + 2 Sy r + r - e 8) 
wy w a a y 

{3 4) 
w . 

- 2 13 
K <r ,. 8) = 0 - e y wy 

w2 2 . 
WK w4 - WK C;) -K 1/! + 2 131/! 1/!a+ 1/!a - 1/! - 2 s4 1/! a 

2 a 
wtjJ 2 Wtp 

w1/! w1/! 

2 . {3 5) 
ws 

(:~ .. ) - 2 s (~) (~) ( :~ .. ) 2 5 0 
w1j! 
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w2 .. WK 
2 

K . w - (w rw r~ ) e 2 e 3 
2 + se + e (E. 2 p3 3 i K 1r 

we we 2 \-.-,\--\- . 
e 'w , ·w e", 

we e e -

( 3 6) 

+ == 0 

where the dot represents differentiation with respect to 

dimensionless time {T). 

A-31 



---~- I ..\\.. IY 

i\ I 

,·: I 

~ I I 
I I I 

Q9---- I 

I
I - -~-l-+-~~ i I '• 

---!-----~1 
ht ·I· h.t 

Figure A-1. Lateral Dynamics Model for Two Axled Vehicle 



APPENDIX B 

COMPUTER PROGRAM TO PREDICT TRACK DEFLECTION DUE 

TO RESPONSE OF RAIL VEHICLES TO VERTICAL 

TRACK IRREGULARITIES 

"HALF CAR MODEL" 

Prepared by 

B. Mackenzie 

Service Technology Corp. 
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PURPOSE 

The program computes the response of the dynamic model 

shown in Figure 1, consisting of a table of values of ten 

functions. It then plots the magnitude of each function against 

frequency. 
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yl 
WI wl = Ml.g 

w2 = M2 .g 

w = m·g 

Kl 

y2 
w2 

8 
I L----J--

Figure B-1. The Half Car Model 
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EQUATIONS 

The following system of equations was solved for F1/v1 , 

F2/vl' yl/vl' y2/vl' Y3/vl, Y4/vl, ol/vl' 

of frequency. Refer to Figure l. 

l. 

2. 

3 . 

4. 

5. 

6. 

where 

y3 vl + 01 

y4 = v2 + 02 

01 GllFl + Gl2F2 

02 = GllF2 + Gl2Fl 

•• 2 
Y i = •W Y i , i = l 1 2 1 3 1 4 1 

X = Vt 

w 
2nV 
-~~.- 1 f 

v w 
I = 2n 

and 62/vl, as functions 

0 

The functions G
11 

and G12 are the dynamic compliance coefficients 

of a beam on a visco-elastic foundation and are given by: 
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let 

(JJ 
a 

Gll 

and 

for w > w 
a 

and 

= 

{W- , then for w < (JJ 
a 

'IT 

kA0 ~ -:~ r;· where A = 2'1T ~ 0 

(sin ~'IT£ + cos 2'1T£) 
\ l Al 

- 'TT(l + 

/2 k A (w2 

0 2 (JJ 
a 

j) 

- l 

where 

)

3/4 

where (3 
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INPUT 

The program calculations are in units of inches, pounds 

and seconds. The input variables are given below. 

Card Variable Units of Input Format 

1 k lb/in 2 Fl0.2 

2 K1 lb/in Fl0.2 

3 K2 lb/in Fl0.2 

4 w1 lb Fl0.2 

5 w2 lb Fl0.2 

6 w lb Fl0.2 

7 w lb/yd Fl0.2 

8 I in" 
Fl0.2 

9 E lb/in 2 El0.7 

10 c in Fl0.2, 1 in col 15 

in/sec Fl0.2, 2 in col 15 

11 1 in FlO .2 

12 f3 Fl0.2 

Either A or V can be an input variable and the other value 

is then calculated. This requires a code number in column 15 

of the data card. For A input the code is 1, for V the code is 

2. 

The values of w, W1, W2 are read in units of pounds; con

version to mass units is done in the program. The program also 

converts W from lb/yd to lb/in. 
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Information about the desired frequency range must also be 

read in. The program can accept up to 5 consecutive intervals 

of frequencies with a different increment in each interval. To 

do this the following cards are read: 

Card 

13 

14 

15 

Description 

Number of intervals 

Increments for each of 
the intervals (in 
order) 

Boundaries of the 
intervals 

Format 

I2 

5Fl0.4 

6Fl0.4 

Figure 2 shows a sample list of data cards. The last three 

cards give a frequency range that goes from 0.1 to 1.0 in in-

crements of 0.1, from 1.0 to 2.0 in increments of 0.2, from 2.0 

to 5.0 in increments of 0.5, from 5.0 to 10.0 in increments of 

1.0, and from 10.0 to 100.0 in increments of 10.0. 

The table of frequencies can contain a maximum of 100 

values. 

$DATA 
l500.0k' 

14193.00 
39856.00 
18600.00 

7000.00 
1000.00 
119.00 
312.5 

.3000E+08 

05 

1760.00 2 
82.00 

.10 

.1 

.l 
0.2 
l.O 

0.5 
2.0 

l.O 
5.0 

Figure 2 
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OUTPUT 

A list of input variables precedes the tables of functional 

values. The values printed are converted values, i.e., M1, M2, 

and m are in mass units, W is in lb/in. The printed value of 

each of the other variables is the same as the value read in. 

Two computed constants S
0 

and k* are also printed out: 

4 

0 = _/k and k* 
~-'o l4Er 

2k 

so 

The values of the ten functions (G11 and G12 are printed 

and plotted along with the eight functions solved for in 

equations (1) - (8)) are printed out in magnitude-phase form. 

The magnitudes are in exponential format; the phases are in 

floating-point format. 

All functions except G11 and G12 are normalized by v 1 . 

This normalization leaves the output for y. (i=l,2,3,4), 8 1 
]_ 

and 62 unitless. F1/V1 and F2/v1 have units of lb/in; G11 and 

G12 are in in/lb. 
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OPERATING INSTRUCTIONS 

This program is written in FORTRAN for the IBM 7094 computer. 

The deck is set up to run on the DOT/TSC computer. 
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SAMPLE OUTPUT 
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> 
' ('\J 
_J 

u.J 
0 

> 
' 
__) 

u.J 
0 

10
2 

6 
5 
q 
3 

2 

1 0
1 

6 
5 
q 
3 

2 

10° 

6 
5 
l.j 

3 

2 

1 0~1 

6 
5 
l.j 

3 

2 

1 0 ~~ 

6 
5 
l.j 

3 

2 

1 0 ~~ 

6 s 
l.j 

3 

2 

1 0 ~c 

10 -1 2 31.15678 0 

10 
2 31.156781 

10 
FREQUENCY 

2 31.15678 2 

10 

Figure B-2. Track Deflection Amplitude Ratio 
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=:1' 
>-

(Y) 

>-

(\1 

>-

_.... 
>-

_j 

w 
u 
u 
a: 

1 0' 

3 
2 

1 0 ~ 

3 
2 

1 0 
2 

3 
2 

10 I 

3 
2 

l 0 ° 

3 
2 

l 0 -I 

3 
2 

1 0-2 

3 
2 

10-'+---~~~~~~~+-~~--~~~~~r-~-r--T-~~~~ 
1 0 

-I 2 3 1,\ 5 6 7 8 a 2 3 1,\ 5 6 7 8 1 2 3 1,\ 5 6 7 8 2 10 10 10 
FREQUENCY 

Figure B-3. Car Booy and Truck Accelerations Due to 
l-Inch Amplitude Track Irregularity 
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> 
.......... 
=:1' 
)-

> 
.......... 
('f) 
)-

> 
.......... 
C'\1 
)-

> 
.......... 
....... 
)-

1 0 
2 

3 
2 

1 0 I 

3 
2 

1 0 ° 

3 
2 

1 0 _, 

3 
2 

1 0-2 

3 
2 

1 0 -s 

3 
2 

1 0 -· 

3 
2 

1 0 -s 

. 2 2 3 1.1 567810' 

FREQUENCY 
2 

Figure B-4. Car Body and Truck Displacement 
Amplitude Ratio 
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> 
......... 
N 
IJ_ 

> 
......... ..... 
IJ_ 

1 0
1 

6 
5 
ll 
3 

2 

10. 

6 
5 
ll 
3 

2 

10
5 

6 
5 
ll 
3 

2 

1 0' 

6 
5 
II 
3 

2 

to' 
6 
5 
II 
3 

2 

10
2 

Figure B-5. FJheel Rail Forces Proc_ucec by Unit 
Track Irregularity (lb/in) 
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10~ 

~ 
6 
5 
lj 

3 

2 

2 

1 0 -s 

9~---------------------------6 
5 
lj 

3 

2 

2 

10-,+---------~~~~---r------~~~~--~--~~~~-rl 
1 0 

-1 2 3 lj 5 6 7 8 0 2 3 lj 5 6 7 8 1 2 3 lj 5 6 7 8 2 

10 10 10 
FREQUENCY 

Figure B-6. Track Compliance Function 
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PROGRAM LISTING 
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EFN SOURCE STATEMENT IFN(S l - 05!18/71 

OI~EhSIC~ I~UF(l024J 

CALL PlOTSIIHUF,lC24l 2 
CALL PLOT(Q.,-ll.,-31 4 
CALL PLCT(J.,.5,-3J 6 
COMPl~X GA,GB,GC,GD 
Dlt>-1E~SION ACCYlllOul,ACCY21100l,ACCV3ll00),ACC'V41100l 
DI~E~SION AFlllJOI,TFl(lOOI,AF2(100),TF2(100l 
Dl~ENSION ADEL1(1CCl,TDELlllOOl,AOEL2llOOI,lOEL2(1001 
JI~ENSICN AY1(1JOI,TYl(lJO),AY2(100J,TY211COl 
DIMEt-.SION AY3{10Ul ,TY3{1001 ,AY4llJOl,TY4{lOOl 
DP.1ENSION AGU lOOJ ,TGl{ 1001 ,AG2( lOCI, TG2(1COI 
CO~PLEX Fl(lJJI,FZ(lOJl,OELl(lOOl,OEL2(1001 
COMPLEX YlllJOI,Y21100),Y3(lOOJ,Y4(1001 
CCMPLEX H1ie2,B3,B6,B7 
COMPLEX Al,A2,A3,A4 
CJMPLE X A 5 
COMPLEX Gl(l0Q),G2!100l 
DP1ENSION OF(5) 
DIMENSION FLU:I 
OP.1Ef\SICN FllOOJ 
COMPLEX BL1,nL2,BL3,BL4,BL5 
G= 3 R 6. 
PI=3.14l59265 
EPSI<I=.Ol 

G READ INPUT VARIABLES 
RE:AD (5,91 XK 
R [AD I 5 , 9 ) XK 1 
REAC ('5,9) XK2 
READ {5,9) Xt-'l 
RtAD (5,91 XM2 
REAC {5,9} X"'1 
REAfl 15,91 \oiT 
<:l,_EAD {5,9) XI 
R!:AD (5,71 E 
READ (5,111 XX,JA 
READ ( 5,9 I XL 
RfAO 15,9) BET 
READ (~,91 ZETA 

7 FORMAT (ElQ.7) 
9 FOK.I'IAT !Fl0.2J 

11 F0RMAT (Fl~.2,4X,Ill 

C CCNVERSIONS A~C COMPUTEDCONSTANTS 
X"'l=XMl/386. 
XM2=X~2/38c. 
X"'1=Xt-II~B6. 
WT=i-.T/36. 
WA::SOR T{ XK*G/i~~T) 

XLAMN=2.*PI*!4.*E*XI/XKl**•25 
wl=SORTIXKl/XI'Ill 
XL L =XL 
RT2=SQRTCZ.I 

G WRITE INPUT ~ARIA~LES 
aR IT E ( 6, 10 J 

10 FlRMAT {lHJ,l5blNPUT VARIABLES! 
w~ I T E ( 6. 12 I X!< 
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9 
10 
11 
12 
l3 
14 
15 
16 
17 
19 
20 
21 

22 
23 
24 

25 
26 

27 



MAIN 

12 

13 

14 

15 

16 

17 

1fl 

22 

23 

24 

122 

27 

EFN SOURCE ST~TEMENT IFN!Sl -05/18/71 

FJPMAT (lH0,5X,4~K: ,El5.8) 
WRITE (6,131 XKl 
FORMAT llHC,4X,5HKl rE15.8) 
WRITE (6,14) XK2 
FORMAT (lH0,4X,5HK2 ,El5.81 
.;R IT E ( 6, 15) XM l 
FORMAT llh0,4X,5HM1 ,El5.81 
WR I T E ( 6 , 16 I X M 2 
FORMAT (1HJ,4Xr5HM2 = ,El5.8) 
wRITE ( 6 ,1 7) X~ 
FORMAT (1H0,5Xt4H~ = ,El5.8) 
WHTE (6,l8J aT 
FUK~AT !1Hu,5Xr4hl'i:: ,El5.81 
wRITE (6,221 E 
FlJRMAT (lHO '5X,4H = ,El5.8) 
WRITE (6,23) XI 
FORMAT (lH0,5X,4HI :: ,El5.81 
WRITE (6,241 BET 
FORMAT !1H0,2X,7HBETA = ,El5.8) 
WqiTE(6,1221 ZETA 
FOqMAT(lHO,ZX,7HZETA = ,El5.81 
WR I T E ( 6, 2 7 I XL 
FO~MAT t:H0,5X,4rl :: ,E15.81 
IF{JA.tQ.ll GO TO 31 
I~(JA.EQ.21 GO TO 32 
If{(JA.NE.ll.ANC.IJA.NE.ZliGO TO 6 

32 W~ITE (6,211 XX 
21 FORMAT (lH0,5X,~HV:: ,El5.81 

GU TO 34 
31 WR I T E ( 6 , 1 9 I X X 
19 FaRMAT (lHC,~HLAMBDA ,E15.81 

GJ TC 34 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

48 

50 

6 W~ITE {6,81 52 
8 F~RMAT IZX,32HcRROR ON V/LAMBOA IDE~TIFICATIO~) 

34 CJNTINUE 
C GENERATE fREQUENCY TABLE 

RFA0(5,201 NDF 53 
20 FURMAT 1121 

QC:AD ( 5,301 (OF{lll til=l ,NOF l 55 
30 F0RMAT (5Fl0.41 

\F L=t\OF+l 
READ {5,4Cl (FL(Ll,L=l,NFU 62 

40 FORM~T (6F10.41 
L=O 
N=u 
DU 50 Il=l,NDF 
Nl =1 
L=L +l 

70 N=t'l+l 
XF1=Nl-l 
XFN=FLlLI+XFl*DF{l1l 
XF2=XFN-FL(L+ll 
XF2=AFIS( XF21 
IFIXF2.GT •• J02)G0 TO 60 
GO TC 49 

60 F{\Jl=XFN 
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MAIN EFN SOURCE STATEMENT IFN(Sl - 05/18/71 

Nl=Nl+l 
GO TC 7 J 

49 N=N-1 

50 CONTINUE 
N=N+1 
FINI=FLINHI 

NF=N 

C DO LCCP TO CCMPUTE FUNCTIONAL VALUES 
DO .':30 l=l,NF 

IFCJA.EQ.llXLAM=XX 
1F(JA.EQ.21XLA~=XX/F(l) 

5 V= XL AM *F ( I l 
W=Z.*Pl*F!ll 
ww=w-wA 
AWW=ABS!;.JWI 

IF (AWW.LT.EPSWl GO TO 25 
IF(W~.GT.G.OI GC TC 3 
GO TO 2 

25 WRLTE (6,261 113 

2c FORMAT(3X,5HcRROR,5X,4Hw=wAI 

C COMPUTf Gl1 AND G12 FOR ~ LESS THAN WA 
2 WB=w/wA 

iH.=( 1.-V.:B**Zl 
Oi3=2.*ZETA*WB 
PHI=OB/DA 
PHI=ATANIPHII 115 

OC = ( C A* * 2 + C R * * 2 l * * . 12 5 116 

RETA1=2.*Pl*DC/XLAM~ 

ZA=PI/IXK*XLAMN*DC**3l 
lf3=COSl3.*PI-I/4.l 117 

Zt~=ZP:*ZA 

ZC=SIN(3.*PHI/4.l 118 

ZC=l-1.l*ZC*ZA 
Glll l=CMPLX{IB,ZCI 

Gllll=-Gl(Il 
PHIN"'O• *Pli·PHl )/4. 
DELTA=RT2*~ETAl*XLL 

CALL OBLEXP{OELTA,PH!N,GAI 122 

PH I 3 = ( '5 • * P I + PH I l/4 • 

CALL 08LEXP{DELTA,PHI3,GBI 124 

OE=AlMJIG( Pl I 
OF.,REAUGBl 
G f-\ =C II P l X {- iJ E , D F I 

PHI2=PI/4. 
OE=CCS(PHI2l 126 

OF=SIN(PHI2l 127 

Cr=-CF 
GC=CfoiPLX(OE,OFl 

G2( I l=Gl! I l*GC*{GA+GRI /RT2 
GO TO 4 

C CO~PUTE Gll A~C Gl2 FCR W GREATER THAN WA 

3 .,.Jd=W/i~A 

'JA=WP.**2-l. 
D!3=2.*ZETA*~3 

PHI=O>l/DA 
PH T = <H A!\J {Ph 1) 
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MAIN EFI\l SOURCE STATEMENT 
DC=CQA$*2+Dq**21**•125 
8ETA1=2.*Pl*DC/XLAMN 
GA=(-l.I*Pl/(RT2*XK*XLA~N*DC**3t 

PHIN=3.*PHI /4. 

I FN( S I 05/18/71 

133 

DE=ClJSIPHINI 
OF=S ltd PHI N l 
GR=CMPLX( IJE ,[)F I 
OF= -OF 
GC=CfvPLX(OF,Of:l 
Gllli=GA*(GB+GCl 
Gl(li=-GUil 
DcLTA=RT2*BETAl*XLL 
PHIZ=PI-PHI/4. 
Prll3=(6.*PI-PHII/4. 
C~LL DRLEXP(OELTA,PHI2,GCI 
CALL DHLEXPIDELTA,PHI3,GOI 
iJE=-Airv<AG!GCI 
tJi==REAUGDl 
GrJ=CMPLX( DF ,0'.: I 
GZI I I=GA*GE*IGC+GD) 
G 2 I I I =- ~ 2 I I I 

4 D7=2.*8C:T*W/W1 
0.:1=1.-('-'/Wl I**Z 
Cl=(D8+U7**2l/(08**2+D7**2) 
C2=(07*DB-071/(08**2+07**21 
tH=C('IPLX!Cl,C2J 
~2=XKZ/12.*XKZ-Z.*XM2*W**Z-2.*X~l*Bl*W**ZI 
R3=(-1.l*lw**2l*lX~+XM2*82+XMl*Bl*BZI 
H6=(R3-XM*~**21/2. 
R7=(R3+XM*W**21/2 • 
. ~i = G: *R7+G2 *e6 
A2=Gl*B6~G2*B7-l. 

CSl=COSIZ.*PI*XL/XLAMl 
CS2=SINI2.*Pl*XL/XLAM) 
A~=C,..PLXICSl,C52l 

Y3lll=(A2-Al*A5l/(Al*Al-A2*A2l 
Y41Il=IA2*A5-Ali/1Al*Al-A2*A2l 
F 1( I I= H c* Y 3 I I I +B 7* Y 4 (I I 
FZ (I l=tH*Y3 (I I +R6*Y4( I I 
Y2 I I) =B2* ( Y3 l! I +Y4 {I I) 
Yl(Il=Bl*Y2(1J 
DELl (I I=Y3 ( ll-1. 
Dt=t21Il=Y4( II-AS 
wR I TE I 6, 2 C 0 1 I I , A 5, Y 3 ( I I , Y 4 I I ) , F 1 ( I I , F 2 ( I .I , Y 1 ( I I , Y 2 ( I I , 0 Ell ( I l , 

134 
135 

139 
141 

147 
148 

X Ocl21I1 166 
2001 FU~MATI5X,I3, (5X,ZE2U.RJ/8X, 

1 2(5X,2E20.8l/8X, 
2 215X,2E20.8l/8X, 
3 2(5X,2f2C.81/8X, 
4 2{5X,2E20.811 

8Ll Y 3 (I 1-DELl I I 1-1. 
RL2 Y41II-DEL21Il-A5 
8 L 3 f- 1{ I I + F 2 I I I + I X"'1 *I Y 3 I I H· Y 4 I I I I +X 1>1. 2 * Y 2 I I I +X M 1 * Y ll I I l * 1-1* * 2 
BL'-t fll II-F2(ll-X~*IY4lil-Y3( II )*W**Z 
f1 L 5 X I< 2* ( Y 2 I I J- ( \'3 (· I I + Y4 ( I I J I 2. J- ( X tJ 2 *Y 2 ( I l +X M l * Yl ( I I I* w * * 2 
w•3L=RfAL(8Lll 
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~AIN EFN SOURCE STATEMENT 
Wl-i"'1=A I ''lAG ( iilll 
~lll=~Bl•*2+WHM**2 

9Lll=SQRT!Bll11 
,..RL=::<t:Al( BL.2l 
w Ll ;-.,=A I M .'\ G I f\ L 2 ) 
8~~2=wdl**2+WBM**2 

~L2.2=SQkT!BL221 

W~l=KfAL(3l31 

W~V=h!~>'AG(8L3l 

~l3J=wBL**2+WR~•*2 

RL33=SQRT ( I:'L "33 I 
WdL=REAL( Hl4l 
wR"'~=A P'';\G ( Bl4) 
HL~4=WBL**2+W~~**2 

F\L44=SQqT(RL44l 
-lHL=kEAUSL':l 
W P.,= l'.. It..., AG ( Bl5) 
RL55=~~L**2+wRM**2 

'IL 55= Sl.jR. T ( >)L ?'5 I 

IFN(SI - 05/19/71 

WR.ITE!6,2JJJl I,Bll1,RL22,BL33,RL44,BL55 

2000 F'll'<""AT (':>X,I3,5(5X,E17.i3ll 
80 C:\JT 11\Ut 

C CD~VERT CJ~PL~X ~CS. TO ~AG~ITUCE-P~ASE FCR~ 

'J:J 150 I=l,NF 
C4Ll PCL~R(Fl(li,AFl( Il,Tfl(l)l 

CALL P0LAR(F2(ll ,AF2!Il,TF2{III 
CALL PCLAR!CELl!II,t.Ct:Ll(Il,TOELl!III 

CALL PCLAR(C~L2!Il,ACEL2(I),TCEL2( Ill 

(;',LL PCL4i<-(Y~!ll,AY1!ll,TY1(lll 

CALL t)CLAR(YZ!Il,AYLI II,TYZ(l)l 

CALL PrL~R(Y3(11 ,AY3{ll,TY3llll 

C'l.LL PULI\R( Y4 (I l ,A Y4! I I, Tv4( Ill 

(.\LL PCLAR(!';l{I),&(l(ll,TGl(III 

CALL PCLARIG2!Il,AG2tll,TGZ{l)) 

150 CJ'H l'\JlJE 
C PRlfHtO CIJTPUT 

105 F~RMAT (lHJ,F6.2,3X,2(El3.6,3X,F7.4,5Xll 

194 

195 

196 

197 

198 
199 

209 
214 
219 
224 
229 
234 
239 
244 
249 
254 

w..;rTE to, lv2l 257 

1J2 FO~V~T(lY0,2X,4HF~E~,5X,~H~AGN Fl/V,5X,8HPHS Fl/V,5X,9HMAGN F2/V,5 

lX,3HPHS f2/Vl 
c;·J 110 I=l,!'\F 
'""dE (6,1J?l HII,Afllll,Tfl{II,AF;!:!li,Tf2{ll 260 

llJ C~\ITINUc 
.nne t6.lJ31 268 

103 FUHMAT !lHJ,2X,4HFREQ,5X,llH~AG~ Ofll/V,3X,10HPHS C~Ll/V,3X,llH~AG 

l'~ DEL2/V, 3X, lOHPHS DELZ/Vl 

0 •..J 111 I = 1 , ~ F 
w.".ITE (6,10?1 F(ll,ADt:Ll(I),TCtLl(ll,t.CEL2(Il,TCEL21Il 271 

l i 1 C!'-!T INUc 
w::::rTE t6.1J7l 279 

1J7 FURMAT llHJ,2X,4HF~EQ,5X,9H~AG~ Yl/V,~X,~HPHS Yl/V,5X,9HMAG~ Y2/V, 

l5X,dHPHS Yl/Vl 
')') ~12 l=l,f\F 
wRIE 16.lu'::'l f(J),AYl!Il,TYl(!l.AY2(Il,TY21Il 282 

112 C~l.'~T I'HJf 
t~QtTE (t-.,lJdt 290 
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MAIN EFN SOURCE STATEMENT IFN(Sl J5/18/7l 

108 FORMAT (lH0,2X,4H~REQ,5X,9HMAGN Y3/V,5X,8HPHS Y3/V,5X,9HMAGN Y4/V, 
15X,8HPHS Y4/Vl 

DO ll3 ! = l , 1\F 
WRITE (6,1051 F!Il,AY3(Il,TY3tll,AY4{It,TY4(ll 

113 CONTINUE 
293 

.WRI IE t t:.lCSl 301 
109 FO~MAT (lH0,2X,4HFREQ,5X,8HMAGN Gll,6X,7HPHS Gll,6X,8HMAGN Gl2,6X, 

l7HPHS Glll 
OfJ 114 I=l,NF 
lolRITE {6,1051 f( Il,AGlll),TGl(l),AG2lli,TG2(l) 

114 C•JNTINUE 
304 

WRIT H 6 ... 1 LtJ 312 
116 FJRMAT llH0,4HFREQ,6X, lOHACCEL Yl/V,7X,10HACCEL Y2/V,7X,lGHACCEL Y 

13/V,7X,10HACCEL Y4/Vl 
DJ 200 I=l,NF 
W=2 .. *Pl*Ftll 
ACCYliil=W**Z*AYl!ll/G 
ACCY21ll=W**2*AY2Jll/G 
ACCY3!Il=W**Z*AY3(ll/G 
ACCY4(ll=W**Z*AY41ll/G 
WRITE ( 6, 115 IF ( I l , A C C Y 1 ( I l, ACC Y 2 ( l I , ACC Y 3 ( I l , ACC Y 4( I l 

115 FORMAT LlHO,F6.2,3X,4!El3.6,4X)} 
200 CONTINUE 

SCALING FOR PLOT ROUTINE 
I)CJ l 55 I= l , NF 
F(1J=(ALOG10{f(1Jl+l.l*2. 

AF1 !Il=IALCGlOIAFlllll-l.l*l.5 
AF21Il=IALOGlCIAF21lll-1.)*1•5 
ADEll I II= { ALOG!Ot ACEL 1( I) l +4.1* 1. 5 
AD.EL2 t ll ~ {ALCGlO !ADEL2 tIl 1+4. 1 *1.5 
AYU I I=IALOGlOtAYll I J 1+6.) 
AY2(l)=(ALOC!OlAY21 1) 1+6.) 
AY3til=IALCClOtAY3{lll+6.l 
AY4(Il=!ALOGlOtAY4{1))+6.) 
AG1 I Il =I ALO GlO I AG 1( l) l + 7. I *2. 

-AG..2.ill.:: lALOGlO I AG2 {1 l 1 + 7. l *2. 
lF(AFl( li.LT.O.IAf-1(1):::;-Q. 
If{AF2(ll.LT•O•lAF2tll=Q. 
IF (A ¥1 ( I I • LT. 0. l A Y ll I I :::0. 
IF{AY2( ll .. LT.O.lAY2(l)::::Q. 
f F ( A Y3 ( I I • lT. J. I A Y3 ( I J =0. 
lf!A¥4!Il.LT.O.lA~4tll==O. 
I f ( A 0 EL 1( I l .L T • 0 • I A 0 E L 1( I I= 0 • 
I F I AD El2 { I ) • LT • 0 • ) A D E L 2 { I J = 0 • 
IF tAGH I I .L T.O.lAGl( I l-=0. 
lF(AG2(II.LT.u.IAGZtll=O. 
IF(AFl(Il.GT.9.JAFllii-=9. 
I FlAF 2 i I l .£ T .. 9. l Af 2 ( I l = 9. 
If(ACELl(IJ.GT.9.JADELltii=9. 
IF{ADEL2lli.GT.9.1ADEL2{1)=9. 
IF (A G 11 I I • G T. 8. I AG 1( I J = 8. 
IFIAG2!Il.GT.B.JAG2lll=8. 
ACCYl(li={ALOGlO(ACCYllll)+4.) 
ACCY2ill=1ALDG1J(ACCY2(1·))+4.) 
ACCY3(ll=(ALCG1J(ACCY3!11)+4.) 
ACCY4CIJ=CALUG10(ACCY4(IJJ+4.) 
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338 
341 
344 
347 
350 
353 
356 
359 
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365 
368 

435 
438 
441 
444 



MAiN EFI\J SOURCE STATEMENT IFN(Sl - 05/18/71 

IFIACCYl!ll.LT.O.IACCVliii=O. 
IF!ACCY2(ll.LT.G.IACCY2lll=O. 
IFtACCY3( I) .LT.O.lACCY~( I )=0. 
IF(ACCY4!II.LT.u.IACCY4(ll=u. 

155 CONTI"JUE 
C PLOT ~OUTINE 

CALL LAX[S(u.,Q.,3,9HFREQUENCY,9,6.,-1,2J 465 

CALL LAXISlO.,O.,d,l9HYl/V Y2/V Y3/V Y4/V,l9,8.,-6,1)467 
CALL LLINE!F,AYl,Nfl 469 

CALL LLINE(F,AY2,NFI 471 
CALL LLI"JE(F,AY3,NFI 473 
CALL LLINE(F,AY4,Nf) 475 

CALL PLOT(l2. ,o. ,-3) 477 
CALL LAXIS!0.,0.,3,9HFREQUENCY,9,6.,-1,2t 479 
CALL LAXIS(Q.,0.,6,9HF1/V F2/V,9,9.,+1,11 481 
CALL LLINE{F,AFl,NFl 483 
CALL LLII\JE(f,AFZ,NFI 485 

CALL PLGTt12.,0.,-3) 487 
CALL LAXISlQ.,O. ,3,9HFREQUENCY,9,6.,-1,2l 489 

CALL LAXIS!o.,o.,6,13HDEL1/V DEL2/V,l3,S. ,-4,11 491 
C~LL LLINElF,ADELl,NFl 493 

CALL LLINE{F,ADEL2,NFI 495 
CALL f'LOT!lZ.,0.,-3) 497 

CALL LAXIStJ.,0.,3,9HFREQUENCY,9,o.,-1,2l 499 
CALL LAXIS(Q.,C.,4,7HG11 Gl2,7,8.,-7,1) 501 

CALL LLINEIF,AGl,NFl 503 

CALL LLINE(f,AGZ,~Fl 505 

CALL PLOT(l2.,0.,-3) 507 

CALL LAXIStO.,J.,3,9HFREQUENCY,9,6.,-l,Zl 509 
.CALL LAXlS1u.,J.,S,lBHACCELlYl Y2 ¥3 Y4),18,8.,-4,ll 511 
CALL LLINE(F,ACCYl,NVl 513 
CALL LLINE(F,ACCY1,NF) 515 
CALL LLINE(F,ACCYZ,~F) 517 

CALL LLINE(F,ACCY3,NF) 519 

CALL LLINf(F,ACCY4,1\JFl 521 
CAll PlOT1l2.,C.,-3) 523 
CALL PLOT(0.,0.,999l 525 

33 STOP 
E"JD 

B-23 



INPUT VARUeLES 

K = O.l5000COOE C4 

Kl = 0.70965000E 04 

K2 C.l992800CE C5 

Ml :: 0.48186528E 02 

M2 c.lal34715E 02 

M 0.25906736E 01 

w :: C.33055556E 01 

E = Q.30000000E 08 

C.71400JOOE 02 

BETA 0.30000000E 00 

ZETA = C.OOOOOOOOE-38 

L = C.82000000E 02 

v o.132oooooE 05 
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FREl.J ~AGI\I F1/V PHS Fl/V ~AGN FZ/V PHS fZ/V 

0.10 O.l41584E 02 -3.1?98 O.l4l584E 02 -3.1396 

o.zc c.s71735E JZ -3.1384 o.571735E 02 -3.1379 

0.30 O.l307l8E 03 -3.1377 C.l.3C7l8E 03 -3. 1369 

0.40 C.237769E 03 -3.1382 0.237768E 03 -3.1371 

0.50 0.382922E 03 -3.1403 0.382918E 03 -3. 1390 

0.60 O.S72913E 03 3.1384 0.572901E 03 3.139'1 

0.70 0.817442E 03 3. 1306 c.Bl74lOE 03 3.132 2 

o.8o C.1l3046E 04 3.1181 0 .ll3038E 04 3.1199 

0.90 0.153220E 04 3.0990 O.l53203E 04 3.1009 

1.00 0.205227E 04 3.0705 0.205192E 04 3.0724 

1.20 G.364l73E 04 2.9648 0.364G36E 04 2.9667 

1.40 0.646893E 04 2. 7266 0.646425E 04 2.7281 

1.60 C.l025'>5E 05 2.2310 O.l02462E 05 2.2320 

1.80 0.108162E 05 1.6425 O.l07929E 05 1.6426 

2.00 C.8995SEE G4 1.3204 0.896532E 04 1.3194 

2.50 u·647065E J4 1.1745 0.641422E 04 1.1703 

3.00 C. cC21SCt: 04 1.2809 o.592023E 04 1.2746· 

3.50 0.657180E 04 1.4127 0.640406E 04 1.4067 

4.00 a. 7e512Sf: G't 1·4921 o.759692E 04 l. 4868 

4.50 0.967767E J4 1.4899 0.931545E 04 1. 4833 

5.00 0.117057E 05 1. 404 7 O.ll2184E 05 1.3930 

5.50 O.l332llE 05 1.2559 0.127C86E 05 1.2341 

6.00 C.l.~gzt3E 05 1.0831 0.132129E 05 1.0453 

6.50 0.134557E J5 0.9286 O.l26743E 05 0.8670 

7.CC C.l23134E C5 0.8152 O.ll4837E 05 0. 7198 

7.50 U.lJ9lC8E 05 0.7468 O.lOG333E 05 0.6037 

a.co C.947643E 04 0.7201 0.853531E 04 0.5092 

lj.50 0.8l0434E 04 0.7332 0.706984E 04 0.4244 
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9.0C C.6H3249E ll4 0.7891 0.565783E 04 0.3345 

9.50 Uo569284E 04 0.8987 0.43C6S7E 04 0.2164 

10.00 C.47458'tt u4 1.0812 0.304923E 04 0.0185 

10.50 0.41ll849E 04 1.3553 0.203465E 04 -o. 3c;73 

I 1. QC C. 3 94026 E 04 1·7031 0.177478E 04 -1.1724 

11 0 50 0.432222E 04 2. 043 7 0.256331E 04 -1.7739 

12.00 C.:'l6970E: J4 2.3078 0.384638E 04 -2.0412 

14.00 C .10·i64 7E 05 2. 7700 0.1C4106E 05 -2.2981 

16.0J c.l8)614c 05 2.9118 O.l86276E 05 -2.3178 

18.00 C.29l330E 05 2.9798 0.288918E 05 -2.2923 

20.00 0.420899E 05 3.0236 0.418950E 05 -2.2513 

22.0() c.ssa32SE 05 3.0583 0.586617E 05 -2.2048 

24.00 O.R09629E 05 3.0910 0.808012E 05 -2.1577 

26.0Ci O.lll201E CC: 3. 1262 0.11103cE 06 -2.1139 

2q.oo u.l54629E J6 -3.1147 0.154448E 06 -2.0776 

30.00 c. 222181E ct -~.0584 0.221959E 06 -2.0556 

32.00 o.343427E 06 -2.9749 0 .343106E 06 -2.0612 

34.00 0.6<t2524E C6 -2.8328 0.641896E 06 -2.1260 

36.00 0.345347E 07 -2.5457 0.344947E 07 -2.3438 

38.00 C.125329E C7 1o2631 0.125192E 07 0.2220 

40.00 O.l732l3E 07 2.0616 0 .173174E 07 -0. 5C03 

42.00 C. 5C8210E G7 -0.6864 Oo508223E 07 2.3258 

44 .oo O.l21489E 07 -0.5060 J.l21494E 07 2.2234 

46.00 C.76038SE C6 -0.4057 0.760416E 06 2.2012 

48.00 0.583090E 06 -0.3409 0.5831C4E 06 2.2145 

50.0C C.4B819BE Oo -0.2945 0.488206E 06 2.2461 

52.00 C.428'17ilE 06 -0.2585 0.428983E 06 2.2882 

54 0 oc C.?Bf3480E 06 -0.2290 0.388483E 06 2.3367 
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56.00 u.359041E 06 -0.2037 u.359043E 06 2.3895 

58.0C c.336675E 06 -0.1814 0.336676E 06 2.4452 

60.00 0.319097E 06 -o. 1611 0.3l90'l8E C6 2.5030 

62.00 Co3U49C2E 06 -0.1422 u.304903E 06 2.5622 

64.00 0.293177E 06 -0.1245 o.zcn177E 06 2.6226 

1';6. 00 G.283298E 06 -0.1077 0.283299E 06 2.6838 

68.0() J.274830E Co -0.0915 0.274830E 06 2. 7 456 

70.00 o.267455E 06 -0.0758 0.26745.5E 06 2.8C81 

72 .oo c.260937E 06 -0.0606 o. 26093 7E 06 2.8709 

74.00 c.255C99E 06 -0.0458 0.255099E 06 2.9342 

76 .oo 0.2498C2E 06 -0.0313 0.249802E 06 2. 9978 

78.00 G.24494JE 06 -0.0172 o.244940E 06 3.0617 

80.00 C.240425E 06 -0.0033 0.240425E 06 3.1259 

82.00 o.236191E 06 0.0102 0.236191E 06 -3.0928 

84.00 G.232182E C6 0.0235 0.232182E 06 -3.0280 

86.00 o.22'3353E 06 0.0364 o.228353E 06 -2.9628 

88.00 0. 224H8E G6 o.C490 0.224668E 06 -2.8974 

90.00 0.22l096E: 06 0.0612 o.221096E 06 -2.8316 

92.00 C. 217 614E 06 0.0731 o.217614E 06 -2.7654 

94.00 o.214202E 06 0.0846 o.214202E 06 -2.61188 

96.0J C. 210 844E 06 o. 095 7 0.210844E 06 -2.6318 

98.00 0. 207 526E 06 J. 1063 0.207526E 06 -2.5643 

lOO.uO G. 204 24 CE G6 0.1164 o.204240E 06 -2.4964 

FREO M AGI\J C EL 1/V PHS OEL1/V MAGN OEL2/V PHS DEL2/V 

0.10 0. 112 5 t4E-03 o.oo1s o.ll2549E-03 0.0020 

o.zo 0.454533(:-03 0.0032 o.45451BE-03 O.OC36 

0.30 C.lC3920E-02 0.0040 O.l03920E-02 0.0046 

0.40 O.l89024E-02 0.0036 o.la9022F-02 0.0044 
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0.50 0.304419E-J2 0.0015 

0.60 0.455457E-02 -0.0030 

0.10 C.649852E-02 -0.0108 

0.80 o.898695E-02 -0.0232 

0.90 G.l2l806E-Ol -0.0423 

1.00 0.163149E-01 -0.0708 

1.20 C.289497E-01 -0.1765 

1.40 0.514219E-Ol -0.4148 

1.60 C.815464E-01 -0.9104 

1.90 0.859611E-01 -1.4991 

2.Cu C.714923E-0l -1.8213 

2.50 0.513769E-Ol -1.9677 

3.00 C.47758LE-Jl -1.8616 

3.50 C.520551E-Ol -1.7297 

4.00 0.621288E-01 -1.6503 

4.50 0.7652e2E-Ol -1.6526 

5.00 0.925069E-Ol -1.7385 

5.50 O.l052C5E CO -1.8887 

6.oo o.l0989oE oo -2.oo36 

6.50 O.l06064E 00 -2.2214 

1.00 0.968998E-Ol -2.339 2 

7.50 0.85646lE-Ol -2.4137 

8.00 0.740852E-01 -2.4488 

8.50 0.629267E-Cl -2.4471 

9.00 0.524136E-01 -2.4061 

9.50 0.4270'1CE-Ct -2.3149 

10.00 0 .341710E-01 -2.1487 

10.50 O. 2768<i7E-Cl -1. 8681 
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0.3044l6E-02 0.0024 

Q.455451E-C2 -O.OC19 

0.649832E-02 -0.0096 

0.8~8649E-02 -0.0220 

O.l21796E-01 -0.0409 

0.163129E-Ol -0.0694 

0.289419E-Ol -0.1752 

0.513953E-Ol -0.4137 

0.814711E-Ol -0.9098 

0.858286E-Ol -1.4990 

0.713079E-01 -1.8220 

0.510561E-Ol -1.9707 

0.471801E-01 -1.8661 

0.511012E-Ol -1.7340 

0.606823E-Ol -1.6540 

0.744664E-Ol -1.6573 

0.897356E-01 -1.7469 

0.101722E 00 -1.9043 

o.l05839E oo -2.0907 

O.l01619E 00 -2.2654 

0.921787E-Ol -2.4074 

0.806491E-01 -2.5161 

0.687186E-Ol -2.5S97 

o.570093E-Ol -2.6683 

0.456494E-Ol -2.7326 

0.346050E-Ol -2.8075 

0.238692E-Cl -2.9252 

O.l38109E-Ol 3.0817 



u.oo G.249344E-Ol -1.4597 0.788732E-02 2. 1183 

ll. 50 C. 272639E-Ol -1. 0313 O.l40008E-01 1.1474 
------- ----·----· ---------
12 .oo 0.339470E-01 -0.7136 0.247587E-01 0.8777 

14.00 C.796339E-01 -o. 232 5 0.761972E-01 0.6903 

16 .oo O.l40903E 00 -O.Q994 O.l38875E OG 0.6891 
-·----------·-- . ---·--·- -- . --

18 .. 00 0·217766E 00 -0.0342 0.216308E oo 0.7198 

20.00 0.314830E 00 o.oo<n 0. 3l3653E co 0.7615 

22.00 C.439536E 00 0.0458 0.438501E 00 0.8070 
-------------------·· - -· -

24.00 0.603891E ou 0·0799 0.6C29llE 00 o. 8 529 

26.0G C.8Z86luE JO 0.1159 0.827614E 00 0.8960 

28 .oo 0 .ll5307E 01 0.1577 O.ll5198E 01 0.9329 

30.00 C.166354E 01 0.2108 O.l66220E 01 0.9581 

32 .oo 0.259701E 01 0.2854 0.259509E 01 0.9616 

34.00 0.495579E 01 0.4041 0.495210E 01 0.9201 

36.00 0.273821E 02 0.6245 0.273592E 02 0. 7 692 

38.00 0.934146E 01 -2.0097 0.933314E 01 -2.7881 

40.00 o.1oZ275E 02 -1.1851 0.102245E 02 2.7465 

42 .oo 0.289589E 02 2 .48"08 0.289599E 02 -0.8414 

44.00 o.704563E 01 z. 7139 o. 704606E 01 -0.9965 

46.00 0·4465q3E 01 2. 8 342 0 .446613E 01 -1.0388 

48.01) a. 34455CE ~1 2. 906 8 o. 344561E 01 -1.0332 

50.JJ u.ZAQ008E ul 2.9554 0.289014E 01 -1.0038 

52.00 c. 2 53 7 5 8E Cl 2.9905 0.253762E 01 -u.9609 

54.00 0.2292o'H:' J1 3.0172 0.229271E 01 -0.90«;5 

56.00 G.2ll.2C4~ C1 3.0383 0.211205E ul -0.8525 

58.00 u. H7 Z·}<n J1 3.0555 O.l<;7300E 01 -o. 7<;16 

60.00 C.l'lo24Ef: Cl 3.0698 O.lt36249E 01 -0.7278 
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62.00 c.1772.43E 01 3.0819 0.177243E C1 -0.6619 

64.Cu C.1 :JY755E 01 3.0923 o.1&9755E 01 -0.5942 

66.0\J \Jo1b3425!: Cl 3.1013 u.163425E ~1 -0.5252 

6A.CO C.15799-jF ul. 3. 1092 0.157999E Ol -0.4550 

70.0\J \Jol532:f~f-' G1 3.1161 O.l532<l.3E 01 -0.3839 

72. \..) c (.14916'1E ul 3.1223 0.1491S9E 01 -0 • .H20 

74.0J J.l4,52Jc Ol 3.1277 0.145523£ C1 -0.2394 

7b.uC 0.1·~2275E Ji 3-1326 lJ.l42275E o1 -0.1661 

7q.Jl) c.H-ncil: J: 3. 136<; C.l3o;361E 01 -Ll.Ll924 

BO.JC L..13o73-.:E Jl 3.1407 uol3o730E 01 -0.0182 

BZ.LlJ C.l3434'•t Jl -3.1391 C.l34344E 01 O.Q5b5 

l34.JO ..;.un t:n Jl -3.1360 0 .1.32lf-.'1E 01 u.l315 

A6.uu ~.l.3lll7oE: J1 -3.1334 C.13Cl76E Lll 0. 2 069 

qq.0J u.12-IH'1E: 01 -3.131\J 0.12~345E 01 u.2tl27 

90.00 O.l2ot5t~ Cl -3. 1290 0.12'->656E 01 0.3587 

92..JLl ..; • 12 ':> J9 't t Jl -3.1273 O.l25094E 01 J.4350 

94oUu C.1.:":H4tl:. Li -3.12.5tl 0.123646E ll1 0.?116 

96. OJ J.1222-11F ul -3.1245 O.l22299E 01 Jo5l1A4 

9H.JJ o.I21J45E Cl -3.1235 O.l2lu45E 01 0.6o54 

1JJ.OJ C.l1-JH7':>E Jl -3.1226 o.119875E C1 0.7427 

FREQ ~AC,t~ Y1/V PHS Yl/V ~Af.N Y2/V PHS Yl/V 

J .1 u J.lJJ412E J1 0.0019 0.100143E 01 u.OC2C 

0.20 G. 1U1ct3E J1 0.0032 Ool00577E 01 0.0039 

0.3J O.lJ3tlJ4E u1 J.0035 u.10l322E 01 J-0058 

0.4C L· l\..6'i22E Cl 0.0022 O.l02408E 01 u.Jo77 

0.5J Q.llll53E ul -o.uOl4 0.103885E 01 o.ocq4 
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0.6(; C.llt>69uE Ul -0.0083 o.lu5827E 01 o.ul09 

0.70 J.l23Hl2E Jl -0.0195 O.lJA336E 01 J.Jll7 

c.qo o.132 9c·n ' , 
l. .. -0.0364 O.lll561E 01 0.0114 

Q.9l) u.144534E 01 -u.ot13 O.ll5713E 01 c. oo<n 

1.u-: (.15~4711:: u1 -u.097l J.l2109LE 01 o .uo3l 

1.20 J.2040431:: iJ.l. -J. 2222 o.l"37331E 01 -o. 0334 

1.4C C.27769~>t. Ul -J.41376 o.lb39213E 01 -0.1560 

l.6u 0.3'l267CF Gl -l·Ol8Cl 0.18562AF 01 -0.472.4 

1.1:l c C.3Ll7b35c J1 -1.6527 0.154236E U1 -0.13226 

z.oo C • .d684'-1E ul -2.0300 0.115211E 01 -O.H994 

2.5C C.l0~b57!:: Jl -£.~564 u.~9l386E 00 -0. POl 

3.Jo J.737u6'it. uu -2.4716 0.912515E 00 -0.6634 

3.5u C.?75Cu7E Ju -2.5614 u.9~4575E 00 -0.6Cll3 

4.00 u.4'3~337t: Ju -Z.ot-15 a. 1C7640E 01 -().7823 

4.5u J.434033E ou -2.8161 o.117266E 01 -0.9301 

5.Jo c.38~3'ict: l)J -3. 0098 O.l24552E C1 -1.1330 

5.5J J.: j9>12LlE JJ 3.J412 o.125502E Jl -1.3775 

6.uc J.£al~.2LE c..; 2.8010 o. ll 7940E 01 -1.6312 

6.5J 0.223413t JU 2.587d u.104319E Ol -1.8579 

7oUU G.lnv74E cu 2.4189 0.8'1148bE 00 -2.0398 

7.5u Jol33871Jt JU 2.2929 J. 75 34 99 E 00 -2.1781 

s.Ju C.1J463cE cc 2.2009 0.638487E 00 -2.2~15 

8.5J J.93J261E-J1 2.1341 o.s45o55E oc -2.3591 

9.00 0. 66942GE-Gl 2·0853 0.471216E 00 -2.4178 

9.50 0.54~067E-01 2.0494 0.41124GE 00 -2.4628 

10.00 o.455087E-~.a 2. 0230 0·362466E 00 -2.4977 

10.50 J.38.2o92E-J1 2.0037 0.322371E co -2.5249 
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11.00 C. ~254t8E-C1 1. 9897 u.289054E 00 -2.5463 

11 .so 0.27~636E-01 1.9798 0.261082E co -2.5630 

12.CO C.242464E-01 1.9730 0.237374E 00 -2.5761 

14.00 o .14 776 7E-ul 1.9667 0.171271E 00 -2.6038 

16.00 c.c;;3a~10E-o2 1.97<H 0.132245E 00 -2.6081 

18.00 o.70'l998E-a2 2.0009 a.107536E 00 -2.5996 

20.00 C.5.39956E-u2 2.0279 0.912842E-01 -2.5833 

22.00 Q.431569E-02 2.0582 0.8C5551E-Gl -2.5619 

24.00 J.3o1725E-02 2.0905 o.738546E-u1 -2.5371 

26.00 0.3Ui361E-u2 2.1242 0.705654E-Cl -2.509A 

28.CO C.296334E-JZ 2.1590 0.708535E-Ol -2.4805 

30.00 o.296762E-02 2o 1944 0. 761265E-01 -2.4499 

32.00 C.33304uE-J2 2.23u3 u.912286E-Ol -2.4182 

34.00 0. 4 73009E-02 2. 2664 Ool37794E 00 -2.3858 

36.00 C.l99763E-Jl 2.2989 u.616641E 00 -2.3566 

38.00 0.476d28E-02 -0.7986 o.l5546BE 00 0.8262 

40.00 0.166419E-02 -0.7621 0.571479E-01 O.A599 

4z.ao G. 85AG47E-03 -0.7248 0.30<7531E-01 0.8948 

44.00 J.5llJOlE-J3 -0.6872 0 .193196E-Ol 0.9302 

46.uu G.3285C1E-C3 -0.6495 0.129890E-01 0.9660 

48oJO J.221449E-03 -0.6115 0.913972E-02 1.0020 

50.0G C.l54151E-C3 -o. 5735 0.662912E-02 1.0384 

52.JO O.lJ9766E-J3 -J.5354 0.491044E-02 1.0749 

54.00 c. 794454c-G4 -0.4972 0.369152E-U2 lolll7 

56.00 0.5>31675E-J4 -0.4589 u.28C348E-C2 1.1486 

58.oc G. 4291 74E-~4 -C.4206 o.214273E-o2 1.1856 
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60.00 o.31dJ14E-04 -u.3A22 

62.00 C.2.3587tE-C4 -0. 343R 

64.00 J.l745u8E-J4 -0.3053 

66.00 G. l2f324 7E-C4 -0.26~8 

68.00 o.9.3l27uf-05 -0.2283 

7G.GO O.t:632lOE-C5 -0.1897 

12.uo 0.457821E-05 -0.1511 

74.CC c. 30009 k-05 -u.1125 

76 .oo O.l7~883E-05 -0.0739 

78.0C C.tl58363f-06 -u.o352 

so.oo O.l4o28tjf-Oo 0.0035 

R2.00 c. 395o63E-J6 -3.0994 

84.00 O.dv4593E-Jo -3.0607. 

86.00 c.u on zE-uS -3.0220 

88.00 O.l33190E-u5 -2.9832 

90.00 C.l490llE-u5 -2.9445 

92 .oo -2.9057 

'i4.uo O.l66527E-05 -2.8669 

96 .oa O.l7Jl67E-05 -2.8281 

98.00 0. l 71364E-o5 -2.7893 

100.0J C.l706t:2E-05 -2.7505 

FREQ fooiAGN Y3/V PHS Y3/V 

0.1J C.lGO~llE Gl u.oooo 

o.zu J.lJJJ45E Jl o.oooo 

0.30 C.lLiJlC4E Cl c.aooo 

Uo4J J.luu189E 01 J.OOOu 
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0 .lt:4276E-02 

Ool25926E-02 

O. S61813E-OJ 

O. 729019 E-03 

0. 545482E-03 

Ll.399934E-03 

0.283993E-C3 

0.191339E-u3 

0.117147E-03 

0.57b962E-04 

0.100B58E-04 

0.279625E-04 

0.582530E-04 

o. a 2 2,?46 E.-o4 

0.101032E-03 

O.l15608E-03 

1.2228 

1.2602 

1. 2'176 

1.3351 

1.3727 

1.4104 

1.4482 

1.4861 

1. 5240 

1.5620 

1.6000 

-1.5035 

-1.4654 

-1.4272 

-1.3890 

-1.3508 

Oel267C9E-03 -1.3125 

J.l34951E-03 -1.2742 

0.140840E-03 -1.2359 

u.l44791E-03 -1.1975 

0.147146E-03 -1.1591 

~AGN Y4/V PHS Y4/V 

0.100011E 01 0.0039 

J.10u045E 01 o.oo1a 

0.1GG1C4E 01 0.0117 



o.su C.lJJ3~4E: ~1 o.ccu(.j U.1u03J4E 01 1.).0195 

o.oJ Jo1JQ455E: Jl -J.OJJO 0.1GC455E 01 J.0233 

J.70 C.lCJt5CE I..! -0.0001 o.1JOo49E 01 0.0271 

u.RJ O.lOJ~9:3E Ol -J.Ju02 J.10C897E C1 G.030A 

0.9J u.lu~Z17E Jl -c.uoos O.l012l4E ul J.0342 

l.Ju J.lulo27E 01 -0.0011 0.1C1622E Cl 0.0373 

1.2u C.lu2~51E ~1 -o. uC49 0.102825E Jl J.J406 

1 .4J J.lJ'+727E Jl -J.J198 J.1046l2E ul J.0325 

1o6u C.l051<J'>t: 01 -O.C6l3 O.l04807E 01 -O.OJ18 

l.AO ~.1JJ9A1F Jl -J.085J 0.1u03AlE 01 -0.0154 

z.cc L.9B47lRE Cl.l -C.0704 o.97n67E 00 u.Ou91 

2.5J C.«tH2AH uu -0.0483 0.976665E oc J. 0 516 

3oi..U c. q :j 1 36 h r: Ju -0.0464 J.9tl~042E Ou J.J73l 

3.50 C.99.30'hF Ju -0.0518 0.986116E 00 J. 0 8 71 

4oOC C.996994E Ju -u.0622 0.987374E L)L) J.0~64 

4.50 Oo996672f: JU -0.0766 O. 9 1B 335E oc o. 1..;24 

5.uL C.Gd~774E Ju -J.0924 0.971051E ()0 J.1J89 

s.su 0.9722t5E JO -0.1030 C.G50964E 00 0.1233 

6.0C C.9S2936E Ou -J.1018 0.930744E oo 0.1512 

6.50 o.q3-J563E JL) -0.0900 0.919355E 00 0.1892 

7.CC C.4~525f:Jf: IJIJ -O.u74o 0.·H"!35BE CC J.2286 

7.50 C.Y377G2E 00 -0.0608 0.924150E oc o. 2 b42 

~.Cu c.~4·..t':l3E I.)J -J.J5J1 0.9B216E JO 0.2955 

8.50 J.'152'>J2c JJ -J.0423 C.S43595E cc J.3232 

9.00 J. '1 o 1 7 7 u E Jl.) -0.0366 u.95443JE 00 0.3485 

9.50 c.o71C:fllF CG -O.C323 C.G65419E co 0.3721 
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LO.Ou 0.9~l749E Jo -0.0292 u.97o500E JO u. H45 

10.50 C.992~41E cc -0.0267 o. <;87705E uC J.4l62 

u.Jv J.luJ3J7E .;1 -J.0247 0.999LulE ou u.4372 

11. 5J J.l1Jl42Pf ~1 -0. G2Jl O.l01076E Gl 0.4578 

L2.0J o.tJ259JE Jl -1).()217 0.1J227oE C1 0.4780 

l4.0J l;.1u7H5i: Cl -0.~170 o.lu7547E u1 J.55o6 

16 • .JJ u.ll4J~'H Jl -J.J123 O.i13862E d 0.6324 

1a.oo o.1217tcf. ~..1 -u.OJ61 u.l2162HE 01 u.7.J5o 

2J.JJ J.b~'>~ZE J1 J.OJ23 J.1-H361E 01 J.7761 

22.JO C.H~92.:?~ ..:1 J.C14u o.l438u9E 01 J.R43J 

24.JJ J.l~J2~~E: )1 J.u3J1 0.1hJl59E C1 0.9052 

26.(;\J C. H2t;57[ C1 J. 0~2 5 O.lfl2442E .:.1 J.9:,1Q 

2B.uv JoLl-.642F Jl J.J~45 0.2.14512E C1 l.J072 

30.Ju ~...2c-:.<:t'J'1E .Jl J.l317 u.264~J7E ul 1.03~0 

32 .uu Jd5o77CF J!. J.2064 0.35t:535E Cl 1.J412 

34.uu l..5d·HJ~c C1 J.3373 U.51fl376f: J1 J.9d75 

36.00 u.2'ilC1tt4E C2 (). 60 37 0.2H17COE C2 J. 7G03 

38.GO c.P<t':J2J5F: Jl -1. ·}1.)85 u.H..J'>2.J2f: 01 -z.~qcn 

40.uu uolJo44lr 02 -l.U9~u C.1C64l1JE 0£ 2.6593 

42.uC C.2Rl7blE JZ 2.459J u.2nl771E 02 -0.>119tl 

44.Jll u.t-14972~ Jl 2·t:464 0.615015F 01 -0.9290 

46.CC C • 3 '> 2 'J 7 'J E Ol 2.74A3 J.352eHiCF Ol -0.9529 

48.UU U. ~ t• '1; 8 6E Jl 2.. ill30 J•248397F Ol -0.9394 

5u.uc C. Hl63lf 01 2.d5~7 U.l9ltdHE u1 -u. 9u71 

52.JJ O.l55b27E Lll 2. R'-131 O.l5563lE Ol -0.8640 

54.JJ u.liJtdlF 01 2.9221 u.l3u614E Lll -J.Al44 

56.J..; Ooll22UE Jl 2.9463 O.ll2213E Cl -u.7t.os 
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58.00 0.980480[ 00 2.9676 0.980490E 00 -0.7038 

60.00 C.868Q33E 00 2.9870 0.868040E 00 -0.6451 

62.00 o. 776507E 00 3.0049 0.776512E 00 -0.5849 

64.00 G.7005C3E co 3.0218 O. 7C0507E 00 -0.5237 

66.00 0.636341E 00 3.0379 0.636343E 00 -0.4618 

68.00 O. 581'i22E 00 3.0534 o.sa1424E 00 -0.3992 

70.00 0.533862E 00 3.0684 o.533863E 00 -0.3361 

72.00 c. 4922~eE co 3.0830 0.492257E 00 -0.2727 

74.00 0.455538E 00 3. 0973 0.455538E 00 -0.2C89 

76.00 0.422883E co 3.1ll2 0.422884E 00 -o.1448 

78.00 0.393645E 00 3.1249 0.393645E 00 -o. 0804 

so.oo 0.3673G6E co 3.1384 o.367306E 00 -0.0158 

82.00 0.343452E 00 -3.1317 0.343452E co o. 0491 

84. oc 0.321744E 00 -3.1188 0.321744E 00 0.1143 

86.00 0.30l903E 00 -3.1062 0.301903E co o. 1 7<17 

88.00 0.28369BE 00 -3.0938 0.283698E 00 0.2455 

90.00 0.266936E 00 -3.0819 0.266936E 00 o. 3115 

n.oo Co251453E 00 -3.0702 0.251452 E 00 0.3780 

94.00 0.237110E 00 -3.0589 0.237110E 00 0.4448 

96.00 C.223791E 00 -3.0481 0.223791E 00 0.5120 

98.00 0.211394E 00 -3·0377 0.211394E 00 0.5796 

100.00 C.l99831E 00 -3.0277 O.l99830E 00 0.6477 

FREQ MAGN Gll PHS G 11 MAGN Gl2 PHS Gll 

0.10 0.681840E-05 3.1416 O.ll3148E-05 -3.1416 
.... -- ·--- ·-· --~-·- --·. 

0.20 0.681843E-05 3. 1416 O.ll3149E-05 -3.1416 

0.30 C.681849E-05 3.1416 O.ll3151E-05 -3.1416 

0.40 0.681857E-C5 3.1416 O. 113154E-05 -3.1416 

o.so 0.68186BE-05 3.1416 O.ll3158E-05 -3.1416 

0.60 0.68l88CE-C5 3.1416 O.l13163E-05 -3.1416 
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0.70 o.oa1>H5E-o5 3.1416 0 .113169E-05 -3.1416 

0.80 0.681913E-05 3.1416 O.ll3175E-05 -3.1416 

0.90 0·68l932E-05 3.1416 O.ll3182E-05 -3.1416 

1.00 C.681954E-C5 3.1416 O.ll3191E-05 -3.1416 

1 • 2 ,) o.682005E-os 3.1416 0.113210E-05 -3.1416 

1.40 C. 68206 5E-05 3.1416 0.113232E-05 -3.1416 

1.60 0 .682134E-05 3.1416 O.ll3258E-05 -3.1416 

1.80 C. 682212E-05 3.1416 O.ll3287E-05 -3.1416 

z.oo 0.682 300E-05 3.1416 Q.ll3320E-05 -3.1416 

2.50 0.6825t:OE-05 3.1416 O.l13417E-05 -3.1416 

3.00 0.6 82878 E-05 3.1416 0.113 536E-C5 -3.1416 

3.5c C.6fl3254E-C5 3.1416 0.1136 77 E-05 -3.1416 

4.00 0. 6B3689E-05 3.1416 O.ll3840E-05 -3.1416 

4.50 O. 68418 2E-O 5 3.1416 O.ll4024E-05 -3.1416 

5.00 0.684735E-05 3.1416 o.114231E-os -3.1416 

5.50 c.6B5346E-os 3.1416 0.114461E-05 -3.1416 

~.oo 0·686018E-05 3.1416 0~ 114713E-05 -3.1416 

6.50 G. 6 86 7 4 9 E -0 5 3.1416 0.114987E-05 -3.1416 

7.00 0.687542E-05 3.1416 o.11szasE-os -3.1416 

7.50 0.688395E-05 3.1416 O.ll5606E-05 -3.1416 

s.oo 0.689310E-05 3.1416 O.ll5950E-05 -3.1416 

8.50 l.o690287E-J5 3.1416 0·116319E-05 -3.1416 

9.00 0.69l326f-05 3. 1416 O.ll6711E-05 -3.1416 

9.50 Q.692429E-05 3.1416 O.ll7127E-05 -3.1416 

10.00 C.693597E-05 3. 1416 0.11 7569E-05 -3.1416 

10.50 o.694829E-os 3.1416 0.1180 35E-O 5 -3.1416 

11.00 0.696126E-C5 3. 1416 O. 118527E-05 -3.1416 

11.50 0.697490E-05 3.1416 0 .ll9044E-05 -3.1416 
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12.00 C.698922E-05 3. 1416 O.ll9588E-05 -3.1416 

l.4.JJ 0. 705 339E-05 3.1416 0.122037E-05 -3.1416 

16.00 o. 712918E-05 3.1416 0.124949E-05 -3.1416 
---·· ----------·~-·-·· ---···-- ·------

18.00 0.721740E-J5 3.1416 o.128365E-o5 -3.1416 

20.00 O. 731907E-05 3.1416 0.132337E-05 -3.1416 

22.00 o.743541E-os 3.1416 0 • 13 6 92 9 E- 0 5 -3.1416 

24.00 0.7567GCE-05 3.1416 0.142216E-05 -3.1416 

26.00 o.771833E-os 3.1416 0·148293E-05 -3.1416 

28.00 0.789885E-C5 3.1416 0. 1 55 2 7 5 E-O 5 -3.1416 

30.00 0.808212E-05 3.1416 o.16330SE-os -3.1416 

32.0J C. 830137E-05 3.1416 0.172559E-05 -3.1416 

34.00 0.855063E-J5 3.1416 0.1832t2E -05 -3.1416 

36.GO C.883492E-05 3.1416 O.l95698E-05 -3.1416 

38.00 0.916061E-05 3.1416 0.210232E-05 -.3.1416 

40.CO c. 953 58 BE-05 .3.1416 0.227342E-05 -3.1416 

42o00 0. 997142E-05 3.1416 0.247666E-05 -3.1416 

44.CG O·Hi'+815E-04 3.1416 0.272067E-05 -3.1416 

46.JO 0.110854E-04 3.1416 0.3C1749E-05 -3.1416 

48.00 C.ll8105E-04 3.1416 0.338432E-05 -3.1416 

50.00 0.126960E-04 3.1416 0.384663E-05 -3.1416 

52.0C O.l38012E-04 3.1416 0.444378E-05 -3.1416 

54.00 0.152203E-04 3. 1416 0.523976E-05 -3.1416 

56.0(. C.171127E-J4 3.1416 o.634601E-os -3.1416 

58.00 0.19773 SE-04 3. 1416 0.7S7509E-05 -3.1416 

60.00 O. 2382 34E-04 3.1416 0.105886E-04 -3.1416 

62.00 C.308518E-04 3.1416 0.15414GE-04 -3.1416 

64.00 0.467271E-04 3.1416 0. 2719 59E-04 -3.1416 

66.00 O.l37481E-03 3. 1416 0.1 03485E-C3 -3.1416 
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68.00 o.732552E-04 0.7854 0.621851E-04 0.8223 

70.00 0.371273E-C4 0.7854 0.285424E-C4 1.1132 

72 .oo o.Z59376E-04 0.7854 O.l89743E-04 1.3067 

74.00 a. 20252 5E- G4 0.7854 0.143665E-04 1.4582 

76 .oo 0.167442E-04 0.7854 0 .116338E-04 1.5850 

78.00 0. 1433t3E-C4 0.7854 0.981609E-05 1.6952 

so.oo O.l25682E-04 Oo7854 0.851507E-C5 1. 7G33 

82.00 C.ll2Cl7E-04 0.7854 0.753508E-05 1.8821 

84.00 o.l01243E-04 0.7854 o. 676857E-05 1.9635 

86.00 C.923872E-C5 0.7854 0.615142E-05 2.0388 

88.00 0.849956E-OS 0.7854 O.S64299E-05 2.1092 

go.oo 0. 78722CE-05 0.7854 0.521623E-05 2.1753 

92.00 a. 733228E-05 0.7854 0.485245E-05 2. 2371 

0.686216E-05 0.7854 0.453828E-05 2.2969 

96.00 0.644873E-05 0.7854 0.426395E-05 2. 3 533 

<J8.01J G. 6082 04E-05 0.7854 0.402209E-05 2.4072 

100.00 o.s75436E-05 0.7854 0.38C707E-0'5 2.4588 

FREQ ACCEL Yl!V ACCEL YZ/V .IICCEL Y3/V ACCEL Y4/V 

0.10 0.102697E-02 0.102422E-02 O.l02287E-02 J.102287E-02 

o. 2 0 C.415907E-02 0.411465E-02 0.409289E-02 0.409289E-02 

0.30 0. 955498E-02 Q.932647E-02 0.921438E-02 0.921438E-02 

0.40 0.1 74969E-Ol O.l67581E-Ol O.l63950E-Ol O.l63<150E-01 

o.so 0.284205E-Ol O. 265623E-Cl 0.256468E-Ol 0.256467E-Ol 

0.60 C.429644E-Ol 0.389646E-Ol Oo369869E-01 0. ~69869E-Ol 

0.70 0.620484E-01 O. 54292tE-Ol 0.504407E-01 0.504405E-01 

0.80 C.869974E-Ol 0 .130238 E-01 0.660445E-01 0. 660438E-01 

0.90 O.ll9737E 00 0. 9 5 86C3E-Cl 0.838515E-01 0·838494E-01 

1.00 O.l63100E 00 0.12384 7E 00 0. l03940E 00 O.l03934E 00 
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1.20 0.300509E 00 0.202257E co O.l51476E 00 O.l51438E 00 

1. 40 0.55667CE 00 0.328610E 00 0.209935E 00 0.209705E 00 

1.60 C.923J81E cc 0.486023E 00 0.275439E 00 0. 274412.E 00 

1.80 0.101942E 01 0.511097E 00 0.334623E 00 o. 332635E 00 

z.oo C.887134E 00 o.471330E 00 O. 4028 51 E 00 0.400621E 00 

2.50 C • 700955E 00 0.569795E 00 0.627259E 00 0.624307E 00 

3.00 C.678458E 00 0.839953E 00 0.908852E 00 0.90395lE 00 

3.50 o. 720413E 00 O.l23355E C1 o.124423E 01 0.123548E 01 

4.00 0.79912CE 00 o.176154E 01 O.l63149E 01 0.161575E 01 

4.50 o.898918E 00 0.242867E 01 0.206419E 01 O. 203657E 01 
------------ ------ . ---·· 

5.00 C.9'35541E 00 0.318465E 01 0.252819E 01 o.248287E 01 

5.5J 0.105135E 01 0.388282E 01 0.300803E 01 C. 294213E 01 

6.00 0.103801E 01 0.434246E 01 0.350864E 01 0.342693E 01 
----- --- . ----- ·----------- ---·-· . ---- -- -- . - ---- . 

6.50 0.965401E 00 0.450779E 01 0.4C5999E 01 0·397267E 01 

7.CG O. 8673HE 00 0.446769E 01 0.468704E 01 0.460236E 01 

7.50 o.770l89E 00 0.433489E 01 0.539512E 01 0.531664E 01 

a.oo C.684912E 00 0.417931E 01 0.618028E 01 0.610850E 01 

8.50 0.613515E 00 o. 40.3208E 01 0.703844E 01 0.697262E 01 

9.0u o.554577E 00 o. 390371E 01 0.796769E 01 o.7906B2E 01 

9.50 0.505S05E 00 0.37959CE C1 0.896807E 01 0. 89ll19E 01 

10.00 c.465444E 00 0. 370714E 01 0.100409E 02 0.998722E 01 

10.50 0.431508E 00 0.363503E 01 O.l11884E 02 o.111373E 02 

11.00 C.402778E 00 0. 35 7714E 01 0.124134E 02 o.123642E 02 

11 .50 0.378235E 00 o. 35313eE C1 o.137191E .02 o.l36715E 02 

12.00 C.357094E ou o.349597E 01 O.l51092E 02 O.l50629E 02 

14.00 0.296214E 00 o.343330E Cl o. 21602 tE 02 0.215588E 02 

16.00 C.258896E 00 o.346252E 01 o.29B55BE 02 o.zc;a12oE 02 

18.00 0.235274E 00 o. 356345E C1 o.4Q3500E 02 0.403043E 02 
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zo.oc C. 22 085 7E uo 0.373446E 01 0.5.37896E 02 0.537401E 02 

22.00 0.213633E 00 O. 39876CE Gl o.712433E 02 0.711877E 02 

24.00 C.213095E 00 0.435083E 01 0.944157E 02 0.943508E 02 

26.00 C. 22011 CE 00 0.487878E C1 O.i2621 7E 03 o.l26137E 03 

28.00 O.Z37613E 00 0.568l32E 01 O.l72109E 03 O.l12005E 03 

30.00 J.273164E 00 0. 700730E 01 0.243899E 03 0.243750E 03 

32.00 0.348794E 00 0.955440E 01 0.373646E 03 0.373400E 03 

34.00 C.559242E co 0.162915E 02 C.696187E 03 0.695642E 03 

36.00 0.264785E: 01 0.817354E 02 0.373781E 04 O. 373391E 04 

38.00 0.7042C8E co 0.2296C5E 02 O.l32361E 04 O.l32209E 04 

40.00 o.z7Z330E 00 0.935174E 01 O.l74182E 04 O.l74131E 04 

42.00 C.l54AC4E GO 0.558439E 01 o.508337E 04 o.soa356E 04 
-~---- --~---- . ._ __ -- --~ --- . 

44.00 O.l01181E 00 0.382539E 01 O.l21768E 04 O.l21176E 04 

46 .·oo C. 71092cE-Cl Oo281101E 01 o.763036E 03 0.763081E 03 

48.00 0.521829E-01 0.215371E 01 0.585304E 01 0.5B5331E 03 
--------------- ------------- ---------· . 

50.00 0.394147E-Ol O.l69499E 01 0.489981E 03 0.489998E 03 

52.00 0.303563E-01 0 .135800E 01 0.430391E 03 C.430402E 03 

54.00 G.236935E-01 O.ll0095E 01 0.389589E 03 0.389597E 03 

56.00 O.l86565E-Ol 0.899179E 00 0.359904E 03 0.359909E 03 

58.0C C. l476t:CE-Ol 0.737218E 00 0.337339E 03 0.337343E 03 

60.00 O.ll7090E-0l 0.604851E co 0.3l9603E 03 G.3l9606E 03 

62.00 C. 927341E-O 2 0.495014E 00 0.305282E 03 0.305284E 03 

64.00 0.731049E-02 0.402924E 00 0.293456E C3 o.293457E 03 

66.00 O. 571356E-02 0.324787E 00 Do283498E 03 0. 2834'19E 03 

68.00 0.4<t0419E-02 o.257971E co 0.274968E 03 C. 27496 9E 03 

7C.OO C.332368E-02 0.200427E 00 0.267545E 03 0.267546E 03 

72.00 0.242735E-02 O.l50572E co 0.260'l93E 03 C.260993E 03 

74. 01) C.l6'307CE-02 O.l07162E 00 0.255129E 03 0.255130E 03 
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76 .00 J.l05674E-02 0.6920LtlE-Cl C.2498l6E 03 0.249816E 03 

78.\JO C.534ll3E-03 0.359012E-Ol 0.244944E 03 0.244944E 03 

ao.uo 0.957548E-04 0.660178E-C2 0.240426E 03 o.240426E 03 

92.00 ~.272098E-03 O.l92299E-Ol o.z3i:l93E 03 0.2~6193E 03 

84.UU 0.5806 1tlE-03 0.420387E-Cl 0.232189E 03 0.232l89E 03 

86.CC C.839049E-03 0.62l973E-Ol 0.228369E 03 0.228369E 03 

88.00 0 .1J5489E-02 O. 800199E-Cl 0.224695E 03 0·224695E 03 

90.00 O.l23446E-02 0.957738E-Ol 0.22ll38E 03 O • .£21138E 03 

92.00 C.l383CGE-C2 O.l09687E co 0.217673E 03 0.217673E 03 

94.00 O.l5u492E-02 O.l21957E 00 0.214279E 03 0.214279E 03 

96.00 C.l603S4E-02 O.l32752E co 0.210940E 03 0.210940E 03 

98.00 O.l6fi323E-02 O.l42222E 00 0.207643E 03 0.207643E 03 

100.00 C.l74546E-C2 U.l50495E 00 0.204378E 03 0.204378E 03 
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APPENDIX C 

COMPUTER PROGRAM TO PREDICT VEHICLE 

RESPONSE TO VERTICAL TRACK.IRREGULARITIES 

"FULL CAR MODEL" 
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EQUATIONS OF MOTION FOR VERTICAL DYNAMICS 

For an evaluation of the vertical response to track profile 

irregularities, the model in Figure C-1 which includes damping 

in the secondary suspension can be used to describe the vehicle. 

Since the parameters of interest are the motion of the car body 

and displacements of the wheels, a convenient set of coordinates 

to describe the system is y 2 and e2 , the vertical and angular 

displacements of the car body, and v 1 , v 2 , v 3 , v 4 , the displace

ments of the trucks at their connections to the equalizer springs. 

Since the motion described by this model is not coupled to roll 

or lateral response of the vehicle, the wheel inputs, v
10

, v 20
, 

v 30 , v 40 represent the average of the two rail profiles. 

m2y2 + 2c2 [:Y2 - t(vl+v2+v3+v 4)] + 2k2 [y2 - t(vl +v2+v3+v 4)] = 0 

(C-1) 

I282 + 2ac2 [ae2 + ~(~1+~2-~3-~4)] 

+ 2ak2 [ae 2 + ~(v1+v2 -v 3 -v 4)] = o (C-2) 

(C-3) 
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m I c2 [ . . + ~('\+V2) J + kl ~(vl+v2) - j(vl-v2) + 2 ae2 - Y2 2 v2 

k2 ~ + 2 ae2 - Y2 + }(vi+v2)] = 0 (C-4) 

m I c 

[}h+V4) - y2] + kl 
41 (v3+v 4) - 1("" .. ) 2 - ae ::2 v3-v4 + 2 2 2 v3 L 

+ :2 [ }h+v4) - a82 - y2] = 0 (C-5) 

rnl ("" .. ) 
I c2 [ 1 (" . ) 

. 
- Y2] + 

kl 
4 v3+v4 - j(v3-v 4) + 2 2 v3+v4 - a8 2 v4 2 

(C-6) 

As discussed previously, the normal modes containing pitch and 

bounch motions of the car body can be decoupled from the pitch 

motion of the trucks. In addition, the bo~nce can be uncoupled 

from unsymmetric translation of the trucks (Figures C-2d and 

A-2e) and the pitch from symmetric translation (Figures C-2b and 

A-2c) so that the dynamics of the car can be interpreted in terms 

of two simpler equivalent two degrees of freedom systems. 

Symmetric translation of the trucks can be represented by 

v
1

=v
2

=v
3

=v
4

=y
1

. Substitution in the equations of motion reduces 

the six equations to, 

(C-7) 

C-3 



() 
I ..,. 

v1o 
V2Q 

Y2~2 
m2 

V3Q 

Figure C-1. Full Car Dynamic Model 

v4o 



(C-8) 

Thus the vertical motion of the car body can be interpreted in 

terms of the equivalent system of Figure C-2a which also is 

described by Equations C-7 and C-8. Similarly, the unsymmetric 

translation of the trucks can be represented by v
1

=v
2

=y
3
=-v

3
= 

-v4. In this case, the six equations of motion reduce to, 

mly3 + c2(:Y3+a82) + kly3 + k2(y3+a82) = 0 (C-9) 

r 2e + 2a c 2 (:Y3+aB 2) + 2a k 2 (y3+a8 2) = 0 (C-10) 

which describe the equivalent system of Figure C-2b. 

These equivalent descriptions provide a description of 

inputs at the vehicle wheels in terms of simple base motions of 

the equivalent systems. For example, a unit movement of each of 

the wheel displacements, v
10

, v
20

, v
30

, v
40

, is equivalent to a 

unit base displacement y
10

, where, v = 1/4 (v10+v20+v30+v40 ). 

Similarly, angular body motion is excited by an equivalent base 

motion, 

Figures C-2a and C-2b indicate that these base motions are inputs 

to the system represented by forcing functions k(y10 ) and k(y30 ) 

on the right hand sides of Equations C-7 and C-9, respectively. 

The transfer functions for these inputs are, 
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Figure C-2. Simplified Models for Vertical Dynamics 



y2 
H1 (s) 

(1 + ~~s) 
-- r + 

2 2 
v 

2Ss + wl + (2+11) w2 2 (2+11) f3 s3 4 ] + s 
2 2 s 2 + 2 2 w2 2w
1

w2 w2wl 2w
1

w2 

2 
s + 

where, 

2 kl 2 k2 m2 2 c2 
G 

a 
f3 wl m' w2 m' 11 - ' 2' 2m 2w2 1 2 ml p 

The vertical response of any point in the car is a linear com-

bination of the y 2 and 82 responses. 

A program to solve the above equations for a sinusoidal 

irregularity has been prepared. The program solves the following 

equations: 

(1 + ~) 

1:
2

1 
I w2z =I [1 ~ 2 + (2+11)W 2 ~) 

4 ] 
+ 2 Ss + wlz s2 + (2+11) s 3 + s 

w . 2 2 2 s 2 2 
2z 2wlz w2z w2zwlz 2u.llz w2z 
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I~: I = 

r 2GSs + + 
w2z 

given that 

v
1 

v
0 

. 27fx s.;tn -A.-

v 4 = v 2 (x+L) 

(l + 2GSs) 
w2z 

2 2 
2G

2
+ll S 

4 wlz + (2G+]l) w22 52+ 3 s 
2 s + 2 2 

2Gwlz w2z Gw2wlz 2Gwlzw2z 

as functions of w with S as a field variable and to plot the 

curves of these values against given frequencies on a log-log 

axis. The method by which the program solves the equations, as 

well as the required input and sample output are discussed on 

the following pages. 

C-8 

] 



INPUT 

The input quantities for the program are described below 

in the order and units they must be put into the data deck. 

Column 4 shows the equivalent in Figure l for the input quan-

tity. 

Data Card 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

Quantity 

v 

XL 

XLL 

Kl 

Wl 

K2 

W2 

NDF 

DF 

FL 

Nl 

B 

G 

Format 

F7.3 

F7.3 

F7.3 

Fl2.4 

Fl2.4 

Fl2.4 

Fl2.4 

I2 

6 Fl0.4 

7 Fl0.4 

I2 

7 Fl0.4 

Fl2.4 

Description 

Velocity 

L in Fig. 1 

LL in Fig. l 

Spring Constant 
Kl in Fig. l 

Ml in Fig. l 

Spring Constant 
K2 in Fig. 1 

M2 in Fig. l 

No. of F's 

No. of /'.:, F's 

No. of F limits 

No. of B values 
input 

B values (field 
variable) more 
than 7 values may 
be input, but only 
7 are allowed per 
data card. 

in Fig. 1 

Units 

MPH 

feet 

feet 

lb./in. 

lb. 

lb./in. 

lb. 

See dis
cussion 
of Input 
frequen
cies, P. 

Sample Input Data, found on page 14, is a list of the data 

cards in the order and format they should appear in the program. 
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2a=L 

Figure C-3. Full Car Model Assumed in Program 
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INPUT FREQUENCIES 

The user may determine the frequency values against which 

he wants the equations plotted and input these himself, the only 

restriction being that the plot routine is equipped to handle a 

range of 0 to 100. 

The actual frequencies are computed within the program from 

the information input on the 9th and 10 data cards. 

The smallest frequency value computed in the first fre

quency limit (FL) and is punched beginning in column 1 of the 

lOth data card. This quantity is repeatedly incremented by the 

first ~F (DF) on the 9th data card, until it reaches the second 

F limit, or the second value on the lOth data card. Upon 

reaching the second limit, the program increments this value by 

the second ~F or the second quantity on the 9th data card until 

it reaches the next limit. This process continues until it 

arrives at the last limit. 

As there will always be one more F limit than ~F, there 

will always be one more quantity entered on the lOth data card 

than on the 9th. 
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The first equation solved by the program is: 

z2 I (1 + =~:) 
1= v 2 

+(2+fl)w 2; 
4 ] t + 2[3s wlz 2 (2+].l) s 3 + s 

+ 2 2 
s + 2 s 2 2 

w2z 2wlz w2z w2zwlz 2w1z w2z 

The value for z2/v is computed for all WI which are functions of 

the input frequency values - w = 2Tif. 

In the above equation and the one which follows: 

s = jw where j = 1-1 

Kl 
referring to Figure 1 wlz = 

Ml 
I 

w2z = 
K2 

M2 
I referring to Figure 1 

M2 
referring to Figure 1 1-l = 

Ml 
I 

Let 

cl 
2(3 

c2 
2 

+ ·(2+1-l) w2 ; = I = wlz w2f 

c3 ( 2+].l) s c4 2 
2 2 

= = w2z wlz 

cs 
2 

= w2z wlz 

Then let 

Al 
c2 

= 
c4 
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A2 
c3 

= 
cs 

l 
A3 = 

c4 

The denominator can now be separated into its real and 

imaginary part. Since s
2

((jw)
2

) and s
4

((jw)
4

) are real numbers, 

the real terms in the denominator are 

DR= l - (A1 s
2

) + (A3s
4
) 

s(jw) and s 3 ((jw) 3 ) are imaginary, the imaginary terms are 

written 

The denominator may be expressed as DR + DI and both numer-

ator and denominator may be multiplied by DR - DI. 

(l + c
1

s) (DR - DI) 

(DR + DI) X (DR - DI) 

The terms resulting from this multiplication may be grouped by 

real and imaginary, so that the real terms are written as 

z2vR = 

and the imaginary part is 

z2vi = 

1~1 

DR + {C1 s) {DI) 

DR
2 + DI

2 

DI + (Cl s) (DR) 

DR2 + DI2 

This equation is solved for every value of s for all S's. 
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The same approach is used in solving the equation 

a<P 

(l + 2Gf3s) 
w2z 

VI::. [1 + 

2 2 
2Gf3s + wlz + (2G+l-t)w2 Z 2 

2 2 
s + 

w2z 2Gw1 z w2z 

4 ] + s --2 
2Wlz 

Where 

M2a 2 

G ----r;-
Let 

xl 2GB 

x2 
2 

wlz + 

2 2 
x3 2Gw1 z w2z 

x4 = (2G
2 

+ l-l)S 

Gw2z 
2 

x5 wlz 

Then 

xl 
yl 

w2z 

x2 
y2 = -

x3 

x4 
y3 = 

x5 

1/4 
1 

= 
x3 
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The next step is separating the real from the imaginary 

. hd .. 2 4 l 
terms 1n t e enom1nator, Slnce s and s are rea 

yR = l - (y2s2) + (y4s4) 

s and s 3 are imaginary, so 

Both numerator and denominator are multiplied by YR - yi 

(l + 2GSs) (yR - yi) 
(yR +yl) X (yR - yl 

After multiplication, the real part is written as 

APVR = 
yR - (YI X Y l s ) 

yR2 + yi2 

and the imaginary part is 

Therefore, 

APVI = yi - (yR X S) 

yR2 + yi2 

Iva~~ __ ./ 2 2 
Ll. fAPVR + APVI 

The next step in the program is to solve for z 2/v
0 

for 

every lambda (A=~), where vis velocity in mph and f is fre-

quency. 

Given that 

l 
(vl +v2+ v3+ v4) v 4 

sin 
27Tx 

vl = v -A-
0 

v2 = v
1

(x+£) 
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v 4 == v 2 (x+L) 

Where x vt, L L in feet (see Figure 1) and 1 = LL in feet 

(see Figure 1) 

Let 

- 21T 
f =y-

v 
v 

0 

j [sin (fx) [1 + cos (f~) + cos (fL) +cos (fL) cos (f~) 

-sin (f~) sin (fL) cos (fx)[sin (f~) +sin (fL) 

+sin (f~) cos (fL) +cos (f~) sin (fL)J 

If 

Al 1 + cos (f~) + cos (fL) + cos (f~) cos (fL) 

- sin (f~) sin (fL) 

and 

B1 = sin (f~) + sin (fL) + sin (f~) cos (fL) + cos (f~) sin (fL) 

then 

z2 z2 v v- may be written as -- x - , so 
o v vo' 

v 
Likewise a~ may be written as ~ x 0 so in order to compute 

vo vo vo 
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a¢ v /:, 
for all small A the program solves first for 

vo vo 

so 

v 
1 [ . 0 (Ex) 1 + cos (E'£> (E'L> (E£) {fL) -= 4 s~n - cos - cos cos 

v 
0 

+ sin (E £) sin + cos (Ex) [sin (f£) - sin (h> 

- sin (f£) cos (E'L> - cos (f£) sin (fL) J 
Let 

A2 = 1 + cos (f£) - cos (fL) - cos (f £) cos (EL) 

+ sin (f£) sin (f'L) 

and 

B2 = sin (f £) - sin (fL) - sin (f£) cos (fL) - cos (f£) sin (h> 

then 

so 
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OUTPUT 

The output for this program consists of a list of the input 

variables and one set of tables for each value of S. Each of 

these tables contains a list of all frequencies and the corre-

sponding wand A, as well as the values of z 2/v, a¢/v
0

, z 2/v
0

, 

and a¢/v for that frequency. 
0 

In addition, all curves for each of the above four values 

are plotted by the CALCOMP plotter against the frequency on a 

log-log axis. 

The following pages contain a listing of the program, 

followed by sample data cards and sample output. The subroutine 

which draws the log axes (LAXIS) is listed in binary. 
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3 
2 
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IRREGULARITY WAVELENGTH {FT) 
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Velocity = 60 mph 
j.l= 4.15642 
Ml 17900 lb. 
M2 74,400 lb. 
Kl 39,850 lb./in. 
K2 14,200 lb./in. 

2 3 1!5678 0 

10 
2 3 I! 5678 1 

10 
FREQUENCY 

0.88 

2 3 45678 < 
10 

Figure C-4. Car Body Response Characteristics to Track 
Irregularity for Different Damping Ratios 

C-19 



0 
> 
'-... 
(\1 

N 

880 
1 0 z 

3 
2 

10 I 
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2 
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88 8.8 

Velocity = 60 mph 
).1 = 4.15642 
Ml 17900 lb. 
M2 = 74,400 lb. 
Kl = 39.850 lb./iu. 
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0.88 
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Figure C-5. Car Body Response to Sinusoidal Track 

Irregularity 
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3 
K2 14.200 lb./in. 

2 

10-6·~--~~~~~~~~~~--~~~~~~~~--~~~~~ 
2 3 4 56 78 0 2 3 L! 56 78 1 2 3 4 56 78 2 

10 -I 1 0 1 0 1 0 
FREQUENCY 

Figure C-6. Car Body Pitch Response Function 
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11/15/6~ ~IME ••• 0781.24 MIN 
$EXECUTE IBJOR 

lBJOB VERSICN 5 HAS CONTROL. 
SJBJOB FJOCS 
SIBFTC flo1AIN 
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MAIN EFN SOURCE STATEMENT IFNCS) 
DIM ENSIGN At 101 
DIMENSICN Fll501 
DI~ENSION PFll50l 
DI~ENSION LAMI1501 
DIMENSION DF{lUI 
DIME:\lSION FL ( 10) 
DI"1ENSION Z20DV(l50,10l 
DP-IENSICN 5(150) 
OI~ENSION APDOVll50,101 
DIMENSICN Z2Ail5J,l01 
UI~ENSICN APA(l50,101 
0 P.1ENS IGN I BUF ( 10241 
DIMENSICN ZADDV(l50,10l,Z2APA(l50,10) 
REAL M 
REAL LAM 
REAL Kl, K2 
CALL PLOTSIIBUF,l0241 
CALL PLOT(0.,-11.,-31 
CALL PLCT(O.,.S,-31 
PI =3.14159265 

C FIRST nATA CARD IS VELOCITY IN MPH 
READI5tll Vl 

1 FORMAHF7.31 
V=Vl*5280.0/3600.0 

C SECOND DATA CARC IS L IN FEET 
READ I 5, 21 XL 

2 FORMATIF7.3) 
C THIRD DATA CARD IS LL IN FEET 

READ( 5, 3) XLL 
3 FURMAT(F7.31 

C FOURTH DATA CARD IS Kl 
READ( 5,41 K1 

C FIFTH JATA CARD IS Wl 
REJ\D(5,4) Wl 

C SIXTH DATA CARD IS K2 
REA0(5,4l K2 

C SEVENT'-1 DATA CARD IS W2 
REA0(5,41 W2 

4 FORMAT { F12 .4 I 
W1Z=SQRT(Kl*386./Wll 
W2Z=SQRT(K2*386./W21 
M=W2/Wl 

C EIGHTH DATA CAKO IS NUMAER OF OELTA FS 
REA0{5,101 NOF 

10 FORMAT!I21 
C NINTH DATA CARD IS DELTA FS 

REA0{5,20) CDF(lli,Il=l,NDFI 
20 FORMAT(6Fl0.41 

NFL=NOF+l 
C TENTH DATA CA~O IS F LIMITS 

READ(5,301 (Fl{Ll,L=l,NFLl 
30 FORMAT(7f10.4l 

C ELEVENTH DATA CARD IS NUMBER OF BETAS 
READ( 5,351 Nl 

3 5 FORMAT{ I2) 

C-23 
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4 
6 

9 

10 

11 

12 

13 
14 

15 
16 

17 

19 

26 

33 
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MAIN EFN SOURCE STATEMENT IFNlSI 
C TWELFTH DATA CARD IS VALUES FOR BETA 

READ(5,40) (B(JJ,J=1,Nll 
40 FORMAT t1Fl0 .41 ' 

C THIRTEENTH DATA CARD IS G 
READ(5,41 G 
WRITEl6,411 V 

41 FORMATllH1,5X,4HV = ,F7.31 
WRITE(6,42J XL 

42 FORMAT(lH0,5X,5HXL = ,F7.3J 
WRITE(6,431 XLL 

43 FORMATllH0,5X,6HXLL = ,F7.31 
WRITE(6,44) M 

44 FORMAT(lH0,5Xt4HM = ,Fl0.51 
WRlTE(6,45 J WlZ 

45 FORMAT(lH0,5X,6HWll = ,Fl0.51 
WRITE ( 6, 461 W 2Z 

46 FORMAT(lH0,5X,6HW2l = tFl0.51 
WRITE(6,471 N1 

47 FORMAT(lH0,5X,18HNUMBER OF BETAS = ,121 
C COMPUTE FREQUENCIES 

DO 55 J=l,Nl 
WRITE ( 6, 48.) B ( J I 

48 FORMATllH0,5X,7HBETA = 1 Fl0.41 
55 corn INUE 

L=IJ 
N=O 
DO 50 Il=l,NDF 
N2:1 
L=L+l 

70 N=N+l 
XFl=NZ-1 
XFN=FL(L)+XFl*DF(llJ 
XF2= XFN-Fl ( L + 1) 
XF2=ABS(XF21 
IF(XF2.GT •• 002JGO TO 60 
GO TO 49 

60 F(NI=XFN 
N2=N2+1 
GO TO 70 

49 N=N-1 
50 COI\lTI NUE 

N=N+l 
L=NFL 
F l N I =FULl 
NF:N 

C COMPUTE LAMBCAS 
DO 80 N=l,NF 
I=N 
LAM ( I J =VI F ( N J 

80 CONTINUE 
C COMPUTE l2/VM FOR EVERY S FOR ALL BETAS 

DO 100 J=l,Nl 
DO 100 1=1 ,NF 

C COMPUTE S FOR EVERY LAMBDA 
SCI 1=2.0*PI*Fl I J 
Cl==2.0*BlJI/W2Z 
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42 
43 

44 

45 

46 

47 

48 

49 

52 
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MAIN EFN SOURCE STATEMENT 

C2=WlZ**2+(2.0+Ml*W2Z**2 
C3=12.0+MI*BIJI 
C4=2.0*IW1Z**2l*IW2Z**21 
C5=W2Z*W 1Z**2 
Al =C2/C4 
A2=C3/C5 
A3=l.O/C4 

C REAL TERMS IN DENOMINATOR 
OR=l.O-(Al*SIII**21+A3*SIII**4 

C IMAGINARY TERMS IN DENOMINATOR 
OI=Cl*Slii-IA2*S(II**3) 
OM=DR**2+D I **2 

C REAL TERMS 
Z2VR=IDR+Cl*SIII*DII/DM 

C IMAGINARY TERMS 
Z2VI=(-Ol+Cl*S( Il*ORJ/DM 

C Z2/VM EQUALS 
Z2VM=SQRTIZ2VR**2+Z2VI**2l 

IFNtSI 

C COMPUTE APHI/V DELTA FOR EVERY S FOR ALL BETAS 
Xl=Z.O*G*BIJ) 
X2=WlZ**2+((2.0*G+MI*W2Z**21 
X3=2.0*G*lWlZ**21*(W2Z**21 
X4=(2.0*G**2+M)*B(J) 
X5=G*W2Z*IW1Z**2) 
Yl=Xl/WZZ 
Y2= X2/ X3 
V3=X4/X5 
V4=l.O/X3 

C REAL TERMS IN DENOMINATOR 
VR=1.0-IY2*SIIl**21+1Y4*Slll**41 

C IMAGINARY TERMS IN DENC~INATOR 
Y I= ( Yl * S I I I l- I Y 3* S I I I** 3 ) 
YM=IYR**2l+tYI**2l 

C REAL TERMS 
APVR=(-YR-(Yl*Yl*SII)Il/YM 

C IMAGINARY TERMS 
APVI=IYI-YR*IY1*SIIlii/YM 

C APHI/V DELTA EQUALS 
APVD=SQRTIAPVR**Z+APVI**21 
FB=2.0*PI/LAMIII 

C COMPUTE Z2/VO FOR EVERY LAMBDA FOR ALL BETAS 
FBLL=FB*XLL 
FBL=FB*XL 
CFBLL=COSIFBXLL) 
CFBL=COStFBXU 
SFBLL=SINIFBLLI 
SFBL=SII'dFBLI 
Al=1.0+CFBLL+CFBL+CFBLL*CFBL-SFBLL*SFBL 
Bl=SFBLL+SFBL+SFBLL*CFBL+CFBLL*SFBL 

C Z2/VO EQUALS 
Z2VN=(SQRTIA1**2+Bl**2l*Z2VMI/4.0 

C COMPUTE APHI/VO FOR EVERY .LAMBDA FOR ALL BETAS 
A2=1.0+CFBLL-CFBL-CFBLL*CFBL+SFBLL*SFBL 
82=SFBLL-SFBL-SFBLL*CFRL-CFBLL*SFBL 

C APH I/VO EQUALS 
APVN=ISQRTIAZ**Z+BZ**Zl*APVDI/4.0 
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11/15/69 
MAIN EFN SOURCE STATEMENT I FN ( S ) 

C COMPUTE Z2/VO + A PH 1/VO 129 
P1=Z2VR*A1 
P2=Z2VI*Bl 
P3=Z2VI*A1 
P4=Z2VR*B1 
lAR1=P1-P2 
ZAI1=P3+P4 
P5=APVR*A2 
P6=APVI*B2 
P7=APVR*B2 
P8=APVI*A2 
ZAR 2=P5-P6 
ZAI2=P7+P8 
ZAR3=ZAR1+ZAR2 
ZAI3=ZAI1+ZAI2 
ZAVN=SQRT(ZAR3**2+ZAI3**2l/4.0 130 
PF( I)=( t2. O*PI*ft I) 1**2)/386. 
Z2DDV(I,Jl=PFtll*Z2VN 
APDDV(I,J)=PF(I)*APVN 
ZADOV(l,Jl=ZAVN*PF{I) 
Z2A (I, J l=Z20DV( I, J l*LAM( I) 
APA(I,Jl=APODVli,J)*LAM(I) 
Z2APA(I,Jl=ZADDV(I,Jl*LAM(I) 

100 CONTINUE 
DO 120 J=1rN1 

94 FORMATllH1,3X,5HBETA=rF6.4l 
wRITE(6,94) B(J) 154 
WRITE(6,110l 156 

110 FORMAT(1H0,5X,4HFREOr14X,5HZDDV0,11X,6HAPODV0,11X,4HZ2/A,l4Xr4HAP/ 
lAl 

DO 119 I=l,NF 
WRITE (6rll2l Flil,Z2DDV(I,J),APODV(I,JJ,Z2Ati,Jl,APA(l,Jl 158 

112 FORMAT(1H0,5(2X,E13.6,2X)l 
119 CONTINUE 
120 CONTINUE 

DO 140 J=1,Nl 
WRITEC6,94) B(JJ 171 
WRITE(6,125l 173 

125 FORMAT(lH0,5Xr4HFREQ,14X,7HZ+AOO/V,llXr7HZ2+AP/Al 
DO 130 1=1,NF 
WRITE(6,126) Ftll,ZAODV(I,JlrZ2APA(I,Jl 175 

l2b FORMATllH0,3(2XrE13.6r2Xll 
130 CONTINUE 
140 CONTINUE 

DO 200 1=1,NF 
F(II=ALOG10(F(Il) 188 
DO 300 J=1rNl 
Z2DDV(I,JI=ALOG10(Z2DDV(I,JI) 193 
IF(APODVli,Jl.LT •• OOOOOOllAPDDV(I,Jl=•OOOOOOl 
APDDV(I,Jl=ALCG1Q(APDOV(I,Jl) 200 
Z2A(I,Jl=ALOG10(Z2A(l,Jil 203 
IF(APA(I,Jl.LT •• 000001tAPA(I,J)=.C00001 
APA(l,J)=ALCG10CAPAllrJll 210 
Z2APA(I,Jl=ALOG10(Z2APA(l,J)l 213 
ZAODV(I,JI=ALOG10(ZADDV(I,JI) 216 

300 CONTINUE 
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MAIN EFN SOURCE STATEMENT - IFNCSI -11/15/69 

200 CONTINUE 
F ( NF+ll=-1. 
F(NF+21=.5 
DO 500 J=l,Nl 
ZZOOV(NF+l,Jt=-5. 
Z2DOV(NF+2,JI=l. 
APOOV(NF+l,JI=-7. 
APDOV(Nf+2,JI=l. 
ZZAlNF+l,JI=-5. 
Z2A(NF+2,Jl=l. 
APA(NF+l,Jl=-6. 
APA(NF+2,JI=l. 
ZZAPA(NF+l,Jl=-4. 
Z2APA(Nf+2 ,J)=l. 
ZADDVtNF+l,Jl=-5. 
ZADDV(Nf+2,JI=l. 

500 CONTINUE 
CALL LAXISt0.,0.,3,9HFREQUENCY,9,6.,-1,2l 
CALL LAXIS(0.,0.,7,6HZDO/V0,6,7.,-5,ll 
CALL SYMBOL(l.,3.,.14,3HV =,0.,31 
CALL NUMBER{999.,999.,.14,Vl,O,O.,OI 
CALL SYMBOL(999.,999.,.14,3HMPH,0.,3) 
CALL SYMBOL(1.0,2.5,.14,3HG =,0.,31 
CALL NUMBER(999.,999.,.14,G,0.,2) 
DO l<HO 1=1, Nl 
CALL LINE(f,Z2DDV(l,II,NF,l,Ol 
XP=(F(Nfl-F(NF+ll l/F{NF+2) 
YP=(Z2DDVtNF,II-L2D0V(Nf+1,lli/ZZDDV(NF+2,Il 
CALL SYMBOL(XP,YP,.07,3HB =,0.,3) 
CALL NUM8ER(999.,999.,.o7,B( l),o.,2l 

1010 CONTINUE 
CALL PLOT(12.,Q.,-3) 
CALL LAXIS(0.,0.,3,9HFREQUENCY,9,6.,-1,21 
CALL LAXIS(0.,0.,9,7HAPDD/V0,7,9.,-7,ll 
CALL SYMBOL(l.,3.,.14,3HV =,0.,31 
CALL NUMBERl999.,999.,.14tVl,O,O.,Ol 
CALL SYMBOL(999.,999.,.14t3HMPH,0.,3) 
CALL SYMBOLtl.O,z.5,.14,3HG =,0.,31 
CALL NUMBER(999.,999.,.14,G,0.,21 
DO 10 2 0 I= 1 , N 1 
CALL LINE(F,APDDV( 1, l),NF, 1,01 
XP=( F(NFl-FlNF+ll l/F(NF+2t 
YP=tAPDOVCNF,II-APDDVlNF+1,Ill/APDDV(Nf+2,Il 
CALL SYMBOL(XP,YP,.07,3HB =,0.,3) 
CALL NUMBER(999.,999.,.07,Blll,0.,2l 

1020 CONTINUE 
CALL PLOT(12.,0.,-3) 
C A L l L A X I S ( 0 • , 0 • , 3 , 9 H F R E QUE NC Y , 9 , 6 • , -1 , 2 l 
CALL LAXIS(0.,0.,7,4HZ2/A,4,7.,-5,ll 
CALL SYMBOL(1.,3. ,.14,3HV =,0.,31 
CALL NUMBER(999.,999.,.14rVl,O,O.,Ol 
CALL SYMBOL(999.,999.,.l4,3HMPH,0.,3l 
CALL SYMBOL(l.0,2.5,.14,3HG =,0.,31 
CALL NUMBER(999.,999.,.14,G,Q.,2l 
DO 1030 I=l,Nl 
XP=(F(NFI-F(NF+ll l/F(NF+21 

C-27 

243 
245 
247 
249 
251 
2 53 
255 

261 

269 
272 

276 
21R 
280 
282 
284 
286 
288 
290 

296 

304 
307 

311 
313 
315 
317 
319 
321 
323 
325 



MAIN EFN SOURCE STATEMENT IFNlSJ 

YP=lZ2AlNF,II-Z2AlNF+1,IJJ/Z2AlNF+2,Il 
CALL SYMBOLlXP,YP,.07t3HB =,0.,3) 
CALL NUMBERl999.,999.,.07,BllltO•t2l 
CALL LINE(F,Z2All,Il,NF,l,O) 

1030 CONTINUE 
CALL PLOT(l2.,0.,-3} 
CALL LAXIS(0.,0.,3,9HFREQUENCYr9r6.,-1,2) 
CALL LAXISl0.,0.,9,6HAPHI/A,6,9.,-6,1) 
CALL SYMBOLll.,3.,.14,3HV =,0.,3) 
CALL NUMBERl999.,999.,.14,V1,0,0.,0l 
CALL SYMBOL(999.,999.,.14,3HMPH,0.,3J 
CALL SYMBOLll.0,2.5r.14,3HG =,0.,3) 
CALL NUMBERl999.,999.,.14,G,0.,2l 
DO 10 40 I= 1 , N 1 
XP=tFlNFl-FlNF+lli/FlNF+2l 
YP=(APAINF,II-APA(NF+l,Ill/APA(NF+2,Il 
CALL SYMBOL(XP,YP,.01,3HB =,0.,3) 
CALL NUMBERl999.,999.,.07,B(II,0.,2J 
CALL LINE(F,APA(l,Il,NF,l,OJ 

1040 CONTINUE 
CALL PLOTl12.,o.,-3) 
CALL LAXISI0.,0.,3,9HFREQUENCY,9,6.,-1,2l 
CALL LAX1SI0.,0.,6,10HZ2+APDD/VO,l0,6.,-5,1) 
CALL SYMBOL(l.,3. ,.!4,3HV =,0.,3) 
CALL NUMBER(999.,999otol4tVl,O,O.,OI 
CALL SYMBOLl999.,999.,.14,3HMPH,0.,31 
CALL SYMBOL(l.0,2.5,.14,3HG =,0.,31 
CALL NUMBERl999.,999.,.!4,G,0.,21 
DO 1050 I=l,N1 
XP=(FlNFI-F(NF+liJ/FlNF+2) 
YP=(ZADDVlNF,IJ-ZADDVlNF+l,Ili/ZAODVlNF+2,11 
CALL SYM~OLlXP,YP,.07,3HB =,0.,3) 
CALL NUMBER(999.,999.,.o7,Blli,0.,2l 
CALL LINE(F,ZADOV(l,II,NF,l,OI 

1050 CONTINUE 
CALL PLOTllZ.,0.,-3) 
CALL LAXIS(0.,0.,3,9HFREQUENCY,9,6.,-1,2l 
CALL LAXISI0.,0.,7,7HZ2+AP/A,7,7.,-4,lt 
CALL SYMBOL(l.0,3.0,.l4,3HV =,0.,31 
CALL NUMBERl999.,999.,.14,VltO,O.,Ol 
CALL SYMBOL(999.,999.,.14,3HMPH,0.,31 
CALL SYMBOL(l.Ot2o5rol4r3HG =,0.,3) 
CALL NUMBER(999.,999.,.14,G,0.,2) 
DO 1060 I=l,Nl 
CALL LINE(F,Z2APA(1,Il,NF,l,OI 
XP=(FlNFl-FlNF+ll t/F(NF+2) 
YP=(Z2APA(NF,II-Z2APA(NF+l,III/Z2APAINF+2,II 
CALL SYMBOLlXP,YP,.u7,3HB =,0.,3) 
CALL NUMBER{999.,999.,.07,Bli),0.,2) 

1060 CONTl NUE 
CALL Pl0T(Q.,0.,9991 
STOP 
END 

C-28 

11/15/69 

336 
339 
342 

346 
348 
350 
352 
354 
356 
358 
360 

371 
374 
377 

381 
383 
385 
387 
389 
391 
393 
395 

406 
409 
412 

416 
418 
420 
422 
424 
426 
428 
430 

436 

444 
447 

451 



v = 88.000 

XL = 60.500 

XLL 6.833 

M = 4.15642 

WlZ = 29·31442 

W2Z = 8.58324 

NUMBER OF BETAS = 7 

BETA = o.oooo 

BETA = 0.0500 

BETA 0.1000 

BETA = 0.2000 

BETA ·- 0.3000 

BETA = 0.5000 

BETA = 0.7000 

C-29 



BETA=O.OOOO 

FREQ ZDDVO APDDVO Z2/A APIA 

O.lOOOOOE 00 o.1 04953E -02 0.214602E-03 Oo923587E 00 o.1asasoE 00 

0.200000E 00 0.445478E-02 0.157028E-02 o.196010E 01 0.690924E 00 

o.3oooooE 00 0.106330E-01 0.452567E-02 0.311901E 01 O.l32753E 01 

o.4oooooE 00 0.196l49E-01 0.839675E-02 0.431528E 01 0·184729E 01 

0.5000\JOE 00 O. 310449E-01 0.112887E-01 O.S46389E 01 O.l98682E 01 

0.600000E 00 0.450102E-01 0.104950E-01 0.660149E 01 0.153926E 01 

0.700000E 00 0.634374E-01 U.331926E-02 o.797499E 01 0.417279E 00 

O.SOOOOOE 00 0.907343E-01 O.l18405E-Ol 0.998078E 01 o.130245E 01 

0.900UOOE 00 O.l32208E 00 0.344027E-Ol 0 .129270E 02 0.336382E 01 

O.lOOOOOE 01 0.191909E 00 0.608077E-01 o.16aaaoE 02 o.s35108E 01 

0.11 OOOOE 01 0 o273169E 00 0.843042E-01 0.218535E 02 0.674434E 01 

o.12ooooE 01 0.383596E 00 0.955231E-01 o.2B1304E 02 0.700503E 01 

O.l30000E 01 o.S49609E 00 0.839109E-01 o.372043E 02 0.568013E 01 

O.l40000E 01 o. 863934E 00 o. 399342E-Ol o.543044E 02 0.251015E 01 

o.1sooooE 01 0.172548E 01 0.421928E-01 Oo101228E 03 0.247531E 01 

o.l60000E 01 o. 883727E 01 0.161605E 00 0.486050E 03 0.888827E 01 

0.170000E 01 0.428502E 01 0.308044E 00 o.221813E 03 0.159458E 02 

0.180000E 01 o. 20l307E 01 0.459367E 00 o.984166E 02 0.224'579E 02 

O.l90000E 01 O.l38409E 01 0.578610E 00 o.64l051E 02 0.267988E 02 

0.200000E 01 0.106629E 01 0.607460E 00 0.469166E 02 0.267282E 02 

0.220000E 01 0.780933E 00 O.l70960E 00 0.312373E 02 o. 683840E 01 

0.240000E 01 o.736875E 00 0.195232E 02 0.270188E 02 0 .715850E 03 

0.260000E 01 o. 7071 07E 00 0.244402E 01 o.239328E 02 a. a21201E 02 

o.2aooooE 01 0.630191E 00 O. 698352 E 00 O.l98060E 02 0.219482E 02 

o.3oooooE 01 0.620352E 00 0.463922E 00 o.181970E 02 O.l36084E 02 

0.320000E 01 0.682027E 00 0.101108E 01 o.l87557E 02 0.278047E 02 

o.34ooooE 01 0.687g47E 00 0. 844081E 00 o.178057E 02 0.218468E 02 

C-30 



0.360000E 01 

0.380000E 01 

0.400000E 01 

Oe662018E 00 

o.734712E oo 

0.840'186E 00 

o.1soo12e oo 

0.622237E 00 

0.981795E 00 

C-31 

0.161827E 02 

O.l70144E 02 

O.l85017E 02 

0.366842E 01 

O.l44097E 02 

0.215995E 02 



BETA=O. 5000 

FREQ 

o.100000E 00 

0.200000E 00 

o.3oooooE oo 

0.400000E 00 

0.500000E 00 

0.600000E 00 

0.700000E 00 

o.sOOOOOE 00 

o.goooooE oo 

0.100JOOE 01 

0.110000E 01 

O.l20000E 01 

O.l30000E 01 

O.l40000E 01 

O.l50000E 01 

O.l60000E 01 

0.170000E 01 

O.UOOOOE 01 

o .1 qooooE 01 

o.zoooooE 01 

0.220000E 01 

0.240000E 01 

0.260000E 01 

0.280000E 01 

0.300000E 01 

o.3zooooE 01 

0.340000E 01 

0.360000E 01 

0.380000E 01 

0.400000E 01 

ZDDVO 

0.1 04952E-02 

0.445376E-02 

o. 1062 07E-01 

O.l95432E-01 

0.307683E-Ol 

0.441805E-01 

o.o12744E-01 

0.8546llE-Ol 

0 .ll9900E 00 

0.104649E 00 

o.216245E oo 

0 • 2 7 0 0 9 OE 0 0 

0.325032E 00 

0.388387E 00 

0.475203E Ov 

o. 595686E 00 

o.741284E oo 

o. 886061E uO 

O.l00168E 01 

O. 107645E 01 

O.ll9375E 01 

0.140897E 01 

0.151o61E 01 

o.l42061E 01 

o.141068E 01 

O.l52072E 01 

0 • 1411 30 E 0 1 

o.l33226E 01 

o.l36575E 01 

0.141619E 01 

APDDVO 

0.214594E-03 

O.l56940E-02 

o.451406E-02 

o.s33707E-o2 

0 .llll96E-01 

0.102152E-Ol 

o.317879E-oz 

O.lll060E-01 

0.314509E-01 

0.538986E-01 

0.720370E-Ol 

0.781837E-01 

0.653047E-Ol 

0.293000E-01 

0.288870E-01 

0.10l947E 00 

O.l76207E 00 

0.233279E 00 

o.253341E oo 

0.219625E 00 

0.320187E-Ol 

0.431778E 00 

0.679284E 00 

0.418093E 00 

0 .471581E 00 

0.160867E 01 

0.205938E 01 

o.56815BE oo 

0.356840E 01 

0.632592E 01 

C-32 

Z2/A 

0.923573E 00 

0.195965E 01 

0.311539E 01 

0.429950E 01 

0.541523E 01 

0.647981E 01 

0.770307E 01 

a. 940073E 01 

O.ll7235E 02 

0.144891E 02 

0.172996E 02 

0.19 8066E 02 

0.220022E 02 

0.244129E 02 

0.278786E 02 

0.327627E 02 

0.383723E 02 

0.433185E 02 

0.463936E 02 

0.473636E 02 

0.477501E 02 

0.516622E 02 

0.513313E 02 

0.446478E 02 

0.413799E 02 

0.418199E 02 

0.380807E 02 

0.325663E 02 

0.316279E 02 

0.311563E 02 

APIA 

O.l88843E 00 

0.690535E 00 

O.l32412E 01 

0·183416E 01 

O.l95704E 01 

Oe149823E 01 

O. 399620E 00 

0.122166E 01 

0.307520E 01 

0.474308E 01 

0.576296E 01 

0.573347E 01 

0.442063E 01 

O.l84172E 01 

O.l69471E 01 

0.560707E 01 

0.912128E 01 

O.ll4048E 02 

O.ll7337E 02 

o.966348E 01 

0-12 8075E 01 

O.l58318E 02 

0.2299llE 02 

0.131401E 02 

0.138330E 02 

0.442383E 02 

0.533015E 02 

0.138883E 02 

O. 82636 7E 02 

O.l39170E 03 



BET A=O.lOOO 

FREQ ZODVO APDDVO Z2/A AP/ A 

O.lOOOGOE 00 o.104953E-02 0.2l46Q2E-03 0· 923586E 00 o.1aaasoE 00 

0.200000E 00 0.445474E-02 o.l57024E-o2 O.l96009E 01 0.690907E 00 

0.300000E 00 O.l06325E-Ol 0.452509E-02 O. 311886E 01 o.132736E 01 

o.4oooooE 00 0.196118E-01 0.839335E-02 0.43l459E 01 0·184654E 01 

0.500000E 00 0.310322E-01 O.ll2774E-01 0.546l67E 01 o.l98483E 01 

0.600000E 00 0.449698E-01 0.104729E-01 0.659558E 01 Oo153602E 01 

Oo700000E 00 0.633238E-01 0.330608E-02 o.796071E 01 0.415621E 00 

0.800000E 00 O. 904300E-01 O.ll7586E-01 0.994131E 01 0.129344E 01 

0.900000E 00 o.131411E 00 o.340121E-Ol o.128491E 02 0.332562E 01 

O.lOOOOOE 01 Oel89873E 00 0.5H260E-01 0.16 7088 E 02 o.szssa9E 01 

O.llOOOOE 01 o.z6aussE 00 0.820399E-01 o.214468E 02 0.656320E 01 

O.l20000E 01 O. 3 70850E 00 0. 91 7 6 2 8 E -0 1 o.271957E 02 0.672927E 01 

0 .l30000E 01 0.515487E 00 0.791863E-Ol o.348945E 02 0.536030E 01 

0.140000E 01 o.7546l2E 00 Oe367827E:..Ol 0.474328E 02 0.231205E 01 

O.l50iJOOE 01 O.l21238E 01 0.376054E-Ol 0. 711263E 02 o.Z2061BE 01 

O.l60000E 01 O.l94216E 01 o.U77'>5E 00 o.1o6Bl9E 03 o.757651E 01 

O.l70000E 01 0.211318E 01 o.Z47148E 00 O·l09388E 03 0.12H35E 02 

O.l80000E 01 O.lo8582E 01 0.339230E 00 0.824181E 02 Ool65846E 02 

0.190•JOOE 01 0.1320 24E 01 0.380868E 00 0.611478E 02 O.l76402E 02 

0.200000E 01 O.l06745E 01 0.339668E 00 0.469677E 02 Oo149454E 02 

0.220000E 01 0.811755E 00 0.510974E-01 o.324702E 02 0.204390E 01 

0.240000E Ol o. 779208E 00 0.674708E 00 0.2 85709E 02 O. 247393E 02 

0.2600JOE 01 o.7565HE 00 0.971396E 00 0.256056E 02 0.32R780E 02 

O. 2 80000E 01 0.680766E 00 0. 511850E 00 0.213955E uz O.l60867E 02 

0.300000E 01 0.675850E 00 0.467814E 00 O.l98249E 02 o.l37225E 02 

O. 32 OOOOE 01 o.748615E 00 O.l23511E 01 0.205869E 02 0.339656E 02 

0.34000LlE 01 0.7598C9E 00 0.116 796E ol O.l96656E 02 0.302296E 02 

C-33 



J.360000E 01 

'!. 3BOOOOE 01 

0. 734349E 00 

D. 8161 77E 00 

o.2260l5E oo 

o.S92538E 00 

C-34 

O.l79508E 02 

Ool8C}009E 02 

0.552482E 01 

0.229851E 02 



BETA=0.2000 

FREQ ZDDVO APDDVO l2, /A AP/ A 

Q.100000E 00 o.104953E-oz 0.214601E-03 0.923585E 00 o.lass49E 00 

o.zoooooE 00 0.445462E-02 O.l57013E-02 0.196003E 01 Oo690856E 00 

Oo300000E 00 O.l0630'1E-Ol o.452344E-oz 0 .3ll841E 01 o.t32688E 01 

0.400000E 00 Oal96026E-01 0.838384E-02 0.431256E 01 0.184444E 01 

O.SOOOOOE 00 o.309952E-01 Ooll2471E-01 o.S45515E 01 0.197948E 01 

0.600000E 00 0.448531E-01 O.l04l62E-Ol 0.657845E 01 o.l52771E 01 

o.7QOOOOE 00 0.630002E-Ol 0.327413E-02 0.792002E 01 0.4ll605E 00 

O.SOOOOOE 00 0. 895811E-Ol o.l15727E-Ol 0.985392E 01 O.l27300E 01 

0.900\lOOE 00 o.tzn49E 00 o.?31904E-Ol O.l26377E 02 0.324529E 01 

O.lOOOOOE 01 Ool84?66E 00 o. 5?6380E-01 O.l624l8E 02 o.so7Zl5E 01 

O.llOOOOE 01 0.255S81E 00 0.780717E-01 0.204465E 02 0.624573E 01 

0.120000E 01 0.342193E 00 0. 8 58502 E -01 o.zso941E 02 0.629568E 01 

0.130000E 01 0.449482E 00 u.726085E-Ol 0.304265E 02 0.491504E 01 

0.140000E 01 o. 59492 5E 00 Oo 329555E-Ol 0.313953E 02 0.207149E 01 

O.lSOOOOE 01 0.804103E 00 0.328298E-01 0.471740E 02 O.l9260lE 01 

0.160000E 01 0.106251E 01 O.l16906E 00 0·584380E 02 0.642982E 01 

O.l70000E 01 o.l25849E 01 a.203559E 00 0.65l452E 02 0.1053 72E 02 

0.180000E 01 O.l29249E 01 O. 2 7l OOCJE 00 0.631882E 02 0.132493E 02 

Oa190000E 01 0.120196E 01 0.295404E 00 0.556697E 02 0·1368l9E 02 

o.zoooooE 01 O.l07006E 01 0.256501E 00 0.4 708 25 E 02 0 .112860E 02 

Oa220000E 01 o.a91375E 00 0.372561E-Ol 0.356550E 02 O.l49025E 01 

Oa240000E 01 0. 892268E 00 0.495241E 00 0.327165E 02 O.l81589E 02 

0.260000E 01 0.888361E 00 0.758051E 00 0.300676E 02 a. 256511E 02 

o.2aooooE Ol 0. 813391E 00 0.446298E 00 0.255637E 02 O.l40265E 02 

0.300000E 01 0.817507E 00 0.470242E 00 0.239802E 02 O.l37938E 02 

0.320000E 01 o. 9l2648E 00 o.14468lE 01 0.250978E 02 0.397872E 02 

0.340000E Ol o. 929094E 00 O.l58352E 01 0.240471E 02 0.409851E 02 
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0.360000E 01 

o.380000E Ol 

o.4oooooE 01 

0.895469E 00 

O. 98523 5E 00 

0 .ll0246E 01 

0.346383E 00 

O.l64851E 01 

0.275206E 01 

C-36 

0·218892E 02 

0.228l60E 02 

0.242540E 02 

0.846713E 01 

0.381760E 02 

0.6Q5453E 02 



R ETA=O. 3000 

FREQ ZDDVO APDDVO Z2/A AP/ A 

u.l 0\.h) OOE uo O.l04952E-u2 0.214599E-03 0.923582E 00 O.l88847E 00 

u.ZllOOOOE 00 0.445441E-02 O.l56994E-02 O.l95994E 01 0.690774E ou 

0.300000E 00 O.lu6284E-Ol 0.452088E-02 0.311767E 01 O.l32612E 01 

0. 400000E 00 0.195876E-Ol O. 836995E-02 0.430927E 01 O.l84l39E 01 

O.SOOOOOE 00 0.309363E-Ol 0 ·ll2056E-01 o.544478E 01 0.197219E 01 

0.600000E 00 0.446714E-Ol O.l03449E-01 0.655181E 01 0.151725E 01 

0.700000E 00 0.625117E-Ol 0.323737E-02 o.7a5862E 01 0.406984E 00 

0.800000E 00 0.883483E-Ol O.ll3786E-01 0·971831E 01 0.125165E 01 

o. 900000E 00 O.l26264E 00 0.324l65E-Ol O.l23458E 02 0.31696lE Ol 

0.100000E 01 0.177710E 00 O. 558722E-01 0.156385E 02 0.491675E 01 

O.llOOOOE 01 0.240826E 00 0.750695E-Ol 0.192661E 02 0.600556E 01 

0.120000E 01 o. 312406E 00 O. 818595E-01 0.229098E 02 0.600303E 01 

o.uooooE 01 0.392388E oo 0.686548E-Ol 0.265616E 02 0.464740E 01 

0.140000E 01 o.4a9535E 00 0.309088E-01 0.307708E 02 O.l94284E 01 

O.l50000E 01 0.6l9944E 00 0.305574E-01 o.363700E 02 0.179270E 01 

O.l60000E 01 0. 786517E 00 0.108068E 00 0.432617 E 02 0.594376E 01 

O.l70000E 01 o.955BB9E 00 O.l87057E 00 0.494813E 02 0.968295E 01 

O.lBOOOOE Ol O.l07257E 01 0.24784lE 00 0.524365E 02 0.12116 7E 02 

Oel90000E 01 O.ll0595E 01 0.269193E 00 o.51222BE 02 0.124679E 02 

0.200000E 01 o.107274E 01 o.233246E 00 o.472006E 02 O.l02628E 02 

0.220000E 01 0.993963E 00 0.338986E-01 0.397585E 02 0.135594E 01 

o.240000E 01 o.l04B67E 01 0.454264E 00 o.384514E 02 o.t66564E 02 

0.260000E 01 0.107240E 01 O. 707313E 00 0.362966E 02 0.239398E 02 

o.zaooooE Ol 0.994691E 00 0.428376E 00 o.312617E 02 o .• l34632E 02 

0.300000E 01 0.100364E 01 o. 47l068E 00 Oe294401E 02 0.138180E 02 

0.320000E 01 Oell1617E 01 o.1.54146E 01 0. 307111E 02 o.423902E 02 

0.340000E 01 O.l12574E 01 O.l83616E 01 0.291369E 02 Oe475242E 02 

C-37 



0.360000E 01 

o.3sooooe 01 

o.4oooooe 01 

0.106746E 01 

O.ll4809E 01 

o.124810E 01 

0 .445724E 00 

o. 232711E 01 

0.395401E 01 

C-38 

0.260935E 02 

0. 265872E 02 

0.274582E 02 

O.l08955E 02 

0.538910E 02 

0.869883E 02 



BETA=0.0500 

FREQ ZODVO APODVO Z2/A APIA 

0.100000E 00 0.104953E-02 0.214602E-03 0.923587E 00 0.188850E 00 

0.200000E 00 0.445477E-02 0.157027E-02 0.196010E 01 o. 690920E 00 

o.3oooooE 00 0.106329E-Ol 0.452552E-02 o.311897E 01 0.132749E 01 

0.400000E 00 O.l96l41E-Ol 0.839589E-02 0.431511E 01 0.184710E 01 

o.soooooE 00 o.310417E-Ol O. 112 859E-01 o.546334E 01 0.198631E 01 

0.600000E 00 0.450000E-01 0.104893E-Ol 0.660001E 01 O.l53843E 01 

0·7001JOOE 00 Oo634087E-Ol 0.331582E-02 o. 797138 E 01 0.416846E 00 

0.800000E 00 0.906572E-Ol 0 .118188E-01 0.997229E 01 O.l30007E 01 

0.900000E 00 0·132005E 00 0.342974E-Ol O.l29071E 02 0.335353E 01 

O.lOOOOOE 01 O.l'H386E 00 0.605101E-01 O.l68419E 02 o. 532489E 01 

O.llOOOOE 01 0.271846E 00 0.836656E-Ol 0.217477E 02 0.669325E 01 

o.tzooooE 01 0.380212E 00 0.944309E-Ol 0.278822E 02 0.692493E 01 

0.130000E 01 0. 5402 07E 00 0.824B94E-Ol o.365679E 02 o.55B390E 01 

0.140000E 01 0.831280E 00 0.389450€-01 o.522519E 02 o.244797E 01 

o.lsooooE 01 0.153380E 01 0.406777E-Ol 0.899832E 02 0.238642E 01 

o.l6ooooE 01 0.357047E 01 O.l53224E 00 Oo196376E 03 0.842732E 01 

O.l70000E 01 0.318192E Ol 0.284963E 00 0 .1647llE 03 0.147510E 02 

o.1aooooE 01 O.l90906E 01 0.409407E 00 0.933319E 02 O.Z00155E 02 

0.190000E 01 0.136632E 01 0.486505E 00 0.632822E 02 0·225328E 02 

o.zoooooE 01 0.106659E 01 0.464403E 00 0.469301E 02 0.204337E 02 

o.22ooooE 01 o.788876E 00 0.811715E-Ol 0.315550E 02 o.324686E 01 

0.2400JOE 01 o.7477Z1E 00 O.l13701E 01 0.274164E 02 0.4l6903E 02 

0.260000E 01 O. 719783E 00 0.142247E 01 o.243619E 02 0.481451E 02 

o.zaooooE 01 0.643216E 00 0.605845E 00 0.202154E 02 o.l90408E 02 

a. 3oooooE · ot 0.634735E 00 0~4c5456E 00 .N"" , .. 
0.186189E 02 0 .l36534E 02 

o.3zooooE 01 0.699424E 00 O.l08H1E 01 0.192342E 02 o.Z99175E 02 

o.340000E 01 a. 706'HZE QO o. 946652E 00 O.l82966E 02 0.245016E 02 
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0.360000E'Ol 

0. 380000E 01 

0.400000E Ol 

0 .681351E 00 

o. 756845E 00 

0.866068E 00 

o.l73l56E oo 

o.733252E oo 

o.ll7531E 01 
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o.l66552E 02 

O.l75269E 02 

O.l90535E 02 

o.423271E 01 

O.l69806E 02 

0.258568E 02 

( 



BETA=0.7000 

FREQ 

O.lOOOOOE 00 

o.2oooooe oo 

0.3QOOOOE 00 

o.4oooooe oo 

o.soooooe oo 

0.600000E 00 

o.1oooooe oo 

O.BOOOOOE 00 

0.900000E 00 

O.lOOOOOE 01 

O.llOOOOE 01 

O.l20000E 01 

o.13ooooe o1 

O.l40000E 01 

O.l50000E 01 

0 .l60000E 01 

O.l70000E 01 

o.1sooooe 01 

o.l9ooooe 01 

0.200000E 01 

0.220000E 01 

0.240000E 01 

0.260000E 01 

0.280000E 01 

0.300000E 01 

o.3zooooe 01 

0.340000E 01 

0.360000E 01 

0.380000E 01 

0.400000E 01 

ZDDVO 

O.l04950E-02 

o.445282E-02 

O. 106099E-Ol 

o.l94848E-01 

o.3o5629E-01 

0.436290E-01 

0.60012<}E-Ol 

0.828203E-Ol 

0·114733E 00 

o.155331E oo 

0.200966E 00 

0.247314E 00 

o. 2936 74E 00 

0.347324E 00 

0.422708E 00 

0.530875E 00 

0. 668182 E 00 

0.817143E 00 

0.<}57060E 00 

0.107835E 01 

O.l34387E 01 

o.176355E 01 

0.200299E 01 

0.187236E 01 

O.l79603E 01 

Oe 185007E 01 

0.171160E 01 

o. l48986E 01 

0.147773E 01 

0.149195E 01 

APDDVO 

0.214587E-03 

O.l56870E-02 

o. 450657E-02 

0.830661E-02 

O.ll0520E-Ol 

0.101278E-01 

0.314430E-02 

0.109632E-01 

0.30<}938E-Ol 

0.530417E-Ol 

o. 708137E-Ol 

Oe767908E-Ol 

0.641011E-Ol 

0.287476E-Ol 

0.283350E-Ol 

0.999885E-Ol 

o.l72829E oo 

0.228850E 00 

o.248610E oo 

o.215622E oo 

0.314780E-01 

0. 4253 73E 00 

0.671283E 00 

o.415l09E oo 

0.471735E 00 

O.l63043E 01 

o.214253E o1 

0. 62 861 OE 00 

o.458233E 01 

o. 854440E 01 
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Z2/A 

0.923561E 00 

o.l95924E 01 

o.311223E 01 

0.428666E 01 

o.53790BE 01 

0.639891E 01 

0.754448E 01 

0.911023E 01 

0 .112184E 02 

O.l36691E 02 

0.160773E 02 

o.ta1364E 02 

0.198795E 02 

0.218318E 02 

Oe247989E 02 

Oo29l98lE 02 

0.345882E 02 

0.399492E 02 

0.443270E 02 

0.474475E 02 

0.537550E 02 

0.646634E 02 

0.677934E 02 

o. 588455E 02 

0.526835E 02 

0.508770E 02 

0.443004E 02 

0.364187E 02 

0.342211E 02 

0.328230E 02 

APIA 

O.l88836E 00 

o.690227E oo 

O.l32193E 01 

o.182745E 01 

0.194515E 01 

0.148542E 01 

0.395284E 00 

O.l20596E 01 

0.303051E 01 

0.466767E 01 

0.566509E 01 

o.563l32E 01 

0.433915E 01 

O.l80699E 01 

O.l66232E 01 

o. 549937E ol 

0.894646E 01 

Oolll882E 02 

O.ll5146E 02 

0.948735E 01 

o.125912E 01 

o.155970E oz 

o. 227204E 02 

o.l30463E 02 

0.138376E 02 

0.448367E 02 

0.554536E 02 

O.l53660E 02 

O.l06117E 03 

0.187977E 03 



BET A=O.OOOO 

FREQ _ Z+ADD/V Z2+AP/A 

O.lOOOOOE 00 O.lll349E-02 0.979872E 00 

0.200000E 00 o.522330E-02 0.229825E 01 

o.3oooooE 00 O.l32392E-01 0.388349E 01 

0.400000E 00 0.245175E-Ol o.s393ase 01 

O.SOOOOOE 00 0.368821E-01 0.649124E 01 

0. 6 OOOOOE 00 0.487326E-01 0 .114745E 01 

0.700000E 00 o. 631l83E-01 0.801031E 01 

O.BOOOOOE 00 0.932792E-Ol O.l02607E 02 

0.900000E 00 O.l46922E 00 0.143657E 02 

0.100000E 01 0.224308E 00 0.197391E 02 

O.llOOOOE 01 o. 3l9865E 00 0.255892E 02 

0.120000E 01 0.431386E 00 0.316350E 02 

Oal30000E .01 0.579988E 00 0~392607E 02 

O.l40000E 01 0.869469E 00 o.546523E 02 

0.150000E 01 O.l73009E 01 0.101498E 03 

0.160000E 01 0.888419E 01 o.488630E 03 

O.l70000E 01 o.417141E 01 0.215932E 03 

O.l80000E 01 0.185429E 01 Oe906541E 02 

O.l90000E 01 O.l25310E 01 0.580384E 02 

0.200000E 01 O.l03641E 01 0.456023E 02 

o.22ouooe 01 o. 792 853E 00 0.317141E 02 

0.240000E 01 o.198113E 02 0. 726414E 03 

0.260000E 01 0.282569E 01 0.956387E 02 

Oa280000E 01 O.l039u8E 01 o.326567E 02 

0.300000E 01 o.a41565E 00 0.246859E 02 

Oa320000E 01 o.144212E 01 o. 396584E 02 

0.340000E 01 O.l28l09E 01 0.331577E 02 
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BETA=0.0500 

FREQ Z+AOD/V Z2+AP/A 

0.100000E DO O.lll349E-02 0.979873E oa 

0.200000E 00 o.522332E-02 0.229826E 01 

0.300000E 00 0.132393E-01 0.388352E 01 

0.4aOoOaE ao 0.245174E-01 0.539382E a1 

o.soooaOE (JQ a.368803E-01 a.o490<.l3E 01 

0 ·6 oaoOOE 00 0.487246E-a1 0.114628E 01 

a. 7aoaooE 00 0.636910E-01 a.aoo686E 01 

O.SOOOOOE 00 0.931947E-Ol 0.102514E 02 

0.9aOOOOE 00 0·146694E 00 o.143434E 02 

0.100000E 01 0. 2237 71E oa 0.196918E 02 

a. llOOOOE al 0.318728E 00 0.254982E 02 

O.l20000E 01 0. 428975E 00 0.314582E 02 

O.l30000E al o.573377E 00 0.388132E 02 

0.14aoaaE al 0.840554E 00 0.528348E 02 

O.l50000E 01 O.l52773E 01 0.896268E 02 

a.1oooooE 01 0.348594E 01 O.l91726E 03 

0.170000E 01 0.289836E 01 O.l50033E 03 

O.lSOOuOE a1 a.153485E 01 o.750370E 02 

O.l9at>OOE 01 0.951007E 00 0.440466E 02 

a.zooooaE a1 0.696415E oa 0.306423E az 

0.220000E 01 0.856383E 00 a.34Z553E 02 

0.240000E 01 0·182g03E 01 0.670643E 02 

0.260000E Ol a.213998E 01 0.724300E 02 

0.2BOOOOE 01 O. 121916E 01 o.3B3163E 02 

a.300000E 01 0.561289E 00 O.l64645E 02 

0.3200aOE 01 O.ll8475E 01 a.3258a7E 02 

0.3400aOE 01 O.l09555E 01 0.?83553E 02 

o.36ooooE 01 o. 6308.75E 00 O.l54214E 02 

0.3800aOE 01 O.l37284E 01 0.3l7920E 02 
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0.360000E 01 

0.380000E 01 

o.4oooooE 01 

0.690133E· 00 

o.I09971E 01 

O.l55232E 01 
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o.l68699E 02 

0.254671E 02 

0.341510E 02 



BETA=O.lOOO 

FREQ Z+AOD/ V Z2+AP/A 

0.100000E 00 Oo1ll349E-02 0.979873E 00 

0.200000E 00 0 .522331E-02 Oo229826E 01 

O. 300000E 00 O. 132389E-Ol 0.388341E 01 

0.400000E 00 0.245144E-Ol Q.5393l8E 01 

0.500000E 00 O. 368681E-01 0.648879E 01 

0.600000E 00 0.486899E-Ol 0. 714118E 01 

O.?OOOOOE 00 0.636049E-01 o. 799604E 01 

O.BOOOOOE 00 0.929t>30E-Ol O.l02259E 02 

0.900000E 00 0.146046E 00 O.l42801E 02 

0.100000E 01 0.222ll4E 00 O.l95461E 02 

0.110000E 01 0.314867E 00 0.251893E 02 

0.1ZOOOOE 01 0.420164E 00 0.308120E 02 

0·130000E 01 0.550848E 00 0.372882E 02 

0.140000E 01 0.766634E 00 0.481884E 02 

O.l50000E 01 Ool20127E 01 0.704742E 02 

O.l60000E 01 O.l86693E 01 O.l02681E 03 

O.l?OOOOE 01 O.l89264E 01 Oo979721E 02 

O.l80000E 01 O.l34983E Ol 0.659Sl7E 02 

Ool90000E 01 0.939715E 00 0.435236E 02 

0.200000E 01 0.134320E 00 o.323101E 02 

o.22ooooE 01 0.857979E 00 0. 343192E 02 

o.z4ooooE 01 O.l38502E 01 o.so7840E 02 

0.260000E 01 0.1679'H~E 01 o.568576E 02 

o.zsooooE 01 o.ll9Z37E 01 0.374745E 02 

0~300000E 01 0.370571E 00 O.l08701E 02 

O. 320000E 01 o. 1011 79E 01 0.278242E 02 
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0.3400001: 01 

0.360000E 01 

0.380000E 01 

0.400000E 01 

o.102484E 01 

0.604854E 00 

0 .174584E 01 

0.248841E 01 
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o.265252E o2 

O.l47853E 02 

0.404299E 02 

o.547450E 02 



BETA=O. 2000 

FREQ Z+ADD/V Z2+AP/A 

O.lOOOuOE 00 O.lll349E-02 0.979372E 00 

0.2000JOE 00 0. '522318E-02 0.229820E a1 

o.3oooooE 00 O.l32367E-01 0.388276E 01 

0 .40uOOOE 00 0. 244'N8E-Ol 0.'53B996E 01 

o.soaoooE oa 0.368124E-01 0.647898E 01 

0.600000E ao 0.485407E-01 a. 711931E 01 

0·700000E 00 0.632681E-Ol a. 795371 E al 

G.8aOOOOE 00 0.921484E-Ol O.lal363E 02 

0.900000E 00 o.l43903E 00 0.140705E 02 

0 .10a000E 01 Oo216759E 00 o.lc;0748E 02 

0.11 OOOOE 01 o.302534E 00 0.242027E 02 

O.l20000E 01 0.392795E 00 o.2saosoE 02 

0.130000E 01 o .48798oE 00 0 .330329E 02 

O.l40000E 01 0. 609492E 00 0.383la9E a2 

a.lSOOOOE 01 0. 791465E LiO 0.464326E 02 

O.l60000E 01 O.lall7aE 01 a.556433E 02 

O.l70000E 01 a.tl3969E Ol o.'589959E 02 

O.lBOOOOE Ol O.l08991E 01 o.532844E 02 

Ool90000E 01 0.942241E 00 a.436406E 02 

a. 200tJOOE 01 0.82l1R7E 00 a.361322E a2 

0.220000E 01 0.927311!: 00 o.37u924E 02 

0.240000E Ol o.132521E 01 o. 485q11E az 

o.Z60000E 01 0.1558311.: 01 o.s27429E 02 

a. 2tWOOOE 01 0.124a84E 01 0.389978E 02 

0.3aOOOOE 01 0.358183E 00 o.toS067E 02 

O. 320000E 01 o.789646E 00 0.217153E a2 

0.340000E 01 0.980905E 00 0.2'53881E a2 
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o.36uuuOE 01 

0.380000E 01 

0.400000E 01 

o. 604160E 00 

o.261304E 01 

0.3B1540E 01 
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O.l47684E 02 

0.605125E 02 

O.B39389E 02 



BETA=O. 3000 

FREQ Z+ADD/V l2+AP/A 

0.1 OOOOOE 00 O.ll1349E-02 0.979870E 00 

0.200000E 00 o. 522292E-02 0.229808E 01 

0.300000E 00 O.l32326E-01 0.388155E 01 

0.400000E 00 0.244?43E-Ol Oe538435E 01 

O. 5 OOOUOE 00 0 .367195E-Ol 0.646263E 01 

0.6000JOE 00 0. 483015E -01 O. 708422E 01 

o. 700000E 00 0.627543E-U1 o.788912E 01 

u.8oouooE 00 O. 910071E-Ol O.l00108E 02 

0.900000E 00 u.14ll35E 00 O.l37998E 02 

O.lOOOOOE 01 0.210240E 00 0.185012E 02 

o .nooooE 01 0.283368E oo 0.230694E 02 

O.l20vOOE Ol 0. 36406dE !)0 0.266983E 02 

0·130000E 01 0.4321?RE 00 0.292552E 02 

O.HOOOOE 01 o.504465E 00 0.31?093E 02 

0.150000E 01 0.608415E 00 o.35o937E 02 

0.160000E Ol 0• 7'51 004E 00 o.413u52E 02 

O.l70uOOE 01 0. R85792E 00 0.4S8527E 02 

O.l80uOOE 01 0.948845E 00 0.463R80E 02 

O.l9uOOOE 01 0.9256 77E 00 0.428734E 02 

o.zoououE 01 O. B7492AE 00 0.384968E 02 

0.220000E 01 0.102776': 01 0.411104E 02 

0.2401.)001: 01 O.l45842E 01 0.534753E 02 

0.260JOOE 01 O.l689'>6E 0\ o. 5718 SOE 02 

0.280uOOE 01 o.l39414E 01 0.438160E 02 

0.300000E 01 o.532659E 00 0.156241E 02 

0.320uOOE 01 o.568355E 00 0.156435E 02 
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0.340000E 01 

o. 3ollOOOE 01 

0.380000E 01 

0.400tJOOE 01 

o.865280E oo 

Oo635323E 00 

0.34736jE 01 

0.'517299E 01 
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ll. 223g'5 5E 02 

o.lS530lE 02 

0.804420E 02 

Ooll3806E 03 



BETA=O• 5000 

FREQ Z+AOO/V Z2+AP/A 

0.100000E 00 0.111348 E-02 0.979862E 00 

o.2oooooE 00 O. 522197E-02 0.229767E 01 

o.3oooooE 00 0.132193E-01 0.387765E 01 

0.400000E 00 O. 243985E-01 o.s36767E 01 

o.soooooE 00 0.364621E-01 0.641732E 01 

0.600000E 00 0.476717E-01 0.699185E 01 

Oo700000E 00 0.6l4587E-01 0.772623E 01 

0.800000E 00 O. 883316E-01 O. 91l648E 01 

0.900000E 00 0.135270E 00 o.132264E 02 

. 0.1 OOOOOE 01 0·197812E 00 o.174074E 02 

O.l10000E 01 0.264347E 00 0.211477E 02 

0.120000E 01 0.321967E 00 0.236l09E 02 

o.nooooE 01 0.364262E 00 O. 246577E 02 

0.140000E 01 0.402177E 00 0.252797E 02 

O.lSOOOOE 01 0.466640E 00 o.273762E 02 

o.160000E 01 0.579958E 00 0.318977E 02 

o.11ooooE 01 O. 722732E 00 0.374120E 02 

O.lSOOOOE 01 0.848409E oo o.4l4778E 02 

o.19ooooE 01 o. 921381E 00 0.426745E 02 

Oo200000E 01 O. 954596E 00 0.420022E 02 

0.220000E Ol 0.1224 74E 01 o.48989BE 02 

0.240000E 01 O.l82409E 01 0.668834E 02 

0.2oOOOOE Ol Oo211932E 01 o. 71 7307E 02 

o.2~ooooE 01 0.180052E 01 o.s65B77E 02 

o.3oooooE 01 0.950061E 00 0•278684E 02 

0.320000E 01 0.959448E-01 o.263848E 01 

0.340000E 01 0.5882C2E 00 o. 152240E 02 
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0.360000E 01 

o. 380000E 01 

o.785995E oo 

o. 490072E 01 
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O.l92l32E 02 

O.ll3490E 03 



BET A=O. 7000 

FREQ Z+AOD/V Z2+AP/A 

O.lOOOOOE 00 0 .lll346E-02 0.979849E 00 

0.200000E 00 o.szzoszE-02 0. 229703 E 01 

o.3oooooE 00 0.1320 lOE-01 0.387230E 01 

0.400000E 00 0. 243052E-Ol o.s34714E 01 

0.500000E 00 0.361725E-01 0.636635E 01 

0.600000E 00 0.470077E-01 0.689446E 01 

0.700000E 00 0.601558E-01 0.756245E 01 

o.aoooooE 00 0.858194E-Ol 0.944014E 01 

0.900000E 00 O.l30327E 00 0.127431E 02 

0.100000E 01 0.188571E 00 0.165942E 02 

O.llOOOOE 01 a. 243717E oo 0.198974E 02 

O.l20000E 01 o.298l77E 00 0.218663E 02 

Oel30000E 01 0.331212E 00 0.224205E 02 

0.140000E 01 0.359679E 00 0.226084E 02 

0.150000E 01 0.416557E 00 o.244380E 02 

0.160000E 01 Oo527478E 00 0.290ll3E 02 

0.170000E 01 o. 6 77 218E 00 0.350560E 02 

O.l80000E 01 0.824l40E 00 Oo4029l3E 02 

0.190000E 01 o. 932711E 00 0.43l992E 02 

0.200UOOE 01 O.lOOo61E 01 0 .442907E 02 

0.220000E 01 O.l37157E 01 o.54B627E 02 

0.240000E 01 o.218556E 01 o. aul373E 02 

o.26ooooE 01 0.26ll01E 01 D. 883725E 02 

0.280000E 01 o.224119E 01 0.704375E 02 

o.3oooooE 01 o.135203E 01 o.396597E 02 

Oo320000E 01 0.350l39E 00 o. %2883E 01 
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0.340000E 01 

0.360000E 01 

0.380000E 01 

0.400000E 01 

0.625137E 00 

Oe977902E 00 

0.591590E 01 

O.l00128E 02 
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o.1plBOOE 02 

o.239043E 02 

0.137000E 03 

o. 220281E 03 



APPENDIX D 

PRELIMINARY ESTIMATES OF THE ACCURACIES REQUIRED 

FOR SIMULATION OF LATERAL DYNAMICS AND TRACTION 
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SUMMARY 

In order to accurately simulate the behavior of a rail 

vehicle operating on a track, it is necessary for the wheel/rail 

simulator modules to maintain an accurate geometric interrela-

tionship between the roller motions. 

To provide a good simulation of lateral dynamics, the 

calculations given below indicate that it is desirable to control 

the actuator motions to the following accuracies: 

Roller 0.1 milliradian (20 arc seconds) 

Lateral Vibration 0.01% of forward velocity 

Longitudinal Vibration - 0.01% of forward velocity 

(0.025 inch/second at 15 mph) 

A deterioration of performance by a factor of ten would tend to 

invalidate the simulation. 

Stray longitudinal vibrations may be theoretically compen-

sated for~y changes in roller speed to maintain the relation: 

V = r A = x a a a 

to within 0.01% of the simulated forward velocity (see page D-3 

for definitions). 

The evaluation testing of the prototype module should there-

fore include accurate measurements of the stray lateral and 

longitudinal vibrations to an accuracy of 0.025 inch per second 

under the full range of loads, amplitudes and frequencies con-

templated for the machine. The measurements in the tests should 

also include measurements of the controlled yaw angle of the 

roller to an accuracy of 20 arc seconds. 
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Evaluation testing should also demonstrate decrowning of 

less than 0.5 inch. 

DISCUSSION 

The actuator modules of the wheel rail simulator are in-

tended to provide motions and forces on a wheel of a rail vehicle 

that are identical to those that would be experienced by a rail 

vehicle operating on a real track. As shown in the following 

paragraphs, a simulation of the forces requires that the roller 

a gular velocity, horizontal motions and yaw angle satisfy the 

following relations 

el (r A - xa)- v = 0 ( 1) 
a a 

e2 = (r A 1/! - 81) 0 ( 2) 
a a a 

e3 (x - 9-lj! - xa) = 0 ( 3) 

where: 

v = Simulated forward velocity 

A = Roller angular velocity 
a 

r = Roller radius 
a 

1/!a = Actuator yaw angle 

1/! = Wheel set yaw angle 

1\ = Actuator lateral position 

X = Actuator longitudinal position 
a 

X = Wheel set longitudinal displacement. 

If these relations are not satisfied, forces will be exerted on 

the wheel which will not exist in practice. Equation 1 requires 
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that the apparent forward velocity of the roller be equal to the 

apparent velocity of the rail as seen by an observer travelling 

on a vehicle having velocity V. 

Equation 2 requires that the instantaneous lateral velocity 

of the roller be zero since the rail will not have an instantan-

eous lateral velocity except for the effects of rail compliance. 

Equation 3. requires that the roller center must remain 

directly below the axle center to avoid destabilizing forces 

and moments. 

The error in satisfying Equation 1 will result in a longi-

tudinal creep force: 

For most vehicles of interest the creep coeffi~ient, f, will be 

about 150 times the normal force. 

A stray longitudinal vibration of 0.1% of the forward velocity 

would result in a creep force of 15% of the normal force. Since 

the available adhesion is typically 15% to 30% of the normal 

force, this could result in a total loss of adhesion or a re-

duction in the apparent braking or acceleration capability of 

the vehicle of 50 to 100%. It is therefore desirable that the 

velocity associated with stray longitudinal vibrations be limited 

to less than 0.01% of the forward velocity. At a forward 

velocity of 15 mph this represents a velocity of about 0.025 

D-4 



inch per second. At 1 Hz this would limit stray longitudinal 

vibrations to an 

requirement would 

-4 acceleration of 4.05 x 10 g. 

-3 be relaxed to 4.05 x 10 g. 

At 10 Hz this 

Similarly an error in satisfying Equation 2 would result in 

a lateral creep force of 

F = 150 N L 

. 
o

1 
r fl. 

a a v- -v--1/Ja 

Therefore an error in 1/J of 10-3 radian would result in a creep a 

force of 15% of the normal force resulting in a loss of lateral 

adhesion of 50 to 100%. Therefore, it is desired that the yaw 

angle be controlled to better than 0.1 milliradian at all fre-

quencies. Similarly the stray lateral vibrations should be 

controlled to better than 0.01% of the simulated forward veloc-

ity. At 15 mph this implied 0.025 inch per second. 

vaT 

vaL 

(v- Q,~) v 
r 

0 

= (v + Q,~) - v 
ro 

. = y -
. 

1/J "' y - Vl/J 

Referring to Figures 3 and 4 the corresponding creep 

velocities on the simulator are: 

D-5 



vaL 

For the creep velocities 

el = 

e2 = 

el = 

e2 = 

to 

v -

(y - Vl/J) 

+ (y - Vl/J) 

be equal in 

(r A a a - xa) 

(raAal)Ja - 81) = 

v - (rbl\b - xb) 

(rbAbl)Jb - 62) = 

both cases we require: 

= 0 

0 

= 0 

0 

Creep coefficients used by British Rail (PB 192718) for 

analysis of stability of the LIM test vehicle range from 100 to 

200 times the normal force. If the above requirements are not 

satisfied there will be undesired forces on wheel "a" of 

(Figure 1). 

el 
[1-

r 1\ -
xa J FT f 150 N a a = v = v 

e2 [r 1\ l)J - 01 J FL = f = 150 N a a a v v 

The existence of these forces will reduce the observed adhesion 

and because of the non-linearity of the creep phenomenon produce 

a change in the apparent creep coefficient. 

In addition to the above creep force errors, the curvature 

of the roller produces a destabilizing force on the wheel as 

shown in Figure 5. The destabilizing forces on the two rollers 

corresponding to a wheelset are: 
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(X - ~¢ 
:

0
xa) FaTN N 

r + 
0 

FbTN = (X + ~¢ 

~~) N 
r + 

0 

for a 40 inch diameter roller and 30 inch diameter wheel an 

error of 0.35 inch would produce a force of 1% of the normal 

force. An error of 3.5 inches would produce a force of 10% of 

the normal force. A positioning accuracy of 0.51 inches would 

produce a force error of 1.5% which would represent 5% of the 

available adhesion with an adhesion coefficient of 0.3. 

D-7 



-- ---I--.--

I '. I' /'/: ij 
'!; 

b 

0 .. 

~ II 

II 

~~· 

z 

Figure D-1. Wheelset Travelling on Nominally Straight Track 
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Figure D-2. Wheelset Travelling on Nominally Straight Track 



0 
I 

1-' 
0 

y 

I 

J~~ r tjl 

' 1 .-x 

roller "a" 

15:1 
- -- -- f --=-=- - -_ 

___ itjla ·---r-r 
~-~=-.- -_l_ -;:: 

-----:~ --~~-~b j_ 
r-- ----.----

xb Roller "b" 

Figure D-3. Wheelset Rolling on Track Simulated by Rollers 
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Figure D-4. Wheelset rolling on Track Simulated by Rollers 
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Figure D-5. Force Produced by "Decrowning" 
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