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MOTIVATION 

CHAPTER 1 

INTRODUCTION 

The parameters that characterize the geometry or kinematics of wheel 
and rail contact have a dominant influence on rail vehicle dynamic behavior. 
The most important of these parameters, or wheel/rail geometric constraint 
relationships, are those describing the wheel rolling radii and the wheel/ 
rail contact angles as functions of the wheelset lateral position. Combina­
tions of these functions enter the rail vehicle equations of motion in the 
terms that are referred to as effective conicity and gravitational stiffness. 

The wheel/rail constraint functions can be estimated or computed for 
idealized wheel and rail profiles such as simple conical sections, cylinders, 
or profiles with constant transverse radii of curvature. These estimates 
have been used extensively to study the small motions of vehicles with new 
or slightly worn wheels. 

In developing mathematical models for the prediction and evaluation of 
freight car dynamic behavior, it became apparent that idealized wheel and 
rail profiles and associated wheel/rail constraint relationships could not 
be used in most cases. The worn wheel profiles observed on many of the 
freight cars in service appear to exhibit severely nonlinear characteristics 
that we expect to have a dominant influence on the vehicle stability and mo­
tion. Consequently, we undertook development of a method for obtaining accur­
ately and rapidly the desired wheel/rail constraint relationships for arbitrary 
wheel and rail head profiles. 

PREVIOUS WORK 

The linear estimates of the wheel/rail geometric constraint functions 
that can be easily obtained by observation for small motions of a wheelset 
with new, conical wheels were used in most early studies of the lateral dy­
namics of railway vehicles. However, the dominant influence of worn or 



profiled wheels on the lateral dynamics of railway vehicles was well known. 

Efforts were soon begun to determine the various wheel/rail geometric con­

straint relationships for profiled wheels. As most of the initial ihvesti~ 

gations of the lateral dynamics of railway vehicles were linearized analyses, 

early efforts focused on obtaining equivalent linear estimates of the dif­

ference in rolling radii and the difference in contact angles of the two 

wheels of a wheelset. After it became evident that the kinematic, or geo­

metric constraint relationships were, in .general, strongly nonlinear func­

tions of wheelset lateral displacement for given wheel and rail profiles, 

efforts were undertaken to obtain the geometric constraint relationships for 

actual wheel and rail profiles. 

Investigators at the British Railways Technical Centre have made major 

contributions to developing methods for determining the wheel/rail geometric 

constraint relationships. In their initfal work, linear estimates of the 

constraint relationships were expressed as functions of the wheel and rail 

profile radii of curvature and the slope of the wheel/rail contact plane at 

the equilibrium or centered position [1-1]. As discussed in reference [1-2], 

it was soon realized that the kinematic or geometric constraint relationships 

were, in gener9l, strongly nonlinear functions of wheelset lateral displace­

ment for given wheel and rail profiles. Attention was then directed toward 

determining these nonlinear functions. 

The British Railway Technical Centre's efforts to obtain the geometrjc 

constraint relationships for actual wheel and rail profiles are reported in 

1-l. Wickens, A. H., "The Dynamic Stability of Railway Vehicle Wheelsets 
and Bogies Having Profiled Wheels," International Journal of Solids 
and Structures, Vol. 1, 1965, p. 319-341. 

1-2. Wickens, A. H., "General Aspects of the Lateral Dynamics of Railway 
Vehicles, 11 ASME Journal of Engineering for Industry, Vol. 91, Series 
B. No. 3, August, 1969, p. 869-878. 
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reference$ [1-3], [1-4], and [1-5]. In [1-3], the variation of the contact 

point locations with wheelset lateral displacement were determined for given 

wheel anq rail profiles by traversing optically enlarged profiles across 

each other and inspecting for the point of contact. Once the contact points 

were found, the desired constraint relationships could be calculated with 

knowledge of the wheel and rail profiles. The wheel profiles were obtained 

using a mechanical wheel profile recorder. Although the discussion in [1-3] 

is not ~ufficiently detailed to draw a firm conclusion, it does not appear 

that two wheel profiles comprising a wheelset were traversed over two rail 

profiles separated by gauge distance. Thus, effects of wheelset roll angle 

may not have been considered. This is an important effect which should be 

simulated, especially for worn wheels and flange contact conditions. Never­

theless, the work in [1-3] was an important first step. 

Shortly afterward, as reported in [1-4], the finding that critical speeds 

of certain vehicles were lower on lengths of new track than on adjacent worn 

rails provided impetus for further investigations into the wheel/rail geometric 

constraint relationships. In [1-4] it was reported that a new instrument had 

been developed to record digital profile data. A new method of determining 

1-3. King, B. L., 11 An Evaluation of the Contact Conditions Between a Pair 
of Worn Wheels and Worn Rails in Straight Track 11

, DYN/37, September, 
1966, British Railways Research Department, Derby, England. 

1-4. King, B. L., 11 An Assessment of the Contact Conditions between Worn 
Tyres and New Rails in Straight Track, 11 DYN/42, December 1966, British 
Railways Research Department, Derby, England. 

1-5. Gilchrist, A. 0., 11 Variation Along the Track of Conicity and Rolling 
Line Offset, 11 DYN/62, July 1967, British Railways Research Department, 
Derby, England. 
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wheel/rail contact points had apparently replaced the optical method 

described in [1-3]. The method used in [1-4] depended on matching the 
slopes of the wheel and rail profiles at the contact position. Ap­
parently this was still done by hand after calculating and plotting 
the slopes of the wheel and rail profiles relative to distance along 
the axle centerline and rail base, respectively. It also appears that 
this technique was applied to a single wheel on a single rail as opposed 
to considering a complete wheelset on a pair of rails. Thus, the roll 
angle of the wheelset was neglected. 

A computer technique was soon developed [1-5] to calculate auto­
matically the variation with wheelset lateral displacement of the contact 
points and the difference in rolling radii. This technique required tabu­
lar input data for the wheel and rail profiles. This approach evidently 
considered a complete wheelset on two rails and thus accounted for wheel­
set roll. Details of the computational procedure or algorithm used were 
not discussed. From data presented, it appears that the procedure could 
be used for asymmetrical wheel and rail profiles. Various procedures for 
obtaining linear estimates for the wheel/rail geometric constraint rela­
tionships are discussed. These included the following: (a) fitting a 
straight line by eye through a central, nearly linear portion of the graph; 
(b) obtaining a least squares fit for a specific wheelset lateral amplitude; 
and (c) applying, for a given probability distribution of wheelset lateral 
amplitude, the statistical linearization procedure described by Booton in 
[1-6]. Experimental validation of the computational procedure used in [1-5] 
was not discussed or presented. Machines for measuring wheel and rail head 
profiles are shown and discussed in [1-5]. 

More recently [1-7], devices for recording wheel and rail profiles and 
analytical methods for evaluating the wheel/rail geometric constraint rela­
tionships have been developed by British Railways (BR), the French National 

1-6. Booton, R. C., "Nonlinear Control Systems with Random Inputs,.~ Inst. of 
Radio Engineers, Trans. on Circuit Theory, Vol. CT-1, No. 1, 1954. 

1-7. Anon., "Geometry of the Contact Between Wheelset and Track Part 1: Methods 
of measurement and Analysis," Question Cl16, Interaction Between Vehicles 
and Track, Report No. 3, October, 1973, Office for Research and Experi­
ments of the International Union of Railways (ORE), Utrecht, the Nether­
lands. 
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Railways (SNCF), and the German Federal Railways (DB). A very much 

abbreviated discussion of topics discussed in [1-7] is presented in 
[1-8]. The devices developed by the BR and SNCF record the wheel and 
rail profile coordinates on dial indicators. Those developed by the 
DB record the profile in analog form on a waxed paper chart. These 
devices are evidently designed to be located with respect to the op­
posite wheel or rail and record the distance between flange backs or 
rail gauge. A separate device is used to measure wheel diameter at a 
specified distance from the flange back. 

The analytical method for determination of the wheel/rail contact 
points developed by the SNCF as reported in [1-7] does not consider 
wheelset roll relative to the track. However, it does consider a com­
plete wheelset on a pair of rails. The algorithm or logic used to deter­
mine contact is not discussed. However, it may be based on finding points 
of equal and minimum separation between the right and left wheels and rails.* 

The first step of the analytical procedure developed by the DB is to 
digitize the analog profiles recorded by the measuring machines. High 
order polynomials are then fitted to the wheel tread and rail head in each 
of about three or four sections. The polynomial approximations are ob-
tained by ensuring that the sum of the squares of the errors between poly­
nomial and profile data points are minimized. The algorithm for finding 
contact points depends on assuring equality of the slopes of wheel and rail 
surfaces at contact. If several points fulfill the slope equality condition, 
the point of contact is considered to be that where the minimum separation 
distance occurs. The algorithm is also :capable of detecting two-point contact. 
It appears that wheelset roll angle is considered. 

1-8. 

* 

Anon. , 11 Geometry of the Contact Between Whee 1 set and Track,., 11 Communi ca­
tions of the ORE, Rail International, March 1974, p. 252-2~6. 

This assumption is based on the statement that 11 
••• point contact is 

assumed both on the right and on the left, this being a direct result 
of the separation of wheelset and rails 11 [1-7]. 
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The first step of the method developed by BR is to fit circular arcs 

over a number of zones (typically about thirty) to both the wheel and rail 

tabular profile data. Prior to calculating contact points the wheel and 

rail profile data are smoothed. It is not apparent from the discussion in 

[1-7] whether this is done to the data before or after the circular arc 

approximations are fitted. However, the discussion seems to imply that the 

raw data are smoothed before fitting the circular arcs. The algorithm for 

determining the contact points calculates the minimum distance between wheel 

and rail profiles for each zone. The minimum of these minima gives the con­

tact points provided equal minima are calculated for left and right wheels. 

If the minima for left and right wheels are not equal, the program iterates 

on wheelset roll angle until equality is obtained. This process is repeated 

over a range of wheelset lateral displacement. The effective conicity is 

obtained via the statistical linearization procedure of Booton [1-6]. The 

linearization procedure is carried out for a range of standard deviations 

of lateral wheelset motion. 

The three methods (SNCF, DB, and BR) of obtaining the variation of the 

difference in rolling radii with wheelset lateral displacement are compared 

in [1-7]. Profile data were obtained from the same wheels and rails by the 

measuring devices of each organization and then processed by each of the 

three methods. The methods gave fairly similar results although differences 

are apparent. 

OBJECTIVES 

The objectives of the work described in this report were (a) to develop 

an analytical procedure to calculate the nonlinear wheel/rail geometric con­

straint relationships for any given wheel and rail head profiles; (b) to 

develop experimental equipment and a procedure to obtain experimental data 

that could be used to validate the analytical procedure; (c) to use the vali­

dated analysis to calculate wheel/rail geometric constraint relationships for 

several wheel and rail head profiles; (d) to examine effects of wheel and rail 
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wear and gauge on the wheel/rail geometric constraint relationships; and, 
(e) to develop and use an accurate and fast procedure to obtain tabular 
wheel and rail head profile data from graphical data. 

SUMMARY OF REPORT 

The work performed in achieving the objectives outlined above is dis­
cussed in the following chapters. We discuss the general subject of the 
wheel/rail geometric constraints in Chapter 2, focusing on (a) the physical 
bases for the effective conicity and gravitational stiffness effects, 
(b) the specific wheel and rail profiles used in this study, and (c) the 
quasi-linearization procedures used in obtaining equivalent linear values. 
The experimental work is described in Chapter 3. The apparatus developed 
during the study and the experimental procedures developed to determine the 
contact points are discussed together with the interactive computing procedure 
developed to obtain tabular data from graphical profile data. In Chapter 4 
we discuss the computational algorithm developed to predict analytically the 
contact point variation with wheelset lateral displacement. The results of 
the analytical process are then compared at two levels with those determined 
experimentally. Experimental and analytical data are compared for contact 
points and constraint relationships (such as difference in rolling radii and 

·contact angles). In Chapter 5, we present a limited parametric study for 
several combinations of wheel and rail profiles in various states of wear. 
We also present an evaluation of the effects of gauge for a particular combina­
tion of wheel and rail profiles. Finally, in Chapter 6 we present our conclu­
sions and recommendations for future work. A Users• Manual and listing for 
the digital computer program to determine analytically the wheel/rail geo­
metric constraint parameters is included in the Appendix. 

7 





CHAPTER 2 

WHEEL/RAIL GEOMETRIC CONSTRAINTS 

I NT RO DU CTI ON 

Although nearly all railroad wheels start out with identical wheel 
tread profiles, these profiles wear with service, assuming a wide variety 
of shapes as they wear. Rails, too, begin with nearly identical head pro­
files that are altered by the traffic over them. The distance between rails, 
or rail gauge, will also vary due to initial construction tolerances and the 
effects of the loads imposed on them. This report presents the results of 
bur first efforts to understand how these variations in wheel and rail ge­
ometry affect the parameters that influence the lateral motions of railway 
vehicles. 

This effort should be regarded as an initial investigation to deter­
mine the sensitivity of the wheel/rail geometric constraints to wide varia­
tions in wheel and rail conditions rather than a comprehensive survey of 
wheel and rail conditions on American railroads. The results of this work 
revealed a strong sensitivity of the wheel/rail constraints to wheel/rail 
geometry. Consequently, we expect a wide variation of the wheel/rail par­
ameters from wheelset to wheelset and track section to track section. The 
comprehensive survey mentioned above should be undertaken to establish the 
ranges of wheel and rail wear that can be expected, and to define nominal 
cases for wheel and rail profiles in various states of wear. 

The five wheel profiles and two rail profiles used in this study are 
discussed in the following section. In subsequent sections we discuss (1) 
the wheel/rail constraint relationships and their influence on vehicle dynamics, 
and (2) methods for approximating these relationships in dynamic analyses. 
In the final section of this chapter we outline the approach taken to obtain 
the desired information about the wheel/rail geometric constraints for arbi­
trary wheel and rail profiles. 

8 
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WHEEL AND RAIL PROFILES 

The changes in wheel profile that occur during the service life of 
the wheel are due to both material wear and cold working of the wheel mater­
ial. The rate of change and the nature of the change depend on a variety of 
factors including the vehicle condition, the vehicle suspension system, the 
Vehicle loading, the operating speed, and the track condition. 

The wheel tread profiles for all eight wheels of a railcar with 85,000 
miles of service are presented in figure 2-1. Interestingly, the wheels on 
this car show a wide variety of wear patterns. Wheel wear begins by a hol­
lowing of the tread from the flange throat toward the field side on the tread, 
and from the flange throat up the flange. This initial wear may be seen by 
comparing the nearly new tread on the left wheel of axle 1 with the light wear 
seen on the right wheel of axle 3. As the wheels continue to wear, hollowing 
of the tread continues and the flange wears to increase the flange slope, as 
seen in the extreme case on the left wheel of axle 4. 

Unequal wear patterns such as those seen in figure 2-1 are common on 
American freight cars. Several theories for this unequal wear have been ad­
vanced, including unequal forces in the brake rigging, variations in wheel 
diameters on the same axle, friction at the centerplate, and misalignment 
of the axles. Once unequal wear begins, it appears that continued wear will 
reinforce the unequal pattern. This is probably due to a tendency of the 
wheelset with unequal wheel profiles to align itself on the rail in an off­
set position. When this happens the points of wear will differ on the left 
and right wheel. Consequently, unequal wear will continue. Severe examples 
of this behavior may be seen on axles 3 and 4 of figure 2-1. 

In this study, five wheel profiles were investigated including a new 
wheel, a worn wheel in three different states of wear, and a modified Heumann 
profile. These profiles are shown in figure 2-2 and 2-3. The new wheel has 
a standard, 1/20 tapered profile. The worn profiles, supplied by the Associa­
tion of American Railroads, depict three wear conditions for a wheel in ser­
vice on a 70 ton hopper car. The downward slope on the outer portion of the 

10 



{ 
• 

NEW WHEEL lA \ \ 
#·1 WORN PROFILE"-

~ 1 ~ 
::;:::::-v 

~ 

l \ 

v \ 
' I ~ W~RN PROFILE 

tt2 WORN PROFILE 

~NEW WHEEL 
TAPE LINE 

FIGURE 2-2 WHEEL PROFILES FROM A 70 

TON HOPPER CAR 

11 

~ 



~NEW WHEEL TAPE LINE 

-~ l'ol.. 

( \ 
/ 

~ 

--- \ 

I 
~ 

FIGURE 2- 3 MODIFIED HEUMANN WHEEL PROFILE 



concave profile of the two most worn profiles should be noted. This 11 down­
turned" characteristic* influences the wheel/rail parameters in an important 
way, as discussed at length in Chapter 5. 

Increasing wheel mileage also leads to flange wear, as easily seen in 
figure 2-2. Because the wheel gauge is determined by a flange back to flange 
back measurement and does not change after the wheels are mounted on the axle, 
worn wheels have a great deal more clearance between the flange and the rail 
than do new wheels. The most severely worn wheel profile shown in figure 2-2 
has 0.20 inches more clearance before climbing the flange than does the new 
wheel. 

The fifth wheel profile studied in this project, the modified Heumann 
profile was originally developed in the 1930's by H. Heumann, a German engi­
neer [2-1]. This profile was designed to provide a single point of contact 

between wheel and rail at all wheelset lateral positions. Several years ago, 
this contour was modified by J. L. Koffmann of the British Railways Board for 
use on the British Railways [2-2]. This modified Heumann profile may provide 
better wear characteristics than the standard, tapered profile. The modified 
Heumann profile shown in figure 2-3 is a slight modification of Koffman's pro­
file, designed by Eck and Berg [2-3] to meet U.S. rail conditions. 

In this initial study, only the geometric constraints between symmetrical 
wheelsets and rails were investigated. Although the analytical techniques and 
programs are capable, with minor modifications, of handling unequally worn or 

asymmetrical wheels and rails, a thorough study of such situations was left for 
a future project. 

The changes in rail profile under the influence of traffic are not as 
dramatic as the wheel profile changes. New and worn rail head profiles are 
shown in figure 2-4 and 2-5. The worn rail profile C shown in figure 2-4 has 

*We do not know, at this time, whether this "downturn" is representative of 
the worn railroad wheel population. Such an investigation should be made. 

2-1. Heumann, H. "The Problem of the Tyre Profile, .. Organ. f.d. Fortschritte 
des Eisenbahnwesens, val. 89, no. 18, Sept. 15, 1934, p. 336-342. 

2-2. Koffmann, J. L., 11 Heumann Tyre Profile Tests on British Railways, .. Rail­
way Gazette, 1965, p. 279. 

2-3. Eck, B.J. and N.A. Berg, "Looking for Tomorrow's Wheel Profile, .. ASME 
Winter Annual Meeting, Detroit, Nov. 1973. 
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seen 466 million gross tons of service while the worn profile A of figure 
2-5 has been subjected to nearly 900 million gross tons. Wheel/rail con­
tact on new rail occurs over the gauge or inner half of the rail profile, 
CpUsing wear and cold working of the rail head. This initial wear skews 
the rail head profile, often wearing the gauge more than the field or 
outer side, as seen in profile C of figure 2-4. However, many worn wheels 
will contact a rail profile such as profile Con the field side of the rail. 
This contact position is more likely to occur when the wheels have the con­
cave profile with negative slope seen in profiles 2 and 3 of figure 2-2. 
Contact on the field side of the rail is also more frequent on wide gauge 

' track for worn wheels. When contact occurs on the field side of the rail 
head this side wears and material is cold worked to the inside. The result 
is a worn rail profile such as that shown in profile A of figure 2-5. 

The rail profiles shown in figure 2~ were used in the parametric 
study described in Chapter 5. 

WHEEL RAIL CONSTRAINT RELATIONSHIPS 
Railway wheelsets, as they roll along the track, are constrained to 

move laterally and vertically in a prescribed space determined by the geo­
metry of the wheels, rails and track structure. The characteristics of 
these geometric constraints determine, to a large extent, the nature of 
the lateral motions of the wheelsets. The wheelset position may be des­
cribed by two independent variables, the lateral position of its geometric 
center relative to the track centerline, xw, and the angular rotation of 
the wheelset about a vertical axis, e • The remaining motions of the wheel-. w 
set such as roll or vertical movement, are determined by the geometric con-
straints. 

For our purposes in studying the lateral dynamics of rail vehicles, 
we must know the following information as a function of the independent 
variables, xw and ew: 

rL instantaneous rolling radius of the left wheel 
rR instantaneous rolling radius of the right wheel 
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yl instantaneous height of contact point on the left rail 
YR instantaneous height of contact point on the right rail 
ol angle between the contact plane on the left wheel and 

the axle centerline 
oR angle between the contact plane on the right wheel and 

the axle centerline 
~w -- roll angle of the wheelset with respect to the plane of 

the rails. 
These constrained variables, corresponding coordinate systems, and contact 
point definitions, are illustrated in figures 2-6 and 2-7. 

The dependence of these constrained variables on the yaw angle of 
the wheelset is a second order effect. Consequently, for our purposes it 
is sufficient to determine the functional relationships between the wheelset 
lateral displacement and each of the constrained variables. 

The rolling radii constraints enter the wheelset equations of motion 
as the difference between the rolling radii at the two wheels of the wheelset. 
When the wheelset is displaced from a centered position between the rails 
the difference between the rolling radii at the left a~d right wheels 
requires that the velocity of the wheel at the contact point on the wheel 
with a larger rolling radius be greater than the velocity at the contact 
point on the other wheel. The result is partial slip, or creep, at the wheel/rail 
interface giving rise to a moment which results._from the tangential or creep 
forces at the wheel/rail interfaces. This moment tends, in most cases, to 
steer the wheelset towards the centered position of the rails. 

The nature of the relationship between rolling radii difference and 
wheelset lateral position varies widely. For a new wheel with a conical 
taper, the difference in rolling radii depends linearly on the wheelset ·· 
lateral displacement, xw, until flange contact. is made. The constant of propor­
tionality, called the wheelset conicity, is the wheel profile taper (usually 
1/20 or 0.05). As the wheels wear, the change in rolling radii difference 
with wheelset lateral displaceme~t becomes more nonlinear, and, over certain 
ranges, is much greater than the change with new wheels. Thus, the 11 effective 11* 

*The meaning of 11 effective 11 in this context is discussed in the section on 
quasi-linearization. 
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conicity with worn wheels is often much greater than for new wheels. The 
nature of this relationship between the difference in rolling radii and 
wheelset lateral position is discussed at greater length in Chapter 5. 

The important influence of the difference in rolling radii on rail 
vehicle dynamics has been recognized for'quite some time. The difference 
in rolling radii with wheelset lateral displacement has a dominant effect 
on the nature and stability of the rail vehicle motion. If the conicity 
is zero, as it is for cylindrical wheel tread profiles, then the vehicle 
will never experience hunting, but must rely on the wheel flanges for 
guidance. In general, increasing the "effective" conicity is a destabil iz­
ing effect, meaning that the critical speed for onset of hunting is lower 
with larger values of conicity. 

The contact angle constraints enter the rail vehicle equations of 
motion in the description of the magnitude and direction of the contact 
forces between the wheel and rail. Of particular importance is the dif­
ference in lateral components of the normal forces between wheels and rails 
This difference, often referred to as the gravitational stiffness effect, is 
approximately equal to the axle load multiplied by half the difference in con­
tact angles plus the roll angle, for small contact angles, i.e., 

gravitational stiffness force = axle load X (6L ; 0R + ¢w) 

At larger contact angles trigonometric functions of the contact angles enter 
the expressions for these terms. 

In most cases, this gravitational stiffness force acts in a direction 
to move the wheelset towards the centered position. If the gravitational 
stiffness is large, due to a large change in contact angle difference with 
lateral displacement, significant lateral restoring forces will be produced. 
Thus, gravitational stiffness can be termed a stabilizing effect. 

The contact angles for new wheels when centered are, of course, the 
angles of the wheel tread taper. The angle of contact with respect to the 
axle remains at this value until the wheelset is shifted laterally far enough 
for the contact point to move to the flange. For either new or worn wheels, 
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the contribution of the roll angle to the gravitational stiffness effect is 
about the same. However, when contact occurs in the tread region, the 
contribution of the difference in contact angles to the gravitational stiff­
ness is potentially very large for worn wheels but is always zero for new 
wheels. 

This gravitational stiffness effect can provide more restoring force 
than the vehicle suspension for a heavily loaded wheelset. The stabilizing 
benefit of this effect, however, is far less important for light vehicles. 
In general, as the wheels wear, both the wheelset conicity and the wheelset 
contact angle difference increase. Because one change is stabilizing and 
the other destabilizing, the resultant effect on vehicle stability depends 
on the relative magnitudes of the terms .. The dependence of the gravita­
tional stiffness effect bn wheel load means that wheel wear will be more 
destabilizing for light vehicles than for loaded or heavy vehicles. 

The assumption is often made, in setting up the lateral equations of 
motion for rail vehicles, that the gravitational stiffness terms are approxi­
mately equal in magnitude and opposite in sign to terms in the tangential 
wheel/rail force expression that describe the lateral/spin creep* contribu­
tion to these forces. This assumption permits one to omit both the gravi­
tational stiffness and the lateral/spin creep terms from the equations of 
motion. This assumption appears reasonable for passenger vehicles, or 
European freight vehicles where the wheel loads are smaller than those car­
ried by North American freight cars. However, this equivalence assumption 
does not hold for the large wheel loads carried by North American freight cars. 

The third geometric constraint to enter the equations of motion des­
cribes the roll of the wheelset about a longitudinal axis as the wheelset 
moves laterally. Although the roll inertia of the wheelset only enters as a 
second order effect, the roll dependence also appears in terms describing 
the 11 gyroscopic 11 effects, certain aspects of the creep forces, and the 

*The lateral force due to lateral/spin creep arises from an asymmetric distri­bution of shear stresses in the contact region due to a relative angular velocity, or spin, about the normal to the contact plane. 
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gravitational stiffness as previously discussed. These gyroscopic effects 
are normally small, but can be important at high speeds. 

The roll constraint relationship, like the other wheel/rail geometric 
constraints, may vary considerably from one wheel profile to the next. The 
roll displacement of a wheelset with new wheels as it moves laterally is 
quite small. As the wheels wear, variation of the angle of roll with lateral 
displacement may or may not change significantly from the new wheel case. 
There is rarely a dramatic change in this relationship as the wheels wear. 
In most cases, these wheel/rail constraint relationships are not well be­
haved functions of the wheelset lateral position. When the contact point 
between wheel and rail jumps, the rolling radii and contact angle constraints 
also change discontinuously, and only the wheelset roll angle remains a con­
tinuous function of lateral position. The most obvious of these jump dis­
continuities occurs when the flange comes into contact. Worn wheels may, 
and usually do, have several lateral positions where the contact point jumps 
across the wheel and rail. 

QUASI-LINEARIZATION 
The dynamics of rail vehicles can be studied most easily when the 

vehicle behavior is described by linearized equations of motion. Techniques 
for determining stability and forced response of linear systems are widely 
available and offer great computational advantages over nonlinear analysis 
methods. The rail freight car, however, has several nonlinear characteristics 
that can not be ignored, including suspension friction, clearances between 
components, and the wheel/rail geometric constraints under discussion here. We 
shall refer to such an equivalent linear representation as a quasi-linearization. 

The describing function approach to quasi-linearization is particularly 
convenient for investigating the stability of nonlinear systems such as the 
rail vehicle. Quasi-linearization of a nonlinear system involves replacing 
the nonlinear functions, 

y_ = f (2S_) 

where: xLy_, are vector quantities 
with quasi-linear functions of the form, 

( 2-1) 

lg_ = N(a) 2S_ (2-2) 
where: a is a vector that depends on the properties of x. 
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The describing function approach [2-4], [2-5], selects the matrix, N(~), 
to minimize the mean square error between the nonlinear and the quasi-
11near response, i.e. 

min E(t)2 = min (f-N~) T (f-N~) 
N 

(2-3) 

To carry out the minimization suggested in equation 2-3, the input 
signal, ~(t), must be specified. In general [2-4], ~(t), can be composed 
of sinusoidal, constant bias, and random input signals. In this discus­
sion, only sinusoidal input signals are considered. 

The describing function defined by equation 2-3 for a nonlinear 
element, y = f(x), reduces to the following equation* when x(t) is Asin(e), 

1 J 2rr I w 
Yg_ = N(A) = 21TA 

0 
f(Asine) sinede (2-4) 

Using this equation, the describing function for any single-valued, nonlinear 
relationship can be computed either analytically or numerically. In general, 
the resulting describing function wi 11 b(! a function of both the frequency 
and amplitude of the input signal. However, when f(x) is single-valued and 
does not depend on derivatives of x, the describing function will only depend 
on the input amplitude. If f(x) is linear, then the describing function deter­
mined by equation 2-4 will be merely the coefficient of x, a constant. 

If the nonlinear wheel/rail geometric relationships are known, describ­
ing functions for these relationships cah be computed numerically using 
equation 2-4. The computation of such describing functions for the contact 
angle difference, the rolling radii difference and the roll angle relationships 
is discussed in Chapter 4, and the results of the computations presented in 
Chapters 4 and 5. 

These describing functions can be used in a linear analysis in several 
ways. If one is only interested in a qualitative understanding of the expected 

2-4. Gelb, A., and W. VanderVelde, Multiple-Input Describing Functions and 
Nonlinear System Design, McGraw-Hill, 1968. 

2-5. Siljak, D., Nonlinear Systems: The Parameter Analysis and Design, J. Wiley 
& Sons, 1969. 

*This equation is only valid for single valued functions. 
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vehicle behavior, one might select an equivalent linear value for each of 
the wheel/rail constraints by choosing the describing function value at 
one particular amplitude, the flange clearance perhaps. A more complex 
analysis to determine the existence and stability of limit cycles entails 
an iterative solution that searches out the amplitude and corresponding 
describing function values that meet the conditions for limit cycle exis­
tence. This process is described in reference [2-6]. 

APPROACH 
The specific objective of the study discussed in this report was to 

develop the capability of determining the wheel/rail geometric constraints 
for arbitrary wheel, rai1, and track structure conditions, and to put these 
relationships in a form that could be easily incorporated into rail vehicle 
dynamic analyses. We felt that achievement of this objective required 
development of analytical techniques to determine numerically the desired 
relationships, conduct of experiments to determine the relationships for 
several representative wheel and rail conditions, validation of the analytical 
technique with the experimental results, and computation of the constraint 
relationships for a limited sample of cases. 

The results of our efforts on each of these tasks are discussed in the 
following chapters. Completion of this effort has brought us a great deal 
closer to our goal of modeling dynamic behavior of American rail freight cars. 
Extensive application of the techniques described here, however, requires 
effort beyond the scope of this study. Of particular importance is the 
development of a data bank of wheel and rail profiles in a wide variety of 
conditions. 

2-6. Cooperrider, N.K., Hedrick, J.K., Law, E.H. and C. W. Malstrom, 11 The 
Application of Quasi-Linearization to the Prediction of Nonlinear Railway 
Vehicle Response,.~ presented at the IUTAM Symposi urn on Vehicle 
Mechanics, Delft, August 1975. 
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INTRODUCTION 

CHAPTER 3 
EXPERIMENTAL RESEARCH 

The equipment and procedures that we developed and used to determine wheel/ 

rail contact points, to obtain tabular wheel/rail profile data, and to compute 

the wheel/rail geometric constraint relationships are discussed in this 

chapter. One objective of this experimental research was to provide the data 

needed for validation of the analytical procedure described in Chapter 4. An 

additional objective of this work was to develop a fast and accurate method 

of obtaining tabular data from graphical profiles of wheels and rails for 

subsequent use in providing input data to the analytical procedure. 

The experimental apparatus used in this research effort is described in 

the first section below, followed in the second section by a description of 

the experimental procedure used with this equipment to determine the wheel 

and rail contact points. The experimental results are presented and discussed 

in the third section. The interactive computing procedure developed to 

obtain wheel and rail profiles is discussed in the fourth section. The fifth 

section of this chapter deals with the computational procedures used to find 

the wheel/rail geometric constraints from the experimental profile and contact 

position data. We summarize our conclusions on the experimental research in 

the final section. 

EXPERIMENTAL APPARATUS 
The experimental apparatus that we developed and used to measure the 

wheel/rail geometric parameters is a full scale model of the wheel and rail 

surfaces. We call this device a profilometer. The profilometer, shown in 

figure 3-1, consists of two main assemblies (1) a track assembly, and (2) 

a wheelset assembly. The track assembly comprises two rail sub-assemblies, 

each holding a one half inch thick rail section mounted on an aluminum bar 

that is rigidly bolted to a flat surface. The rail sub-assemblies are con­

structed to allow adjustment of the rail cant angle and gauge. The wheelset 

assembly consists of two, one half inch thick, plexiglass wheel profiles and 

a wheelset centroid locating bar mounted on another aluminum bar. The 

distance between wheels on this assembly can be adjusted. 
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Wheel profiles supplied by the Association of American Railroads (AAR)' 

in full scale graphical form were used for these experiments. The first step 

in making the plexiglass profiles was to paste a paper copy of the profile on 

the plexiglass. The plexiglass profile was then cut carefully with a jig 

saw, smoothed and polished. The accuracy of the plexiglass profile produced 

by this process depended on the skill and care of the machinist who cut and 

polished the wheel profile. 

Wheel tape lines were defined and marked on each profile for later use 

iil establishing the separation between the two wheels. For the new wheel, 

the line was located by the standard procedure shown in figure 5.11 of 

reference [3-l]. The tape line location for worn wheel profiles was defined 

by transferring the tape line for a new wheel of the same type to the worn 

profile. Thus, the tape line position remained unchanged by wheel wear. 

As shown in figure 3-2, a small hole was drilled in each wheel profile. 

This hole· is used to plot the vertical displacement of each wheel profile as 

the wheelset is shifted laterally. The roll angle of the wheelset at each 

lateral position is computed from these vertical displacement measurements. 

The contact position between the wheel and rail at each lateral position 

i~ measured by means of a resistance wire mounted on the wheel tread. The 

resiitance wire is bonded in a shallow groove on the wheel tread, and is 

extended up both sides of the wheel profile to connections at terminals mounted 

on the wheel profile. Figures 3-2 and 3-3 illustrate the resistance wire and 

its connections. 
The one half inch thick sections of actual rails used in the profilometer 

w·ere supplied by the AAR. The rail sections are mounted on sub-assemblies 

that can be moved with respect to the track center line, and can be adjusted 

to different values of rail cant angle. A center line, perpendicular to the 

base of the rail and passing through the center of the base, was scribed on 

the face of each rail section. The lateral locations of the contact points on 

the rail head were referred to this line. 

The lateral position of the wheelset assembly is measured with the wheel­

set centroid locating bar. This locating bar is mounted at the center of the 

wheelset assembly in a position perpendicular to the wheelset centerline. 

3-1. Anon., 11 Wheel and Axle Manual , 11 Tenth Edition, Oct. 1972, Association 
of American Railroads, Washington, DC. 
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PROFILOMETER EXPERIMENTAL PROCEDURE 
The experimental procedure used to obtain data with the profilometer was 

developed over a period of time to that described below. Initially, we tried 
to locate the rail/wheel contact points by sliding thin shims towards the 
contact point from either side. The midpoint of the contact length defined 
by the maximum penetrations of the shims was considered to be the contact point. 
However, that procedure was not sufficiently accurate. We then attempted to 
develop a discrete means of defining the contact point by using for the wheel 
a "sandwich" constructed aHernately of thin ccnducting and insulating materials. 
We intended to place this "sandwiched" wheel on the rail, impose a voltage 
across wheel and rail, and check each conductor to see which one was actually 
conducting. This method proved cumbersome. We then developed the method of 
placing a resistance wire in a groove on the tread. This latter method was 
suggested by Mr. I. Gitlin of the Association of American Railroads. 
Calibration of Wheel Profiles 

The contact position on the wheel profile is located by measuring the 
electrical resistance of the high resistance wire* mounted on the wheel tread 
surface. This measurement yields the resistance from either one of the 
terminals on the plexiglass wheel to the rail. Because the electrical re­
sistance of the rail can be neglected, only the resistance of the wire is 
measured. The lateral position of the wheel contact point relative to the 
wheelset is determined by calibrating the resistance of the wire in terms of 
lateral distance from the tape line parallel to the wheelset centerline. The 
equipment set-up used to make this measurement is shown in figure 3-4. 

Each wheel profile was calibrated by a two step procedure. First, points 
along the wheel tread surface, equally spaced at 0.05 inch intervals, were 
located. The resistance of the wire from each terminal to each of these equally 
spaced points on the wheel surface was measured using a digital VOM** capable 
of reading to 10-2 ohms. This step was done twice for each wheel profile 
calibrated. Excellent repeatability was obtained in all cases. The second step 
involved locating the points on the wheel surface relative to the wheel tape line. 

*The wire used was made of nickel-chromium alloy (Nichrome V) and was 32 gauge, 
0.008 i~ diameter, and had a nominal resistance of 10.16 ohm/ft. 

**A Data Precision digital VOM, Model 2540, was used. 
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The calibration results were recorded in a table listing the resistance in ohms 
and distance from the tape line at each of the equally spaced points along the 
wheel surface. The sign convention used in this work assigned positive values 
to distances from the tape line to points on the field side of the wheel and 
negative values to distances to points on the gauge or flange side of the 
wheel. 
Profilometer Set-Up and Alignment 

The profilometer must be aligned and adjusted before beginning the con­
tact point measurements. The rail gauge is established by setting the distance 
between points located on the gauge sides of the left and right rails at a 
distance of 5/8 inch vertically below the top of the rail. Lines were scribed 
accurately on an aJuminum gauge bar to define the position of each rail for 
three rail gauges corresponding to tight, nominal, and wide gauge. The track 
centerline position was scribed on the bar as were the positions of the wheelset 
centroid and the wheel tape lines for a nominal wheel gauge. This bar 
was then used to set and check wheel and rail gauge and the locations of the 
wheelset centroid and track centerline in all cases. The rail cant was 
adjusted to the desired angle between the base of the rail and the horizontal 
reference. This angle was checked by measuring the height of each side of the 
rail base above the horizontal reference with calipers and then calculating the 
angle. 
Contact Point Measurement/Wheel 

Wheel contact position measurements were taken at a series of lateral 
positions of the wheelset. The displacement of the wheelset centroid from 
the track center line was established by aligning the centroid locating bar with 
lines on a sheet of graph paper fixed to the board holding the track assembly. 
Graph paper with twenty divisions to the inch provided convenient intervals of 
wheelset lateral displacement for these contact point measurements. 

The location of the contact point on the wheel at each value of wheelset 
lateral displacement was determined by measuring the resistance from each .,. 
terminal to the rail via the tread resistance wire, and finding the distance 
from the tape line to the contact position in the calibration table. The 
wiring diagram for this measurement is shown in figure 3-5. Measurements were 
made for eachwheelset lateral position using both terminals. This allowed 
us to determine the length of the contact between the wire and the rail. 
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Occasionally the wheel and rail contacted simultaneously at two separate points. 
In such a case one reading located the end point of one contact segment, and the 
other reading established the end point of the other contact segment. We 
observed that the length of each contact segment when two point contact occurs 
is usually very small. Therefore, the points of contact obtained from the two 
resistance readings should be very close to the midpoints of the contact 
segments. 
Contact Point Measurement/Rail 

The contact point on the rail head at each value of wheelset lateral 
displacement was determined after the contact point on the wheel was found. A 
square was laid against the aluminum bar of the wheelset assembly (figure 3-1) 
such that the edge normal to the bar was directly over the midpoint of the 
wheel contact "point" (the middle of the length of wheel in contact with the 
rail). The point of intersection of the edge of the square with the rail 
head surface was assumed to be the contact point on the rail. The lateral 
distance of this point from the rail centerline was measured with the calipers. 
In places of two point contact, this procedure was used to locate each point 
of contact on the rail. 
Ro11 Angle Measurement 

The wheelset roll angle was determined by plotting the vertical position 
of each wheel on a sheet of graph paper taped on the board below each wheel 
profile. The plotting hole provided in each wheel profile was used for this 
process. Initially, the wheelset was located in its centered position, and a 
point was plotted for the left and right wheels. If everything is properly 
adjusted, a straight line drawn through these points will be parallel to the 
horizontal reference. As the wheelset was displaced laterally, the vertical 
positions of each wheelwere plotted on the two sheets of graph paper. The 
wheelset roll angle was computed from these vertical displacement records. 
E~perime~tal Etror 

Errors in experimental measurements made with the profilometer can be 
attributed to two major sources: (1) tolerances or errors in manufacturing 
and setting up the experimental apparatus, and (2) tolerances or errors in the 
measurement processes involved in using the device. The possible manufacturing 
and set up errors are due to the following operations: 

1. Calibration of the resistance wire. This is accomplished by 
placing the ohmmeter probe at points along a piece of graph paper 
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that has been attached to the plexiglass wheel profile. The error 
in this calibration is due to two independent sources; location of 
the probe relative to the graph paper, and reading the ohmmeter. We 
estimate that the maximum error in each of these processes is + 0.01 
inches.* 

2. Locating the wheel tape line relative to the graph paper used for 
the resistance wire calibration. The distance between the tape 
line scribed on the wheel during the manufacturing process and each 
of the major grid lines on the graph paper was measured and used to 
set up the calibration table for the resistance wire. We estimate 
that the possible error in this process is ~ 0.01 inch. 

3. Setting the wheel gauge and locating the wneelset centerline. This 
process requires aligning the scribed tapelines on the wheels and 
the scribed line on the centroid locating bar with lines scribed on 
a gauge bar. The gauge bar was accurately machined to tolerances of 

about + 0.001 inches. The processes of locating the tape lines and 
centerline relative to the gauge bar are independent with maximum 
errors of + 0.01 inch. 

4. Setting up the rail gauge and locating the rail centerline. This 
process employs a gauge bar similar to that used to set rail gauge 
in the field. The errors in manufacturing the bar are minimal. The 
processes of locating each rail and placing a piece of graph paper at 
the centerline between the rails are independent, with estimated 
error bounds of + 0.01 inch. 

The errors that may be incurred during the process of using the profile­
meter arise in the following operations: 

1. Locating the wheelset centroid relative to the rail centerline. This 
process involves aligning the scribed line on the centroid locating 
bar with grid lines.on the graph paper that is attached to the table 
holding the rails. We estimate that the possible errors in the step 
are + 0.02 inches. 

*The ohmmeter specifications state that the meter accuracy is + 0.01 ohms. 
The wire used has a linear resistance of about one ohm per inch. Conse­
quently the meter reading has an error range of + 0.01 inches. 
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2. Measuring the contact position. The most significant 

source of error in this step is due to the ohmmeter. As 

stated above, the possible error here is ~ 0.01 inch. 

In interpreting and using the data obtained with the profilometer we 

are interested in the uncertainty in the values of the measured contact 

positions, and the uncertainty in the wheelset lateral position where certain 

events occur, such as a jump from tread to flange contact. To obtain 

estimates for these two values certain assumptions must be made. We will 

assume that the operations that contribute to the experimental uncertainty 

are stochastic processes with Gaussian statistics. We will also assume that 

the error bounds discussed above represent 99.7% of the possible variation, 

and consequently can be equated to ~ 3cr, where cr is the standard deviation 

of the Gaussian process. The assumption will also be made that the various 

operations are statistically independent. With these assumptions, the 

following result for the sum of independent, normally distributed, random 

variables [3-2] will be used: 

N = L: 

where 
i =1 

N 

cr. 
1 

cr. 
1 

2 

number of random variables 

standard deviation of the ith variable 

standard deviation of the sum of n variables 

( 3-1) 

The cumulative uncertainty in locating the wheelset centroid at the 

desired position relative to the centerline of the rails is due to un­

certainties in establishing the wheelset centroid, establishing the rail 

centerline, and setting the wheelset centroid at the desired position relative 

to the graph paper that measures distances from the rail centerline. The 

first two operations have error bounds of ~ 0.01 inches while the bound on 

the third operation is ~ 0.02 inches. If we equate these error bounds with 

~ 3cr,and employ equation 3-1 we find that the standard deviation for the com~ 

bined operations is 0.0082 inches. Thus we expect that the uncertainty in 

locating the wheelset centroid at the desired location relative to the rails 

is + 0.0246 inches. 

3-2 Siddall, J. N., Analytical Decision Making in Engineering Design, Prentice­
Ha 11 , 1972, p. 43. 
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The uncertainty in the measurement of the wheel contact position relative 

to the wheelset is due to uncertainties in calibrating the resistance wire, 

locating the wheel tape line relative to the graph paper pasted on the wheel 

tread, locating the tape line of the wheel relative to the gauge bar, and 

measuring the contact position. Each of these operations has an error bound 

of + 0.01 inches. The uncertainty of the sum of the operations, under the· 

assumptions discussed above, is ~ 0.020 inches. 
These experimental error estimates should be applied to the experimental 

data for wheel contact positions as a function of wheelset lateral position. 

At a given wheelset lateral position, the estimated error in the wheel contact 

position measurement is ~ 0.020 inches, as discussed above. 

Another situation of particular interest in validating the analytical 

technique with the experimental results is the uncertainty in the measured 

wheelset lateral position where a particular event occurs, such as a jump in 

contact position from the wheel tread to the wheel flange. The uncertainty 

in the measurement of lateral position where such an event takes place is due 

to all the uncertainties in the operations that enter the wheelset centroid 

measurement, the wheel contact measurement, plus the additional + 0.01 inch 

uncertainty in locating the rail at the desi,red position. The uncertainty for 

the sum of these operations, obtained using equation 3-1, is~ 0.033 inches. 

PROFILOt~ETER EXPERIMENTAL RESULTS 

Three wheel/rail configurations were investigated experimentally with the 
profilometer: 

(1) New wheels (figure 2-2) on New Rails (figure 2-5), nominal gauge 
(56 1/2 inches) 

( 2) Worn wheels (profile #3, figure 2-2) on worn rails (profile A, figure 

2-5), nominal gauge (56 l/2 inches) 
(3) Worn wheels (profile #3, figure 2-2) on worn rai 1 s (profile A, figure 

2-5), wide gauge (57 1/2 inches) 
Two data collection runs were made for each configuration over ranges 

of wheelset lateral displacement sufficient to reach contact positions high 

on the flange with corresponding large contact angles. During each run the 

contact point locations relative to wheel and rail were determined by the 

techniques described previously. The vertical position of each wheel was 
also determined to calculate subsequently the wheelset roll angle. The first 
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of each pair of runs was made with increments of 0.05 inch in lateral displace­
ment. The second or "back up" run for each configuration was made with 
increments of 0.1 inches. In all cases, excellent agreement was obtained 
between the two runs. Plots of the experimental data together with results 
of the analytical procedure are presented and discussed in the section 
entitled "Validation" in Chapter 4. 

Case 1, New Wheels/New Rails, Nominal Gauge 
Results for the contact point location measurements on the right wheel 

relative to the wheel and rail are shown in figures 3-6 and 3-7. The values 
of wheelset roll angle calculated from the vertical displacement data for 
each wheel are shown in figure 3-8. 

For this case, the contact point location on the wheel as indicated by 
terminal 1 was, for all practical purposes, identical to that indicated by 
terminal 2. 

As seen on figures 3-6 and 3-7, two point contact (or a jump in the 
contact point from tread to flange) occurs at a wheelset lateral displacement 
of about 0.3 to 0.35 inches. The maximum difference in the location of the 
point of contact on the wheel for the two data runs was about 0.025 inches, 
while the maximum difference between the two runs for the location of the 
contact point relative to the rail was also about 0.025 inches. The average of 
the differences for the two data runs for the wheel contact point was +0.0046 
inches while the average for the rail was -0.0029 inches. 

The values of wheelset roll angle calculated from the vertical dis­
placement data for each wheel are shown in figure 3-8. The maximum difference 
in calculated roll angle between the two data runs is about +0.00070 radians 
and the average difference is about +0.00019 radians. 

The profilometer set-up for this case was checked after the data 
collection process. The averages of three measurements for the cant angles 
for the right and left rails of the profilometer were 0.026 and 0.025 radians, 
respectively. The cant angle for the right rail was 4% greater than the 
nominal of 0.025 radians. The slopes of the straight tapered sections of the 
wheel profile relative to the axle centerline on the profilometer were also 
checked. These were 0.049 and 0.047 for the right and left wheels, respectively. 
Thus, the actual values of the taper ratios of the right and left wheels 
were 2% and 6% less than the nominal value of 0.05. Wheel gauge and rail 
gauge were at nominal values as checked with the gauge bar. 
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Case 2, Worn Wheels/Worn Rails, Nominal Gauge 

The experimental results for contact point locations relative to wheel 

and rail (for the left wheel) and wheelset roll angle are shown in figures 
3~9, 3-10, and 3-11 for this case. 

In this case (and for the wide gauge case) there was usually a non-zero 

length of wire over whjch contact was indicated. The:maximum value of this 

length was on the order of 0.1 to 0.2 inches. There was a jump in the 

contact point location across the middle of the tread region at a wheelset 

lateral displacement of about -0.35 to -0.40 inches. Subsequently, there 

was a jump from tread to flange contact at .a wheelset displacement of about 

-0.45 to -0.50 inches. During the back-up data run, the resistance wire 

separated from the wheel tread over a small region. Consequently, data for 

valu~s of wheelset lateral displacement of -0.1 and -0.2 inches are considered 

invalid*. 
Averages of the terminal readings were calculated to give a "mid-point" 

for the contact region on the wheel. The maximum difference in this value 

for the wheel contact region "mid-point" for the two data runs was -0.010 

inches while the average difference was about -0.0036 inches. The maximum 

difference in the rail contact point location for the two runs was 0.013 

inches while the average difference was 0.005 inches. For the calculated 

wheelset roll angle, the maximum difference for the two data runs was 0.0007 

radians; the average difference was -0.00014 radians. 
We checked the profilometer set-up after the data runs. Wheel and rail 

gauge were at nominal values as measured by the gauge bar. The average of 

two measurements for the cant angle of right and left rails indicated that the 
cant angle was the nominal 0.025 for each rail. The difference in the angle 

of inclination of the right and left wheels relative to the axle centerline 

was 0.0024 radians (or 0.1375 degrees). 
Case 3, Worn Wheels/Worn Rails, Wide Gauge 

The experimental results for contact point locations relative to wheel 

and rail (for the left wheel) and wheelset roll angle are shown in figures 

3-12, 3-13 and 3-14. 

*The separation of the wire from the tread occurred occasionally if the wheel­
set was not handled carefully. In all previous instances, we had to re-do 
the entire calibration procedure as well as· the actual data collections after 
re-fastening the wire to the tread. 
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Again, contact usually occurred over a short length (0.1 to 0.2 inches) 
of wire. A jump in contact point location across the middle of the tread 
occurred at a wheelset lateral displacement of about -0.9 to -0.95 inches. 
As might be expected, the locations of the contact points on the wheel and 
rail for this jump were the same for the nominal and the wide gauge cases. 
With a larger displacement of the wheelset from the track centerline {-0.95 
to -1.0 inches), there is a jump in contact from the tread to the throat of 
the flange. 

As for the previous case, averages of the terminal readings were cal-· 
culated to give a 11 mid-point 11 of the contact region on the wheel for each 
data run. The maximum difference in this value for the two data runs was 
0.016 inches while the average difference in this value for the two runs 
was 0.001 inches. The maximum difference in the rail contact point location 
for the two runs was +0.02 inches while the average difference was -0.004 
inches. The maximum difference between the two runs in the values for 
calculated wheelset roll angle was -0.0005 radians while the average dif­
ference was -0.00002 radians. 
GRAPHICAL TO DIGITAL PROFILE DATA CONVERSION 

We anticipated evaluating many combinations of wheel and rail profiles 
in this study as well as future studies. To facilitate these evaluations, 
we needed a fast and accurate method for obtaining tabular data for the wheel 
and rail profile coordinates. To our knowledge, the only methods currently 
used by the railroad industry to measure wheel and rail profiles record these 
data in graphical form. The interactive computing process described below 
converts these data from graphical to digital form. The slopes of the wheel 
and rail profiles are also determined in this process. 

After making the plexiglass models of the wheel profiles to be used in 
the experimental procedure, the profiles of the plexiglass models were 
traced carefully as were the actual rail sections. A pair of reference points 
were drawn on each traced profile and the profile was photographed and en­
larged about two or three times. Care was taken to minimize distortion during 
the photographic process. 

To obtain tabular data from the enlarged profiles, the DEC VWOl Sonic 
Digitizer/Writing Tablet of the Clemson Engineering Computer Laboratory was 
used. The sonic digitizer consists of an 11 inch square 11 tablet 11 and a pen. 
When the pen tip is pressed on the tablet, a microswitch is closed triggering 
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a spark that jumps a gap at the tip of the pen. A picture of this process is 
shown in figure 3-15. The tablet is equipped with a row of microphones along 
both the horizontal and vertical edges. The position of the pen on the tablet 
is determined by measuring the time required for the sound of the spark to 
reach the microphones. Data are recorded by moving the pen along the profile 
and pressing down the pen at each desired point. The software incorporated 
with the digitizer associates integer pairs be~ween 0 and 1024 with the x 
and y coordinates of the data points. The advantage of using the sonic 
digitizer for obtaining tabular data for the wheel and rail profiles is that 
it is quick, reliable, and accurate. However, the accuracy depends on (a) 
the accuracy with which the operator places the pen, and (b) the degree of 
enlargement of the profile to be traced on the digitizer. 

An interactive computing procedure was developed to minimize the error 
in the digitizing process. The flow chart describing this interactive com­
puting procedure is shown in figure 3-16. This procedure is implemented on 
the EAI-680/PDP-15 hybrid computer of the Clemson Engineering Computer 
Laboratory. The program MAIN controls the digitizing process. The first of 
the three loops comprising MAIN calls the subroutine POINTS. Using digitiz~r 
software, POINTS takes the x and y coordinates of the profile as they are fed 
in by the operator. These coordinates are then displayed on the cathode ray 
tube video display of the VT-15. If there are gross errors between the 
displayed points and the enlarged profile, the operator has the option of 
repeatin~ the data collection process. This is a visual check which allows the 
correction of gross errors in the placement of the pen. 

The second loop in MAIN scales the profile data back to the original 
dimensions of the profile. The first two points that are fad in by the 
operator are the two reference points marked on the original profile. This 
information is used to obtain the scale factor between true (unenlarged) 
distance and the measured (enlarged) distance between the points. The integer 
pairs of x and y profile coordinates are then converted to true coordinates in 
inches and transferred back to MAIN. MAIN then calls ACTREF to transfer these 
coordinate pairs to a standard coordinate system. 

The second loop in MAIN also converts the profile data to a standard 
coordinate system. The axes of the standard coordinate system for the wheel 
profile are parallel and normal to the axle centerline with the origin at the 
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FIGURE 3-15 

WHEEL PROFILE MEASUREMENT PROCEDURE 

USING SONIC DIGITIZER 
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FIGURE 3-16 
FLOW CHART OF PROFILE MEASUREMENT PROCEDURE. 
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intersection of the axle centerline and the wheel tape line. For the rail 
profile, the axes of the standard system are parallel and normal to the base 
of the rail with the origin at the intersection of the base with the rail 
section centerline. After obtaining the coordinate pairs referenced to the 
standard system, the coordinates are transferred back to MAIN. 

The third loop in MAIN checks the profile coordinates and stores them on 
disk. This subroutine, SLOCUR, initially smooths the profile using the 
s~broutine SG13 from the IBM Scientific Subroutine Package. SG13 fits a 
least squares linear approximation to three points at a time, and evaluates 
the function at the center point. The process is repeated after shifting 
down the input array one point until the entire input array is traversed. 
SLOCUR stores the array of smoothed coordinates in a named file on disk using 
the subroutine STORE. 

The second step of SLOCUR is to plot the smoothed profile on the xy 
plotter using the hybrid interface and PLTPT. This plot is actual size and 
may be compared visually with the original profile to check for accuracy. If 
the operator finds that the plot does not match the original profile suf­
ficiently well, the job is started over and a new data set is taken. 

In the third step of SLOCUR, the smoothed profile is re-checked for 
smoothness by calculating and plotting the slope of the smoothed profile. 
This is done using the subroutine DGT3 from the IBM Scientific Subroutine Pack­
age. DGT3 fits the Lagrangian interpolation polynominal of degree two to three 
successive points in the input array and evaluates the derivative at the middle 
point. It repeats this operation after shifting down the input array point by 
point until the entire array is traversed. The resulting array of derivative 
values is then smoothed twice using SG13. The smoothed array_of derivative 
values is plotted on the xy plotter using PLTPT. This plot is examined visually 
to check for major irregularities such as abrupt changes in slope on a smooth 
section of the profile. If none are found, the array of profile coordinates 
is considered acceptable and is transferred from disk to magnetic tape for later 
use. 

A potential source of error that was noticed during this procedure was 
associated with the recording of the reference points on the wheel profile. 
The first two points recorded by the Sonic digitizer were the two reference 
points. Slight errors in the placement of the sparking pen could result in 
a rotated and displaced reference axis system, and hence a rotated and displaced 
set of wheel profile data points. We will refine this procedure to minimize this 
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possible source of error. A proposed approach is to record each reference 
point several times with the sparking pen and take the average x and y coor­
dinates of the recorded points as the reference point. 
WHEtl/RAIL GEOMETRIC CONSTRAINTS 

We wished to compute the wheel/rail geometric constraint relations for 
the differences in rolling radii and contact angles using the experimentally 
determined contact point data and the data for rolling radius versus distance 
from the tape line obtained by the graphical to digital profile data conversion 
procedure. The process for computing these constraint relations, which is 
described in this section, is similar to that used in the analytical procedure 

described in Chapter 4 once the contact points are found by analytical means. 
Having calculated the differences in rolling radii and contact angles using 
experimental contact point data, and having measured wheelset roll angle, we 
could compare experimental and analytical results. This comparison or valida­
tion process will be discussed in Chapter 4. 

The determination of the wheel/rail geometric constraint relations is 
performed using a program written in FORTRAN for the IBM 370 Computer. The 
flow chart for this program is shown in figure 3-17. The program MAIN controls 
the process. The input data to MAIN are comprised of tabular data for (a) the 
wheel rolling radius versus distance from the tape line, and (b) the wheel 
contact point distance relative to the tape line versus wheelset lateral 
displacement. The former data are those obtained during the process described 
in the section, "Graphical to Digital Profile Data Conversion". The latter 
are those obtained in the process described in the section, "Contact Point 
Measurement/Wheel". 

MAIN is comprised of three loops. The first loop is the subroutine CONN~G. 

In CONANG the wheel profile radius array is first smoothed using the sub­
routine SG13, a subroutine from the IBM Scientific Subroutine Package. This 
is the second time the profile data are smoothed as they are also smoothed 
during the process of profile measurement. The slope at each point on 
the profile is calculated using the subroutine DGT3 from the IBM Scientific Sub­
routine Package. The array of slope data is then smoothed twice using SG13. 
The resultant data arrays for rolling radius and slope (or contact angle) as 
functions of distance from the tape line are transferred back to MAIN. 

The experimental data for the lateral position relative to the tape line 
of the wheel contact points versus wheelset lateral displacement are related 
to the wheel profile and slope data to obtain the desired kinematic parameters. 
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This process is performed in loops 2 and 3 of MAIN. In loops 2 and 3, at 
each lateral wheelset displacement the distance of the wheel contact point 
from the tape line is used as the input argument of the linear interpolation 
routine SLI to obtain the corresponding wheel rolling radius and slope from 
the appropriate data arrays. The end results are tables of wheel rolling 
radius and contact angle versus wheelset lateral displacement. The desired 
kinematic parameters involving the differences of rolling radii and the sums 
and differences of the contact angles of left and right wheels versus wheelset 
lateral displacement are obtained as follows. For the symmetrical wheel 
and rail profiles used in the experimental procedure, 

rl(xw) = rR(-xw) (3-2) 

and; ol(xw) = oR(-xw) (3-3) 

Thus, 

rl(xw) rR(xw) = rl(xw) rl(-xw) (3-4) 

ol(xw) oR(xw) = ol (xw) oR(-xw) (3-5) 

ol(xw) + oR(xw) = ol(xw) + t\ ( -xw) (3-6) 

CONCLUSIONS 
A full-scale, experimental apparatus consisting of a two-dimensional model 

of a wheelset on a pair of rails was developed to determine wheel and rail 
contact points versus wheelset lateral displacement. Measurement techniques 
were developed that gave repeatable and accurate contact point data. 

The experimental determination of the wheel/rail contact points was a 
successful process. However, it was also a very time-consuming process that 
required the operator to use a very careful measurement techn~que for best 
results. Consequently, we feel that the primary utility of the experimental 
apparatus and associated procedures is as a validation for analytical processes. 
As will be described in Chapter 4, the experimental data we developed was 
used to validate the analytical techniques. 

An interactive computing procedure was developed and used to obtain 
digital profile data from graphical representations of these profiles. This 
digital profile data may then be used in digital computer programs to determine 
the wheel/rail geometric constraint relationships. The full efficiency of 
this conversion procedure is realized when many (rather than one or two) 
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profiles are to be analyzed. We will make improvements in the accuracy of 
this procedure. However, in order for these results to be meaningful, the 
graphical profile data must be accurate. This is not always the case. Thus, 
we see a need for an accurate wheel and rail head profile recorder that can 
also accurately reference the profile being measured to the opposite wheel or 
rail. This is required because the resulting wheel/rail constraint relation­
ships are the result of two wheels moving together over two rails. The 
diameter of each wheel, the wheel gauges and the inclination of each profile 
to the axle centerline must be measured at the same time the wheel profiles 
are recorded. Similarly, the cant angle of each rail and the gauge must 
be recorded at the same time that the rail profiles are recorded. Devices 
that perform such measurements have been developed in Europe. These are 
described briefly in Chapter 1. 
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INTRODUCTION 

CHAPTER 4 

ANALYTICAL RESEARCH 

This chapter deals with the analytical aspects of our wheel/rail 
research effort. The procedures developed to determine the desired 
wheel/rail geometric constraint relationships for arbitrary wheel and rail 
head profiles and the validation of these procedures are discussed here. 

The objective of this analytical effort was to develop a mathematical 
means of determining the wheel/rail geometric constraint relationships. Such 
an analytical model provides a means of calculating the relationships listed 
below for a variety of wheel and rail profiles without the limitations 
imposed by the experimental approach such as model construction costs, 
time consuming measurement processes, etc. 

The analysis was implemented in the form of a digital computer 
progr~m. The program is documented in Appendix A. This program accepts 
tabular data for the wheel and rail profiles, and computes the contact 
points and wheel/rail constraint relationships as functions of wheelset 
lateral position. Describing functions or quasi-linearizations of the 
resulting relationships are calculated within the computer program. 

The variables desired as functions of wheelset lateral displacement 
are the following: 

(1) Rolling radii of the wheels 
(2) Contact angles between contact plane and axle centerline 
{3) Roll angle of the wheelset with respect to the rail plane 
(4) Difference in rolling radii 
(5) Difference in contact angles 
The functional dependence of the contact positions and the constraints 

described above on the wheelset yaw position was not computed because wheelset 
yaw has a very weak influence on these variables. 
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APPROACH 

The approach we took to modeling the rail/wheel geometry can be 
broken down into the following steps: 

(1) Formulation of mathematical descriptions of the rail and 
wheel profiles using a series of fourth order polynomials 
over sub-intervals of the profile. 

(2) Calculation of the locations of the contact points. 
(3) Calculation of the desired parameters using the contact point 

locations and the polynomial descriptions of the wheel and rail 
profiles. 

(4) Computation of describing functions, or quasi-linearizations 
of the resulting relationships. 

Our approach to descr~bing mathematically the wheel and rail profiles 
involved fitting a series of fourth order polynomials to the tabular wheel 
and rail data. Curve-fitting was used rather than interpolation between the 
data points because it provided some numerical smoothing of irregularities 
in the input data. The polynomials also allowed easy calculation of the 
slopes of the profiles. A series of fourth order curves was used rather 
than fewer higher order curves or a different funct1on because of the re- · 
duced complexity of calculations necessary to manipulate polynomials of only 
fourth order. 

We calculated the contact point locations by applying a numerical 
search procedure to find the points that satisfied the following definition 
of a contact point: 

(1) Position equation-- a contact point on the wheel occupies the 
same point in space as the corresponding contact point on the 
rail. 

(2) Rigid body constraint -- the wheel profile cannot penetrate into 
the rail profile and, 

(3) Slope constraint -- the profiles are tangent at the contact points. 
These requirements, when combined, identify the location of the contact points 
at any wheelset lateral position as those points where the difference between 
the wheel profile height above a datum and the rail profile height above the 
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same datum is at a minimum. An iterative search process was used to find 
the points where this minimum occurred, and thus satisfied the contact 
point definition at each wheelset lateral position. 

Another method of solution for the contact point locations was tried 
and used successfully. This consisted of writing the equations requiring 
the profiles to be tangent at the contact and for the contact points on the 
wheel and rail to occupy the same point in space. These nonlinear alge­
braic equations were solved numerically using a Newton-Raphson scheme. 
The scheme, however, was later discarded due to problems associated with 
the requirement for a "sufficiently close" initial approximation to the 
contact point locations. If the initial approximation was not sufficiently 
close, the numerical procedure would converge to a false solution or yield 
no solution at all. This problem was encountered every time the contact 
point location jumped. The search procedure described above does not en­
counter problems of this type because it is based on approximating the 
wheelset roll angle, which is a continuous function. 

The geometric constraint relationships were computed by substituting 
the profile equations and the computed contact point locations into the de­
fining equations for the constraint relationships on a point-by-point 
basis. For example, the rolling radius of a wheel at a specified wheelset 
lateral displacement was found by substituting the contact point location 
into th~ corresponding wheel profile equation, a fourth order polynomial 
in the appropriate interval, to obtain the rolling radius at the given 
contact location. 

Quasi-linear descriptions were needed for some of the wheel/rail 
geometric constraint relationships. The describing function technique 
with a sinusoidal input was used to compute quasi-linear functions for the 
difference in rolling radii, the difference in contact angles, and the 
wheelset roll constraints. 

COMPUTATIONAL PROCEDURE 
The computational procedures for this wheel/rail contact analysis 

were programmed in FORTRAN. This discussion summarizes the computational 
steps of that computer program. A detailed description of the program logic 
and a Users' Manual are provided in Appendix A. 
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The computer program is written to analyze the contact geometry for 
a symmetric wheelset on symmetric rails, i.e., identical wheel and rail 
profile$ on the left and right, and equal rail cant angles on both rails. 
The program, however, will be modified in the near future to analyze 
asymmetric wheelsets and rails. 

A flow chart of the program logic and information flow is shown 
in Figure 4-1. The main program, WHRAIL, controls data input and output 
and calls the subroutines that carry out the computational steps of the 
procedure. Subroutine PRFLE reads the digital wheel or rail profile data 
and fits a series of fourth order polynomials to the profile data. Sub­
routines EQSOLV and CHECK perform the iterative computations to determine 
the wheel and rail contact points at each wheelset lateral position. Sub-· 
routine EQSUB2 computes the geometric constraint functions with the curve 
fit and contact position data. Describing functions for the geometric con­
straint functions are computed in Subroutine DCRFCN. Plotting of input, 
curve fit, contact position and geometric constraint data is done by sub­
roijtines P~OTl and PLOT2. 

The first step in the program involves fitting fourth order poly­
nomials to the data points for the wheel and rail profiles. In addition to 
the tabular wheel and rail profile data, codes specifying the size of regions 
to be curve-fitted and the amplitude of wheelset lateral displacement allowed, 
wheel and r~il gauge, and the rail cant are inputs to the program. 

The main program calls Subroutine PRFLE to carry out this step. PRFLE 
reads the profile data and separates the data into sets of data points, where 
the number of data points per set is a specified input. A 11 Canned 11 curve­
fitting subroutine, CRVFT [4-1], is used to fit a fourth order polynomial to 
each of the sets of data points plus three points overlap on either side to 
insure some continuity and smoothness between curve fits.* The profile subroutine 
is called twice, once for the wheel profile and once for the rail profile. 

* Continuity and smoothness between curve fits could be ensured by requiring 
equality of the slopes at the ends of each fit as well as the points them­
selves. However, the curve-fitting routine used here did not provide this 
option. 
4-1 MATH-PACK, UP-7542 Rev. 1, Univac Large-Scale Systems, Sperry-Rand 
Corp., Sec. 13, pp. 24-44. 
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Thus, for each profile there is a set of fourth order polynomials with each 
p9lynomial fitting a certain zone of the profile, and a set of limits defin­
ing the curve-fit zones. 

The numerical procedure to find the contact point locations involves 
an iterative search. At each iteration step the orientation and position 
of the wheels and rails are specified and the potential contact points 
between them are searched to find the point that meets the definition of a 
contact point. The wheelset orientation is computed from the resultant 
contact point, and compared with the values specified at the beginning of 
the iteration step. If the difference in orientation is within a specified 
error range, the contact point computed in the final iteration is stored and 
a new wheelset lateral position is selected. Otherwise, the computed ori­
entation is used in the next iteration step. 

In computing the contact points, the rail profile points are speci­
fied in a coordinate system with axes parallel and perpendicular to the 
track plane with the origin at the midpoint of the track. The two rails are 
located at the correct cant angle on either side of the origin, half the 
gauge distance from the midpoint. 

To position the wheel profile, the wheelset lateral displacement from 
the track midpoint, the wheelset roll angle, and the vertical position of 
the wheelset e.g. must be known. The lateral displacement of the wheelset 
is specified by the program, but the roll angle and vertical displacement 
are functions of the contact point locations, and are not known initially. 
However, only the roll angle is needed to find the contact point. ~~hen the 
coordinates of the rail profile points and the wheel profile points only 
differ by a vertical distance, the contact point definition given in the 
preceding section can be redefined as follows: a point where the difference 
formed by subtracting the height of a point on the rail from the height of 
the corresponding point on the wheel, is a minimum. Thus, the vertical dis­
placement of the wheelset is not needed in the contact point computation. 

In the computer program, subroutine EQSOLV is called to choose the 
wheelset lateral positions and guess a wheelset roll angle. EQSOLV calls 
CHECK to search for the corresponding contact points, compute a new roll angle, 
and compare the new roll angle with the 11 guessed 11 roll angle. If the diffe­
rence in the two roll angles is outside a specified error range, the calculated 
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roll angle is used as a guess and new contact point locations are found. 
CHECK continues the iteration process until the "guessed" and ca 1 cul a ted 
roll angles converge within the given tolerance. After finding the con­
tact position for one lateral wheelset position, EQSOLV increments the 
wheelset lateral position and calls CHECK to repeat the process. 

EQSOLV begins the procedure just described by setting the wheelset 
lateral displacement to zero where, due to symmetry, the wheelset roll 
angle is known to be zero. Thus, there is no problem in choosing a "suffi­
ciently close" initial approximation for the roll angle. The procedure is 
repeated with the wheelset lateral displacement incremented until the 
wheelset is displaced as far as desired in one direction. At each new 
wheelset lateral position, the roll angle at the previous lateral position 
is used as the first guess in CHECK. Due to symmetry, the locations of the 
contact points for the wheelset displaced laterally in the opposite dir­
ection can be found by transposing the results. 

In subroutine CHECK, the wheels and rails are checked every 0.01 
inches along their profiles to find the contact points. The iteration pro­
cedure is repeated until the difference in the assumed roll angle and the 
calculated ~all angle is less than or equal to 10-5 radians, or 8 iterations 
have been exceeded. In mqst cases, convergence to this value takes two 
iterations. The full eight iterations are needed only when contact occurs 
on one of the wheel flanges, where a slight change in contact position can 
cause a large change in roll angle. The contact points are found for 0.01 
inch increments of the wheelset lateral position. 

After computing the wheel and rail contact positions, subroutine 
EQSUB2 is called to calculate the desired wheel/rail geometric constraint 
functions. The equations for the desired variables are given below. These 
constrained variables are illustrated in Figure 2-6 and Figure 2-7. 

rL (xw), rR (xw) --the left and right rolling radii evaluated by substituting 
the contact point locations on the left and right wheel, 
xwR & xwl , at specific values of wheelset lateral, xw 
into the wheel profile polynomial for the appropriate 
interval. 
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the height of the left and right rail contact point 

evaluated by substitution into the railhead profile 

equations. 

the left and right contact angles evaluated by substi~ 

tution into the derivative of the wheel profile 

equations and using the arc tangent function. 

~w(xw) - wheelset roll angle, evaluated in an iterative process using 

the contact positions, rolling radii, rail contact heights and 

wheelset roll angle along with the raiJ and wheel gauges and 

the rail cant angles. 

normalized difference in contact angles 

rl- rR - normalized difference in rolling radii 
2ar 

Describing functions are computed by subroutine DCRFCN for the nor­

malized rolling radii difference, normalized contact angle difference and 

wheelset roll angle functions. This computation entails numerical inte­

gration of equation 2-4 by the trapezoid rule. This integration is repeated 

for amplitudes of the sinusoidal input ranging from 0.05 inches to 1.0 inch 

in 0.05 inch increments. 

The computer program prints and punches cards for most of the output 

data. In addition, subroutines PLOTl and PLOT2 generate CALCOMP plots of 

the contact positions, constraint functions, and curve fits to the input 

profile data. Examples of these plots may be seen in Figures 4-2, 3,4 and 

·the figures of Chapter 5. A detailed list of output variables, and a 

sample output listing is given in Appendix A. 
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VALIDATION 

Validation of the analytical model was made by comparing analytical 
and experim~ntal results for the following three cases: 

1. New wheel on new rail at nominal gauge. 
2. Severely worn wheel on worn rail at nominal gauge. 
The worn wheel and rail profiles were supplied by the Association of 

American Railroads as described in Chapter 2. The profile data used as 
input to the modeling routine for the validation was obtained directly from 
the plexiglass wheel and actual rail cross-sections of the experimental 
apparatus using the conversion procedure described in Chapter 3. 

Analytical and experimental results were compared at two levels: (1) 
location of contact points on wheel and rail as functions of lateral wheel­
set displacement and (2) wheel/rail constraint relations such as roll angle 
and rolling radii difference as functions of lateral wheelset displacement. 
With a few exceptions, good agreement was obtained between experimental and 
analytical results. 

Contact Point Validation 

The analytical and experimental values for the contact point locations 
of the n~w wheel on new rail at nominal gauge, shown in figures 4-2a, and 
4-2b, correlate well at most wheelset lateral positions. The experimental 
points shown on these figures are averages of the points shown in figures 3-6 
and 3-7. At contact positions on the wheel tread* the agreement between mea­
sured and computed values is within the + 0.020 inches accuracy of the experi­
mental process.** 

* The input wheel and rail profile data and curve fits to this data are 
plotted directly below the contact position graphs in all the figures 
represented in this report. The input data points are indicated by "+" 
and the solid curves represent the functions fitted to this data. Note 
that the profiles are aligned with the graphs above, so that one may drop 
directly down from a point on the graph to the actual profile. This helps 
visualize the wheel and rail contact configurations. 

** The experimental uncertainties of the procedure are discussed in Chapter 3. 
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a. WHEEL CONTACT POSITION 
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FIGURE 4-2 EXPERIMENTAL AND ANALYTICAL RESULTS FOR 
NEW WHEELS ON NEW RAILS AT NOMINAL GAUGE 
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However the value of the wheelset lateral displacement at the jump to 

wheel flange contact differed from that predicted by the experimental 

procedure by approximately 0.06 inches. This difference exceeds the +0.033 

inch uncertainty in the experimental determination of this value. An ex­

planation of this discrepancy was found by comparing the wheel and rail 

profiles of figures 4-2a and 4-2b with the plexiglass wheel and actual 

rail profiles used in the experimental measurements. The flange of the 

actual plexiglass wheel profile was about 0.03 inches closer to the tape­

line than the flange on the profile data input to the analysts, while the 

gauge side edge of the actual rail profile was about 0.06 inches closer to 

the rail centerline than was the input rail profile. The overall effect 

of these two discrepancies caused the jump of the measured wheel contact 

point from the tread to the flange to occur at a wheelset lateral position 

about 0.03 inches larger than the computed position. The wheel profile 

discrepancy can be attributed to a slight error in orienting the wheel 

profile during the digital conversion process, while the rail profile dis­

crepancy probably occurred because the rail data was obtained from a drawing 

of the rail profile, rather than the actual profile used in the experiments. 

We believe that the results presented-here, in light of the discussion above, 

validate the analytical procedure for the new wheel, new rail case. 

The analytical results shown in figure 4-2 are smoother than those 

found experimentally. This is due to the smoothing accomplished by the 

digital conversion of the profile data and the curve fitting carried out 

within the analytical procedure. For example, any slight ridge or rough 

spot that might exist on the machined wheel profile would be smoothed out 

in the digital conversion and curve-fitting procedures. Such ridges or 

rough spots on the wheel profile would cause some irregularity in the mea­

sured contact position values as the contact point jumps from one ridge to 

another. 
The measured and computed contact positions shown in figures 4-3a and 

4-3b for the severely worn wheel on worn rail at nominal gauge also corre­

lated well at all but one region of lateral wheelset position. The agree­

ment between experimental and analytical points at contact positions along 
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the wheel tread is well within the errors inherent in the two processes. 
However, the wheelset lateral position where the contact point jumps from 
tread to flange contact differs by 0.12 inches in the two procesges. The 
measured contact position remained on the wheel tread until a wheelset 
lateral position of-G. 35 inches was reached, while the computed contact 
position jumped to the wheel tread at a wheelset lateral position of -0.23 
inches. This discrepancy can also be explained by a difference between the 
actual plexiglass wheel profile and the profile data input to the analytical 
procedure~ In this case, the plexiglass profile was slightly more hollow 
than the wheel profile data in the region of the profile between 0.80 and 
Q.71 inches inside the tapeline. This additional concavity causes the mea­
sured jump on the plexiglass profile to occur at a larger amplitude of 
wheelset lateral displaGement. It should be noted that the difference between 
the two profiles was quite small, indicating that the results of this wheel/ 
rail contact analysis are very sensitive to small differences in wheel profiles. 

The measured and computed contact point locations for the severely worn 
wheel on worn rail at wide gauge are shown in figures 4-4a and 4-4b. Again, 
the correlation between analysis and experiment was within the experimental 
uncertainty in all but two regions. As in the nominal gauge case, the com­
puted and measured contact point jumps from wheel tread to wheel flange did 
not occur at the same wheelset lateral position. However, the computed and 
measured flange jumps occurred at the same positions on the wheel profile in 
both the nominal and wide gauge cases, indicating that this discrepancy is 
also due to the difference in wheel profiles discussed above. The other dis­
crepancy Qetween analysis and experiment occurred at a contact position far 
to the outside (field side) of the wheel and rail. Here there was a short 
jump in the computed contact locations that was not observed experimentally. 
There is no readily observable explanation for this jump, because the profile 
curves appear to fit the tabular profile data quite well in this region. How­
ever, this jump occurs at the same position on the wheel profile in both the 
nominal and wide gauge cases that were calculated,* indicating that the pro­
blem lies with the wheel profile. 

* This discrepancy was not noted in the nominal gauge case because experi­
mental data was not obtained in this region. 
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This behavior can probably be attributed to the change from one curve 

fit to another that occurs in this region. One curve must be slightly lower 

at this point, causing the contact to momentarily jump to this low point. 

This discrepancy, although not serious because of its small magnitude and 

because it is centered about the experimental results, suggests that the 

curve fitting process should receive attention in future refinements of the 
analytical process. 

We believe that the results presented in figures 4-2, 4-3 and 4-4 vali­

date the wheel and rail contact point analytical procedure described in this 

chapter. The major discrepancies between analytical and experimental results 

are due to differences between the profile data supplied to the analytical 

procedure and the actual profiles used in the measurement, and are not due 

to errors in the analytical procedure. 

Wheel/Rail Constraint Validation 

The agreement between the values of the wheel/rail geometric constraints 

determined from the analytical and experimental procedures was as good as 

that found for the contact point positions. This is not surprising in view 

of the fact that the wheel/rail constraints, such as roll angle, rolling 

radii and contact angles, are computed by the same procedure from the data 

for contact positions on the wheel and rail as functions of lateral wheelset 

displacement. Consequently, the inconsistencies in the contact position re­

sults discussed above can be seen in each of the constraint functions. 

There was very good correlation between the rolling radii, difference 

in rolling radii, contact slopes, difference in contact slopes and wheelset 

roll for the case of the new wheel on new rail at nominal gauge. These con­

straint functions are shown in Figures 4-2~, 4-2d, 4-2e, 4-2f, and 4-2g. As ex­
plained in Chapter 3, the experimental values for all but the wheelset roll 

relationship were obtained by a computational procedure using the measured 

contact positions and the measured wheel and rail profile data. The only 

significant difference between the experimental and analytical results seen 
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in figure 4-2 is due to the difference in wheelset lateral position when the 
contact jump to the flange occurs. This difference, due to slight differences 
in the wheel and rail profiles used in the two procedures, causes the jumps in 
rolling radii and contact angle that accompany a jump to flange GOntact to occut 
at different wheelset lateral positions in the experimental and analytical re­
sults. 

The wheel/rail geometric constraint functions found experimentally and 
analytically for the severely worn wheel on worn rail at nominal gauge are 
shown in figures 4-3c, d, e, f and g. These figures show good correlation 
between measured and computed values with two exceptions. One exception. a 
difference in position where the contact slope jumps, is due to the difference 
in the wheelset 1ateral position when the contact position jumps across the 
wheel tread to begin flange contact. As discussed above, this difference be­
tween measured and computed values is due to slight differences in wheel and 
rail profiles. Note that this did not cause any discrepancies in the rolling 
radii results because both the rolling radii and the height of the rail at the 
two positions, before and after the jump, are nearly equal. The second excep­
tion is the constant offset seen between the measured and computed rolling 
radii results in figures 4-3e. This offset is due to a slight difference be­
tween the rolling radii in the data used for the experimental results and the 
data used far the analytical investigation. This offset cancels in the rolling 
radii difference function, as seen in figure 4-3c. The jaggedness observed in 
the analytical curve for the plot of contact slopes is due to the discontinuity 
in slope that occurs at the junctions between curve fit zones. This discontinu­
ity is significant only when contact occurs an the wheel flange, where the slope 
of the profile is very large, because differences in slope in this region are 
proportionately larger. However, the mean value of the contact slopes an the 
two overlapping curves is much smoother, and perhaps should be used in future 
analyses. 

Experimental and analytical wheel/rail constraint functions for the severely 
worn wheel an worn rail at wide gauge are shown in figures 4-4c, d, e, f and g. 
Goad correlation between the two results also was achieved in this case, as 
seen in these figures. Again, the only significant discrepancy, the premature 
jump in the computed contact slopes, is due to the difference in the predicted 
wheelset lateral position where the wheel contact point jumps across the wheel 
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tread. The offset between rolling radii results seen in the nominal gauge 
results was not present here because the same data sets were used in both 
processes. 

CONCLUSIONS 

The analytical procedure developed in this project and described in this 
chapter is capable of determining the contact positions between wheel and rail 
and the wheel/rail geometric constraint relationships as functions of wheelset 
lateral position for arbitrary combinations of wheel and rail profile, rail 
gauge, and rail cant angle. Excellent correlation was obtained between the 
experimental results described in Chapter 3 and analytical results for the 
same cases. We believe that the high level of agreement between results of 
the two procedures establishes the validity of the analytical process. 

The validation process demonstrated that the fidelity of the constraint 
relationship calculations depends on the accuracy of the contact position 
results. The accuracy of the contact positions, in turn, depends on the 
accuracy of the wheel and rail profile data, and the fidelity of the curves 
fitted to the profile data. The sensitivity of the results to these factors 
demonstrates the importance of carefully recording and transcribing the wheel 
and rail profile data. 

The extraneous jumps in the computed contact positions and contact angles 
could be eliminated by improving the process of fitting curves to the wheel 
and rail profile data. Possible changes that should receive attention in 
future development of this process include using slope constraints to insure 
better continuity between curve fit zones, the use of functions other than 
polynomials to represent the profiles, and using the average between the two 
curves in the overlap region at the ends of each curve fit zone. 
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INTRODUCTION 

CHAPTER 5 

PARAMETRIC STUDY 

The results of our limited investigation of the influence of 
variations in wheel and rail head profiles and track gauge on the 
wheel/rail geometric constraint relationships are presented in this 
chapter. The analytical procedure described in the preceding chapter 
was used to determine the contact positions, contact angles, difference 
in contact angles, rolling radii, difference in rolling radii and wheelset 
roll as functions of the wheelset lateral position. 

The various wheel and rail combinations that were investigated 
for this study are summarized in Table 5-l. The wheel and rail profiles 
used here were described in Chapter 2 and are shown in figures 2-2, 2-3 
and ~-5. Tabular data for these profiles were prepared by the interactive 
computational procedure described in Chapter 3. Figures illustrating the 
various ·constraint relationships are presented in the course of the 
discussion below. 

The effects of wheel wear, the effects of rail wear and the influence 
of track gauge on the wheel/rail constraint relationships are discussed in 
the following sections. 

WHEEL WEAR EFFECTS 

The wheel/rail analysis results for five different wheel profiles 
are presented and discussed in this section. These cases consist of a 
new wheel, a wheel in three stages of wear and the modified Heumann wheel 
profile. 

New Wheels 

The contact positions and wheel/rail constraint relationships for 
new wheels on a worn rail at nominal (56.5 inch) track gauge are shown in 
figure 5 ... 1 . The contact positions on the whee 1 and ra i1 shown in figures 
5-la and 5-lb illustrate that the contact position on the rail remains 
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TABLE S-1 

WHEEL/RAIL CONSTRAINT PARAMETRIC STUDY CASES 

CASE l 2 3 4 5 6 7 8 9 10 11 

WHEELS 
, 

New X X X X 

Worn #1 (least wear) X 

Worn #2 (moderate wear) X 
. ~ .... 

Worn #3 (heavy wear) X X X X 

Heumann X 

, 

; RAILS 

New X X 

' Worn (Profile A) X X X. X J~. X X )( )( 

' 
I 

TRACK GAUGE 

Narrow ( 4 • 811 
) X X 

Nominal (4'8 l/2 11
) X X X X X X X 

Wide (4'9 1/2 11
) X X 
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nearly stationary at a position just to the inside of the rail center 
until the flange contacts. Consequently, over this range the wheel 
contact point moves in a direction opposite that of the wheelset lateral 
displacement and nearly eq~al in magnitude. The one slight jump in 
contact point at a lateral displacement of about 0.27 inches is probably 
due to a spurious dip in one of the profiles introduced either in the 
data generation process or during the curve fit procedure. This slight 
dip has very little effect on the resulting constraint relationships, 
as the curves in figures 5-lc,d,e,f, and g illustrate. 

As expected, all the constraint relationships are nearly linear 
over the range before the flange contacts the rails. If we represent 
the three constraints that directly enter the equations of motion with 
the following equations, 

Rolling Radii Difference: 

Contact Angle Difference: 

~L ~R 
2 

Wheel set Ro 11 : 

(5-1) 

(5-2) 

(5-3) 

then the linear coefficients may be represented by values of the describing 
functions at an amplitude of wheelset lateral motion within this range; 
For example, at ;w ~ 0.30 the describing functions provide the following 

w values: 

'-e = 0.0446 

b.e = -0.921 

ae = 0.0643 
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These values 
new wheel on 
primarily to 

should be compared with A = ae = .05 and ~ = 0 for an e e . 
a new rail. The deviation from these 11 ideal" values is 
the effect of the worn rail. However, the experimental 

ideal 
due 

error in the data measurement and computational procedures may also con­
tribute to the difference. The wheel conicity, Ae' in particular, is 
smaller than we might expect because the contact point shifts on the worn 
rai 1. 

When the flange contacts the rail, the contact point moves to the 
inside edge of the rail, and remains there. The contact point on the 
wheel also jumps from the tread to the flange. This contact jump is 
reflected in jump discontinuities in the rolling radii difference and 
contact angle difference. Further lateral displacement of the wheelset 
moves the contact point on up the flange and eventually down the other 
side when the displacement exceeds 0.70 inches. 

Slightly Worn Wheel 

The contact positions and constraint relationships for the least 
worn wheel, profile #1 in figure 2-2, on a worn rail, profile A in figure 
2-5, at nominal rail gauge are illustrated in figure 5-2. In this case, 
the contact points on the wheel and rail move in a series of small jumps 
across a wide band of the wheel and rail profile, as seen in figures 5-2a 
and 5-2b. By contrast with the new wheel, the contact covers a wider band 
of the wheel and rail, and moves to the outside half of the rail over a 
moderate range of wheelset lateral movement. 

Because the slope at the contact point with the wheelset centered 
is nearly zero, both the rolling radii difference and contact angle 
difference are nearly zero in a narrow ± 0.05 inch band about this cen­
tered position. The rolling radii difference and wheelset roll relation­
ships appear to be nearly linear over the full ± 0.3 inch range before 
flange contact occurs. Approximate values for the linear coefficients 
in equations 5-l, 5-2, and 5-3 obtained from the describing functions 
for the appropriate functions at ~w = 0.30 follow: 

w 
Ae = 0.0885 

~e = 6 .9b30 

ae = 0.7870 
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d. NORMALIZED ROLLING RADII DIFFERENCE 
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The roll coefficient has increased from the new wheel value. The conicity 
increase over the new wheel value is a destabilizing effect. The contact 
angle difference that contributes to the gravitational stiffness effect 
is aiso iarger for this wheel. This, together with the increase in the roll 
coefficient, will be a stabilizing effect when the wheel loads are large. 

Flange contact occurs at about the same wheelset lateral position 
as for the new wheel. The flange is steeper on the worn wheel, increasing 
the contact angle difference, as seen in figure 5-2f. The rolling radii 
difference, figure 5-2d, increases faster with the slightly worn wheel 
than for the new wheel. 

Moderately Worn Wheels 

Some dramatic contrasts with less worn wheels may be seen in the 
wheel/rail geometry results for the moderately worn wheel, profile #2 of 
figure 2-2. The contact positions on the wheel and rail shown in figures 
5-3a and 5-3b now shift to the outside (field side) over much of their 
range of travel. This moves the contact point to a portion of the wheel 
profile with negative slope when the wheel moves away from the rail. 
The contact angle at this position is, of course, negative. 

Because the slope of the contact plane is negative over much qf 
the range of wheelset travel, both the difference in rolling radii and the 
difference in contact angles have negative slopes in this region, as 
seen in figures 5-3d and 5-3f. Physically, this means that when the 
wheelset is displaced laterally, the difference in rolling radii will 
produce a moment that tends to drive the wheelset in the direction of 
the displacement. Similarly, negative contact angle differences imply 
lateral components of the normal wheel loads acting in the direction of 
the displacement, rather than opposing it. 

For this moderately worn wheel, in the region about the centered 
position, the equivalent linear coefficients, Ae, 6e and ae will be 
negative. The linear equations of motion with these negative coefficients 
are unstable at all speeds. Consequently, we expect that a vehicle with 
this wheel/rail configuration would either seek an equilibrium position 
displaced from the rail centerline or, experience some sort of limit 
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cycle motion. Recall, however, that many observed freight car wheelsets 

do not have identical wheel profiles on both wheels, and as a result, 

may have constraint relationships that differ considerably from those 

presented here. 

Once flange contact occurs, at a lateral displacement of about 

0.37 inches, the wheel/rail geometric constraints appear very similar to 

the preceding case of slightly worn wheels on worn rails. Because the 

flange is worn thinner on this wheel there is about 0.07 inches more 

clearance before contact with the flange than there was for the less worn 

wheel. 

Heavily Worn Wheels 

The wheel/rail behavior for the most severely worn wheel, profile 

#3 of figure 2-2, is quite similar to that found for the moderately 

worn wheel. The contact positions and constraint relationships for this 

severely worn wheel on worn rail at nominal gauge are shown in figure 5-4. 

The contact position remains on the outside of the wheel and rail for the 

majority of the range of wheelset travel, including the position with 

the wheelset centered on the rail, as shown in figures 5-4a and b. Again, 

due to the negative slope on the wheel profile, the contact angle is 

negative when contact occurs on the outside. 
The rolling radii difference, contact angle difference, and 

wheelset roll constraint relations shown in figures 5-4c, d and f have 

negative slopes in the region before the flange contacts. The slopes 

in this region are greater than those for the moderately worn wheel. 

As in that case, a wheelset with two identical severely worn wheels 

would either seek a displaced equilibrium position or exhibit limit 

cycle oscillations. 
The lateral wheelset travel before flange contact is quite large 

with this severely worn profile. The clearance is 0.12 inches more than 

for the moderately worn wheel, and nearly 0.20 inches more than the new 

wheel value for a total of almost 0.60 inches of flange clearance. Once 

flange contact is made, moving in the direction of positive wheelset 

motion, the geometric constraint relations assume positive values. 
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Heumann Profile 
The original Heumann profile was designed with the express intention 

of obtaining single point contact between the wheel and rail at all wheelset 
positions. We see in figures 5-5a and 5-5b that the modified Heumann 
profile of figure 2-3 on our worn rail at nominal gauge closely approxi­
mates single point contact. In particular, the transition of the contact 
point into the flange occurs smoothly. This wide and even contact with 
the rail should insure that the wheel wears more uniformly than does the 
standard wheel profile. 

The wheel/rail constraint relationships for the modified Heumann 
profile are also well behaved as seen in figures 5-5c,d,e,f, and g. The 
difference in rolling radii is approximately linear over a wide range, 
although the slope of this function is quite steep. Even at small 
amplitudes, the equivalent conicity is in the range of 0.20 to 0.40. 
Conicities of this magnitude produce a strongly destabilizing effect. 
However, the difference in contact angles and wheelset roll angle also have 
steep slopes. Thus, the gravitational stiffness for a heavily loaded vehicle 
may offset the destabilizing effect of a high conicity. 

There is no clear transition between tread contact and flange 
contact with the Heumann profile, although one may see a rapid rise in 
the contact angles at a lateral displacement of about 0.30 inches. At 
large wheelset lateral displacements the wheel/rail constraint functions 
reach levels comparable to those for new, slightly worn and moderately 
worn wheel profiles. 

Summary of Wheel Wear Effects 
The influence of the various wheel profiles on rail vehicle 

dynamics can be summarized by comparing the describing functions of 
the constraint functions for each wheel profile. Figure 5-6 shows the 
sinusoidal input describing function of the normalized difference in 
rolling radii for the five wheels discussed in the preceding sections. 
Here we see that the describing functions of the effective conicity~ in 
the range before the flange contacts, is largest for the modified Heumann 
profile, is somewhat smaller for the slightly worn wheel, is small but 
positive for the new wheel and is negative for the two most worn wheel 
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profiles. We see, in these results, that the large conicity of the 
Heumann profile may cause hunting to begin at a very low speed unless 
the vehicle is specifically designed to accomodate these characteristics. 
The slightly worn or new wheels tend to promote more stable behavior. 
However, the negative conicity exhibited by the two most worn wheels will 
probably cause vehicles to diverge from the centered position on the 
rails at all speeds and seek a position or oscillation with one or 
more flanges contacting the rail. 

The sinusoidal input describing functions of one half the 
difference in contact angles for these same wheel profiles are plotted 
in figure 5-7. The contact angle difference describing function; at 
low amplitudes, is greatest for the modified Heumann and slightly worn 
wheel profiles. The other wheel profiles have relatively small contact 
angle differences until flange contact occurs. Thus, due to the impor­
tance of the contact angle difference in the gravitational stiffness 
expression, we expect that the gravitational stiffness effect on a 
heavily loaded Heumann or slightly worn wheel may be large enough to 
counter the destabilizing effect of the relatively large conicity of 
these same wheels and allow stable running over a reasonable speed 
range. For the two worn wheels and the new wheel the gravitational 
stiffness is not large enough to affect the dynamic behavior during 
s~all lateral wheelset excursions. When the wheel/rail contact moves 
up the flange, the gravitational stiffness is, of course, the primary 
stabilizing influence. 

The describing functions of the wheelset roll function for the 
various wheel profiles studied here are illustrated in figure 5-8. 
Here we see that only the Heumann profile has a large describing 
function value for small wheelset lateral displacements. At larger 
amplitudes, when the contact position moves up on the wheel flange, 
the roll coefficient is about the same for all these wheel profiles, 
although the wheelset lateral position for flange contact differs. 

To summarize, we could group the wheel profiles discussed here 
into three categories. The Heumann and slightly worn wheel belong in 
a category typified by large conicity and large gravitational stiffness. 
The new wheel, by comparison, has smaller conicity and very low gravitational 
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stiffness. The two most worn wheels fall in a group characterized by 

negative conicity at small wheelset lateral amplitudes. Each of these 

three groups has a distinct and different influence on vehicle behavior. 

RAIL GAUGE EFFECTS 

The effect of rail gauge variation on the wheel/rail geometric 
constant relationships is examined in this section by comparing tight 

and wide gauge results for new and severely worn wheels on worn rail. 

New Wheels 

The contact positions and constraint relationships for the new wheel 

on worn rail at tight gauge are shown in figure 5-9. Figure 5-10 illus­

trates this information for the same wheel/rail combination at wide gauge. 

At a 11 tight 11 gauge of 56 inches the rail gauge was one-half inch narrower 

than the nominal value of 56.5 inches. The rail gauge for the 11 Wide 11 

gauge analysis was 57.5 inches, one inch wider than nominal. This range 

from wide to tight gauge corresponds to the maximum gauge variation 

permitted on Class 5 track. 

Comparison of the contact position functions in figures 5-1,5-9, 

and 5-10 reveals that the major effect of rail gauge variation on these 

functions is to shift the contact curves laterally. The contact position 

on the rail remains in a narrow band until the wheel flange contacts the 

rail. The wheelset lateral position at flange contact varies, of course, 

with rail gauge. As expected, the change in clearance before flange 

contact is one-half the change in rail gauge. 
Not surprisingly, the only effect of rail gauge on the wheel/rail 

constraint relationships for the new wheel is to shift the position where 

the flange contact effects dominate these functions. In the rolling radii 

difference, c·ontact angle difference and ro 11 angle functions shown in 

figures 5-9 and~-10 we s~e that the lateral wheelset position where 

these quantities begin to increase rapidly shifts by exactly the change 

in flange clearance. Thus the chief effect of rail gauge on the behavior 

of vehicles with new wheels is to limit the range of lateral motion before 

flange contact occurs. The rail gauge change will not affect the dynamic 

behavior as long as the flange contact does not occur during the wheelset 

motion. 
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Worn Wheels 

The conta~t positions and constraint relationships for the severely 
worn wheel, profile #3 of figure 2-2, on worn rails, profile A in figure 
2-5, at tight and wide gauge conditions are shown in figures 5-11 and 
5-12. The geometric constraints for worn wheels, unlike new wheels, 
change character significantly with gauge variation. The wheel contact 
position at tight gauge shifts to the inside or gauge side for a greater 
percentage of the lateral wheelset travel and remains on the field side 
of the wheel for a majority of the lateral wheelset positions at wide gauge. 
The shift of the wheel contact position to the outside at wide gauge is 
expected. However, it is somewhat surprising to note that the contact 
position on the rail at wide gauge also moves to the field side of the rail. 
This effect is due to a shift in wheel contact to the downward sloping 
segment of that profile, where it contacts the rail at the point of equal 
slope on the field side of the rail. 

' The change in rail gauge, in addition to the obvious direct effect 
on the clearance before flange climbing begins, strongly influences the 
difference in rolling radii, difference in contact angle, and roll angle 
relationships. We see, in figures 5-11 and 5-12, that ·the slope of these 
three relationships in the region about the centered position, is positive 
at tight gauge, but negative at wide gauge. Variations of this magnitude 
in these slopes will change the vehicle stability significantly. In fact, 
it is quite likely that the spurts of hunting often observed in rail 
vehicle operation can be attributed to rail gauge changes that alter 
the wheel/rail geometric constraint relationships. 

Summary of Rail Gauge Effects 

The sinusoidal input describing functions for rolling radii 
difference, contact angle difference and wheelset roll shown in figures 
5-13, 5-14, and 5-15 illustrate the overall effects of rail gauge varia­
tion on the wheel/rail constraints. The new wheel at tight gauge climbs 
the flange almost immediately, causing rapid increases in the describing 
function values for all three quantities. At wide gauge, however, these 
quantities remain nearly constant for wheelset amplitudes to 0.75 inches, 
where flange contact occurs. The describing functions increase rapidly 
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one~ the flange contacts the rail. Thus, we expect that a vehicle with 
new ~heels on tight gauge rail may hunt at low speeds due to the large 
changes in rolling radii that occur for small amplitude lateral wheelset 
motions. However, the very high gravitational stiffness at these same 
amplitudes may counter the destabilizing increase in conicity, parti­
ct,~l arly under heavy whee 1 1 oads. 

The changes in worn wheel describing functions with rail gauge are 
similar to those seen with new wheels. The describing funGtion of the 
rolling radii difference, for example, moves from a nearly constant nega­
tive valu1 to a steeply rising curve when the rail gauge changes from 
wide to tight. The contact angle difference describing function similarly 
changes from nearly zero to a steeply rising function over this rail 
gauge range. Such variations dramatically affect vehicle behavior. At 
tight gauge we expect that the large conicity may cause low speed hunting, 
particularly if the wheel load is not large enough to counter this effect 
with a large gravitational stiffness. At wide gauge the negative conicity 
should cause the vehicle to lay over toward pne or the other rail. At 
a rail gauge value betwe~n these two ~xtremes, the effective conicity 
should be small, providing good stability for small amplituqe, lateral 
motions. 

RAIL WEAR EFFECTS 
The influence of rail wear on the wheel/rail geometric behavior was 

the third effect investigated here. The results of this investigation for 
new, severelY, worn, and modified Heumann profiles are discussed below. 

New Wheels 
The contact positions and wheel/rail geometric constraints for the 

new wheel on new rail at nominal gauge are shown in figure 5-16. The chief 
difference between the contact position functions shown in this figure and 
tho~e seen in figure 5-l for the new wheel on worn rail concerns the rail 
contact position. The contact position on the new rail remains precisely 
in one spot until the flange contacts while the contact position on the 
worn rail shifts slightly as the wheelset moves laterally. Thus, small 
jumps seen in the constraint relations on worn rails, do not occur in 

112 



a. WHEEL CONTACT POSmON b. RAIL CONTACT POSmON 
0 

"' -

0 
,_. 

m 

0 

L0CRT 0N BF BNT CTJ P01 TS 

0 l "' 0 r 
~ I zo 
-<; 

0 

1/ --' 

OCo 

~~ 

'1 
ll.~ 

/ I 
3: 

0 

"' 
' 

0 
m 

0 
N 

-'2.00 -].00 o.oo ].00 2 .oo 
~RI~G~H~T~W~H~EE~L~~~~·~ 

Nr~ ORTR 026 

WHEEL GAGE 53.000 IN. 
RR\L GRGE 56.500 IN.· 

c. WHEELSET ROLL 
~ 

0 
N 

0 

EW WHE L DR R 0 6 

N W R IL SEC I cl'N 0 
0 

0 

0 

7 ;g 
_a . 

I 
__,a 

i __,c; 

r ~ ru-
f-

I I U)~ 

--'" 
I ~ 

w• 
I 
3: 

) 
0 

v 
i,o" 
, ~ 

' 

0 

"' 
' 

~ 

i "' 

0 

"' -
~~ 
0 

L0CRT 0N 0NT 

0 

"' 0 

0 

<; 
0 

0 
0 

' 

0 

'" 
' 

' 
I 
3: 

\ 0 

"' 

\ ' 

' 0 
m 

I\ ' 

0 

"' 
-2.00 -!.00 o.oo 

RAIL CRNT .0250 

! 

OR R 25 -
/ 
~ 

I 
f 

t 
1 

J 

-1.20 -o.go -o.so -o.3o -o.oo o.3o o.so 0.90 
WHEELSET LATERAL I IN I 

CT P01 TS 

I .00 2 .ao 

' 

I .zo 

FIGURE 5-16 NEW WHEELS, NEW RAILS AT NOMINAL GAUGE 

11J.c 



d. NQR~AUZED RO-.LJNG RADU DIFFERENCE 

I I I I 
I 

r-+-~~--+-~~--+-*:~~-+--f--+--+------~ 
I ~EW HHE ~ OR A Ot/6 

NEH R IL SEC J(i}J 0 OR R 25 I I \ ! 
f----t----t----t----+--+--+--~o+--+--+--+--+~--t---j--

=N 1 ~-~+ f--.--l---l------lf----r------1------1----l----l-""-~:,;-+---+-------+--+--+' --r-:t.\ 
r-+--+-t-----+----++t~-rrH-,~ ----+----+----1 rf-t-1

! - -++-R 
I I I +------t---t------+--j j !::-;g jJ ' · ' 1 I 

H-----1-------f-----1---------t--...1~'~-~-_,.i_,..._ __ _f_ ~---1-----t -i-
f--+---+-----+--+--l-i-!-+--------~--c~o--J----l!_-1--------+-__j___J_-t-=Oi I I l I I ~0 Ll ,I i I ! i I 

------l--+---+t--if_ __ +=t';'-t-----t--+-----j------t ---+--+-- ' 
1/ \ I~' l I i I+' I 

' .M . Ct: . ~---t--__;----t--_ -'-- -----j 
I I=~ I I : . ; : I I 

r-+---+---+--+-~-------1---- ,_,_ ·--+---t--·· l -t- -- +-- --+- -+-_ ------1 
1 1~ 

1 

i r ' i ! I I 
Jr----+i--t-1-------1 1.--+----r--+,---+,-=~-8+-----+-' --~ -- , __ -)---r--J 
r---l--- :t-t ~ , +-------t -- t L ~ --1--L 
I ! 'I i i j ---1---: : i I i 
I i I i i , · +-- - -~ +-:-------+-] 
ttl ; 1-+-1 --+;-:f---r-_;__-=_-:_· ~"-'0_1--_-~----~-r--~ - : t·--i -t .. -~J! 
i I i : , . )'; : , 
f------:...L.-----t----'---t---:-'---+-,-----'--~~--_,____J.. - 1--------L----t.l-::-:--~ -1 .zo -o,go -o,~;~o -o.3o ~o.oo o.1o o.6c o.9o 1.20 

HHEELSET LATERAL I IN I 

f. ONE HALF CONTACT ANGLE DIFFERENCE •'' g 

l I - : '· ~ I I I I 
J----.---+----+-----+--+-+-1 ----+~-+-., -:;;+-----llr------r-1 -~- I : ; -i! 

' I ' o I ----r------r----r----1 
i ~EH f-JHE L ' ORfR 0 6 i ' ' : jj 

j NEH R JL \sEctJJID 0 l OA~A 025 j___l___~ __ : 
! I 0 I I 

I I ' i I ~ ' I \;--+-----i---+-----1-J: 
I I I~~ i I+ ! pe i 

I I lxo ' - Q I ' I ' L__j__ i I a: . I ' : I I I I I 

l I I i i ! ! ~0 I I ; : ----:--- ' I j 
r-~' --+-' ______,----j----f--j' -'f.----+' -<>''.,:,N t------i---' _______;...;______;_ ___ +-__ ____;_ -- -~--

i i .;_o , . . I i 
I ! :I 

I~ .. --.;.-~' I • • wo ' I i : i I i i _jc:; I I : I 

I I I i iei' I I I I 

i l 
i I: 
' f---+~--+-----+-------+--+---1-t-------i-.,..._u_o+-------+, ____;_ ! --t~--t--

1 I I I I '· :::~ I i : ! i 
' ' I ! ' lr-:-+-----+---------+---i-----i--+----+1: ili~' -~;--~---r- --+---t-~--

1'-----i-~ --~! _If----+1--+---f--!-----l'::.... ! ' J__ ; I ! 

' 
' 

I I I JA, I ' I I Zo I 1 -- ----r----+---;---
1 _.',..J.~~'!'!I'!"'~l!l.\fl--1-+-----i__ji__::~;o~+---___j' __ +1 ~~--L__J___;__+-­
,__ I ' I I~' ', ! I, I I ! -

lo~ i ! . f ! I ~-
1--------+--+--f---+--+-f---tl~:"":rt---------jl---t--;---:---t--t--; 
1--------+-----+, -1----+--+_______,1----+il--:iirt---------jl--+' __ ___j--------T-+---+-' 

I i ! i ' 1---+--+-l----+--+-1---+--'?+-----jc----t-----~--~~-~-: l J i ! i i 
~----'------+-----t-1 j g i i ' i I 

'VI 

-1.20, -0.90 -o.so -o.Jo -o.oo o.Jo o.6o 
HHEELSET LATERAL I IN I 

0 .90. I .20 

~. ROLUNG RADII 

! 

~- EH HHE L OR 

NfH R IL SEC r---

! 

r I 

~--t 
' I f--' v... 

r~~ \ " ± ,-- - t--- t---- - ---

: I I 1 f-------... ---- ~--

~ i ' ----

I 
1----j- -r-- ---
! I j , i t r -: - ~- - -r -r- -
[- r- r---f-1--r--r 

0 

"' -
0 
N 

-
A 0 

I~ -
•o 

z• 

-
~ 

Wo 
__JO 

Jl.' ·-
f--

2g 
Ct:' -+ 

(f)o 
:ON 

-a: 
Ct: 

~~ 
__ r 

"' ,."'-. 

-
0 0 
-~ 

1----;; 
~ 

-

6 

0 DR R 25 

/" 
I 

I-- -- --

r--- ---·- --- -- --

-1.20 -o.go -o.Go -o.~o -o.oo o,3o o.so 
HHEELSET LATERAL I IN I 

g. CONTACT ANGLES :;; 

I 
-

! I I 0 
"' j-----1--

I -
W EH HHE L OR A 0 6 

h ! 
I N H R I L SEC l~ 0 OR R C 25 

I 
-

! 

i ! I __J ,o 
.~ 

I I -
A ~ .A 

I 1 " 
,, 

+g 

ti ! I. --w 
__J 

M 
a: 

1\}f I I 0 

Et 
"" v! 0 UJ 

": 
i "' 0 

w~ 

I <.:>0 

I z 
a: 

~0 

!"i- U• 

I 
~0 

z --+- "' ~0 
~ 

--I I 
0 

--

~-~- 0 
0 

0 
I 

J 

J l l iJ 

-I .zo -0.90 -0.60 -0.30 -Q.OO Q.30 Q.60 
WHEELSET LATERAL I IN I 

FIGURE 5-16 NEW WHEI:LS, NEW RAILS AT NOMINALGAUGE 

114 

o .go l .zo 

\.. 

0.90 I .20 



these functions on new rails. The slope of the rolling radii difference 
and roll angle functions in the range before flange contact occurs is also 
somewhat larger in the new rail case. 

Severely Worn Wheel 

The contact positions and constraint relations for the severely 
worn wheel profile on new rail at nominal gauge are shown in figure 5-17. 
Comparison of these results with the corresponding curves in figure 5-4 
for the same wheels on worn rail reveals that the contact position on the 
new rail remains in one position over a wider range of wheelset lateral 
motion, and that this position is closer to the center of the rail. Al­
though the final jump in contact from the wheel tread to the wheel flange 
occurs at about the same lateral wheelset position in both cases, the 
intermediate jump to the inside of the wheel and rail occurs at a larger 
wheelset displacement on the new rail. 

The influence of the difference in rail head profile on the wheel/ 
rail constraints is quite minimal. Figure 5·17 shows that the rolling 
radii difference, contact angle difference and roll angle functions remain 
flatter over a wider range on the new rail than on the worn. This effect 
is small enough that it is doubtful that any difference in vehicle behavior 
would be noticeable. 

Modified Heumann Profile 

The contact positions and constraint relations for the modified 
Heumann profile on new rail at nominal gauge are shown in figure 5-18. 
Again, comparison with the contact position functions for this case on 
worn rails, figure 5-5, indicates that the contact position on the wheel 
and rail have jumps of about the same magnitude in both cases, although 
these jumps occur at different wheelset lateral positions. The contac~ 
is spread over a wider band on the new rail than on the worn rail, but 
the contact band on the wheel does not differ in the two situations. 

These small contact position differences have a large impact on the 
constraint relations in the range about the origin. At a lateral wheelset 
position of 0.30 inches, for example, the rolling radii difference, contact 
angle difference and roll angle are all about 50% less on the new rail than 
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d. NORMALIZED ROL~ING RADII DIFFERENCE 
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on the worn rai1. At larger displacements, the values of the constrained 
variables are much c1oser. At a lateral wheelset displacement of 0.60 
inches, for example, the constrained variables are nearly the same for both cases. 

These results indicate that vehicles with Heumann profiled wheels 
may be considerably more stable on new rail than worn rail. 

Summary of Rail Wear Effects 

The sinusoidal input describing functions of the wheel/rail con­
straint relationships shown in figures 5-19, 5-20 and 5-21 illustrate 
graphically the behavior of the new, severely worn and Heumann wheel pro­
files on new rail. Comparison with the describing functions for the same 
wheel profiles on worn rails, found in figures 5-6, 5-7 and 5-8, reveals 
the following differences between wheelset behavior on new and worn rails, 

1. New wheel profiles have identical behavior at large amplitudes, 
but have nearly constant and higher values of GOnicity on new 
rail. Thus, the stability of vehicles with new wheels may 
be slightly better on worn rail. 

2. Conicity and roll coefficient values for the Heumann profile 
are more than 50% larger at small amplitudes on worn rail 
than on new rail. As a result, vehicles with a modified 
Heumann profile may be more stable on new rail. 

The desyribing functions of the constraint relationships for the 
severely worn wheel were supstantially unaffected by the differences be­
tween new and worn rails. These describing functions at large amplitudes, when the contact point moves onto the flange, were also unaffected by the 
differences qetween new and worn rail. 

To summa'rize, rail wear does not affect the wheel/rail geometric 
constraints as strongly as the other parameters studied here. Some wheel 
profiles, such as the severely worn wheel profile, profile #3 of figure 2-2, 
are unaffected by rail wear. The nature of the influence of rail wear can 
be either stabili~inQ or destabilizing, depending on the wheel profile 
characteY'i sti cs. 
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CONCLUSIONS 

Perhaps the most significant accomplishment of this study was to 
determine the dependence pf the wheel/rail geometric constraints on the 
wheel set 1 ateral amplitudes. In most rail vehicle dynamic studies, the 
assumption is made that these constraint functions can be represented 
with linear functions. The results presented in this chapter indicate 
that this is a poor assumption for all the situations studied except the 
new wheel on ~ew rail. In most cases, the constraint functions are highly 
nonlinear, and as a result, we expect that the vehicle behavior will depend 
strongly on the amplitude of the wheelset motion. 

This parametric study revealed that significant changes in the 
wheel/rail geometric constraint relationships may occur when the wheel, 
rail and track geometry vary. The wheel profile geometry has the strongest 
effect of these three parameters. We found that one may be able to classify 
wheel profiles in three categories, (1) new, (2) hollow with positive slope, 
and (3) hollow with negative slope. Wheel profiles in the third category 
when in contact on the negative slope or downturned portion of the profile 
will cause the wheelset to diverge from a centered position at any speed. 
The vehicle or wheelset stability at higher speed will be determined by 
the wheel/rail chqracteristics and other factors such as the suspension 
configuration and the vehic1r load. 

Variations in the rail gauge affect the wheel/rail constraints by 
shifting the position of the contact point between the wheel and rail. For 
a uniform wheel profile such as a new, conical wheel, this does not change 
the constraint relationships until flange contact occurs. On a wheel with 
downturned pr~file however, s~ch a shift may move the centered contact point 
from a stable position with a positive contact angle to an unstable position 
wi~h a negative slope. Thus, under certain conditions, changes in rail 
gauge can have dramatic effect on the wheel/rail constraints. 

We found that rail wear had very little effect on the geometric 
constraint relationships for the new and severely worn wheel profiles. 
The new wheel profile had slightly larger conicity on the new rail. 
However, effective conicity and the wheelset roll, for a wheelset with 
modified Heumann profiles were more than 50% larger on new rails than 
worn at wheelset lateral amplit~des to about 0.30 inches. Thus, we must 
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conclude that rail wear may strongly affect the behavior of certain classes 
of wheel profiles. 

It should be emphasized that this parametric study dealt with a 
limited sample of wheel profiles and only with symmetric wheels on B 

wheelset. We expect that a wide variety of wheel profiles may be found 
throughout the North American freight car fleet, and that the constraint 
functions for those may vary considerably from those studied here. It is 
a fact that wheelsets often have asymmetric wheels. We expect that this, 
too, will change the constraint functions for the wheelset. These two 
matters should receive attention in subsequent projects. 
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CHAPTER 6 

CONCLUSIONS 

The primary goal of this study was to develop the capability of cal­

culating the wheel/rail geometric constraint relationships for arbitrary wheel 

and rail profiles, wheel and rail gauges, and rail cant angles. This goal 

was attained. The equipment and procedures developed to achieve this objec­

tive, as w~ll as the results obtained using them have wide applicability to 

the study of rail vehicle dynamics. Successful completion of this effort 

has brought us a great deal closer to our ultimate objective of providing 

the capability to analyze accurately the dynamic behavior of any rail vehicle. 

The capabilities of the tools developed in this project, the conclusions ob­

tained in a limited application of these tools, and the additional work that 

is need~d to refine the tools and apply them to new problems are discussed 

below. 

STATUS AND ACCOMPLISHMENTS 

Labor~tory equipment and procedures were developed to achieve the ob­

jectives of this project by experimental methods. This effort revealed that 

experimental measurements would be quite time-consuming, particularly if 

large numbers of wheel and rail combinations were to be measured. Conse­

qu~ntly, an analytical method for determining the desired wheel/rail geometric 

eonstraint functions was also developed. The experimental apparatus and pro­

cedures were fully developed to provide the following capabilities: 

1. Determine the contact position on the wheel and rail and the 

wheelset roll angle at any lateral wheelset position. 

2. Convert wheel and rail profile data from graphical to numerical 

form suitable for input to digital computer programs. 

This experimental process has been thoroughly checked for accuracy and repeat­

ability. Digital data for selected wheel and rail profiles for input to the 

analytical procedure and experimental contact position measurements for val­

idating that procedure were obtained with the experimental apparatus. This 

equipment is available for further research, if needed. 
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The objective of the analytical effort conducted during this project 
was to develop a more efficient means of determining wheel/rail geometric 
constraint relationships for arbitrary wheel and rail combinations. This 
effort resulted in digital computer programs to carry out the following com­
putations: 

1. Find the wheel and rail contact positions, wheelset roll angle, 
contact angles at left and right wheels, and rolling radii at 
left and right wheels for arbitrary wheel and rail profiles 
as functions of the wheelset lateral position. 

2. Find sinusoidal input describing functions for the odd wheel/ 
rail geometric constraint functions. 

These analytical procedures were validated by comparison of computed values 
with experimental measurements. The computer programs are documented in·· 
Appendix A. 

A computer program was also developed to compute the wheel/rail con­
straint relationships from the experimentally determined data for the con-
tact positirins on the wheel and rail and tabular data for the wheel and rail 
profiles. This program was used to reduce the experimental data for compar1son 
with analytical results. The capabilities of this program were incorporated 
in the programs described above. 

Validation of the analytical procedure was accomplished-by comparin~ 
experimental and analytical values of contact positions, and wheel/rail geo- · 
metric constraint relationships for the following three cases: (l) new wheels 
on new rail at a nominal rail gauge, (2) severely worn wheels on worn rail at 
nominal rail gauge, and (3) severely worn wheels on worn rail at wide gauge. 
Excellent agreement was obtained between analytical and experimental values 
for contact positions and rolling radii. In both the analytical and experi­
mented procedures, values for contact angles were obtained by numerically 
determining the slopes of the wheel and rail profiles at the appropriate 
contact positions on the wheel and rail profiles for each wheelset lateral po­
sition. Although reasonably good agreement was obtained between the solutions 
obtained by the two processes, further improvement in the method of determining 
the slopes of the wheel and rail profiles to smooth the contact angle relation-
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ships w9uld be worthwhile. 
A parametric study utilizing the analytical procedure was undertaken 

to investigate the effects of wheel wear, rail wear and rail gauge variations 
on the g~ometric constraints. Wheel/rail geometric constraint relationships 
and their describing functions were found for eleven combinations of new, 
slightly worn, moderately worn, severely worn, and modified Heumann wheel pro­
files; new and worn rail profiles; and tight, nominal and wide rail gauge. The 
fpllowing conclusions were drawn from this investigation: 

1. The wheel/rail constraint relationships are quite nonlinear, even for 
new wheel profiles on worn rail. Consequently, the frequent assump­
tion that these relationships can be approximated with linear func­
tions in the analysis of rail car dynamics should be taken with ex­
treme caution. A better technique is to use the describing func­
tion approach to analyze the behavior of the rail car as a function 
of the wheelset lateral amplitude~ This will reveal directly the 
dependence of the dynamic behavior on the amplitude of the motion. 

2. The wheel profile geometry has the strongest effect of the three 
parameters studied. Tentative classification of wheel profiles 
into three classes allowed us to isolate the dominant diff~rences 
between the wheel profiles studied in this limited investigation. 

3. One class of wheel profiles, characterized by a contour with nega­
tive slope in a region of the profile, has negative conicity and 
gravitational stiffness at some wheelset lateral positions. This 
characteristic will cause the wheelset, when in one of these posi­
tions, to diverge from a centered position and either oscillate in 
a limit cycle or assume a position with one wheel flange in contact 
with the corresponding rail. 

4. Rail gauge variations had very little effect on the constraint re­
lationships for new wheels, but significantly changed these func­
tions for worn wheels. For wheels in the class described in Con­
clusion 3 above, changes in rail gauge from tight to wide gauge will 
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cause the conicity and gravitational stiffness at small ampli- · 

tudes to change from positive to negative values. 

5. Rail wear had very little effect on the geometric constraint 
relationships for all but the modified Heumann profile. The· 

conicity of the wheelset with modified Heumann profiles was more 

than 50% higher on new rail than on worn rail. 

6. The modified Heumann profile had the highest conicity and gravita­

tional stiffness of the wheels studied. As a result, we expect 

that stability problems will be more severe on lightly loaded, 

conventional freight cars with Heumann profiled wheels than on 

the same cars with any of the other wheel profiles studied here. 

It should be noted that Heumann profiles offer the particular 
advantage of not changing with mileage to the same degree that 

standard profiles do. Consequently, Heumann profiles could give 
good performance if the vehicle were designed for their use. 

use. 

This parametric study dealt onlv with a limited number of wheel and 

rail profiles on wheelsets with identical wheel profiles on left and right 

wheels. The latter factor, in particular, is not representative of North 

American rail freight cars. Consequently, the results presented and conclu­

sions discussed here should be regarded as tentative. The asymmetric wheelset 

and a wider collection of wheel profiles should be studied in the near future. 

FUTURE WORK 

The future work that is needed to refine the tools developed in this 

project and to apply them to the problems of the railroad industry can be 

grouped in the following three categories: (1) efforts to improye or extend 

the capabilities of the computational procedures for determining wheel/rail 

constraint relationships, (2) projects to develop the data needed in the com­

putational procedures, and (3) studies to apply these procedures to understand 

and solve railroad industry problems. Future work in each of these categories 

is discussed below. 
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Comeutational Refinem~nts and Extensions . . ' . ' 

1, Modify the computer programs to allow computation of contact 
positions and wheel/rail geometric constraints for asymmetric 
wheels and rails~ i.e. different wheel and rail profiles on the 
left and right. This modification involves minor programming 
changes to run through the curve fitting and contact point com­
putations twice. These modifications will be made in the near 
future. 

2. Improve the accuracy of the process of obtaining digital wheel 
and rail profile data for input to the analytical process. One 
area for improvement is the digitizing processes used in this 
study. As discussed in Chapter 3, the method of determining the 
angular orientation of the protiles during the digitizing process 
has a larger experimental uncertainity than is desirable. Some 
ide~s for refinement of this process to reduce the uncertainity 
are discussed in that chapter. Another area for attention is the 
development of accurate and reliable devices to measure wheel and 
rail profiles in the field. Ideally, ~uch devices would record 
the profile measurements on magnetic tape or cards in a form that 
could be directly used as input to the computational process. 

3. Eliminate spurious jumps in the contact position and contact slope 
functions computed by the analytical procedure. As discussed in 
Chapter 4, these jumps are caused by slight mismatches of slopes 
and possibly positions at the junctions between the 4th order 
polynominal~ fitted to the profile data. Although these jumps are 
not large, their elimination is desirable. Refinements such as 
improving the curve fittin~ process or averaging the two curve fit 
values in the overlap region are discussed in Chapter 4. 

4. Develop a method of computing the curvature of the wheel and rail 
profiles. The radii of curvqture of the wheel and rail profiles 
are used in the creep force computations, and in calculations of 
the contact stresses. Instantaneous values of the curvature at 
each wheel and rail contact position are needed to determine the 
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change in creep coefficient as the wheelset displaces laterally. 

lie have tried computing the radius of curvature from the curves · 

fitted to the profile data. However, this computation uses the 

second derivative of the profile curve, and we found that this 

value varies a great deal from pbint to point. ··consequently, 

the values of radii of curvature computed in this way vary wildly, 

and do not reflect accurately the actual profile curvature. A 

method of smoothing the data, either before, during or after 

the curvature computation is needed. 

Collection of Wheel and Rail Data 

1. Assemble a data bank for all new wheel and rail profiles. This 

data bank would be available to railroad researchers, designers, 

and operating personnel to evaluate the expected behavior of rail 

vehicles. 

2. Undertake an effort to make a comprehensive study of worn wheel 

and rail profiles throughout the country. This project will re­

quire development of the instruments and procedures discussed in 

item 2 of the computational tasks. 

Applications of the Analytical Process 

1. Assemble a data bank of wheel/rail geometric constraint functions 

for combinations of the new. wheel and new rail profiles assembled 

in item l of the data collection tasks. 

2. Develop a scheme for classifying the worn wheel and rail profiles 

gathered in the second data gathering task described above. This 

classification method might group profiles or combinations of 

profiles according to similarities in their geometric constraint 

functions. 

3. Analyze the dynamic behavior of conventional rail vehicles with 

various combinations of the wheel and rail profiles classified 

in task 2 above. This study should lead to maintenance standards 

for wheels and rails that would ensure acceptable dynamic behavior. 
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When the tasks described above are completed, we should have the 

information needed to obtain a better understanding of the causes of the 

poor dynamic performance of conventional rail vehicles, and to design 

better vehicles. 

132 





1-1. 

1-~. 

1-4. 

1-5. 

1-6. 

1 ... 7' 

l-8. 

~-1. 

2-2. 

2-~. 

2r5. 

REFERENCES 

Wickens, A. H., "The Dynamic Stability of Railway Vehicle Wheelsets 
and Bogies Having Profiled Wheels," International Journal of Solids 
and Structures, Vol. 1, 1965, p. 319-441. 

Wickens, A. H., "General Aspects of the Lateral Dynamic;s of Railway 
Vehicles," ASME Journal of Engineering for Industry, Vol. 91, Series 
B. No. 3, August, 1969, p. 869-878. 

King, B. L., "An Evaluation of the Contact Conditions Between a Pair 
of Worn Wheels and Worn Rails in Straight Track", DYN/37, September, 
1966, British Railways Research Department, Derby, England. 

King, B. L., "An Assessment of the Contact Conditions between Worn 
Tyres and New Ra i1 s in Straight Track, 11 DYN/ 42, December 1966, 
British Railways Research Department, Derby, England. 

Gilchrist, A. 0., 11 Variation Along the Track of Conicity and Rolling 
Line Offset, 11 DYN/62, July 1967, British Railways Research Depart­
ment, Derby, England. 

Booton, R. C., 11 Nonlinear Control Systems with Random Inputs, 11 Inst. 
of Radio Engineers, Trans. on Circuit Theory, Vol. CT-1, No, 1, 1954. 

Anon., "Geometry of the Contact Between Wheelset and Track Part 1: 
Methods of Measurement and Analysis," Question C116, Interaction 
Between Vehicles and Track, Report No. 3, October, 1973, Office 
for Research and Experiments of the International Union of Railways 
(ORE), Utrecht, The Netherlands. 

Anon., "Geometry of the Contact Between Wheelset and Track, 11 

Communications of the ORE, Rail International, March 1974, 
p. 252-256. 

Heumann, H. 11 The Prob 1 em of the Tyre Profile, 11 Organ. f. d. Fortschri tte 
des Eisenbahnwesens, Vol. 89, No. 18, Sept. 15, 1934, p. 336-342. 

Koffmann, J. L., 11 Heumann Tyre Profile Tests on British Railways, 11 

Railway Gazette, 1965, p. 279 

Eck, B.J. and N.W. Berg, 11 Looking for Tomorrow's Wheel Profile, 11 ASME 
Winter Annual Meeting, Detroit, Nov. 1973. 

Gelb, A., and W. Vqnder Velde, Multiple-Input Describing Functions 
and Nonlinear System Desisn, McGra~-Hill, 1968. · · 

Siljak, D., Nonlinear Systems: The Parameter Analysis and Design, 
J. Wiley & Son$, 1969. 

133 



2-6. Cooperrider, N.K., Hedrick, J.K., Law, E.H. and C. W. Malstrom, 
11 The Application of Quasi-Linearization to the Prediction of 
Nonlinear Railway Vehicle Response, 11 presented at the IUTAM 
Symposium on Vehicle Mechanics, Delft, August 1975. 

3-1. Anon, 11 Wheel and Axle i•ianual,'' Tenth Edition, Oct. 1972, Associa­
tion of American Railraods, Washington, D.C. 

3-2. Siddall, J. N., Analytical Decision Making in Engineering Design, 
Prentice-Hall, 1972, p. 43. 

4-1. MATH-PACK, UP-7542 Rev. 1, Univac Large-Scale Systems, Sperry-Rand 
Corp., Sec. 13, pp. 24-44. 

137 



1. i 

I 

APPENDIX A. WHEEL/RAIL CONTACT CHARACTERIZATION 
PROGRAM 

A. PURPOSE 
This progrqm and qssociated subroutines compute the wheel/rail 

contact positions and geometric constraint functions for any given 
wheel profile, rail profile, rail cant angle and rail gauge for a 
symmetric wheelset on symmetric rails. 

B. PROGRAM DESCRIPTION 
1) Usage: The program consists of a main program and twelve sub­

routines. The program also uses 11 Canned 11 subroutines in the 
Univac MATHPAC. Input is coordinated by the main program WHRAIL 
and subroutine PRFLE. Output is from the main program and sub­
r9utine DCRFCN. The bulk of the communication is in COMMON 
storage. 

2) 

The main program, WHRAIL, coor.dinates the input and cal­
culations. Subroutine PRFLE reads in the digitized profiles and 
fit~ a series of 4th order polynomials to the data using sub­
routine CRVFT. Subroutine PLOTl plots the profile data points 
and the curve-fits using subroutine GTPTS to calculate the fitted 
points and the plotting routines associated with the CALCOMP 
770/763 plotter. Subroutine EQSOLV, co9rdinates subroutines 
CHECK, CHOOSE, and RADII, to find the contact point locations. 
Subroutine EQSUB2, using subroutine RADII, calculates values of 
the constraint parameters which are plotted by subroutine PLOT2, 
using the CALCOMP plotter routines. The main program, WHRAIL, 
outputs the results and calls subroutine DCRFCN to compute des­
cribing functions for certain of the results. The describing 
function results are output from within DCRFCN. 
Subroutines Required: SUBROUTINE PRFLE (NW, XW, YX, NC, RR, XB, Fl, I 

F2, F3, SS, INC) profile fitting routine reads in data points des-
cribing a profile, divides each profile into a series of regions, 
and fits a 4th order polynomial to each region. Uses subroutine 
CRVFT. 
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SUBROUTINE CRVFT (N, L, X, Y, W, A) finds the coefficients of the 

fourth order polynomial that best fits an array of data points. 

Uses subroutines ORTHLS and COEFS from the Univac MATHPAC. 

SUBROUTINE PLOTl (NW, XWl, YWl, NY, XW2, YW2, ICT, IWG, IRG) plots. 

the wheel and rail profiles with a symbol at every other data 

point and draws a line representing the curve-fit. Uses subroutine 

GTPTS and the CALCOMP plotter routines. 

SUBROUTINE GTPTS (XMAX, XMIN, RR, B, NC, AXW, ARl, Sl, NU) calcu­

lates an array of points on the curves fitted to a profile. 

SUBROUTINE EQSOLV (NUMBR, XOLD, XMIN, XMAX, XMAXW, XMINW) coordin­

ates the search for the contact points. It also transposes the 

results to get values for negative wheelset lateral displacement. 

Uses subroutine CHECK. 

SUBROUTINE CHECK (XW, DXW, XOLD, XMIN, XMAX, XMAXW, XMINW, WR) uses 

a search procedure to find the contact point locations. Uses sub­

routines CHOOSE and RADII. 

SUBROUTINE CHOOSE (Xl, X2, X3, X4) chooses the curves which repre­

sent the wheel and rail profiles at the instantaneous points of 

interest. 

SUBROUTINE RADII (RR, YR, RL, YL, Xl, X2, X3, X4, Rl, R2, R3, R4) 

finds the functions of four fourth order polynomials for four inputs. 

SUBROUTINE E.QSUB2 (NUMBR, W) ca 1 cul ates the geometric constraint 

relations by substituting the contact pointlocations into the de­

fining equations. Uses subroutines RADII and CHOOSE. 

SUBROUTINE PLOT2 (NUMBR, !TODAY, !TIM) plots the results. 

CALCOMP plotter and associated routines. 

Uses the 

SUBROUTINE DCRFCN (N, AXW, AR5, AM3, AWl, AR) performs quasi­

linearizations using describing function techniques for a sinu­

sodial input. 
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NUMB 

INC 

W(l 

RG 

BR 
BL 
I WHEEL 

DTF 
NW 
xw,vw 

I RAIL 

PRW 

XWl, YWl 

3) Description of Parameters: 

Main Program WHRAIL Input par~me~ers 

Number of points to be calculated, < 121. The amplitude of wheel~ 

set lateral displ~cement = NU~~0 1 i~ches 
Number of data points per curve~fit zone, 3 ~INC~ M/3, where 

M = number of data points 

Wheel gauge measured from flangeback to flangeback, inches 

Rail gauge measured from inside one rail at a point 5/811 from the 

top of the rail to the corresponding point on the other rail, 

inches 
Cant of right rail, radians (positive cant to the inside) 

Cant of left rail, radians, (positive cant to the inside) 

Label for wheel, alphanumeric 

Distance from tapeline to flangeback, inches 

Number of wheel profile data points, 9 ~ NW ~ 200 

Arrays of data points for wheel profile, dimension NW 

XW(I) = distance from tape line, positive out, inches 

YW(l) =wheel radius at XW(I), inches 

Label for rail, alphanumeric 

Distance from rail head centerline to a point on the inside of 

the rail 5/811 down from the top of the rail, inches 

Arrays of data points for rail profile, dimension NW 

XWl(I) =distance from centerline of rail, positive out, 

inches 

YWl(I) =height of rail at XW1(I), inches 

4) Input Formats: 

A sample deck set up is listed in section E of this appendix. 

The program requires the wheel and rail profile data, rail cant, 

rail gauge, wheel gauge and certain program control information 

in the following format: 
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-- --·-- - ------·-- --·--

Card # Col.# Contents Format 

l 1-3 NUMB (213) 
II 4-6 INC .. 
2 X WG ()-unsPecified 
II X RG 
II X BR 
u· X BL 
'2 1-72 I WHEEL 13A6T ,J 

4 X DTF ) 
5 l-3 NW 13) 
6 11-25 XWTIT -(data must be in order start1ng 10X,2El5.7) 

to with largest XW) 
NW+5 26-40 YW(I) . 
NW+6 1-72 I RAIL 13A6) 
NW+7 X DRW T 
NW+8 1-3 NY 13) 
NW+9 11-25 XWl(l) Tdata must be 1n order start- 1 OX,2El5. 7) 
to ing with largest XWl) 

NY+NW+8 26-40 YWl (I) 

5) Output: For a sample output, see section D of this appendix. 

AMP 
ALAM 

DELM 

WSRL 

xw 
Xl, X3 

X2, X4 

RR, RL 

The main program prints out the first section which contains wheel 

and rail descriptions and the coefficients of the fourth order poly­

nomials used to fit the profiles. Describing functions of certain 

of the results are printed by the DCRFCN subroutine. Finally, a 

table is printed by the main program that contains all the results 

in tabular form. The input profiles and results are plotted by 

subroutines PLOTl and PLOT2. 

The Fortran names used in the program output are the following: 

Amp 1 i tu.de of whee 1 set 1 atera 1 motion, inches 

Describing function of the nondimensional difference in rolling 

radii, (rl - rR)/2a, as a function of nondimensional wheelset 

lateral position, xw/aw. 
Describing function of one half the difference in contact angles as 

a function of nondimensional wheelset lateral position, xw/aw. 

Describing function of the wheelset roll angle as a function of 

nondimensional wheelset lateral position, x /a . w w 
Wheelset lateral displacement, positive to the left; inches 

Contact locations on the right and left wheels, positive·out from 

tapeline, inches 
Contact locations on the right and left rails, positive out from 

centerline, inches 
Rolling radii, right and left wheels, inches 
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YR, YL 

MR, ML 

WR 

YCG 

• Rai r head profile height, right and left rails, inches 
Contact angles on the right and left wheel with respect to the 
axle, radians 
Wheelset roll angle with respect to the horizontal (positive up 
on left), radians 
Vertical displacement of wheelset centroid from nominal position, 
inches 

Rl, R2 Profile radii of curvature on right wheel and right rail, inches 

6) Summary of User Requirements and Recommendations: 
I 

All input data is on cards with the formats shown. To pick a value 
for NUMB, the number of points to be calculated, note that NUMB de­
termines the range of the wheelset lateral positions, i,e., the maxi­
mum wheelset amplitude = NU~~O- 1 inches. If calculations are made 
for too large a wheelset lateral displacement then the plotted results 
may extend past the borders of the graphs. Suggested values for NUMB 
are (1) for wide gauge take NUMB= 121 (the maximum allowed), (2) normal 
gauge take NUM~ = 101~ and (3) narrow gauge take NUMB~ 81. INC deter­
mines the data points per curve-fit zone. If INC ts small then the 
fitted curve will fit the points more closely. If INC is larger, 
more numerical smoothing will be done. Take INC = 6 fqr a start. If 
the curves do not fit the profiles well enough (this is determined from 
the plot where the profile data points and curve~fits qr~ plotted 
together) then decrease INC. Remember to inp~t the profile data 
points (wheel and. rail) in a sequence that starts with the largest 
11 X11 value and moves toward the smflllest. This is necessary because 
the program separates the profiles into zones assuming this order. 
Th~re are a few error messages in the program which are self­
explanatory. There i~ also a warning printed when the wheelset 
roll angle it~ration does not converge. 

C. METHOD 
The computations carrieq out in this program can be divided into 

four sections: 
(1) Math~matical Description of Rail and Wheel Profiles 
(2) Calculation of Contact Pqint Locations 

138 



(3) Quantitative Description of Geometric Constraint Relations 
(4) Quasi-linearization 

The computational procedures and mathematical re~resentations used in 
these four sections, respectively, are described below. A program 
listing for each subroutine may be found in section E of the appendix. 

1) Mathematical Description of Rail and Wheel: The inputs to the 
program are: 
(a) parameters specifying the size of regions_ to be curve-fit 

and the amplitude of wheelset lateral displacement allowed 
(b) wheel and rail gauges 
{c) tabular wheel and rail profile data 
(d) tapeline to flange-back distance and one-half head rail width. 

The rail and wheel profiles are described by fourth order polynomials 
fitted to sub-intervals of the profiles. The sub-intervals consist 
of a specified number of data points with an overlap of three data 
points on each adjoining interval. The tabular profile data is read 
into a subroutine, PRFLE, that separates the data into the regions 
and then calls another subroutine, CRVFT, to fit a fourth order 
polynomial to each region. The curve-fitting is accomplished in 
subroutines ORTHLS and COEFS [A-1] that use an orthogonal polynomial, 
least-squares curve fitting approach~ 

The output of the profile subroutine for each profile is: 
(1) a set of fourth order polynomials with each polynomial fitting 
a certain interval of the profile and (2) the limits defining each 
inter~al of the profile. 

2) Calculation of Contact Point Locations: The theory behind the 
contact point calculations is· described in Chapter 4. The iteration 
and sweeping procedures described there are performed in subroutine 
CHECK. Subroutine EQSOLV increment increases the wheelset lateral 
displacement and calls on the CHECK subroutine to find the contact 
points.· Several geometric relat1ons ar~ used in subroutine CHECK. 
The first is the equation describing the correspondence between 
points on the wheel and points on the rail. The equations ~hat 

.. 
express the requirement that the wheel and rail contact at the same 
lateral positions are, on the right 

A-1. Math-Pack, UP-7542 Rev. 1, Univac Large Scale Systems, Sperry Rq.nd 
Corporation, Sec. 13, pp. 24-44. 
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(A-1) 

and, on the left 

a + x = x + (a + x ) cos ¢ + rl sin ¢w r rl w w wl w 
(A-2) 

The variables in these equations are shown in figures 2-6 and 2-7. The 
equations equate the lateral distance of corresponding wheel and rail 
points from the track centerline. They are used in subroutine CHECK 
to find corresponding points on the wheel and rail to check for the 
minimum separation distance. Recall that the minimum separation 
distance indicates a contact point. 

The heights that are required in calculating the minimum separa­
tion distance are computed from the following four equations, one 
set for the wheels and one set for the rails. 

hright wheel = -rR cos ¢w - (aw + xwR) sin ¢w 

h =. -rl cos ¢w + (aw + xwl) sin ¢w left wheel 

hright rail = YR + X sin SR rR 

hleft rail = YL + X sin SL rl 

(A-3) 

(A-4) 

(A-5) 

(A-6) 

The datum used for the wheel heights is a horizontal line through 
the wheelset centroid. Distances above the line are positiv~. The 
datum used for rail heights is the horizontal line throu9h the base 
of the rail.s. Rail cant is assumed to tilt only the top of the rail 
head about its midpoint, in accordance with the standard practice of 
measuring the rail gauge after the rail has been canted. The actual 
datums used for the wheel or rail are arbitrary, a? we are only in­
terested in the minimum separation. 

Wheelset roll angle is calculated from 

¢ = (YL - YR) + Xrl sin SL - XrR sin SR + (rl - rR) cos ¢w (A- 7) 
w 
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where the variables are again shown in figures 2-6 and 2-7. Note that 

~w is defined in terms of itself. In the program an iterative scheme 

was used to solve this equation. 

3) Quantitative Description of Geometric Constraint Relations. The 

defining equations used to calculate the geometric constraint rela­

tions are evaluated in subroutine EQSUB2. EQSUB2 calls subroutines 

CHOOSE and RADII to choose the applicable curve-fits and to evaluate 

them at the contact locations determined from the value of wheelset 

lateral position under consideration. The defiDing equations for 

these constraint relations follow below. See figure 2-6 for an 

illustration of the variables appearing in the equations. 

¢w = arc tan 

1. Rolling radii and rail heights 

rR' YR' rl' YL- evaluated from curve-fits 

2. Contact angles 
d 

oR = arc tan [~ (rR)] 
WR 

3. Normalized difference in rolling radii 

rl- rR 
6.r = 2 a 

r 

4. Normalized difference in contact angles 

ol - oR 
6.6 = _...:;::_-=-~ 

2 

5. Roll angle 

(YL+ rl sin SL + rl cos ~w)- (YR + XrR sin ·(3R + rR cos ¢w 

(2 a + X + X ) cos ~w 
w WR WL 
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y 
cg 

,i 
j 

6. Vertical displacemen4 of wheelset e.g. 

[YL + YR + XrL sin SL + xr sin SR + (rl + rR) cp~ ¢~ ::: R 
2 

• [\ + 
YR + xr sin SL + xr sin SR + (rl + rR) cos $\'~ 

L R j 2 
xw ::: 0 (A-12) 

7. Radii of curvature of profiles 

(A-13) 

Although the radii pf curvature c~lculation is included in this 
program, there are problems associat~d with the c~1cu1ation of the 
second derivatives of the wheel anq rail profile~ tnat ~re required 
in the equation for the radius of curvature. The second derivative~ 
of the curves fitted to the profil~s ar~ not continuous. Thus, th~ 

computed radii of curvature do not vary in ~ reqsonable manner 
between sub-intervals. Further work is needed to find a better 
method of evaluating these derivatives. Perhaps interpolation and 
differentation directly from the data points would provide smoother 
results for the first ard second derivatives of the curves. 

4) Quasi-linearization. The sinusoidal input describing fun~tion 
was defined in Chapter 2 py the following equation: 
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f
27T 

F(Asin~) A sin ~ d ~-
o 

The relations we ~ished to quasi~linearize were the following: 

0 - 0 
!::.o :: L 2 R 

These are non-dimensional and non-hysteretic. Also, due to the 
symmetry of the wheel and rail profiles, they are odd functions 
of the wheelset lateral position, i.e. t::.r(xw) = -t::.r(-xw). If 
these properties are applied, the describing function can be re­
written as: 

n/2 

f F(Asin•l A sin • d •· 

0 

(A-14) 

(A-15) 

This equation is numerically integrated in the program. To do 
this, the integration increment, d~, was expressed as a function 
of x, because the functions to be quasi-linearized were tabulated 
as functions of x. The substitution was made by letting 

or 

and thus 

x = Asin~ 

4~n = ~n - ~n-1 

X 
= sin-l (An) 

(A-16) 

(A-17) 

X 
. -1 ( n-1 ) - s1n ~ (A .. l8) 

. Substitution of this result into the describing function equation 
gives 

n/2 
y '· 4 

J F(x) x d ~(x) -
nA2 q 

. 0 

(A-19) 
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When we let f(x) = F(x) x and numerically inte~rate using the trapa­
zoidal rule, we obtain 

f(x 1) + f(x2) 
(sin-l x2 . _1 x1 f( x2) + f(x3) 

y ;:_!_ 2 A- Sln "f\) + . 2 q nA2 

(sin-l x3 . -1 x2 f(xn_ 1) + f(xn) 
A - s1n -) + ... + 

2 A 

where x1 = 0 and x
0 

= A. 

This equation was programmed in subroutine DCRFCN. It was 
multiplied, in the subroutine, by a to non-dimensionalize the r 
descr~bing function for the parameters consiqered. 

D. TEST PROBLEM 

The foll9wing test problem is given to d~mon~trate the program. The 
calculations were performed on a Univac 1110 computer. 

Profil~s: New Wheel 
New Rail 

Ga1..1ges: Rail gauge- nominal, 4• 8 l/2" 
Wheel gauge - nomi nQ.l , 4 • a•' 

Maximum Allowed Wheelset Lateral Di?placement: One Inch 
The program listing, input, anct output for this problem ~re con­
tained in the following section. 

~- PROGRAM LISTINGS WITH EXAMPLE INPUT AND OUTPUT 
1) Listings 
2) Sample Input 
3) Sample Output 
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MAIN PROGRAM WHRAIL 

(_ 

Cvf>i, .. O,; /C0,•1f.J ,',W•I\t·UBk•F·L•kR(70r5) rYR(7Q,:;) d~i..<70r5) rYt,.(70r5) r 
1 ul<7Q,;~> n,2<7.;r2) rn3<70r2> r84(70r2) •51(5) rS2\5) rS3(5) rS4(5), 
1AA~(244) AXl(Z44)rAX2(244JrAX3(244)yAX4(244)triR1(~44)rAR2<244)r 
1 At-<3(244f •Ah4(24<4J •AR5(244J rArV~lC244J rA~,12Ct:!44J rAM3C2t+4J rAWl.(244J' 
1 Atl<2L.t4) rl.,HE.EL<l3) •IHAIL<t3> rNCl•NC2rNC.:>•NC4rRl(244) rH2(244) 

Cor. 1 ~.i0f'~ /C01,1 i I Xl(4CJ2) rYl (402) rW3(402) rC(5) rALt1HA{4) rRETA(4) r 
1 Tl (402) rT2(4Q2) d3(4u2), YF(402) . 

(j1;Vlt:I' 1Sl()t·J Xv-;1(200) rYW1<200) r XW2(20U) rYuw2(20U)' 
1. XULf (4)rW(402)rF1(20U)rF2(200)rF3(200)r!TOOAl(2)rlTIM(2} 

(.. 
<... liJ~UT IJA 1 E. Ahlu 1 I 11JE OF TH 1 S RUN 

CALL DATE<IT0DAY> 
CHLL rr•.·E(lTii,•) 

30 Fvf-<JV:/\T(3!3J 
Rlr\u 3udJU;v1f;r HJC 
NUi•.IJ!1R=2. *NU:,lB 

C ; .. u~.,•.R=i.W ut=-· PTS To BE Cr~_LCUL!\ T[LJ 
L * ~~t5 vF PTS TO HE CALCULATED MUST l3E L T 400, XW 1.;) + OR - NUNibR* • Ul/2 • 
L *FIT 1' CUr<VE [VERY liK O,~TJI. PTS (SUGGEST rt'C=5> 
C ~iG=wtlLt.L G,_.GEr hG=r\AIL GAGEr BH=RL=CANT OF RJ.IlLS 

hc.:,[J 20 '~'1/G, l-<G' JH, uL 
C *** RLAU A ONE LIN( LA~EL FoR THE TYPE oF WHfEL 

RE~LJ 1 Lu (I 11/f1EEL (I) ri=l r13) 
lu rUHMAT(13A6) 

FkkO 2urDTF 
L DlF=DlST FkOM TAPELINE TO FLANGEBACK ON WHEEL 

A~=~GI2.+DrF . 
C *** A~=~EMI WHEEL GAGE=l/2 oiST BETWEEN TAPE LINE~ 

2u FuRMAT<> . 
CJ.\LL PHFLE<fJW,XvH,Ywl,NClrRRrHlrFl;F2,F3,Slrh4C) 

C *** Rt:.AD A ONE LIN~ LAUEL FOR TYPE OF RAIL 
Rt:.AD lur<IRAIL(l)r1=1rl3) 
R...;.A[J 2UrDRW 

C *** Dhw=l/2 RAIL WIDTH AT 5/8 If~ DOI~N 
M<=RG/ 2+0Ril 

C *** AK=1/2 OIST FROM CENTER OF ONE RAIL TO CENTER OF THE OTHFk 
CALL Pt<FLECiJY,XW2rY\.v2,NC2rY[~rq2.rFlrF2rF3,;;1,Ii.C> 

C Rt:::cORu THE LihiTS OF THE RAIL AND WHEEL PROFILES 
x~r~=x~2<NY> · 
Xi•lAX=X,v2 ( 1) 
X~<ti\X~·.=..<t-!1 ( 1 l 
X ,vu N • =X W 1 ( N ~i ) 

\.. 1JSE Ttit. SJ~;"~E vJHE.EL PROFIL~ ON EITHEf~ ENU OF THt::: WriEELSE.. T 
r~C3=~JC1 
DU 60 I=lr;K,l 
LJO 50 J=l, 5 
F\L(l,J)::Rk(l•J) 

5u C0iH I Nut: 
[3j ( 1, l) =rn ( J. r.J ) 
bj(Jr2l=Rl(U2) 

6U (UI~I'IMJ[ . 
C. USE ThE S!li•1E' RAIL PROFILE o~·J EITHER SIDE OF THE TKACK 

~H .. 4=~;(.~ 
Du 8C I=1•fK2 
t .. u 7c J::1•::J 
YL(TrJ)::YR(T•J) 

7G CO;JTiiJU[ 
LV+ ( I r l) =R2 ( 1 • 1) 
f:lt(Ird=l2(1•2) 

Bu CUNT It\IUE 
l. U JCU[h ... THt.. C i\IH, wHEEL G/\GE, Arm RAIL GAGE FOR us._ ON Oi~ OUTPI,JTT ING 
'- THEfv1 lfJ THE PLOTTING kOUTlhlFS 

Lt~COUE ( 6, 9d, ICT) Elk 
EhtCODE(E>r99r IwGHi" 
[,•COC'l.(Lr9CJ, IkG>Ru 

9K FUkt•lP T ( F6 • 4) 
9Y F l.n;r·•it T ( F6 •,)) 

CALL f-'1 CJT5((jr(;r0) 
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1.- t-'LU T T Li"\. C. U: :r<OL Ci1t~U' V fiR l ES vd TH C0MPUTER 
CHLL l;. TEI~U ( 32 •) , _ c h L.. L r LoT 1 < i , ~~ , x ·w 1 , Y 1-J 1 , NY , x 'i'i 2 , Y ~~ 2 , I c T t hi G , .r R G > 

L 1-'Lvl IAbULAr.> ~d1t:EL ANO RAll DATA AND FIT ED CURVE~ C1LL i-.u:;OL V UJUr.!JHR, XOLu' XM IN, Xi"lAX, XMAXW, XfvllNW) L FII~DS THE cor-JTAC T PT LOCATIONS . . 
Ch~l LuSUO~(NUMBR•W) 

L FI1..;DS THE GFOM!:.:TRIC CUNSTkAINl RELATIONS 
Ct,LL PLOT2<r,U:ViGR•ITODitY,IT1r;l) . 

L PLOT IHt: C.P. LOCATIOr·JS AND TtiE GEOMETRIC cON~TRA.i.hiT REL.ATION~ CALL PLOT<u.•O.,Q~9) 
l. PLOTTl.t"\ cu:.;TROL C1\}{0, V r,R lES wITH COMPUTER 

r ;h.:: tJ • 
N~.-.:.:u. 
P t'U I ! T t" 0 ~~ 

19u FOf<f\11 T 1 Hll I I 2X, '*************** RESULTS *************** 'I I I I) 
t PRINT MATH~MATICAL DESCRIPTIONS OF WHEELSET A~U TKACK Ptq I·J T 2 0 0 , I '•, ll l.T.: L ' 1• G , A ~~ , I N C , 

\... 

20U F0RMHTC12Xr'wHEELii~AIL CONTACT CHARACTFPIZATtON 9 1119Xr13A6/ 1 c:,;<, '"Hc::-L' c,AG·~=· rF6·312X• '112 QIST 8ETWFLN TMPE Lrf.JES=• •F6.311 1 ~Xr'CuPVl FIT~'•~Xri2r' PTSICURVE FIT ZON£ 9 1!2X,•OTH'r10Xr•1ST'• 1 1 u A , '~ l I [l ' , 1 0 X , • 3 K u' , 10 X , '4TH' ) 

[)U 21J r=1•1;Cl . 
PK..i..r~l ~05rlr(RR<IrJl•..J=lr5>rBl(Iil>rBl<Ir2l 

2G~ F0HMAT(2X•lj•3X•5<E11.6,2X>r3X•'FROM •,F7.4r' TO '•F7,4) 21 U '-01~ T l.AJE 
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I: 
:' 

I 
I 

I: 
I' 

GlMENSION XOLO(l) 
~ INITIALIZE WHEELSET DISPLACEMENT• INCREMENTS OF QlSPLAC£MENff AND ROLL 

x~~=o. 
X,; r=o. 
~·;\=o 

C. COt-'lPU~t:. 1/2 TH:-~ NUrJ1!3F:I-~ OF DATA PTS DESIRED 
Nh,..LF=i\IUMbt\/2 

\.. cGI•tPUTt. C•P• L0U-\TI0NS AS WHEELSET IS LATER.I\Lt:D IhCR~MINTALLY IN THE 
~ POSITIV~ DIPECliON 

Ou ..:5 U t iUfJiti=l, i HlALF 
C !i.OUT Ii~t:. THAT F lr,.os COrJT ;,C:f PT LOCATIONS 

CALL CHECK(xW•XWI•XOLUrXMIN,XMAX• 
1 1\Ht.Xv., x~~un,, ~vf-< > 

L. A~~ IS Il.ct-:EI\'EtHt.D wiTt-il~·J CHECK C STORE CO~T~CT PTS AND WHEELSET LATERAL 
bG AAw<r.:ur•tH>=x~\ · ----~ r-:·x1 < t!Ui~r-d =xuLo1 n 

/\1<,.;. ( Uw: f : ) =X(.. l:,_; ( 2 ) 
A/\3 ( ~lUr";R) =i<.OLu ( 3) 
f\1,4 < ~JUf•.h) =xoLD < 4) 

~ X~l=SILE OF WHE~LSET LATERAL INCREMENTS 
X~' l =, (; 1 

250 Cvi•TIIJUF 
C. TkANSPQSE RESULTS TO G~T RESULTS FOR ~HEELSET LAT~R~LED IN NEGATIVE ~lR 

DO 220 .J=lvi~HALF 
I=J+1\llhLF 
A X ii ( I ) =-A X IV( J. ) 
AAl(!):;:AX~(J) 
AX2(l)=AX4(J) 
AXj(J):;:AXl(.J) 
AXI+<I>=AX2(J) 

22ll CUNTHJuE 
C STOkE Al,..L THE HLSULTS 

00 I+Ou I=lrNUMGk 
ARl<r>=Axw<r> 
A.t\2 ( 1 ) :::A X 1 ( l) 
A!i3(Il=AX2ll) 
/\t\4 (I) =A X3 (I) 
Ak5(J)=AXI+(I) 

40<J CUNTIYUE 
C REARANGE HE RESULTS SO TMEY GO FROM NEGATIVF To ~OSITIVE 00 '+OS r=l 'IJHt\LF 

J=I+NHALF 
K;::t-J•.)i'1ilR..,. I +1 

Af..vv(J);::ARl<I> 
;,Xl ( .J) =:~R2 (I) 
Ai\2l.J)=AR3(f) 
f\r.3(J):;:ARI+<I> 
p.,XI+(J):;:AR~<I> 
fcXJ'i (I) =i\?1 (K) 
A...<l (I) =Ar-<2 ( K) 
f\ i..2 l I ) ;::: ,l'l, r 3 ( K ) 
l\A.j (I) =AR4 ( K) 
:.A4<I>=!IR5(r,> 

405 COtHII~Ur 
f-<L TURf~ 
ENu 
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L 
f·lfv1ENSfON V.J ( 1) 

L CALCfJLA TE.. HE cotJS TRA INT RELATIONS AT EACH OF THE INCREMFNTS OF 
C .,HEELSET Li\ TER/l,L 

L•v lCu r=l·:~U::JtJk . . 
C CtiOOSt.. THL CURVr FITS VALID AT THE POINTS CI\LL CHOOSE ( AXl< I) , A/\2 (I) , AX.3 (I) , AX4 (I) ) 
C CALCULATl THE ROLLING ~ADII AND HEIGHT OF THE RAIL AT THE POINTS 

CALL k.,nii(SlrS2•S3,S4rAXl<r> •AX2CI> •AX3CI) rA.X4(I) •ARlCI), 
1 AR2 (I ) , AR3 (f) 'At< If (I> ) 

(. CALCULATE ~vHEELSE HOLL ANGLE 
Awl(IJ=<AR4(l)-AR2<I>+AX4(IJ*SIN(BL>-AX2CI)*SiN(BRl+AH3(!) 
1-A~l(Il)/(2.*AW+AX1(l)+AX3(I)) 

A ww 1 ( I) =AT AI;~ (A~~ 1 ( I> ) 
A .. 1 { I > = (A R 4 ( I ) -A R 2 < I ) +A X 4 ( 1 ) * S HJ ( B L ) -A X2 ( .L ) * S. ~ !\1 ( BR ) + ( AR 3 ( I ) -

1 AH1(l))*COS(Awl(i}))/((2o*AW+AX1CIJ+AX3Cl))*L05(AW1(1))) 
~Wl<I>=ATAN<Awl(Il) 

C CALCULATE RIGHT Co~TACT ANGLE 
~Ml<I>=-<S1(2)+2.*Sl(3)*A.Xl(I)+3.*Sl(4)*AX1(.L)**2•+4•*S1(5)* 

1 AXl<I>**-3.) 
AMl<I>=ATAN<AMl(I)) 

c CALCULATE LEFT CONJACT ANGLE AM2fi>=- Sj(2 +2.*S3<3T*AX3(I)+3.*S3(4)*AX3(.L)**2•+4•*S3(5}* 
1 AX3(!)**3.) 
AM~ ( I) =AT MH A[·t2 (I) ) 

<.. CAL-CULAT-E -f,10Rt-1t\LIZED DIFFERENCE IN COtH ACT ANGLES 
AM3<I)=<AM2<I>-AM1(I))/2. 

L CALCULATE NORMALIZED ulFFERENCE IN ROLLING RA~Il 
ARb<I>=<AR3(lJ-ARl(I))/(2•*AR) . 

C CALCULATE HADII OF CURVATURE, RT AND LT 
FPP1=2.*Sl(j)+6·*~1(4)*AXl<r>+12·*51(5)*AX1(Il**2• 
FPP2=2·*S2(j)+6•*S2(4)*AX2<r>+l2•*S2(5)*AX2(1)**2• 
FPl=S~<2)+2.*S1(3)*AXl(I)+3.*Sl(4}*AX1CI>**2•+4•*Sl(5}*AXl(I)**3• 
FP2=S2(2)+2.*S2(3)*AX2(I)+3.*S2(4)*AX2<I>**2.+4.•S2(5)*AX2(I)**3• 
Ft->l=FPl*FPl 
FP~=FP2*FP2 
Rl(I)=+<l.+FP1)**1•51FPP1 
R2<r>=-<l•+FP2>**1•51FPP2 

C CALCULATE VERTICAL DISPLACEMENT OF WHEELSET 
AY1<I>=<AR4(l)+AR2(I)+AX4<I>*SIN<BL)+Ax2<l>*S!N(BR>+<AR3(l) 

1 +;:..Hl(I))*COS(AWl<l))) /2• 
100 CONTINUE 

C ~ORMALIZE VERTICAL DISPLACEMENT TO ZERO AT XW:O 
N=i'JWf8H/2 
Y=AYl (.,) 
Du 110 I =1, !JUtv18R 
t\ Y l ( I ) = A Y 1 ( I ) - Y 

110 CvNTII~Uf 
Rt.TURN 
EI~LJ 

157 



DIMENSION I10DAY(~),ITIM<?> 
L C0tv1PU l t: -SU\L I NG F Ac.:;TOt<S 

Ai...t=NUfVlhR 

\,. 

L 

c 

X••-=-Ai•*•O_ 05 +.01 
tH=-Xw/.01+1• 
Nl=rA1iv!t'IR+ 1 
N~=NUf1thi-H2 
N.i.l=Nl+1 
N.i.2=NI+2 
AX.v<r U=-1·2 
AX·" (t;::;) =. 3 
M< 1 {! J 1 ) = 1 !:.> • 6 
t\tH<r:2>=.4 
Ah..5 ( f .1) =t'.f<l ( fll) 
/H-..3 0'~2 > =AFU UJ2) 
11k:;<~ 1>=-.os 
AH5 (t-:2) =. 01 

fH, 1 < rJ1 > =-. u25 
{,wl nt2) =. 00~ 

CPLO f CviH f!.C T t\NGLES 
CALL PLOT<o.•~ll.~•-3) 
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SUBROUTINE [;CRFCN ( i~, AXW, ARb, AM3, AW 1 • AR) 
DIMENSION AXW(l),~R5(1},AM3C1J,eW1(1) C LINEARIZATION USING DESCRIBING FUNC•IONS WITH A S1NUSIODAL INPUT C AMP:AMP OF MOTioN=A 

C ALAM=~LOPE OF (RL-RR)/2AR=AN2 
-~ DELM=SLOPE OF <ML-MRJ/2:AN1 

i... WSRL=SLOPE OF WHEELSET ROLL ANGLE DATA =AN3 
PRlNT 10 

10 FORMAT(////2Xr•LINEARIZATION USING DESCRibiNG FCNS•/3X••AMP•• 1 5X•'ALAM'r5X•'DELM'•oXr 9 WSRL'/) C COMPUTE POINT IN ARRAYS CORRESPONDING TO START OF XW GT 0 N;;;;:N/2+2 
C COMPUIE FOR EACH AMPLITUDE 

DO 100 IJK=l•30 
Al=IJK 
A=.o5*AI 

C CHECK LIMIT OF ARRAY 
IF<A.GT.AXw<NJ+.002) GO TO 200 

C OEFIN~ OR INITIALIZE PARAMETERS 
AK=4./(3.14159*A**2.> 
ANl:O 
Al'>J2=c 
AN.:>::::O 

C USE TRAPAZOIDAL RULE TO NUMERICALLY INTEGRATE EQU~TIONS DO 40 I=N2,402 
I.l.=I-1 
Sl=ASINCAX~<l)/A)-ASIN(AX~(Il)/A) 
ANl=AN1+(AM3(J)*AX~(!)+AM~lrl>*AXW(Il))*Sl/2• Ahl2=AN2+ ( AR5 (I) *AX'w (I) +AR5 (I 1) *AXW (I 1)) *Sl/2 • 
MJ3:::;,o.r J3+ ( Aw 1 (I) *AX vH I) +AW 1 (I 1) *AXW C I 1) ) *Sl/2 • 

C CHECK To SEE IF AMPLITUDE REACHED 
IF((AX~<I>-A>.GE.-·002) GO TO 50 

40 CvNTfNUE 
C C0MBINE .ERMS AND NORMALIZE 

50 Ai\ll:ANl*AK*AR 
AN~=Ai"~2*AK*AR 
AN3:AN3*AK*AR 

C. ·.JUlPUT 
PRiNT 60,AXW(I)rAN2,ANl,AN3 

60 FORMAT<2X•F5•3•3<2X,F7.4)) 
lOu CONTINUE 
200 Cvf\IT INUE 

RETURN 
END 
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DATA USED IN SAMPLE RUN 

1('11"11"\!:; 

~~ •• ~~.~ •• n~~,~n?~ 
~F-'•' '•Il--l c t:"l_ r-. f\ T A n? f.. 
~.1"\,(_')C: 

l"'h.t.. 
0 ?h8?'A.7h+('.1 
.?':\791)11.+01 
•"?98~r,q+01 

.??l009A+n1 

.?l?l"'ii'J-+01 

.?0040"'7+1"'11 
0

100!"1c:;r;r.+f\1 
.1R19!S7/+('\1 
• 1 7 ? h ,, c. ~ + !) , 

.lf..?l?7f>+(\l 

.1"187')"'+ 1 1 

.1L;?~l00+(\1 

.1 Cl'::l.40cd<+0' 
0

1 ??4/!P/_,_+1"\1 
.1ll"'(-,f.''7+"'1 
.1('1(\?,70'-+01 
.o0R?AlC1+0~"' 

.Rf\t;IIR?IJ+00 

.r,P0?t.~0+nr 

.r:;~;z7'::l.q('+() 0 

.u.c:;???,~i"'+nn 

.'lftQ'::l.7t..0+f)('l 

.?-:<P.R7?n+n~"'~ 

.1?R1',8R~"'~+~"~0 

• ?t;P,?R"•"-~"'~ 1 
-.77?.,')()07_(), 
-.17l?Ot..li+(H1 
-.?C)8(J':l,0(1+1J0 
- • t, n R c; l, ~ 0 + ~"'~ ('\ 
-.r;n4n7Q~"~+()n 

- • c; o qt.. 1 t; 11 + 1'"1 n 
-.7no4Rn0+~"'~~"~ 

-.7o7f-.011"'+('11"'1 
-.RRI)90?.fi+On 
- 0 01;01()?,('1+()0 
-.106?91',?,+()1 
-.lll68Lt5+ni 
-.1?()4(\4(1+(\1 
-.1?7()91(-,+01 
-.1 'A.'3Rll n+Ol 
- • 1 ?, q , ., o ;, + n 1 

-.141)91?7+111 
-.1t;l?94H+nl 
-.lt:;lf-.lOf-..+01 
-.1t:;f-..740'+n1 
-.lr:;oo?c;c;+nl 
-.1f-,?~14l+f'\1 

-.1t..47?,4f..+f'\1 
- 0 1t..Rf-,?n0+01 
-.170-::t71P+0·, 
-. l 7?,:; "'h 7 + fl , 

-.17f,n()on+n1 
-.17009P?+~"'~1 

-.lR??R?.('\+('\1 
-. 1 Pf, s:u;n1"'1+0, 
-.1 ()14t;/_,_Q+I"'I1 

• , f-,?.7("'(-.,?+Cl? 
0 lf..C1P?7R+n? 
0 1 t.,':lq7PR+I"'? 
.lf..?,C)f,C.C:,+fi? 
• 1 ~. 4 ~"'~ 1 t, o + n ? 
.1~L.l?t..7+('1? 

• 1 ~ / 1 ? 1 n 1 + 0 ? 

0 1 t..l,'?t;Pr-.,+('1? 
• , (., h? f) ii ~ + () '") 
.1 ,c.,l .. ?Clf-A+0? 
.1f..lt-:l.?(-, '+0? 
• 1 (._ lt? '-141., + ()? 
• 1 {:. ,, ? p ? " + (' ? 

• 1 t:.,/_,t,f-,"2fi+('\? 
• 1 {,I,C.4 ??+""? 
.lr.-4&;</?0+()? 
.1~L.f,4?"+0? 
.1F.4ArJ?~+0? 

• 1 f. 4 7 4 1t L, + n ? 
.1f..L.7910+0? 
• 1 c., lt R lt ? 1 + ('I ? 

0 lt..h<i14?+n? 
_, t:.,{,r"J{...f.7+fi? 
.1f.t:;""1A?+0? 
• 1 {.:., r:; " f. o ,, + n ., 
.1f..r;;lc;(it:;+C'>? 
0 lf...I;?1Pn+n? 
o1f.r;;?O<iR+0? 
.1t.C:':l~"t..+0? 

.,r:..r::.4('1t:.+0? 
• 1 f.,h/,"7?+0? 
.1f..r:..41?4+('\? 
• 1 ,:..t;4?nt,+('\? 
.1f-,l;h,}?~+(\? 

.1 t..C:.t;701.+0? 

.1t..t:;7n8?+n? 

.1~~84?-:l.+O? 

.lr--1'1('1?{-..R+n" 

.1t..{...?f.~0+0? 

.lf..f-..1:)8?1+()? 
0 1 ~f-.P.RPr>+0? 

.lf-..71+??0+('? 

.1F.70]~'A.+0? 

0 1f.R191L1+0.? 
0

1 f.Pt,t;??+(\? 

.1 fJl18('1o+n? 
0

1t.Ot.,':l.'::l.?+0? 
.17\)('1?~0+0? 

0
1"707oPq+n? 

• , ,, 1 ??1-<+0? 
0 1 7 1R87h+lJ? 
.17??n?P.+n? 
.1 7 ?R?.~1+0? 
.17-:1??11?+1"'1? 
.1'7?.7f-.01+~"'~? 

·1'41~70+(1? 

1\1 F ,,1 P l\ T I c::-r.rTT()N n r1f\Tfl. ~"'~?~ 

1 • r:; 

.141?96.1+0] 
• 1 /j ? q 1 () Q + ('\ , 
0

1h?t;f.,P-:1+1"'11 
.14?21A7+f'll 

------ ... -. ---·- ___ .. -----

.f--10f,l1-:l.+()1 
• f-., ~t:'l71 f,+(\1 
• f-.~" ?L!.i"' ?+"' 1 
.f-.?r:;c:.s~?+n1 
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',, 

I 

\' 
Z9L 

LU+t.GLt.C:t.':t• 
LO+t.L.Llt1t.':1• 
Ll)+'1L r. ':d:l t..';i • 
LU+':IL()l':l 1l':l 0 

Lu+t..'iULU::J'i• 
Lv+t.i? l t7l ::J'Jj• 

L U -t- 1/ t"J '::J TJ ti '.:I '1 • 
l ()+tJi)i::: l G 7'7 • 
Lu+::JLU'd'd':l'-i• 

_____ J_v +'1'7 c_Llt.. _ _':t__. 
Lu+bL0'1':1L'7• 
L u 1- V '7 L 11 U o 'i 0 

l l)+G ':fTJTJ1]'tJ ';} o 

LUT\)LULI.-0'7° 
Lu+l>ouuud7• 
l \,) + G b t. 17 G U ';1 ° 
Lu+ l 66 1]-t!o'-i • 
LO+Lt.t;~..-'1u'7• 
Lv+C:'iLbbv':l• 
LV+7LL':tliv1... 0 

L U + l G 'I 1... L V L • 
l u + 'I TJ t. t. G v L • 
L()+':::IU'1TJI:.U1...• 
LU+~"?j:.l1?vL• 
lv+t.G'?':::J':::JvL• 
L()+':l L '::J l '1VL 0 

LL)--r'GU 17UI...VL • 
LU+ l L U<-LvL • 
LU+Lr-e-L.LVL• 
LU+7L 'IOI....VL. 

0 

Lu+;7LC.LbvJ.... • 
lu+'t!i?lubuL• 
Lu+\;':iut.ouL • 
L U + 17 t7 G G 0 U L • 
Lu+':::l';iouuvt..• 
Lu+'1:::.cLLlv1.... 0 

Lu+':1Lu'-Vvt.. 0 

L U + L 1/ '7 '1 0 V L 
0 

lu+"'iL':.ibvL• 
lu+tl'::lL':::JDVL 0 

Lu+'::tt.':lt.uut..• 
LV+L:::.<-LUvL

0 

Lu+uot.(:jovL• 
LU+G'1h':::ltlVL• 
l v + t. tJ 1/ c.. tl u L • 
Lu+_,uuVI....v<-• 
Lu+cuv':::lLUL• 
L U -t- 1/ t. G l:i 'i v L 

0 

lU+L':::lLD'.:IVL 0 

L.v+e-,_,:;(. ::JvL • 

Lu-1-tiLO'::lt"Jvt.. 0 

l U i· G 1/ V () G V L 
0 

Lu+:::~V'7':::1GvL.• 
Lu+'JrJlvuvL• 
l(J-t-L'7l'.:ldU'7" 
Lu+c;_';ib::~v'1° 
lU+to 17':::lt-u':i 0 

lv+,~cd;/uu'7• 
L I) + v 1/ c G L b ';i 0 

tu+()'::JnLc.t:l':1• 
•u+uc.L'iL<-7• 
Lu+vc.<:.-VGL'7~ 
L J + ::1 'i f, ts 1] ':1 ':1 ° 
l \1 + '-:1 • 'lv c j 'i" 
Lv+u'7'-:JGU':::l'7° 
L •J -t- <- ;__, '::1 V '::1 '/ '1 ° 
l v + '1 u l.J L u '7 :; • 
LJ-T'-_;1 L(..UGG':;• 

Lu+':JLLt-(J':lL 0
-

[U+'::lGL\:.6'?l0-
lU+b96G6'7l•­
Lu+i?o'::lt8TJL•~ 
LV~':1':1':lbL 1/ L 0

-

l u + G 'd s L L 11 L • -

Lu+t.t.L'd'::l'7l"­
l U + L U <:! ti ':!'I L •­

lu+Ltil:.U17'7 L •­
LiJ+ l '18U't. 'I l.-

-- -l C + c.-'G-v r-;u ,, L ·-.::.-

Lu-r-,n .. 't!GLt.L"­
lu+c8l.r-ttt•­
Lu+vul;;t..oc.L•­
LU+<:.(C:'d':lC.L•­
lu+C:L\:.17LGL•­
lli+"?C:O<:I9LL•­
L U + 1/ 8 i b () L L • -
Lu-t-vLbLiJU L•­
vu-t::JdLULou•­
v u + ';I '::! '::1 TJ L 'I 0 • -
vu+7 ·:nj'?ouo •­
uu+t.'::l~tibC:i:l•­
vu+C:L8u9HL•­
uU+8'-iL-?6cL•­
vu+t.tJLL~ti'i•­
vu+r-c:8L"?c:7•­
vu+ L ':l'7 17C:L'::l•-' 
vu+':::lt..C:U'il'::t•­
v v + u ':1 L '7 'i 1- 11 • -

vv+vt.'-ibuut."­
uu+v\:.9Ll!tt-"­
uu+uiJ0'7':1LG•­
uu+uuL'1':lLG•­
vu+U':1iJLb'::IL·~ 
L U - L U '-;/ 1/ C: 0 () 0 

-

Lv-vuvlt.Lc..•­
Lv-vu~'7'?''7t.• 
Lu-Htj9'::1C:t.c:,• 
vv+vL 'l?t.S~"!l• 
vu+v'7~Lt.ol• 
v v + v u L 'i b 'I <:. • 
vv+vb':llOlt.• 
v 1.) -t \) 'j '-j t. 11 8 t. • 

vv+uc.L'.:16 1/ 1/• 

v J + v l tj 'I ':1 '-' :::; • 
vu+u'l':lb<:.o:J• 
vv+vt.'::i'1t.':::l':i" 
u~_;+uuC:Ld LL • 
vv-t··vC'::Jtit.tJL • 

vv·r-.,C-'7b':lt.d 0 

vv-t·vv L'-:Jt.tJo• 
vu+ut..LGLt..u• 
u v ~ v 1/ u L t:i L u • 
lv+UUC:0\:.(JL 0 

l u+:.J r..GiJU L L • 
l 1J+b'L8SSLL. 
tu+e-cdc-(;c:L• 
Lv+u'::IO'i'?C:t• 
LU+':1'7L88C:l• 
Lu~u:,(JLC:t.l• 
,v-r-cb'::l'1'.:1t. L • 

LU-ru'::liLL'c.L" 
L l j + 0 l ):! ~I 8 \:.. l 

0 

l ()+uLi':lU'lL • 
L G + G 0 '7 b u TJ L • 
l u + "' t-; '::1 L L +; l • 
l u+tiLdb' L-'7 l • 



SAMPLE RUN OUTPUT 

ioiA1>1 I 
... I.KI~ I~<l> w,E.t L.::.f.T I·.OLL. "'' ~:>LF cu~.VEhr,c:u (jf,L.) wlTHirr V.k(N[IIl- f--()LL.l *'** ....... ....... ... J.\KI~ I "I> *** t.HEt:L~[T HOLL '"t~GLE cur,vEt~GEU ONL) WlTHliJ Wk(NE,..)-,.fd0LL.l 

**• WI-IKNII~I> *•* WHELLS[T ~:CJL'- ,,r.•.JLE LVhiVERGEl.J or:L' WllHlN \•/k I I JEv. l -, k ( OLu l 
***' v.~<r.Nir.v *** W<iLI:.L-~ET ROLL n!II,LE CUI;VERGEL. 0r<LY WITHirr WH ( r~E.v l -,.k ( OU;l 
*** I.IH(fdiH.; *** w,,Et._SET kOL'- H: "GL[ Cu!NlkGELo Oi·.LY WIHrlr>~ ~IP(NE."l-•k<OLLl 

••*•••** ... **•*** r\t ·')ul l, ••*•**** ... +*• ... ** 

~<t;.ll ni-li:.t.L lJ,,T,; U26 
v.rll::.i:.._ ul\l>t.=J..>.UUrl 
J./ c. ui::. I bEl -.f;.i:.il T,,p~ L.J.i~ES::.29. ~n ... 

CuRV~:. t-Il;, 
Oln 

J. , 4o2-t':i7+i}l 
~ ol90ui':i+U,.> 
.:l oJ.b1..>.:J«:+u;,> 
'+ • J.o5J.o3+u,.> 
~ olu5U':to+u; 
b oJ.o5vSt3+u,.> 
1 ,J.b41lo+C,.> 
b •J.t>loL.9+U;;> 
'=' .... Jll7o+-,,., 

~u - • .::o4J.l~+J..> 
J.J. .•. d3->.:>.Hd<.~ 

w:; .. t<AIL '-.C:c. T ~ur• r ro·-\ r t\ U£.!) 
1\~J.L t,A~:>t.=oo.tlU•, 
J./.:. u1::.1 l!E iv.t::.E:.I'; F.t.ll t.LI'<TEkS=2':1. I' lJ 
uf'(;: .u~:J uL= .0?~ L'-.11"\:: .ooo .,, = .uoo 

(.uKVl:. ~I I.:> c PrS/1-VRVL F I I L( ,Jt: ~ 

Olh J.::.T 2ND 
J. -. !~4-.::.;,9+ } -, ,3::,u.L2C.+07 -. '7000<;+07 

' -.<-23.;':16+0:-, ,6o/t>Y2+u5 -.7 .. 7934+05 
.) -.,18/o7+,•:J • 7t..?'J70+ll3 -,u0~2~t·-+u3 
4- -. c.681;1'lb-O 1 .2ntl06+02 -.4jl2 <;+02 
J otJ70';1J..::+c 1 ,2,~o.:::53+01 -·'143864+01 
b .tllO:>l.+Ol -.2u (796+00 ,1 j756Y+OO -, • tlJ94{'1+ul .Zo-;459-01 -,<-':Jo30j-Ul 
(j ,/U94:.1+Cl .24J/13-(Jl o4o569L-02 
1;1 • tU3bo9+(.1 -.bl:.>UI:'?+OO -.?3052:,+ul 

J.U oobb/7t>+lil -.1u.Jt>2?+01 -.1o,333i+u1 
J..j. o':I770::.:J3+Jl .luo49f.+02 .Julll~+02 
LC:: -, J.45c..::b+L•.-' -.7b-+407+U2 -,J ul14u+u3 
J.J - • .i.03C.'/~+')I.I -.4':1J.<::4~+04 -.~ol63<,+0~ 
L4 • .i.78b44+<)t) .4b-;u93+u6 • •,(J 150.:::+06 

Ji{l.J 
, OO'J7cl6+01 

-.1!1of147+01 
.72o:l76+00 

-,2342o7-01 
- • .::O~i3uc-Ol 

.1621';17+00 
-,J':i3252t0U 

,15961<!+00 
.lu96oC+01 

-.27731€+03 
, 79oL·.H03 

JRL 
.lB7ilC+07 
,372Jo2t0~ 
.55580=+03 
·'b3P50+02 
.0314~:'1+01 

-.91<1246+00 
-.47·.J<C-j7+0ll 
-.473n5f!+Oll 
-,3373£33+01 
-.Bo4bl6+00 

.1U•<977+02 
-.~92892+02 
-.27:>217+04 

.2ti.f1'~':19+06 
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41H 
-.~.':\646U+llu 

o2534b2+0L 
-.130137+LJtl 
-.295671-U<: 

,1'59524-lJl 
.875416-01 

-.513671-Ul 
.215398+ou 
.757o65+0u 

-,LI32o34+J.;: 
.11026~+03 

4TH 
-.3J6061+lJt. 
-.b95153+04 
-.117813+LJ.; 
-. 71441l+Ul 
-.1964~4+01 

.3i36e39+ou 
,975510+LJu 

-.110I::l73+u1 
-.181877+ul. 
-.1207U5+0G 

.246707+u1 
-.130b~o+u~ 
-.514826+0~ 

.390335+u:., 

FkOM 
FkOM 
FkOM 
FKOM 
FkuM 
FKOM 
Ft<OM 
Ft<OM 
FhOr.-t 
FkOr"' 
FkOM 

Fkul~ 
Ft<OM 
Ft<v~l 
FkOM 
FkUM 
Ft<UM 
FkOr~ 
FkOM 
FkUM 
Ft<OM 
FkO~i 
FkOM 
FRvM 
Fk0~1 

.00001 AT xw .-..so 
,00()01 AT xw d90 
.00002 AT xw .400 
.0000;:> AT xw ·410 .ooooo 1\T xw .420 

******* TO 2.1216 
2.1216 TO 1.6213 
1.621:'1 TO 1.1067 
1.106 7 TO .5627 

.5627 TO .0:?.58 

.0258 TO -.5041 
-.5041 TO - •. 960 1 
-.9601 TO -1.3381 

-1.33131 TO -1.5674 
-1.5674 TO -1.7037 
-1.7037 TO -1.9145 

******* TO 1.4189 
1. 4189 ro 1.377.) 
1,3773 TO 1.2~3~ 
1. 2032 TO .9 1 

,9313 TO ,6'537 
.6537 TO .3192 
.3192 TO .0367 
.0367 TO -.27u'+ 

-.276~ TO -.5725 
-.5725 TO -.8299 
-.R299 TO -1.1093 

-1.1093 TO -1.3"3.:>2 
-1.3332 TO -1.45!:16 
-1.4586 TO -1.5'132 



....... **'••*••****•* tJAIA f-'vJ..~T:-. *** .... "**•*-****** 

At~ Al A;-- "j "4 i~R yR RL YL r1R ML 
-.L,i.JuU -1,':114!:> -. b )':I_, 1.u;::,4 lb34 l7o4lo,21 /,'13332 lf_,,4306U 7. 09tl6t> ,p,072ACJ • 0130!.l3 
-.~';llJ -1,':114:, -.d .. 9cl l,u254 :1Si39 17. '+16£:1 I. ;,317n lbo43Ub!J 7.LJ9431 .1.07289 ,013083 
-·':loU -1.'.:1.!.4" -,bnO.::. l.o254 2lJ!I4 17·41621 7.03009 1&.43060 7,U9J91 oh072P.9 ,0130I.l3 
-.'1/U .. l.':;:tl4tl -.bi1.L 1.1U54 -:Ju51 17. 1+1621 7. ,)2843 lt.454u5 7.lJ9183 • .'107289 ,057A59 
-·~uU -1.~14::> -.d,j1<i 1,11154 - ·~43 17·41621 7,<)2674 16,4"4.)5 7.09241 .h072A9 ,0578tl9 
-.':i:;u -l.~.l.4!:> -,c,...,2, l,J.lJ:,4 -:~b35 17·41621 7 ,<12SU3 lo.454U5 7,U929i::: • £.07289 .U571b9 
-.~ ... u -1 • .,.145 -. <;,,j;_, l,u954 -. itl28 l7o4lb21 7 ,(12327 H ... 4"4b2 7.u929o .Rn7289 ,057092 
-.';1-.:jlJ -l.'1J.4!:> -. y 1'+<: l.ull54 -.itl20 l7o416i:::l ., •• ,2146 16.45519 7.u929b • f·072Ag .056347 
"'"•I:JLL) -.l.d14!:> -. 9,.!!:>,, 1. u /54 -.2bl3 17·41621 '{ • • ll%7 16,11"575 7,09301 ,f>07239 ,055623 
-.~JU -l.':lj,4~ -. 9.,!:>d 1,w654 -.<::L\05 17·41o21 J.:J1759 lh,45b31 7,U930S ,r,072A9 .054921 
-·':lulJ -1.~.1.4:> -,':l,.bu l.u554 -.2797 17·41621 7.1115:,2 16.45605 l,O':i30b ,p.072fl9 ,054241 
-,b~u -l.~J.<+5 -. ':1,,7 .. l,u4':J4 -.,:,789 17·41621 7. )1333 16.45739 7,09312 .R07289 ,053'582 
-·tJou -l.I:J.i.40 -.':h,l:l.~ l,u.):,4 -.<::780 l7o4l6d /,LlllU3 16.45792 7.09315 ,£107289 ,052Q44 
"'•i.;/u -J..':IJ.4!:> - ... n9~ l,u25'< -.2772 17·41621 7. ,J0il63 ]6.45845 7,U9J1'J .fln7289 ,052326 
-. lli,.JolJ -.l,':.IJ.4!:> -. g,,(;l 1,u054 -.<:::862 l7oiH621 1. tJ0o06 lbo45949 7,U928U ,£;0721\9 ,051158 
-.o~u -l,':IJ..40 -1. o,,l J. ,';195'1 - . ..:852 17·41621 7 ,110.3.3~ 1b.4bll00 7. 0':1284 ,p.07289 .050606 
- .• u4u -1,'.:114" -l.UJ2e:. .~854 -.2b42 17o4lb2l 7. (j004 lb,4t.>O!:>O 7,09289 • Ei07289 ,050074 

tob..JU -.l,'1J.40 -l.U;--3,, • ':175'+ - 2tl31 17. '+1621 u,09{46 lu.4olUO 7.u9294 .1•.07289 • 049563 
..... b~U -1,'.114b -1. (;,,4.., • '7b5'+ -:2b20 17•'+1621 6.99428 16.46149 7.09299 ,p,07289 ,049073 
-.o.!.u -J..,l40 -l,u ... 5n ,.,.554 - •808 17·41621 1,),<)9092 16.46198 7.09304 ,p,07289 ,048604 
-•tJUU -1.~.1'+5 -1. o .. ,6'1 .~454 -:~-/96 17.41621 6.98738 16.46246 7,U9309 ,p,07289 ,048155' 
-.7.,.u -1,:114!::> -l.unl:l" ,<..;354 -.<:::783 17· 1+1621 o,'18367 16.4b294 7.09314 ,p,07289 ,047728 
-,7ou -l,':l.l4S -1. u r9 .... .~25 1+ -.,:,770 17·41621 o,CJ7~81 1bo46.342 7,u9319 • A07289 ,047321 ... ,, u -l.':l.l.4tl ..,.J.,U,;Oo .~054 - • .:::i:l58 17o41621 6.97 79 16.46436 7.09281 ,p,07289 ,046568 
-.'lou -1,':1145 -1.1()21 ,tJ951+ -.2o44 17·41621 b. 97153 16.464~2 7,0928b ,p,07289 .046~2.3 -.7:,u -1,'.1145 -l.l!'+J. , ~(J5L! -.2Cl24 17·41021 o.•J6541 lu.4b5 8 7.09297 • A07289 .045 98 
- • l'+U -1.~1'45 -Ll.:::5i' ot..754 -.<:608 17·41621 o,<'l6072 16.4b574 7.09304 ,p,07289 ,045593 
-.7.:lU -1.':.114!;:1 -1.1,, 7.) .t>654 -.e:.792 17·41621 o, <i5596 16.46620 7,U9310 .p,07289 .045308 
-,7,u -1.9J.4o. -1.1.,.9u ob554 -.2775 17·41621 6,95109 1bo46665 7.09317 • R07289 .045043 
.., •. , .1 u -l.~14S -.l.lnOC, od3~1t - • .:::d61 17·41621 6,<14628 16o4b7~5 7.09280 ol\07289 .044'575 
-.7vo -.1..:1145 -1.1 72.::: ob254 -.c:e45 17·41621 o.94128 16.46799 7.09288 .s07289 .044370 
-·o':llJ -l,':ll'+o -l • .Ln3~ ,u154 -.<:d28 17·41f>21 '" Q3619 1(,,46843 7.092% ,f\07289 .044185 
~•bc>O -1.':1145 -1.1Y1o ,t;Q5Lf -.2Cl10 l7o~Hg21 6.93095 1G,46888 7.u9303 • A07289 ,044021 
-·1;>/L) -l.~l4S -l.£.ti 4 ,/954 -.,:,793 l7o41 21 6.92556 1(>.46';132 7.0931U • (;0721\9 ,043875 
-·coo .,.l,':IJ,4::> -1.2194 .1854 -,c.773 17·41621 (\>,91988 16.46975 7,U931b oR07289 ,043750 
-·boo -1,':1145 -1.~.'>11 .7654 - • .:::il56 17o41621 t>,<"l1414 1&.47063 7.li~282 ,f\07289 ,043558 
"ob4U -1,':114!:> -1. ~43.::: ,'/554 -.2b36 17•1+1621 6.90794 1&.47106 7.0 291 ,p,07289 ,043491 
-.o.JU -1.':1140 -1.2:.5 .. ) • /4511 -.2tH5 17•41621 o,o0135 16.471~0 7.09301 ,F\07289 ,043443 
-·b.:lJ .. 1,'1145 -1.21>7'1 • t354 -.2792 17·41621 6,1\9425 16.47193 7.lJ9310 ,p,07289 .043415 
-!·l>.i.U -l,':I.L4b -1,.2H0u • /254 - • .:::768 17·41621 ,, , R8663 1o.47237 7,U932U .1<07289 .043406 
-.bulJ -1,'1145 -1.2':12<; .7054 -.21>41 17·41621 b,R7817 1b.47324 7,lJ9289 • f\07289 .043446 
-·b':lO -1.':1.1.4:, ,-1,3u5·~ ,o':/54 - • ..:tll~ 17•416<:1 6,6687R 1b.47367 7.09302 ,f\07289 .043494 
-·5c>U -1.':1.1.45 -l.,jl91 ,o854 -.277 17o4162.L 6,!-1584(, 16.47411 7.u931o ,p,07289 .043562 
-·biiJ -l,'~(;4S -1. 3:<34 • u65 11 -.,:tl38 17·40613 o,R54bO 16.47498 7.09290 .767823 ,04375.3 
-.bbu -1,o':i4:J -L3r7:. .o554 -.2798 l7o39b7b 6. ?.5122 16,47!:>42 7,09308 .741627 .043876 
-.o~v -1.ot>4S -1.3510> .~754 .c541 17.38774 b.r.4772 16.4b100 7,U959lJ .729446 ,049563 
-.5 ... o -l,Ot->4::> -1. .5;.>5/ .o254 -.2~;21 17·36969 u.P.5283 l6o47674 7.0929!:! .744291 ,044359 
""•t>...,u .,.l,tl54b -1.3<'9Y ob15<> - • .::781 17o3603b o,F\4914 16.47719 7,0931!:> .767492 ,044557 
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b 

-~~J~u -l.o~'>~ -L3;:>5u .:.':154 -.,2833 17.3.59/ b t>,P533{} 16,478U8 7.09293 .!'32943 .04500t> 
-.:.1u -J..o'-4~ -1.3.)0.l ,:.:.b~A -.<.784 17·.32834 u.r,4b95 16.47853 7.09314 ,A70270 .045261 
-.~uo -l.oo4o -1.3(4C, .:.654 -.~838 17·36035 v.R0223 16.47':145 7,09291 .767<>92 ,045A22 
-.4-,u -l,o44o -1.379_, • ~:,51~ - . ..:792 17-35037 ,,,79744 16.47991 7,0931u .7978fl9 ,047'534 
-.LtuU -lod~'+~ -l.3c;4.) .~354 -.~e44 17-339/b o.792U5 16,480H7 7,0928ti .P.32943 .048097 
-e4/U -l,d<.40 -1. 31\':1,, .:.254 - • .::791 17 o3?H34 o.78584 16.41'135 7. 09,Hl of'70270 ,048367 
-.,4-ulJ -l,u145 -l • .:>Y6~ .:.054 - • .2b30 l7•315':1Y u.77bl7 lt-.4b2.52 7.09294 .907859 .048883 
-t;tt~u -l,uu45 -1.4 .. 31 ,4i\54 -.<:.bl)2 17•30204 o.76tl59 ltJ,4BJ31 7,U928u ,qll4263 ,049371 
-.4 .. (; -1. IC:>45 -1.41J2u .4754 - • .::.777 l7o273U6 o.77017 lb.46380 7. 09.316 1.(109694 .049600 
-.4-..~U -1. n4o -1.411'' .4554 - . ..:782 17·2%5';! b. "(5476 16,4o4Fl0 7.U9,)15 1.ii37628 ,050057 
-•4t=.U -J.,/545 -1.414,.- .4354 - • .::.765 H·22075 o.75093 16.48531 7.U9321 1. nP3o4g ,05048tl 
-·4J.LJ -1.1.:>40 -1.41':15 o4U54 -.2617 -1 f\14t> o.74084 6.48733 7.0930u 1.11435 ,0511U3 
-.4uu -1,'1145 -l. 4:>7::> • .:>754 -.2tl43 17 •l3Y7;;: o,72377 l6.4Clbi;7 7.U928b 1,}31495 ,051689 
-.~~u -l,vu45 -].4,-3o • .:>5':>4 - • .::.788 17oU7827 u.73232 1t-.48991 7,09.312 1.]16091 ,052069 
-o.JuU -1,u:,45 -1.41bt> • .::,2~4 - • ..:tl41 17·01811 o.74226 lb.49148 7.0928':1 1. r:97685 .052630 

v.:J/U -1,0.:.45 -1.412'+ ,.}0')4 -.2il10 16·9615<. iJ.75406 16.49254 7,(;9303 1,(11)6734 .053r)03 
- • ..:.uu -l.ou4~ -1.4t31 ,.:_o54 -.<..799 l6o92f)3£; 6,75174 l6o493b1 7.09307 1.040619 .05337!:1 
-.3;,U -.~04~ -.2rO,, • .::65'1 - • .2841 16·53741 /,Q9.507 16.4'3468 7,U92•3Y .035745 ,053759 
-CJ..)"tl.J -.4<+45 -.~nlJ.) • .:.554 -.2tl38 16o5.37U4 7.r9.306 16.49522 7. G929U .o37279 ,053%.5 

• ...)...,U -.-..,45 - • .::,.,0:;. • .::454 - • ..:&36 16·~36<.>6 7.n9305 16.49576 7.0929.:. .n38HOS • 05411!9 
-,,:,.:.u - .... ._45 -. C:!.-\0(~ ... 354 -.2833 16·536~6 7.r.9304 16.49630 7.09293 ,('40332 .0543413 
-•..Jl.U -.'+145 -.2,,1. • .:.254 -.2830 16·535b5 7.n93U2 lb.496e5 7.(;9294 ,p41848 .054550 
-l).:.>uu -.'+u45 -. 2r.14 • .::.154 -.2b27 16·53543 7,[)9301 16.49739 7, U9295 .n43353 ,054756 
-·C::':IU -,.:>':145 -.2r~1 I ,.:;U~4 -.2824 16·~34Y':J 7,n930o 16.49794 7,U9297 .044845 • 054966· 
-,2bU - • .:>b45 -.2h2u o.l954 -.~821 16·53453 7.r9299 16.4Yb49 7.09298 .o46323 ,055180 
-.2/u -,.:>745 -,.:;,2.:, ,.J.b54 -.2818 16·5340b 7.r9297 1L.49905 7.u9299 .o47784 .055399 
-·2oU -,.:>b4o -.2Min .1754 -.<.b15 16·53357 7. n9296 1o.49960 7,0930U ,Q49229 .055624 
- • .:::.:.v - • ...;tJL+b -.2112':1 ,16511 - ... 612 16·53307 7. [,9295 16.5u016 7.09302 ,(15064 ,055854 
- .. "-'+U -.~440 -,2t~.5c .1554 -.2809 16·53256 7.n9293 16.50()72 7.09303 ,(152046 .056090 
-•c....JU -.~.546 -.2,.,3:.:. ,1454 -.2806 16o532U3 7.n9292 16.5()128 7.093010 .()53419 ,056332 
-.(::~u - • .:>.::4b -,,2,.5, .13')4 -.2803 16o5314Y 1. {'929o 16.5()185 7.09306 ,(154766 .056581 
-.e::.t.u - • ..ll4b -.C2n41 .1254 -.2799 16·5-~094 t,n92tl9 lo,5u242 7.09307 .o56o83 ,056837 
-•2ulJ - • .:>04b .-.2r;4:, .1154 -.2796 16·530~7 7.c92tn 16.5G2Y9 7.u930Y .o5736R ·,057101 
-.1-,u - • .:.Y4b -.2.->4r\ ,1U511 -.2793 16·52979 ., • r>9286 16.5(;356 1. u9:Ho .n58621 ,057372 
-·loU - ... b46 -.2rlQ~ .u954 - . .:.789 16•52'H':I /,n9284 16.5u414 7. 09311 .o59837 >057652 
-.1/L, - • ..:.t4b -,<:cK5J .v8~4 - • .::186 16·~2!359 7. r.9283 16.5l471 7.09313 .n61017 ,05794() 
-·lou -.~b4b -.<:t~5'; ov754 -.<:c782 16·52797 7.1!9.281 16.5(,530 7.09314 .c62156 ,058237 
-·bu - ... ~40 -.,~,~~L ov654 -.2779 16·5?.734 7.r.92tlo 16.50~t\~ 7 .G931o ,(163254 .058';44 
-·14u - • .:..;,4o - • .::7ov .u554 -.2775 16·52606 7. r9321 lf,.5C64 7. (;9317 .o65316 .058861 
-,l_;,u - • .:::..£..4t.J -.~16'-J .u454 -. c..772 16•')2~40 7. o9.32n lt-.50706 7.0931':1 .r66276 ,059187 
-.1.::u -.O::.L4b -.27~" , u351~ -.2767 16·52473 7.n931& lb.5u765 7.U9321 ,()67186 ,059'525 
-·J.J.l) -,.::(.,4b -.2 ( '+ ou154 -.2b67 16·5240~ 7.n9317 6.50821 7,0927b • nf8044 ,069531 
-,luU -.~':14b -.277':1 .ulJ54 -.<::e62 16·52337 1. r,93ln 1f_.. 50891 7.0927<:. • (t68R4H , 07034o 
-.u.,u - ... ':14t, -.~;\b..;, -.vu4b - • .::.858 16·52337 7.o927u 16.509b2 7.0928.1. .o68!:14fl ,0710o3 
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