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1 . INTRODUCTION 
~ : ,. ' ( . 

Elastic contact stress probl,ems are classified as Hertzian if they satisfy 
the following fi~e condit~ons: 

1. The bodies are homogeneous, isotropic, obey Hooke•s law, and experi
ence small strains and rotations (i.e., the linear theory of elasticity applies). 

2. The conta-cting surfaces are frictionless. 
3. The dimensions of the deformed co-ntact patch remain small compared 

to the principal radii of the undeformed surfaces. 
4. The deformations are related to the stresses in the contact zones 

as predicted by. the linear theory of elasticity for half spaces (Boussin~sq•s 
influence fun~tions are valid). . ' 

5. The contacting surfaces are continuous, and may be represented by 
second degree polynomials {quadratic s'urfaces) prior to deformation. 

Contact stress problems are also classified as: 
a. Counterformal (or antiformal), if Condition 3 is satisfied, or 
b. Conformal, if Condition 3 is violated. 

Until recently, there existed no general way of handling any non-Hertzian 
problems. However, Singh and Paul [1974] showed how to solve antiformal non
Hertzian problems using the so-called Simply Discretized (S.D.) method. This 
method was applied by them to relatively simple geometries. Later, Woodward 
and Paul [1976] extended the S.D. method to the case of conformal problems, 
but restricted their attention to the cases of cylinders and spheres. More 
recently, Paul and Hashemi [1978-a] developed a modification of the S.D. 
method by means of which they were able to solve antiformal contact problems 
for virtually arbitrary geometries. By means of a computer program COUNTACT 
(see Paul and Hashemi [1977]) they found the fir~t known solutions for reali~ 
tic rail and wheel profiles in antiformal contact. 

The present work represents an extension of the modified S.D. method to 
conformal problems with quite general geometries - including that of wheel 
and rail profiles in closely conforming regions of the flange throat. Based 
upon this analysis, a computer program (called CONFORM) has been developed 
and reported upon by Paul and Hashemi [1978-b]. 
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Additional references on related literature will be found in the cited 
papers of Singh, Paul, and Woodward in the Ph.D. dissertation of Hashemi 
[1979]. 

In the next section, we formulate the based integral equations governing 
conformal contact stress .problems. In Section 3, we shew how the Moctified 
Simply Discretized Method can be used to solve the governing integral 
equation. 

In Section 4 the determination of the initial candidate contact boundary 
is discussed. This is a necessary preliminary for the numerical method being 
used. 

In Section 5 methods are developed for mesh generation and boundary 
determination which are more general and efficient than those used in 
the previously cited references. Section 6 briefly explains the organization 
of computer programs developed for this work. Examples are given in Section 
7 and Conclusfons are stated in Section 8. 
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2. FORMULATION OF THE GOVERNING INTEGRAL EQUATION 
Let the two bodies of general, but closely conforming, shape be denoted 

as body 1 and body 2. Cartes1an coordinate axes are set up with the initial 
contact point as common origin. Axes (x,y) lie in the tangent plane of the two 
surfaces at the initiai contact point, with the z-axis pointing into body 2. 
Both surfaces are frictionless. Due to the applied loads, material points 
in the two bodies undergo rigid-body translation and elastic deformation. 

The i_nitial ~~PA.r~tion of points on the two bodies with common (x,y) 
coordinates is given by the known surface functions, z

1 
and z2, as: (see Fig. 1) 

f(x,y) = z2(x,y) - z1 (x,y) (2-1) 

If the bodies are pressed togethe~, points that are well removed from 
the contact region will undergo a rigid body motion, whereas points near 
the contact region will undergo a rigid body motion plus superposed elastic 
deformations. In general, the rigid-body motion of body 2 relative to body 
is defined by six parameters. For simplicity, we assume, at this point, 
that the rigid body motion of body 2 relative to body 1 consists of a translation 
through distance o in the negative direction of axis z. The quantity o 
is called the rigid body approach. The methods of this paper may be extended 
to cover the more general case where several or all of the six possible 
degrees of (rigid-body) freedom are permitted. 

Let us consider two points M1 and M2 on 
with common coordinates {x,y) as in Fig. 1. 

tween the two points will be: 

the surfaces of bodies 1 and 2 

The initial separation vector be-

' . .. 1\ . 

s
1
. = f(x,y) z ,.... - ( 2-2) 

where si isthe initia·l separation between point M1 and point M2. 1 
is the unit normal vector in the z-direction, and f(x,y) is given by 
Eq. (2-1). After deformation occurs, points M1 and M2 move to M1 and r~2· 

If ~l and ~ 2 represent the elastic displacement vectors of the points M1 
and M2, then the final separation vector (i.e. separation vector after 
deformation), becomes (see Fig. 1) 

s. = s. + w2 - w1 - o z 
-· -1 ..... "" ~ 

(2-3) 



(a) 

X 

(b) 
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Fig. 1. The two bodies in contact under rigid body translation 8 = -Si 

(a) Curved lines are intersections of given surfaces with 
a plane through the z axis. The line M1M2 is parallel 

to the z-axis. prior to deformation. 

(b) enlargement of region encircled in (a) showing the 
process of deformation 
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For closely conforming surfaces the normals to the two surfaces (at 
M1 and M2) differ very slightly in direction, an,d either of the two initial 
surfaces represents a good 'approximation to the deformed surface on which contact 
occurs. We will therefore assume that the contact patch lies on surface 1 

u (let body 1 be that of higher elastic modulus), and its unit normal vector n 
will be approximated by n1 • the unit outward normal to surface 1. 

Within the contact patch the component of separation 1f in the normal 
direction vanishes, i.e. (see Fig. 1). 

s • n = 
-f -

{2-4) 

or 

w~ + w~ = (o-f) nz, (within contact patch) (2-5) 

where 

n w2 =- w2• n.., = w2 .n
1 - -L. - -

ar~ the components~of ~l and ~2 along the inward normals to surfaces 1 and 2; 

note that !:!1 ~ - ~ 2 , and nz is the z-component of !11 . 

The displacement w~ for body i is related to the pressure distribution 
1 

over the contact region cr on body i by the expression 

w. ( r) = f G. ( r; r' ) p ( r' ) dcr' 
1- (J1---

(2-6) 

where the so-called "Green's function'' G{r;r') is the normal displacement Of point 
1 - -

* r due to a unit normal force on body i at r'· Denoting the projection of area 
element dcr 1 on the x-y plane by 

'd A'= n' dcr' ( 2- 7) z 
where n' is the z component of n!, we may write Eq.( 2-6)in the form z -1 

dA' w. (r) = J G. (r;r' )p(r') ::-Tn 
1 - 1 - - -n z 

(2-8) 

where n , the projection of cr on the x-y plane will henceforth be called the 
contact ~on. 

The tip of vector+ (r') is called a field (source) point. Quantities evalua
ted at a source point w1lr-be marked by pr1mes; e.g. p'-p(r'), but p=p(r). 

_, ---
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Therefore equation (2-5} becomes 

(2-9) 

A physically meaningful solution requires that: 

p(x,y) > 0 within n 
(2-10) 

p(x,y} = 0 on C 

where C is the boundary of the contact region n . 
Equation (2-8} and condition (2-9) govern the conformal contact problem, and 

can be solved for p(x,y) and c. if a value of o is specified. 

The resultant force F(p) and moment M(p) (on body 1}, may be found - -
(see Figure 2) from the expressions 

F ( P) = ... f pn do ( 2- 11 ) 
- n-

M ( p) = - 1 r x pn do ( 2- 12) 
- n·.. -

where r = (x,y,z), and do= dA/n by Eq. (2-7). Thus the applied external 
- z 

force ~ = -F(p) and moment ~ = -~(p) are given by 

( 2-13) 

M = J(y "z - z ny) p dA 
X n . nz 

M = y f( -x n + z n ) 
n z x 

p dA 
nz 

( 2-14) 

M fdx "y - Y nx) 
dA = p-

·Z "z 



Pressure 
Distribution 

P(x ,y) 

7 

Fig. 2. Forces applied to body 1 
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3. DISCRETIZATION OF THE INTEGRAL EQUATION 

For a given rigid body approach o, Eq. (2-9) must be solved for the pres-

sure field p(x,y) and for the contact region ~ We will begin by assuming a 

candidate contact region n The projection of the intersection curve which 

would arise if surface 1 were displaced relative to surface 2, along the z-axis 

by distance o , on the x,y plane is called the interpenetration curve and is 

given by (see Fig. 3) 
(3-1 ) 

The region bounded by the interpenetration curve is cnosen as the initial candidate 

c.ontact region. Equation (2-9) becomes an integral equation of the first kind, 

which we will then solve by the modified simply discretized method*. Let us 

discretize the region ~ of the integral equation into n subregions ~,, ~2 , ..• ~n' 

where each subregion ~. is called''cell j~•. Then, Eq. (2-8) reduces to 
. J 

If cell j is small enough so that p(x• ,y•) and nz(x• ,y•) over that cell can 

be considered m constan~ pj and n~ then Eq. (3-2) reduces to: 

=[o-f(x,y)] n2 ~x.y) (3-3) 

The term (G1+G2) will be singular within certain cells and must therefore be 

kept under the integral sign, at least for such cells. In short, 

* 

p. 
:.J.... 
n J 
z 

I 
J~ ~G 1+G2 ) dA %-[o-f(x,y)] nz(x.y) 

J 

Paul and Hashemi [1978-a] 

(3-4) 
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z 

a) 

z 

........ __ _.-.... ____ ~_~&-space i nterpenetra ti on 

i nterpenetrat ·· curve 
curve 

c) 
. ' 

Ffg 3. Two bodies in confonnal contact 
a) prior to deformation 
b) ficticious interpenetration 
c) initial candidate contact region 
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To find the unknown values of pj we select n field points ; (xi,yi) 

and write Eq. (3~4), for each of these points, in the form: 

n 
L: h n = ll I; = 1 n\ 

j=l .., .. ,..j .... \ . I ' .. I 1J 1 
(3- 5) 

b .. 1 
f(Gl+G2) dA I = ---. 

1J n J ~-z J 

(3- 6) 

di = [o-f(xi ,y i) ]( n
2 

) i (3- 7) 

If matrix [bij] is nonsingular, Eq. (3-5) may be solved for the candidate 

pressures pj. If these values of pj do not satisfy boundary conditions (2-9) 

we must modify the assumed contact region boundary C. The method used to 

choose and modify the boundary of ~ will be described in Sec. 5. 

The Green•s functions used for the specific examples of rail and wheel 

considered in this paper (sec. 7) are discussed in Appendix A. For further 

discussion on Green•s functions see Hashemi and Paul [1979]. 

The applied force and moment are obtained from equations (2-13)an·d (2-14) as 

n n n n 
Fx = L: pj (2) A· M = L: pj (y- z:.:.¥] .A. j=l nz j J . X j=l nz J J 

n n n. nx 
Fy = L: p. (yt). Aj (3- 8) My = L: p. [- x+z-] ·A. (3- 9 ) 

j=l J zl j=l J nz J J 

n n 
Fz = L: Pj Aj Mz = L: p /(Xny,...Ynx)/nz]j Aj 

j=l j=l 

where A. is area of cell j (in the x,y plane). 
J 
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4. INITIAL CANDIDATE CONTACT BOUNDARY 

The initial candidate contact region will be chosen as the region inside 

the 11 interpenetration curve, 11 described in Sec. 3. 

It was shown in Paul and Hashemi [1978-a] that for counterforma 1 (but 

not necessarily Hertzian) contact, the actual contact region lies inside 

the interpenetration curve assotiated with a fixed approach. Similar reasoning 

shows that, in the case of conformal contact problems, the true contact patch 

lies inside the interpenetration curve, provided that the influence functions 

(Green• s functions) used for both bodies are unidirectional,* over the initial 

candidate contact patch (see Hashemi [1979]). Experience to date suggests that the 

interpenetration curve is a good candidate for the initial contact patch' even 

for conformal contact. 

5. MESH GENERATION AND CONTACT BOUNDARY DETERMINATION 

The method devised by Paul and Hashemi [197<8-a] for the mesh generation 
and boundary dete.rmi nation of counterforma 1 problems has been improved and 

extended to the conformal problem . In the following, rectangular cells, 

with sides parallel to the x andy axis are utilized, and the contact region is 

assumed to be symmetric about the x-axis{as it would be for a wheel axis parallel 

to the x-axis, and a rail axis parallel to the y-axis); consequently, only half 

of the contact region (see Fig. 4) need be discussed. Both the field points 

and source points will be chosen to lie at the centroids of the rectangular cells. 

The scheme of subdivision for a candidate contact region is as follows: 

Fig. 4 shows an example of such a region together with the coordinate axes 

(x,y). The x-diameter, ~hich has known length a, may be di~ided into any 

number of 'segments (nb) called Bands. A typical band (i) will be further divided 

into n~ number of segments call~d strips. ·That part of a strip which lies above 

the x-axis will be referred to as a half-st,rip. Then the 11 horizontaP length 

h . of cells in band i will be given by 
X1 

h = a./n . (5-1 ) xi 1 s 1 

where 

a. = ria (5-2) 
1 

and ri is a fixed positive constant (1 ess than 1) associated with band i,. such 

* An influence function will be described as unidirectional over a surface if 
a normal force applied to a point on the surface produces displacement at all 
points of the surface whose components in the direction of the applied force 
have the same sign everywhere. 
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If we divide each half-strip j into a number of cells mj, 

the 11 Vertical 11 length hy of each cell in that strip will be determined as: 

( 5-3a j 

where y . is the y-coordinate of the point on the boundary curve correspond-
max J 

ing to the centerline of half-strip j (see Fig. 4). 
It~t is desired to have a field point on the x-axis, then we let 

( 5-3b) 

The x-coordinate of the field points of all cells in the first strip will be 

obtained as: 

h 1 
x1 = al + T (5.4) 

where al is the left x-intercept of the boundary curve. Then the x-coordinate 

of the cell centroid in strip j > 1 becomes 

( J > 1 ) (5-5) 

where hsj = hx; and strip j is in band i. 

Having unambiguously defined the cell arrangement, we may use Eqs. 

(3-6) and (3- 7) to evaluate b .. and d.. Then the unknowns pJ. may be found by 
1J 1 

solving the linear equations (3-5). 

If the pressure distribution p. does not satisfy conditions (2400 the 
J 

procedure explained in Paul and Hashemi [1978-a] will be used to redefine 

the new contact region boundary C. The whole process will be repeated unttl 

the conditions (2~ru are satisfied within a desired tolerance. 



Band 1 ' 
a1 

I 

a1 I 
r1 = a I 

I 

i 
! 

Band 
a2 

r2 = ~ 
a 

2 Band 3 _t 
------------~j'~a3~ 

a3 
.+ a I 

+ 
m9 = 5 

hx1M. Ymax 7 + 

Line of 
Syrrmetry 

1-4 1.-x7 

I 1 
L..- -al 

.... ' 8 I 9 • 1
•

1
·1·· I 

. I . 10 • · -+-X 
-r-------· aR lj 2 3 4 5 

c a I 

Fig. 4. Mesh arrangement for sample interpenetration curve. Bands are 
shown separated by heavy vertical lines. Band 1 is subdivided into 

. 5 strips, band 2 into 4 strips, band 3 into 5 strips. Note that the 
x-axis is a line of symmetry, and only half of the contact patch 
is shown. 

~ 

w 
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6. ORGANIZATION OF COMPUTER PROGRAM 

The main program is called CONFOR~1 which stands for "CONFORt1al 
contact." The program is able to handle all contact problems with one axis 
of symmetry in its contact patch. In rail-wheel problems there will 
always be at least one axis of symmetry (parallel to the wheel axis) for wheel
sets at zero yaw angle. 

* MAIN PROGRAM--CONFORM 
The purpose of the main program is to manage input and output, to 

call appropriate subprograms as needed, and to interlink the various 
components needed for the overall program logic. 

Figure 5 shows the relationship of the main program to the sub
programs. In Fig. 5, the arrows point from the calling program to the 
called program. The following subprograms are used: 

Subfunction PARAB: does the parabolic interpolation (or extrapolation 
by a procedure referred to as PARAB2 in Paul and Hashemi 0978-a ]. 

Subfunction BIF: calculates the integral k fdA/r of Boussinesq's function 
Subfunction GOA: calculates JG dA 
Subfunction GRl: 
Subfunction GR2: 
Subroutine tEQTlF: 

calculates G(!,!') for body (1) (Rail)** 
calculates G(r,() for body (2) (Wheel)** 

solves the linear algebraic equations (3-5). 

Subroutine INSEP: furnishes the initial separaration; i.e. the profile 
function, Eq. (2-1), by a method described in Paul and Hashemi [1979]. 

Subroutine MIDWEL: provides the coordinates of an axial cross-section 
of a railroad wheel (body?}; i.e. it computes the term z

2
(x,O) of Eq. 

(2-1) in an appropriate set of coordinates (~,~)localized at the initial 
point of contact (see Fig . 6 ) . 

Subroutine WHEEL: computes the profile function z
2(x,y) for body (2) 

(wheel) for any (x,y) in contact region. 
Subroutine RAIL: computes the profile function z1(x,y) for body (1), 

the rail head. 

* The program is described in greater depth in the User's manual [Paul 
and Hashemi, 1978-b]. 

** The Green's functions supplied with the program are described in Appendix 
A. Should the user wish to supply other types of Green's functions, he need 
only replace subroutines GRl and GR2 with his own subroutines of the same name. 
A discussion of alternative choices of Green's functions is given in Hashemi and 
Paul [1979]. 
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Subroutine WHEELO: calculates zw anddz/dx of the wheel profile at any 
point with coordinate xwin middle plane with respect to wheel reference 
coordinates (x -z ) fixed in an axial cross-section of the wheel. w w 
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Subfunction 
BIF 

Subfunction Subfunction Subfunction 
GR2 1-6----t 

GDA GRl 

Subfunction 
Main Program Subroutine 

PARAE CONFORM LEOJlF 

Subfunction .,._--I 

lr ___ .__ __ l 
Subroutine Subroutine 

WHEEL I NSEPl ...... ___...,. RA 1 L _ __, 

Subroutine 
WHEELO Subfunction 

MIDWEL 

Fig. 5 Organization of Program CONFORM. Arrows point from calling 
program to called program 
Dotted block may be user-supplied if user desires to override 
the standard subprograms provided. 
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7. EXAMPLES 

The examples are given for rail and wheel contact where the wheel is 
so positioned that the problem could be either counterformal or conformal 
depending upon the magnitude of the applied load. In the first example, 
the applied load is relatively small so that the contact patch is counter
formal, and the accuracy and reliability of the program CONFORM can be 
verified versus program COUNTACT* (see Fig. 7). In the second example 
the load is so high that the problem is highly conformal and the devia
tion between the two programs is significant (see Fig. 8). 

The elastic properties of rail and wheel (steel) are 
E = ·30 x 106 psi (Modulus of Elasticity) 

v = 0.3 ( Poisson• s Ratio) 
Example 1. COUNTERFORMAL CASE OF RAIL AND WHEEL CONTACT STRESSES 
Let the initia'l point of contact of rail and wheel be point C shown 

in Fig. 6. For o = 0.005 11 the numerical solution was found by using 
the computer program 11 COUNTACT-l 11 (counterformal contact stresses be
tween bodies with one axis of symmetryin contact patch) and also by 
11 CONFORW (confm·mal contact stresses between two elastic bodies). 

The program CONFORM requires, as part of the input, the rigid body 
approach o , an initi~l candidate contact region, and the desired initial 
mesh arrangement. The final results are given in Table 1 for: pressure 
distribution, load (force and moment), and boundary of contact region. 

A plot of pressure distribution along the s-axis is given in Fig. 
7-a, and the contact region is shown in Fig. 7-b for both programs. Note 
that for the very light load applied (1413 lb), the contact patch is 
small and the problem is counterformal (but non-Hertzian). The excellent 
agreement between the predictions of programs COUNTACT and CONFORM, 
represents a validation of the latter program. 

Example 2. _CONFORMAL CASE OF RAIL AND WHEEL CONTACT STRESSES 
For the same initial po~nt of ~o~t~ct as iri ex~mple 1, but for a higher 

load, the problem becomes conformal, and again the numerical solution of 

the problem was obtained by both CONFOR~1 and COUNTACT ~ foro = 0.003 .. 

(see Tables 2 and 3). The plot of pressure distribution along 
the s-axis is shown in Fig. 8-a. The contact patch is shown in Fig. 8-b. 

*See Paul and Hashemi [1978-a]. 
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Fig. 6. Example of rail and wheel in conformal contact 
(unloaded case shown) 

:. 

Numerical data is for 140RE rail (AREA designation) and for SIG 

~etroliner wheel (SIG=Schweitzerische Industrie-Gesellschaft) 
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Table 1. Contact boundary, pressure distribution, forces and moment 
(CONFORM), Example 1 (Normal force = 1413 lb) 

II 

-0.16421150 (10 
-0.1169'(J"D 00 
-G.11o521l?D-01 

O.ll78\11:'6,u-01 
0.13516930 00 

NODE 

1 
2 
3 
4 
5 
6 
1 
II 
9 

10 ,, 
12 
13 
14 
15 
16 
11 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 

. 28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
.38 
39 
40 
41 

. 42 
43 
44 
45 
46 
47 
411 

[1A 

0.290141~0-01 
0.66465210-01 
0.97115!'~0-01 
0.8672366!>-01 
0.448544Co-01 

XI 

-0.16420 00 
-0.16420 00 
-0.16,20 00 
-0.14SSO 00 
-o.Heso co 
-0.14eSO 00 
-0.13270 00 
-(J.1327D 00 
-0.13270 00 
-0.13270 00 
-0.11t'il0 00 
-0.11690 00 
-0.11t90 00 
-0.11690 00 
-0.11690 00 
-0.90U0-01 
-0.90150-01 
-0.9015C-01 
-0.52340-01 
-0.52~40-01 
-0.52!40-01 
-0.14520-01 
-o. 14 s2o-o1 
-o .14 sz o-o1 

0.23300-01 
0.23300-01 
0.23300-01 
0.61110-01 
Oo6111D-01 
0.61110-01 
0.879ll0-01 
O.H9G.D-01 
o.enoo-01 
0.!!7900-01 
o.a1<:uo-o1 
0.10370 00 
0.10!70 00 
0.10370 00 
0.10370 00 
0.10370 00 
0.11940 00 
0.11Q40 00 
0.11940 00 
0.119 ... 0 00 
0.11940 00 
0.135-lo 00 
0.135.i:D 00 
0.13520 00 

II-FORCE• 68e1 

BOUNDARY Of CONTACT REGION 

XI ETA XI 

-0.1,P45470 00 0.46766560-01 -0.132o9780 00 
-O.QC154170-01 O.c1226980-01 -0.52337650-01 

0.23295410-01 0.10030110 00 0.6111193~-01 
0.10365550 00 ·o.bOS35250-01 0.119412'0 00 

Co000£1D 00 
0.116~ o-01 
0.23210-01 
o.oooro c.o 
0.1 e71 0-01 
o. 3 7" o-01 
c.oooco 00 
0.16610-01 
0.33610-01 
O.SQ42D-01 

.Q.OOOOO 00 
C.1477o-01 
0.29540-01 
0.4431t>-01 
0 o 5 90 ~ 0-01 
o.ooooo 00 
0.3249D-01 
0o649~D-01 
o.ooooo 00 
0.36910-01 
0. 73!!2D-01 
o.coooo 00 
o.3e.aso-01 
o. 7769o-01 
o.ooooo 00 
0.40120-01 
0.30240-01 
o.ooooo 00 
o.!939o-01 
0.78790-01 
o.ooono oo 
0.192 7D-01 
0. 3 ~!)4 0-01 
0.>7820-01 
o. 77090-01 
c.oooco 00 
0.1 noo-01 
0.3579o-01 
0.53690-01 
0.71590-01 
o.oooco 00 
0.1512·0-01 
o. 3024 o-01 
0.45360-01 
0o604PD-01 
o.ooooo 00 
0o1794D-01 
0.3S8So-01 

ZETA 

-0.10830-01 
-0.10B3D-01 
-0.10B30-01 
-0.88470-02 
-0. P84 70-02 
-I). P.94 70-02 
-0.70630-02 
-C.7063D-02 
-0.70630-02 
-0.70630-02 
-0.!>4820-02 
-0.54820-02 
-C.54820-02 
-0.54820-02 
-C.54820-02 
-0.32550-02 
-0.32550-02 
-C.3255D-02 
-0.10960-02 
-0.10960-02 
-0.10960-02 
-o.e435o-o4 
-C.~43S0-04 
-0.843>0-04 
-0.72,30-03 
-0. 7243D-03 
-0.72430-03 
-c.sono-o2 
-0.50130-02 
-0.50130-02 
-0.104!>0-01 
-IJ. 104 5 0-01 
-0.10450-01 
-0.1 c' 5 o-01 
-0.10450-01 
-0.14610-01 
-0.14610-01 
-0.14610-01 
-0.14610-01 
-!1.1461 0-01 
-C.19SZo-01 
-0.19520-01 
-0.19520'"01 
-0.19520-01 
-0.195 2 0-01 
-0.25210-01 
-0.25210-01 
-0.25210-01 

ETA-FORCE• 1413.1 

.. 
0.12690 05 
0.11S9o 05 
o.7180D o4 
0.2241D 05 
0.20890 05 
0.12960 05 
0.26910 05 
0.262SD 05 
0.22420 OS 
0.12940 05 
0.30900 05 
0.30500 05 
o.;::eooo 05 
0.23460 05 
Oo13760 05 
0.36060 05 
0 • .33150 05 
0.1871D 05 
0.40300 05 
0.3707D 05 
0.20560 05 
0.42320 05 
o.3834o o5 
0.21710 05 
0.4227D 05 
0.3S8SO 05 
J.2173D 05 
0.38310 05 
0.35250 05 
0.19910 05 
0.32940 05 
0.33030 05 
0.29790 OS 
0.25970 05 
0.15160 05 
0.28540 05 
0.28420 OS 
o.2613o 05 
0.21930 OS 
0.12730 OS 
0.23550 05 
0.23410 05 
0.21640 05 
o.1a1oo os 
0.10470 05 
Oo1349D 05 
0.12490 05 
0.75950 04 

-7.5 

LEFT XI-BOU~DA~Y• -0.17165 RJGHT XI-BOUNDARY• 0.14286 

ETA 

o.sas1o1So-o1 
Oo9227063D-D1 
0. 9848131 D-01 
(;.680H75D-D1 
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Fig. 7. Compadson of Programs CONFORM and COUNTACT for o = 0.0005. 11 

The corresponding forces are: F = 1413 1b (CONFORM), 
F = 1434 lb (COUNTACT) 
(a) Pressure distribution ·
(b) Contact patch 
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Table 2. Contact boundary, pres sur~ distribution, forces and moment, solved by program CONFORr~. 

BOUNDARY or CONTACT REGION 

XI ETA XI ETA XI ETA 

-0.35917560 co Oo9918354D-01 -0.27550540. 00 o.t58Z061o 00 -0.19183510 DO 0.19377860 00 
·0.100CiCOOo DC 0.21085040 co o.oooooooo 00 0.23293950 00 o.1ooooooo 00 0.25974920 00 

0.15717890 00 0.266327~0 00 o.171536~>o 00 0.26541810 00 Oo1o58944D 00 0.26058130 00 
o.zoo~521o cc 0.257205411 00 o.21460'i19o 00 0.24760210 00 0.22896760 00 0.19099050 00 

NODE XI ETA ZETA p 

1 -0.35920 00 o.ooooo 00 -0.52710-01 0.47030 05 
2 •Oo35'12D 00 Oo22040-01 -0.52710-01 Oo4554D 05 
3 -0.35920 00 Oo440!'o-01 -0.52710-01 0.41560 05 
4 -0.35920 00 0.6612o-01 -0.52710-01 0.3434D 05 
5 -0.35920 00 0.88160-01 -0.52710-01 0.21200 05 
6 -0.27550 00 o.ooooo 00 -0.30740-01 0.79800 05 
7 -0.27550 00 o.3516o-o1 -0.30740-01 0.78000 05 
8 -0.27550 00 0.70310-01 -0.30740-01 0.72140 05 
9 -0.27550 00 0.10550 00 -0.30740-01 0.60580 05 

10 -0.27550 00 o.1406o oo -0.30740-01 0.37020 05 
11 -0.19180 00 o.ooooo 00 -0.14810-01 0.94530 05 
12 -0.191tO 00 0.43060-01 -0.14810-01 0.92260 05 
13 -0.19180 00 o.8612o-01 -0.14810-01 0.65090 05 
14 -0.19180 00 0.129?0 00 -0.14&10-01 0.71800 05 
15 -0.191bO 00 0.172?0 00 -0.14810-01 0.43950 05 
16 -0.10000 00 o.ooooo 00 -0.40060-02 0.10370 06 
11 -0.10000 00 0.4!!630-01 -0.40060-02 0.10140 06 
18 -0.10000 00 0.97270-01 -0.40060-02 0.93350 05 
19 -0.10000 00 0.14590 00 -0•40060-02 0.78670 05 
2C -0.10000 oo o.1945o co -0.40060-02 0.48110 05 
21 o.ooooo 00 o.ooooo 00 o.ooooo 00 0.11040 06 
22 o.ooooo 00 o. 51760-01 o.ooooo 00 0.1071!0 06 
23 o.ooooo 00 0.1035D 00 o.ooooo 00 0.98410 05 
24 o.ooooo 00 0.1553D 00 o.ooooo 00 0.811110 05 
25 o.ooooo 00 ·o.2011o oo o.ooooo 00 0.49190 05 
26 0.10000 00 o.oooco 00 -0.13580-01 0.10270 06 
27 C.1000P 00 a. 5772o-o1 -o .135llo-o1 0.10010 06 
28 0.10000 00 0.11540 00 -0.13580-01 0.92310 05 
29 0.10000 00 0.173?0 00 -0.1358o-01 0.77490 05 
3C 0.10000 00 0.23090 00 -0.13580-01 0.411590 OS 
31 0.15720 00 o.aoono oo -0.34530-01 0.84830 05 
32 0.15720 00 0.5911'0-01 -0.34530-01 0.82750 OS 
33 o.1s12o 00 0.11840 00 -0.34530-01 o.760SO OS 
34 0.15720 00 0.17760 00 -0.34530-01 0.64120 OS 
35 o.1572D 00 0.23670 00 -0.34530-01 0.39190 05 
36 0.17150 00 o.oooco 00 -o •. 4153 o-01 o. 78480 OS 
37 0.17150 00 o.5898o-o1 -0.41530-01 0.76540 05 
38 0.17150 00 0.11800 00 -0.41530-01 0.70410 05 
39 0.17150 00 0.17600 00 -0.41530-01 0.59290 05 
4G 0.17150 00 0.23590 00 -0.41530-01 0.35400 05 
41 0.18590 00 o.ooooo 00 -0.49320-01 0.70900 05 
42 0.18590 00 o.57Y1o-01 -0.49320-01 0.69130 OS 
43 0.18590 00 0.115PD 00 -0.49320-01 0.63810 05 
u 0.18S90 00 0.17370 00 -0.49320-01 0.54040 05 
45 0.1859D 00 0.23160 00 -0.49320-01 0.33780 OS 
46 0.20030 00 O.OOOOD 00 -0.57940-01 0.62980 05 
47 0.20030 00 o.5716o-o1 -0.57940-01 0.61590 05 
48 0.2003D 00 0.11410 00 -0.57940-01 0.56560 OS 
49 0.20C30 00 0.17150 00 -0.57940-01 0.47430 05 
5C 0.20030 00 0.22860 00 -0.57940-01 0.28120 05 
51 0.21460 00 o.ooooo 00 -0.67480-01 o.S1730 05 
52 0.21460 00 o.s502o-o1 -0.67480-01 0.49910 05 
53 0.21460 00 0.11000 00 -0.67480-01 0.46260 05 
54 0.21460 00 o.1651o oo -0.67480-01 0.39350 05 
55 0. 21460 00 0.2201D 00 -0.67480-01 0.25420 OS 
56 Oo229GO 00 O.OOOOD .00 -0.78020-01 0.39240 05 
57 0.22900 00 o.4244o-o1 -0.78020-01 Oo39870 05 
58 0.22900 00 0o848t'D-01 -0.78020-01 0.37160 05 
59 0.22900 00 Oo12BO 00 -0.78020-01 0.31250 05 
6(l 0.22900 00 0.16980 00 -0.78020-01 o.z2azo 05 

lU-FORCI'i•1244 • 345 ~ETA-FORCE .18965.182 ETA- .P!OI'!E NT= 2158.806 

LEFT XI-BOUIUARY•-0.4036896 RJ6HT XT-BOUNDARY= 0.24114127 



Table 3. 

ll 

-0~3?~2~l6P 

•O,Z!HrOOo 

22 

Contact boundary, pressure distribution, forces and moment, 
Example 2, solved by program COUNTACT 

IOUNDAU or CONTACT RHION 

ETA XI ETA XI ETA 

oc 0 .ti1till350·01 •0, !2234U2D 00 0.13302700 00 ·0.26644670 00 0.16636800 00 

oc o.H•0911o ro -0,1 \OQOJ~O 00 0 .~ 04 H68 H au -0.1UH000o 00 0.2169~140 ~0 

-o.no.rooo-01 O.Z21~Y'ID 00 o.nuooooro 0~ 0 .< 2 HH~3 D 00 Oo\3~0000D·G1 U.2H5<5So co 

o .1o6 ceo~. oc 0.25oo60uD 00 o.1sooooro 00 0.2718343 0 cu 0.21200000 00 0,<7835HO 00 

o.nsnb6o 00 O,ll\1"660 no ~.23921\H 00 0.1~725920 00 O.ZJ969JOO 00 o,160Jo41 o 00 

0.24017010 cc o.a7o78C4D·01 

NOll XI ETA lETA .. 
1 •0,31820 00 o.ooono 00 ·0.58600-01 0.40940 05 

z -o.n~2o 00 O.H1•o·01 •0.55600·01 o.Jo51o 05 

l -0.37~20 00 0.36370·01 -0.58oOo-01 0.35740 05 

4 •0.3H20 no 0.54H0·01 -0.58600·01 0.29150 05 

s •0,37~20 00 0.12 7'0·01 •0,\8o00-01 0.110!0 05 

' -0.32230 00 o.ooooo 00 -0,422b0·01 o.7D73o 05 

7 •O.l22lo 00 0.20560·01 ·0.42280•01 0.69020 05 

I •O,JZ230 ~0 0.59120-01 ·0.422b0•01 o.oJ65o 05 

' -0.32230 00 0.8~o80·01 ·0,422b0·01 o.sz8oo 05 

10 -0.32230 00 0.11<20 00 -0.42260-01 0.29800 05 

11 -0.26640 00 o.ooooo 00 -0.28730·01 o.au6o 05 

12 -0.26640 00 0.36970-01 -o.2sno-o1 0.62450 05 

13 -0.26640 00 Oo7394o-01 -0.28730-01 0.75890 05 

14 -0.26640 00 0.11000 00 -0.281J0•01 0.63540 05 

15 -0.26640 00 c.a?oo oo ·0,28730·01 O.J5Ho 05 

16 •0,211LO 00 o.oooro oo -0.18110·01 c.9319o 05 
·n -0.21200 00 Q,42COo·01 ·0.1811D·01 0.90900 05 

tl •Q,212CO 00 0.840~0-01 -0.16110-01 Q.b3620 05 

19 -0.212~0 co 0.12b~O 00 -0.18110-01 0.70050 05 

20 •0.212GO 00 Oo16bCo 00 -0.18110•01 0.40040 05 

Z1 -0.15900 00 o.oooro oo -0,10150·01 Q.98470 05 

Z2 -0.15900 00 0.455'0·01 -0.10150-C1 0.96060 05 

Zl -0.15900 00 0.910~0-01 -0.10150-01 0.8!380 05 

24 •0,159CO 00 0.13660 00 -0.10150-01 o.Hno 05 

Z5 •0,159CO 00 o.!B21o oo -0.10150·01 0.43230 05 

Z6 -0.10600 00 o.oooco 00 -0.45030·02 0.10160 06 

27 -0.10600 00 0.4~210·01 -0.45030-02 o.9915o 05 

za -0.10600 00 0.96420-01 -0.45G30·02 0.91230 05 

Z9 •0,106CO co 0.14460 00 -0.45030·02 0.76540 05 

l~ -0.10600 ro o.19<•o oo -0.45030-02 0.45050 C5 

J1 •0,53000·01 o.ooooo 00 -0,11240·02 0.10320 06 

32 ·•0.530G0·01 0.501~0-01 -0.11240·0< 0.10060 06 

3l -0.530Co·01 Q.10G30 00 -0.1124D·C2 0.92480 05 
]4 -0.53000-01 0.15040 00 -0.11240-02 0.77540 05 

]5 -o.Slooo-01 0.20050 00 -0.11240-02 o.4571o 05 
]6 o.ooooo ~0 0.000°0 00 D.OOCOD co 0.10360 06 

l7 o.oooco 00 o.5ooro-D1 O.OOOOD 00 0.10070 06 

ll o.ooooo 00 0.10120 DO o.oo~oo 00 0.92240 05 
]9 o.ooooo 00 Q.151PD 00 o.occoo 00 0.759!0 05 

40 o.ooooo 00 0.20240 DO o.ooaoo 00 0.444~0 05 

41 0.530(10-01 o. 00000 00 •0,3764 0•02. o.1031o 06 

4l 0,53000·01 0.545.0•01 -0.37640-02 0.10050 06 

u o.5looo-01 0.10910 00 -o .3764 o-02 0.92160 C5 

u 0.53000•01 0.16370 co -0.37040-02 o.7743o 05 

45 Q,5lOOo·01 0.21£20 DO -0.37640·02 0.45070 05 

u 0.10600 00 o.oooco 00 -0.15290-01 0.10300 a c. 
47 0.10600 00 o.57Ho·01 •0,15290•01 o.10u4o 06 

u o.1oeoo co 0.11500 00 -0,15290-01 o.920oo 05 

49 0.10600 co 0.17(40 00 -o .1529o-o1 0.17170 05 

sc 0.10600 00 0.22990 00 -0.15290·01 0.45290 05 

51 0.15900 00 o.ooo~o oo -0,35380•01 0.10530 06 

u 0.15900 00 0.60-410·01 -0.35380•01 0.10260 06 

Sl o.1590o oo 0.120~0 00 -0.35380·01 0.94140 05 

54 0.15900 00 0.18120 00 -0,35380•01 o.1es2o 05 

S5 0.159~0 00 0.241~0 00 -0.35380·01 0.45640 C5 ,. 0.21200 00 o.oooco 00 •0,65660•01 0.97850 05 

57 0.21200 00 0.6Hto·01 -0.65600•01 0.953~0 05 

sa 0.21200 00 0.12370 00 ·0,6568D•Ot O.HHD 05 

59 Oo212LO 00 0.18560 00 -o .656U·01 o. 73220 05 

60 Oo212GO 00 0.24740 00 -0.65680•01 0.42560 05 

" 0.2H71 co o.oooco 00 ·O.ft5B1D•01 0.74010 06 

6Z o.23no 00 o.5zuo-01 -0.!5610·01 o.6589o 06 

6l o.23no oo o.1045o co -o.a5ii1D·01 0.65610 06 

"' Q,23B70 CO o.156~o 00 -o. 85!1 o-o1 0.68620 06 

65 0.23870 00 o. 20910 oo -0,851>1D-01 0.46151 06 

66 0.23920 00 o.ooooo 00 -0.86210•01 Oo!319o 06 

61 0.23900 00 0.41610·01 •O,P621C·01 0.40000 06 .. o.2H2o oo o.832!o·01 -0,8621 0•01 0.44250 06 

" 0.23920 00 Oo124f0 00 · -o. 8621 o-01 0.25500 06 

JO Q,2H20 00 o. 1665D 00 ·O.t6210·01 0.14320 06 

J1 0.23970 ~0 o.cooro oo -0.~6600-01 0.21860 06 

u 0.23970 00 o. 3564&-01 -0.~6600•01 o.<5a~o 06 

7l 0.23970 00 Oo7127o·~1 -0,86600•01 0.15751 06 

74 0.23970 00 0.106~0 00 -o .8660o-o1 0.19140 C6 

75 0.23970 00 0.14250 DO -0.~6600-01 0.1H20 06 

76 0.24020 oc. o.ooc.oo 00 -o.e1ooo-o1 o.1101o 06 

n 0.24020 00 0.194~0-01 -0.87000•01 0.62130 05 

71 0.24020 00 Oo3M7o·01 -a. nooo-01 0,14470 06 

79 0.24020 00 0.584~0-01 •0,87CuD•01 0.83571 05 

10 0.24020 00 o. 77940•01 •O,S700D•01 0.29401 05 

lii·FIIRCE •2541.523 ZETA-FORCE• 20552.141 ETA- "O"Uil• 2022.316 

Ufl Xl-tOUUARY•-C.4064102 auMt Xl-eou,.oan• Oo240ll2Z 
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Note that the contact boundary predicted by COUNTACT is not too 
different from that predicted by CONFORM. However, COUNTACT predicts 
a very extreme pressure concentration (740,000 psi), whereas the more 
accurate program CONFORM shows that the peak pressure is actually 
110,400 psi. 

8. CONCLUSIONS 
The modified simply discretized method of Paul and Hashemi [1978-a] 

has been extended to conformal problems. Methods for automatic mesh 
generation and contact patch boundary determination have also been extended 
to conformal contact problems. 

Computer program CONFORM, based on these ideas, has been described 
and numerical results were presented for selected examples. 

The first numerical example demonstrates the accuracy of program 
CONFORM for the special case of non-Hertzian counterformal contact 
problems. The accuracy of program CONFOR~1 for this class of problems 
checked against the more specialized program COUNTACT, which is limited 
to strictly counterformal problems. Figure 7 illustrates the validity 
of program CONFORM for this verifiable case. 

The second example presents the first known solution to the conformal 
contact stress problem for geometry as complex as that of a realistic rail
head and wheel making contact on the throat of the flange. 

Figure 8-a illustrates how important it is to use program CONFORM 
for truly conformal cases, and that practical cases of conformal problems 
occur, which cannot be adequately approximated by a procedure designed 
for counterformal cases. 
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APPENDIX A: Influence Function for Rail and Wheel Surfaces 

One of the major difficulties in the solution of any contact problem 
is the determination of suitable Green's functions for the surfaces in con
tact. These "influence functions" relate the elastic displacement at a given 
point due to a unit applied force at some other point. In contact 
problems, we are concerned with the elastic displacements of surface points 
due to a unit load applied anywhere on the surface of a body. 

In counterformal contact of rail and wheel, the contact area is approxi
mated by a plane, makir.g it appropriate to use Boussinesq's influence function 
for all surfaces. However, in conformal contact (where the contact surface 
is not approximately plane), it is generally necessary to find more indivi
dualized influence functions for each of the two surfaces in contact. For 
many realistic surfaces, the exact influence functions cannot be found 
analytically; therefore, they must be generated numerically [Woodward and Paul, 
1976], or else be approximated by some convenient mathematical expresssions. 

A study of various exact and approximate influence functions has been .made 
by Hashemi and Paul[l979]. Although,in principle,one may generate accurate 

influ·ence functions for arbitrary surface geometries with the aid of three
dimensional finite element programs, their studies indicate that the costs 
of such an approach for rail and wheel geometries are prohibitive at thistime. 
However, they have found that it is feasible to use various types of 
semi-empirical influence functions and have made error analyses which indi
cate that the Boussinesq influence function [Lur'e, 1964] fs a reasonable 
first approximation for the range of wheel and rail geometries encompassed 
in the examples of this paper. That is, the normal displacement wn at a 
point (x,y,z) of the wheel or rail surface, due to a unit normal force at 
another point (x' ,y' ,z') of the surface may be approximated by: 

(1-v)hrE) 

where E and v are Young's modulus and Poisson's ratio, for the body in question. 
This was the influence function used by CONFORr·1 in the examples of this report. 



27 

LIST OF RELATED REPORTS A~D PUBLICATIONS 

A. FRA Technical Reports (Available from National Technical Information Service) 

Al. Paul, B., "A Review of Rail~~Jheel Contact Stress Problems," Technical Report 
No. 1, April 1975, FRA/ORD-76 141, PB 251238/AS, Contract DOT-OS-40093. 

A2. Wood\'Jard, ~J., and Paul, B., "Contact Stresses for Closely Conforming 
Bodies - Application to Cylinders and Spheres,•• Technical Report No. 2, 
December 1976, DOT/TST/77-48, PB 271033/AS, Contract OOT-OS-40093. 

A3. Paul, B., and Hashemi, J., "An Improved Numerical Method for 
Counterformal Contact Stress Problems," Technical Report No. 3, July 
1977, FRA/ORD-78/26, Contract DOT-OS-60144, PB 286228/AS. 

A4. Paul, B., and Hashemi, J., "User• s Manual for Program COUNTACT COUNTer
formal contACT stress problems", Technical Report No. 4, September 1977, 
FRA/ORD-78/27, Contract OOT-OS-60144, PB 236097/AS. 

A5. Paul, B.,and Hashemi, J., "User's Manual for Program CONFORt1 (CONFOR~1al 
contact stresses between wheels and rails ", Technical Report No. 5, June 1978 
FRA/ORD.-78/40, Contract DOT -OS-60144, PB 288927 /AS. 

A6. Paul, B., and Hashemi, J., "Rai 1-Wheel Geometry Associated \'Jith Contact 
Stress Analysis," Technical Report No. 6, 1978, FRA/ORD-78/41, 
Contract DOT-OS-60144, (to be issued). 

A7. Paul, B., and Hashemi, J., "Contact Stt·esses in Bodies with Arbitrary 
Geometry, Applications to ~Jileels and Rails," Technical.Report No. 7, April 
1979, FRA/ORD/79-23, Contract DOT-OS-60144. 

A8. Paul, B., and Hashemi, J., "Numerical Determination of Contact Pressures 
Between Closely Conforming Hheels and Rails", Technical Report No. 8. July, 
1979, FRA/ORD- 79/41, Contract DOT-OS-60144. 



213 

B. Related Papers Published in Various Journals and Proceedings 

Bl. Singh, K. P., and Paul, B., 11 Ai·1ethod for Solving Ill-Posed Integral 
Equation of the First Kind, .. Computer i•1ethods in Applied t1echanics 
and Engineering, Vol. 2, 1973, 339-348. 

B2. Singh, K. P., and Paul, B., ~~r~umerical Solution of Non-Hertzian Elastic 
Contact Problems, .. Journal of Applied ~lechanics, Vol. 41, 
Trans. of ASME, Series E, Vol. 96, June 1974, pp. 484-490. 

B3. Singh, K. P.' and Paul' B.' 11 Stress Concentration in Cro\'med Rollers, II 

Journal of Engineering for Industry, Trans. ASf~E. Series B, Vol. 97, 
No. 3, 1975, pp. 990-994. 

84. Paul, B., K. P. Singh., and Woodward, W., 11 Contact Stresses for 
Multiply-Connected Regions--The Case of Pitted Spheres, .. Proceedings 
of the Symposium on the Mechanics of Deformable Bodies, Delft University 
Press, 1975, pp. 264-281. 

B5. Paul, B., 11 A Review of Rail-Wheel Contact Stress Problems, .. in 
Proceedings of Sympos i urn on Rail road Track t~echan i cs, Pergamon Press, 
1978, Ed. by A. Kerr, pp. 323-35l.(Based on Ref. Al). 

B6. Paul, B., and Hashemi, J. , 11 An Improved Numeri ca 1 ~1ethod for Counterforma 1 
Contact Stress Problems,'' in Computational Techniques for Interface Problems, 
A.~D-Vol, 30, Ed. by K. C. Park and D. K. Gartlung, American Society of 
Nechanical Engineers, N.Y., 1978, pp. 165-180. (Same as Ref. A3). 


