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CPTIVIZATTION OF A STMPLE DYRAMIC MODEL OF A RAILROAD

CAR UNDER RANDOM AND SINUSOIDAL INPUTO
By John S. Mixson and Roy Steiner
ABBTRACT

This investigation was concerned with techniques Tor determining values

of damping and sprirg constants that would minimize thes vibrations transmitted

/

;

from irregular railroad track to passenger positions. Results developed for
a three-degree-of-freedom model using a simplified representation of measured
track roughness illustrste the influence on the minimizing values of the type
of input used, the minimization criteria adopted, and the position at which
vibrations were minimizod. The results were sensitive to variations of the
spectrum of the input, suggesting the importance of measuring actual track
irregularities and of using the measured data in optimization studies.
Different results were obibained when the rms acceleration was minimized than
when peak value of spectral density was minimized, susgesting that the
offects on passehger comfort of overall acceleraticn level be «owpared with
the effect of vibrabions that are concentrated near a single frequency.
esultc obtained by varying the suspension stiffness of a heavy electrical
trensTormer suspended beneath the center of the particular type of railroad

car sugrest that such heavy components can be tuned to improve the vibration

transmission characteristics of the systen.
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OPTIMIZATION OF A STMPLE DYNAMIC MODEL OF A RATLROAD

CAR UNDER RANDOM AND SINUSOIDAL INPUTS
By John S. Mixson and Roy Steincr
INTRODUCTION

The recent introduction of high-speed railroad passenger service
between Washington, D. C. and New York has stimulated considerable interest
in the effects of vibration on passenger comfort. For example, a recent
nevspaper account (reference 1) describes the high—speed Metroliner train,
shown in figure 1, as "smooth riding," but also says ". . . at times the
train vibrated badly during a 114 mph run between Washington and Baltimore,
making it hard for passengers to read." Clearly, il the desired speeds of
160 mph (reference 2) are to be practical, methods must be developed For
preventing such passenger discomfort due to train vibrations. Efforts are
now undervay in a mumber of organizations, including Langley Rescarch Center,
to improve the understanding of the mechanisms of transmission of vibrations
to passengers, and to determine the limits of vibration for comfort. The
primary source of train vibrations is the roughness of the track and roadbed
so efforts are also underway to determine methods of measuring and improving

track/roadbed properties.

Some of the research thal has been done related to vehicle and roadbed
dynamics is reported in references 3 through 9. In reference 3 a Trequency
domain technigue for calculating response is compared with time domain

techniques and found to be samevhat more efficient for linear systems having
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randsm inputs {that arc stad istically s tationary. In reference k the
influence of rosdbed clasticity is studied; and in reference 5 the dynamic
ctrecces in railroad whecls arc studied. In reference 6 a dynamic model
having many degrees of Ireedon is described, along with a system for
measuring track roushness. References 7 and 8 provide additional information
on technigues Tor identifying roadbe” roperties. In reference 9 scme
techniques for min imizing the dynamic response of a vehicle are developed.
A topic not sulficilently discussed in the literature is that of minimizing
the dynzaic res sponse of rail vehicles by appropriate adjustment of the
vehicle damping and spring constants.

The investigation described in this paper represents an attempt to
obtain understan nding of the significent parameters involved in mlnlmlzlng
the vibrations transmitted from the track to the passenger positions. It is
known that the response of a dynamic system such as g railroad car can be
mininize ed by choosing ce ﬁanlkmumm)vdmm:ﬁimedw@u@(ﬂmwﬁ51n
the system. The objeczive of the present investigalion was to determine the
influence on the optimum values of damping of such things as the nature of
the input (sine or random), the optimization criteria, and the location at
which the vibraticn is optimized. The particular reilroad car studied had a
heavy electrical transformer suspended beneath the center of the car, so the
spring stiffness of the transformer suspension was also varied in an attempt
to minimize the car response.  In order to keep the computations from
beconing unwieldy only three degrees of freedom were included in the mathe—
matical model, and a cimplified representation of the track roughness
gpectrum was used. The plun of this paper is to discuss Tirst the.analysis
and optimization procedure (leaving the equations for an appendix), then
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to discuss the track roughnecs measurements, and finally to discucs the

results obtained with the three degree ol I'recedor model.
ANATYSTS

A sketch of the three-degree-oi-Ireedon model uscd in this analysis in
shown in figure 2. The equations of motion of thig system are presented in
Appendix B. The model concists of o lexible bean representing the railroad
car, and a mass attached at the midpoint of the beam representing an elec—
trical transformer used in the power system of these particular electrically
driven high speed trains. The degrees of freedonm considered are rigid body
vertical motion of the car and of the transiormer and the first elastic
bending mode of the car. The input to this system is provided by the speci—
fied motion of the base. The base vibrates symmetrically, thereby applying
the same displacement to the lower ends of both springs ks and both
dampers c - Pitching and lateral motion are not included in this analysis.

The parameters held constant throughout this analysis include the
welghts of the car and transformer and the car rigid body and bending
frequencies. The values used, shown in figure 2, were Telt to be reasonably
representative of current designs. The three parameters varied in the search
for an optimum design are the transformer frequency fg > the car damping
n_ (due to C.), and the transformes damping ng (due to Cg). Optimization
was carried out with respect to accelerations calculated for three locations;

the end of the car A(0), the center of the car A(L/2), and the transformer

Ala).
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OPTIMIZATION PROCEDURE

The general objective of the optimization was to minimize lhe accelera—
R tions at the two «ar locations caused Ly a specified displacement of the
vibrating base. Two minimization methods were used. The Tirst method,
called the peagk minimization method, minimizes the maximum valuve of the
acceleration transfer funciion (for sine input) or spectral density (for
. random input) occurring anywhere in the frequency range of interest. The
re second method, called the RM3 method, minimizes the root-mean—square
EN
\; acceleration obtained by integrating over the frequency range of interest.
The peak min. method was used with both sine and random input displacements,
e but the RMS method was used only for random inputs.
The procedure used in the peak min. method with a sinusoidal input is as

follows. First, acceleration transfer functions for the three locations

were generated for the frequency range from O to 15 cps. Typical transfer
functions (alsc the ovtimum) are shown in figure 3. The transTer function
for each locaticn has relerive maximums, ur peoks, at about 1 cps, and k.5
. eps. TFor the twe cer lecutions a third peak occurs at abouf 5.5 cps. The é
. value of' each transfer function at each peak is clearly dependent upon the

i particuler -alues of demping, ng and ng , and transformer frequency fg

a

e used to pgoneratz the transfer function. The next step in the optimizatioa

procedure was to generate curves such as shown in figure 3 for several

values of cone of the parameters Ng, Ng Or ’fg while holding other para—

meters constant. The value of the transfer function at each peak is then ,
plotted as a function of the varying parameter. Typicel curves of this type
are shown 1n figure 4 where the varyirg parameter is the transformer

L
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frequency. The peaks of the transfer Tunctions occurred near 1, 4.5 and 5.5
cps Tor all the parameter variations, therelore these frequency values vere
used as a convenient means of identifying the curve shown in figure k4
associagted with each peak. Each curve showing the variation of a peak value
of the acceleration transfer function with a varying parameter (in figure L,
the transformer freguency) is called a peak acceleration curve. Figure 4
shows that there are three peak acceleration curves for each location. An
acceleration maximum function it now defined as tﬁat function consisting of
the largest of the peak acceleration curves for each value of the varying
parameter. The acceleration maxirum function for eéch location shown in
figure 4 consists of the segments of the peak acceleration curves Joining
the circular symbols. The next optimization step conszists of choosing a
value of the varying parameter that minimizes the acceleration maximum
functions. Figure 4 shows that the transTormer frequency value of k.7 cps
minimizes the maximum function for both car locetions, but not for the
transformer. 1In general, the transformer maximum function could not be
minimized along with those at the car locabtions. Furbther discussion of the
choice of optimum values is presented in "Results." The next step in the
optimization was to use the minimizing value of transformer frequency
(cbtained from plots such as shown in figure L) as a constant while varying
a second parameter. DPeak acceleration curves obtained byﬂvarying transformer
damping are shown in figgre 5, and those obtained by varying car damping are
shown in figure 6. The steps described above were repeated until the para—
meter value obtained as opbtimum was sufficiently close to the value used in

the previous minimization eycle. The curves shown in figures M, 5, and 6



are from the final lieration cycle from which the optimum values were

_determined Tor the sinusoidal input. Figures 4, 5, and 6 will be discussed

further under "Results."

The optimization procedure used in the pesk min. method with a random
input is the same as with a sinusoidal input, except that peak values were
obtained from curves of spectral density of the ocutput acceleration instead
of from curves of transfer function. Spectral density maximum function is
defined as consisting of the largest of the peak spectral density curves at
eacli value of the varying parameter. For the model characteristics of this
study three optimization cycles, or iterations, were sufficient, that is, each
of the paraﬁeters ng, Ng and fg was varied three times with improved values
of the other two parameters; Even with only three cycles required for each of
three parameters considergble time was spent generating and plotting data
to obtain the results presented herein. If many more than three parameters
were to be optimized, this procedure would probably require improved
computer mechanization in order vo be used efficiently. An example of
the use of computer techniques in an optimization procedure is given in
reference 9.

The optimization procedure used in the RMS method’with the random displace—
ment input is as follows. Values of the root-mean—~square (rms) acceleration at
each of the three locations are calculated by means of equation{B7) for a range

of values of one of the parameters ng, ng or fg while all other parameters

are held constant. A value of that one parameter is then chosen s0 that the
rms acceleration at the car locations 1s reduced as much as possible. The

value chos<n is then held constant while a second parameter is varied.
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Optimum velues of the parameters fg, N and n. were obtained from only

_,’ 5]

a few cycles of iteration using this method.

TRACK ROUCHNESS MEASUREHENTS
General

The input for the mathematical model to describe the responsc oi the
railroad car is some measurement of the rail surface. This inpub is
generally considered to be random in nature and bakes the form of a pouer
spectral density of the rail displacements or vertical variations from some
dalum plane. Spectral densities of seversal different types of surféoes,
artificially prepared, are shown in figure 7 plotted ageinst wave lenglh in
feét 2nd a spatial {requency in cycles per foct. Disregarding the curve for
the railroad in the eastern United Stales for the present, the remaining curves
from reference It for a highway, three airport runvays and a British reilvoad

give a rather orderly group of spectra. Figure 7 indicates that the spectra

from the several surfaces can be represented gensrally by the fermula

where T 1is the frequency, n is the parameter determining the variation of
¢(f) with.the frequency, and K is a constant for 2 given spectrum and is a
measure of the surface roughness. Tt is apparent irom figure 7 that the
expohent n which determines the slope of the spectra is Tairly unifori.
Por these examples n varies from 2.0 to &.1.
Two spectra were selected for use in this analysis having slopes OF n

values of 2.07 and 2.6k and are shown in figure 8 plotted against cycies per
second. It is not considered necessary that the rooh—mean—square values agree

precisely with experimental results in this analysis since an examination of



equations B6 and BY in appendix B indicates that the rms value ig a constant

and would not affect the relative magnitudes of the peaks of the spectra of
the response.

The rms value is a measure of the intensity of a spectrum and

square root of the area under the spectrum.

Experimental Spectrum

Available measurements of a two mile section of track in the eastern
United Stutes were analyzed at LRC and the resulting spectrum is shown in
figures 7 and 8 for comparison with the spectra used in the analyses. It is
apparent from fipure 7 that this measured specirum falls within the grouping
of specira and gives added confidence in the spectra used in the analysis.
The spectrum Tor the rai;road in the eastern U. $. does not, however,
necessarily indicate a uniform slope. In addition, three peaks are rather

prominent at hO, 20 and 1t foot wave lengths. These wave lengths correspond
to the rail lengths, the spacing of alternate Joints of the two rails, and
the length of the :(od in the<rgil—roughness measuring system. These
relations may be ccincidental, but the results cén point out the care which
must be exercised in the measurement, analysis, and interpretation of
experimental spectra. There is alwayz the possibility that tke recording
system or the data analysis technique may contaminate the results. Let us

consider briefly the measurament of track roughness and data evaluation.

Measurement of Track Roughness
Tt is necessary to devise methods of measuring the track displacements
under dynamic conditions since the clastic track moves under normal usage

due to such parameters as the train weight, spacing of the ties, irregulari-—

ct
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ies in the roadbed, and the impact loads due to the train movement. Most

o)

S 4 2 i 3 BT T2 2o




current rail measuring devices are variations of a three Poinc measuring
device such as the one in use by Melpar (reference G). fThe system consisty
of two horizontal rods s spended from the axle of the railroad car, one rod
Parallel to each track. Each rod has three tapacitance transducers mounted
G.. t.  The output of esgch transducer is related to its distance {rom the
rail and suitable combination of the transducer outputs yYields z realing
related to the shape or roughness of the railroad track. Thege readings vwere
recorded continuously for severai stretches of track and the continuous readings
vere digitized for spectral analysis. The spectrum for g large range of
wave lengths cannot be defined because a filter in the form of the rod length
used in the measurement hasg been inserted in the system. In the system
described, the rod length was 1% feet ang the spectral analysis will yield
Tfairly good estimates of the spectrum for wave lengths between approximately
9 and 28 feet. The effect of this Tilter on the spectrum was investigated
analyticaliy and corrections were applied to the gpectrum.  The adjucted

igures 7 and 8 over a wvave length range of 9 to

Hy

spectrum is shown in
appreximately 150 feet.

In further mathematical studies of train dynamics, better measured
spectra of track roughness should be obtained accurately st frequencies dovn
to about 0.1 cps as an input to the sludies. Significant problems may b-
encountered. intrying to get data at these low frequencies as indicated by
the preceding discussion. One procedure which may be used to establish the
spectral shape and then the relative roughnesses (K value) is outlined:

1. Burvey a two-mile section of the track in the étatic unloadeé

condition to establish the shape of the railway roughness spectrum.
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2. Repeat survey . .ih the track loaded (troin advances as the survey
sdvancen) £ detommloe constancy of opectral shaps and railway roughness.

3. Determine rvoughness under dynamic conditicns with car-mounted
cquipnent Tor coveral cpecds. (Constant monitoring required with adjustment
in procedurcs as indicated by results)

b, With spectral shape and intensity of railway roughness established,

calibrate other types of measuring cquipment if compatibility of all data is

5. Repeuat procedure on at least two additional tracks to determine the

Factors in Evaluation of Power Spectra

Data analysis may be basad on digitul or analog teclniques. In
the analysis of terrain roughness and low Ifrequency data, such as atmospheric
turbulence, it has been customary to use a digital procedure. The extent of
the alterations and the stabtistical reliagbility of the spectral estimates
resulting from a dipital technique are indicated iIn reference 10 and considered
in greater detail in reference 11. Three important factors in defining the
accuracy of the spectral estimates are the record length, the reading
interval and the number of estimates, or lags, used in defining the spectrum.
The proper selection of these quantities will reduce the phenomenon known as
"aliasing" which allows power from one frequency to be transferred to ancother
frequency; increase the frequency resolution (or conversely reduce the
Yomearing” or average effects); or can increase the statistical relisbility of
the spectral estimates. Proper evaluation of these effects shculd be made

prior to data collection in order that a proper experiment is planned (see

references 10 and 11).

10




RESULAY

Optimum Value Selection
The choice of optimuwm values of transTormer Trequency and damping ucing
the peak min. method is reasonably straightiorvard using curves such as shown
in figures 4 and 5. Figure 4 shows that the trancformer frequency value of
M.? cps minimizes the accelerabicn meximun function for bolh car locations.
(& value of .65 cps was used as optimum because it was the valuc used in Lhe
optimizing cycle reprecented by figures %, 5 and 6). Figure 5 shows that the
transformer dampiﬁg value of 0.18 minimizes the acceleration maxim m Tunction
Tor both car locations. The choice of an optimunm value of car damping, however,
was not so straightforward. Figure 6 shows that the acceleration maxirmum
function for the end of the car is minimum at a car damping value of 0.097,
whereas for the middle of the car the car damping value of 0.11% minimizes
the acceleration maximum function. Clearly,.no singile valuc of car damping
can be chosen that minimizes the acceleration maximum function Tor both car
locations. Therefore,a compromise value must be chosen. Such a compromise
velue might be chosen several ways. TFor example, if passengers were Lo be
located only near the middle of the car, and the end of the car used for
baggage, then a car damping value of 0.114 would be best. On the other hand,
the choice of a car damping value of 0.06 would result in approximately the
same value of acceleration maximum function at both car locations.
Passengers at both locations would thus receive thg same maximum acceleration.
A decision on which way to choose the canpromise value of car damping was
felt to be outside the scope of this study. For the final optimization cycle

of this study the car damping value used was n, = 0.08 wvhich is

o
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approdimately midw.y Letween the vabies minimizing the acceleration at the

two cur locations.

Transformer Behavior

Curves showing the acceleration mainnum Tunction Tor the transformer
are presented in Tigures &, 5, and 6 to illustrate the behavior st a system
tocation that was not ineluied in the selection of minimizing values of the
parameters. ALl threc figures show that the parameter values mirjrizing car
accelerations do not minimize transformer accelerations. For example,
Tigure & shows that at the transformer frequency value of L 65 cps the
transformer acceleration is 50 0/o above its minimum value. This shows, as
could have been expected, that optimization of one part of a system can
result in non—optimum performance of another pert of the system. In the
desipn of a practical system this fact should be taken into account to
ensure that all system components including those having non—-optimun perfor—

mence can adequately perform their assigned functioa.

Sine vs Random Input

The peak minimization method was used to optimize the railroad car model
having random displacement inputs as well as sinusoidal input. Curves showing
the variation of peak spectral density with transformer frequency, transformer
damping and car damping for the final iteration cycle with random inpﬁts
Wwere similar in appearance to the curves shown in figures 4, 5'and 6 for tﬁe
sine input. As an example, fipure 9 shows the variation of peak spectral
density with car damping for the high éstimate random input. Comparison of
Tigure 6 with figure 9 shows the general similarity of the curves for both

sine and random input. In pérticular, the previous discussion concerning the
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choice of optimum values of the parumetcrs, and the behavior of the tranc—
Toruaer applies equelly to restvltc for random inputs as well as Lfor sinusolda
inpu- .

GTae value of transformer frequency obtained as optimum was the swaae,
L.G5 ep., Tor both rondam inputs as for the sinusoidal inmput. The opbirmm
value of sransformer damping was 0.18 for both the sinusoidual and the high
estimate r-mdom input, but was 0.20 Tor the middle estimate random input.
The spectral. density meximun furctim varies by only sbout 1 O/o betveen
these two val .es of damping. Thererors, the difference is not considered
significant. (omparison of figure 6 with figure 9 shows that the values of
car damping thal minimize the individual accelerstion maximum functions
(figure 6) are di ferent from the values that minimize the spectral density
maximum functions (figure 9). The values of ~ar damping that miniﬁize the
individual maximum fonctions are presented in Wable I for both random inputs
and the sine input. 'able I shows that the optimum values of daaping

: |

obtained for each locailon with the random inputs are at leuct three times

543
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large .s the values obtained with the sinuscidal input. The values of
damping obtained with the two random inputs are different by a maximun of
atout L0 O/o. These large differences in optimum darping values suggest
that when railway roughness is expected to be of a random nature, then
optimizetion studies should uce random inputs. In addivion, the ohserved
variation of optimum damping between the two random inputs, which differ

primarily in sgpectral shape, suggests that the range of spectral shapes to be

expected of actual rails should bz determined and used in optimizaticn studies.

135



Pecak Min. vs RS Methods
Ty variabion of s acceleration at the three locations with trans—
(

Pormer dasping: und Trequency is shown in Tigure 10 and the varistion with

5 .

Lo oshown in figure 11, Figure 10(a) shows theat the acceleration

the oend of the cur ic minimum ob Te = b3 chs while that atl the middle
of the car is minimum ot fg =L 8. The ypo acceleration is not very sensi-
tive te varistions of iy Therefore, the optimum value of %.65 cps determired
by the peak min. method can be taken as a good compromise value. TFipure
10{b) zhows that the rms acceleration on the car is insencitive to the value
of transformer damping used. Therefore, the value of 0.18 determined by the
peall min. method can be used. The rms acceleration was also found to be
insensitive to variations of transformer frequency and damping when the
middle estimate random input was usgd,,so the values of fg =L,65 cps énd
D = 0.18 were suitable values for both inpuat spectra and both optimization
methods.,

Fiqure 11 shows that the rms adcceleration at each location is minimum
for a different value of car damping, and is sensitive to variations of car
damping. As previously discussed, considerations outside the scope of this
study rmust be used to determine which value of car damping to use. Values
of car damping (from figure 11 and similar results for the middle estimate
input) that minimize *he acceleration at each car location are presented in
table IT along with the opbtimum car damping results previously presénted and
obtained with the peak min. method. Table II shows that the optimum value of
car demping for each location determined by the rms method is about half as
large as when determined by the peax min. method. PFigure 9 shows that for

values of car damping below the optimum for each location the spectral.
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densify has a value at the 1 eps peak that is rmuch larqser th

{2

n the values at
the 4.5 and 5.5 cps peaks.  The aceclerabion rooponse is Lhus concentroaiod

near a single frequency. Thercelore, i1 the =maller value of

ving obvicined
by the rms method is chosen to miniaize rms acceleration, then the responso
is concentrated near a single frequency. This may be uncomiortable to

passengers. On the other hand, if the higher value of damping is chosen, 1o

51

‘minimize the peak value of spectral dencity, then a hicher overall rms

acceleration results with the response more evenly spread over the Trequency
range. In order to choose an optimum value of damping in this situation,
the effect on passenger comfort of various acceleration spectral shapes
having various rms levels needs to be known. Experience with acoustic noise
indicates that both overall rms level and the concentration of energy near a

single fregquency are important.
CONCLUDING REMARKS

The results of this investigation illustrate some of the considerabions
required for the use of measured random data in a mathematiczl study of
vibration response minimization. The techniques are illustrated herein by
developing specific results for a three-degree-of-freedon mathematical model
using a simplified representation of the measured input displacement,
however the techniques could be extended to apply to more complex situations.

The specific results cbtained from this study of the vertical dynamics
of a three-degree-of-freedom model of a railroad car can be summarized as
follows.

For some cases, no single value of a paraneter to be optimized can be

chosen that will minimize the acceleration at &1l lccations on the model. In

15
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locations muct be determined and preference given in the ophbimizati 1 process
to the move lmportant locations. An optimization study such as presented
herein appcﬁrs to be valuable to show which system parameters most influence
the acceleration at a perticular location, to show which locations have
minimum accelerations for the same value of the damping or freguency para—
meters, and to chow how sensitive the accelerations are to variations of the
system paramcters from their optimum values.

The optimum value of one damping parameter obtained when the system
input was a random function was different from the value obtained with a
sinusoidal input. The ovtimum value was also different for each of two
different spectral shapes of the random input. For the three degree of
freedor system studied the differences were large and the accelerations were
sensitive to variations of the damping parameter from its optimum value.
This result suggests the importance Qf accurate measurement of the charac—
teristics of the input, in this case the rail irregularities, and the
importaﬁce of using measured inform«tion on the input for optimization studies.

The optimum values of the damping and frequency parameters obtained by
two different minimization methods (with the same input characteristice)
were different. This result was true for both input spectra used. 1In
particular, when the rms acceleration at a given location was minimized
the acceleration response tended to be concentrated near a single frequency,
but when the peak value of acceleration speétral density was minimized
(spreading the response more evenly over the frequency range} the value of

the rms acceleration was increased. In order to choose betwezn the two

16
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situations additional information is required about the relative importance
to passenger comfort of overall rms acceleration level vs the presence of

accelerations concentrated near a single freguency.
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APPENDIY. A
SYMBOLS

gereralized coordinate of beam rigid boldy mode,
= Aysinws + Ascoswt
acceleration at end of beam

acc2leration at center of beanm

generalized coordinate of beam bending mode,
= Bysinws + Bocosws
1 2

deamping of transformer
damping of beam

beam bending stiffness

displacement of transformer mass

acceleration of gravity

spring constant of transformer

spring constant of beam support

beam length, 85 ft.

beam mass, 153%,600/G, lbs—secz/ft

transformer mass, 13,000/G, lbs~secz/ft
transformer damping coefficient, = Cg/Qldgcug
beam damping coefficient, = Cg/Maw
amplitudes of applicd displacement

spectral density of applied displacement

time '

beam displacement, = A(t) + B(t) [lrﬂ(Sin nx/1) /2 ]

distance along beam
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=1 —x [:;]'n 12.5 jr/8i}] /2

circular frequency of applied displacement
J 38 S

bewn bending frequency, fp = @JITEI/&-'ILD =
transformer frequency, = %/1«:g/Mg 21

&

Y

cp

s

beam rigid body frequency, tg = g 2kS/M 27 = 1 cps
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APPENDIX B

EQUATIONS

The three degrees of freedom assumed for the mathematical model chown
in figure 2 weére rigid body translation of the beam, the first bending node
of the beam and the translation of the traﬁsformer. The displacement input
was S, sinwt at both ends of the beeam, so only symmetrical motions were
excited. The equations of motion Tor this three degree of freedom mathenatical

model are:

Fe + 2 f+¢ (1 - Z
M 0 O} [ A o C, aufcg( 2)

2

" .
< T ! T
2cg¢ +cg(1 5) : —Cg(l 2) <B

-4

2
0 M(%—l) o (B} + 2ccs‘+cg(1-%)

)
|
[
- |
|
f
]
!

0 0 Mol 1 e - - (1-Z)y c o
23 g | >
J - e 2 ! & J "
N S
[ ( . _ E I T 7
2k + kg i 2ks,+h_g(1 2) | - A 2k
' )
2k {+k (1 - L) ,’ 2k §2+k (1 “)2 + ET I' k{1-%Y| /B ’ 2k {i\s sinat
— — — — —r \ — :, = I S ) S it
s 78 2 ; s g 2 | g 2 \ o
i
X | X (1 ~Z) ) k | g 0
g8 ' 8 2 i g ?
. ‘ l J !\ ~ ’J
2¢ w
S
chwf Socoslot
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These equations were divided by IS, , and written in terms of the

matrices M, K and ( > the generalized coordinates

fk/séé
{9 =( /s, )

éT/So ;
end the force vectors
2 ~
[ 2n (.‘S
~
Sl = ((L\SQ ; SQ = QI}S(»‘Sf 3
0 0
as:
Mq + Cq + Kq = S1 sinat + 82 coswh (B1)

The steady state part of the solution is then taken as:

q = ql sinet + 4, cosut

where:
[Al/sO _ An/S
q = < B, /S, ) 9 = B2/SO
ok !
22
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which when substituted into equation (B1)sives:

' . _ -
—JQI\—'I sinet 17 — "M cosct Ao +w:C cosat a1 = wC simt U
+ K sinut a4y + K cosut 4o = Sl sinet + 5o coset

Bquating coefficient of sinwt  and coswt leads to the § cauations of

motion: ’.. —_
: E — ~T {,ql |5 )
: = /’ (B2)
t wC f(;—u)ZM _J i ds i \}QSE
= o .

The elements of the mass (M), damping (C) and stiffness (K) metrices in

equation (B2} are:

My =1
2
Moo = ’% -1
Myz = Mg/r-i =m

A1l other M.. are equal to zero.

1J
2 - 2
Kll =W o+ mgug
Kle = K21 = {U?S + (]_ — ﬁ/g)mg"‘gg

K13 = KBl ==

[¥S]

g 8




2

Ko = 058+ (1 = 1/2) 0, 4 o

C..
Py

&g

. 2
Ezn = ~(1 - H/E)Rigﬁ\g

n

A}
Mty
[

2n v+ 2 S
engo e0 Oy

Coy = QnSUSf + 2ngu‘gmg(l - ;1/2)

Czq = —2n n_«
31 £8 g

2 2
2ngo ST + 2ngr.‘.gmg(l - x/2)

C32 = ——Qng(v-gmg(l -

2/2)

/

2n E;("{;mg

Values of the column vectors a and q, obtained from equations (B2)

were then used to obtain the acceleration transfer functions from the

equations:

A(L/2)
GS
0

A(0)
GS,

- i

1

_ ' ~ 1/2
# 8y (1 = w/2)] % 4 [, + B2 = n/2)] B 2/550

. .y /2
“{lag ¢ 8] % [ap+ BQ]L} w?/8.G

(B3)

(B4)




2 1/2 ~
+ oo hs (.A)‘:/SOG

& 2 .
GSO - (bl 352 ) (L/;)

The spectral density and rms values of the accelerations were found

from:

5. 1p() = [a(w/2)/es ) 5)

3
i.i\ :
\ .
o :
i
v
¥ .
S ;
.
i
i
‘
=
..‘
<;‘
BRI
\‘
[
J
;

1 1/2
(B7)

Arms(L/2) :Lr:SL/Z(”) de




TABLE I. - OPTIMUM VALUES OF

o CAR DAMPING.
Input Sine High Rarndom Middle
Random
Location
; ar damping, 0. =
Middle of
. car L1k .35 .51
3 ‘
- End of car 057 20 .28
Transformer Mol 27 23
TABLE II. — OPTIMUM CAR DAMPING FROM TWO METHODS.
High Rondom Input Middle Random Input
\ Opt imization
\ method Pealk—min. RMS Peak-min. RMS
Location E
&\ Car damping, ng =
Middle of
car .35 175 51 .23
. End of car .20 .09 .28 .13
/
Transformer .17 .10 .23 L1k
I
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! oy UNIFORM BEAM
(RAILROAD CAR)

CAR SUSPENS [ON
Cs g [fac) [ g0
5(5 l
1 |+ VIBRATING BASE
- (WHEEL MOTIONS )
< TRANSFORMER
CAR TRANSFORMER
WEIGHT, Ibs 153, 600 13, 000
FREQUENCY, cps 1 5 fy VARIED
DAMPING g, VARIED n, VARIED

Figure 2.- Rallroad car vibration model.
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L FUNCTION, END OF CAR

A/(;S0

R Ry

MIDDLE OF cAR

L e R |
0 2 4 6 8 10 12 14

INPUT FREQUENCY, cps

Figure 3,. Acceleration transfer functions. Sine input, fg = 4,65 cps,

n = 0.18, n, = 0.085
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TRANSFORMER
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ACCELERATION, 12 - N
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6 =
4 -
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TRANSFORMER FREQUENCY, fg, cps
Figure 4.- Variation of peak of acceleration transfer function with
transiormer frequency. Sine input, n, = 0.18, ng = 0.085.
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Figure 5.- vVariation of peak of acceleration trancfer function with
transformer damping. Sine input, fg = 4,65 cps, n_ = 0.085.
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Figure 6.- Variation of peak of acceleration transfer function with car
Sine input, fg = 4,65 cps, n, = 0.18.
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Figure 7.- Measured spectral density of typical transportation surfaces.
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Figure 8.- Spectral density estimates for irput to mathematical model.
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Figure 9.- Variation with car cdamping of the peak value of spectral density. High estimate in-
put, fg = 4,65 cps, ng ® 0.18.
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Figure 10.- Variation of rms acceleration with transformer frequency and damping. High estimate
input, ng = 0.12.
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