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OI"t'I;.:IL.'J\'l'IOI\l OF A ~:Tit.PLE DY1JJ\l'.liC r-!ODEL 01" A PJliLROAD 

CAH LT1·lDER RANDOl·[ !Jill SHfLJSOIDAL INPlYrS 

By John s. 1Hxson and Roy Steiner 

ABSTRACT 

This invec;tigation l<as concerned with techniques for determining values 

of clampin[; and sprir>::r, constants that 1-tOuld minim:ize ·the; vibrations transmitted 

from irregulnr railroad track to F:J.Gsenc;er poc:itions. Results developed for 

a three-degree--of-freedom model using a simplified representation of measured 

track roughness illustrate the influence on the minimizing values of the type 

of' input used., the mini::dzation criteria aclol)t,=d, and the position at which 

vibrations \·lere minir!liz:cd. The results 1-rere sensj_tive to variations of the 

spcctrwn of the input, suggesting the importance of measuring actual track 

irrcgular-i ties and of using the measured data in optinization studies. 

Dif.f'crent results 1-1ere obtained when the rms accele:::·ation vras minimized than 

<rhen peru~ value of spectral density vas minimized, su::mestine; that the 

effects on passenger comfort of overall acceleration level be -:::xrc})ared with 

the eff'ect of vibraU.ons that are concentrated near a single freque~cy. 

Results obtained by varyinc; -che suspension stiffness of a heavy electrical 

transforrrrer suspended beneath the center of the particular type of railroad 

car sucr;est that such heavy components can be tuned to improve the vibration 

transr.1i.:ision characteristics of the system. 



OPTD>liZATION OF A SINPLE :9YHJJ<JIC MODEL OF A Rf\JIJWAD 

C.AR UIIDER RP.J'IDOl-1 Atm SINUSOIDAL INPU'l'S 

By John S. Nixson 111d Roy Steiner · 

INTRODUCTION 

The recent introduction of high-speed railroad passenc;cr service 

between Washington, D. c. and New York has stimulated consiJ.erable interest 

in the effects of vibration on passenger comfort. For cxarnrley a recent 

nevtspaper account (reference 1) describes the high-::.rpc·.xl Metroliner trnin, 

shown in figure 1, as "smooth riding," but also says u. • • at times the 

train vibrated badly during a ll4 mph run betveen vlashinc;~on and Baltimore, 

making j_t hard for passengers to read." Clearly, if the desired speeds of 

160 mph (ref'erence 2) arc to be practical., methods must be developed for 

preventing such passenger discomfort due to tra:Ln vibrations. Efforts are 

now undenray in a number of organizations, including La..>1e;.ley Research Center, 

to improve the understanding of tl:e mechanisms of' transmission of vibrations 

to passengers, and to dete:.:mine the l:L1nits of vibration for comfort. The 

pr::_mary source of train vibc-ations is the rouc:hness o:f the track and roadbed 

so efforts are also underwzy to determine methods of mea:::uring and improvine; 

track/roadbed properties. 

Some of the research that has been done related to vehicle and roadbed 

dynamics is reported in references 3 through 9· In reference 3 a frequency 

domain tech.11ique for calculating response is compared 1-1ith time domain 

t;echniques and found .to be somewhat more efficient for linear systen1s havin13 



n,r;LL::t .input:: ti1at arc sto.tisticuJ~y stut:i.ono.ry. In ref',rence 4 the 

'~ L rc:sc.:cs in railroad 1-rhce:ls &re: stuclied. In reference 6 a dynamic model 
llc,v:i.nc; r:wny .dC'c;reeo. of i'rcedou is described, alone; vith a system for 
mc:il~.:ud.nc; trad: rouclmcs.:;. Refere:nces 7 Ql1d 8 provide aclditiono.l information 
on tcclmiclucs fLY:' identifYing roadber1 1ropertics. In reference 9 some 
techniques for minimizinc; the dynar:lic response of a vehicle are developed. 
A topic not sufficiently discussed in the literatu::'e is that of minil:lizing 
the clyrmnic response of rail vehicles by approprir:tte adjustment of the 
vell1cle <lrunpine; a'1d spring constants. 

The investie;ation described :i.n this paper represents an 9-ttenrpt to 
obtain unclerstancl:'.ng of' the significant parameters involved in minimizing 
the vibrations transmitted from the track to the passenger positions. It is 
Jmmm that the re:::ponse of a dynamic system such as a railroad car can be 
mininiz•~d by choosing certain (optimum) values of' the clamping elements in 
the systew. The objec-::.ive of the present investigation 1-ras to determine the 
influence on the optimum values of damping of' such things as the nature of 
the input (cine or random), the optimization criteria, and the location at 

! •••• T..;hich the vibration :i.:; opt:Llnized. The particular railroad car studied liacl a 
heav,y' electrical transformer suspended beneath the center of' the car, so the 
sprine; ctif'fness of the transformer suspension was also varied. in an attempt 
to minim.ize the car rc~sJ?onse. In order to keep the cc:mputations from 
becom.ing unwieldy only three dee;rees of freedom 1-rere included in the mathe-, 
matical H~oclel, and a ~:implifiecl representation of' the track roughness ;· 
Epectrum was used. The plan of' this paper i;:; to discuss :first Jche analysis 
and optindzation procedure (leaving the equation::> for an appendix), then 
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to diseuse the track rouchncss mca:;urernenLr3, and finally ·Lo diL:cu~c;_; tllc 

re;;;ults obtai.ne:d ;I.Lth the three dec:·cc of i'rct.:don model. 

AJiriiliYSIS 

A sl:etch of the three-de[;rce-of'--i'rcedom modc1 used iil "Lhi:c mwlysis ic: 

shown in f'igure 2. The equations of motion of this syr~tem ure pre~;e:rtcd in 

Appendix B. The model con::.ists of e. i'lcxil)Je ·DeC!l'n rcprcscntinu; the railroetd 

car, and a masc attached at the midpoint of the beam representinu; an elec-

tricDl transi'ormer used in the poi-rer system of' ther:e particular electricaJ.ly 

driven high speed trains. The degrees of freedom considered. are rigid bod.)' 

vertical motion of the car and of the trama ormer and the first e1astic 

bending mode of the car. The input to this syctem is prov.i.ded 11y the specl-

fied motion of the bace. The base vibrates syl!lmetrically, thereby o.pplyinu; 

the same disp1acement to the lower ends of both springs l:::,
3 

and l)oth 

dampers c • 
s 

Pitching and lateral motion are not included. in thic analysJs. 

The parameters held constant throughout this analysis incJ.ude the 

weights of the car and trmwi'ormer and. the ·:.:ar :!".:c;id body (illd bending 

frequencies. The values used, shmm in f'ic;ure 2, i·rere felt to be reaconabl;,' 

representative of current designs. The three pararr.eters varied in the search 

for an optimum design are the transformer frequency f' g , the car darnpine; 

ns (due to Cs), and the transforme:;_· damping ng (due to Cg). Optimization 

vas carried out with respect to accelerations calculated f'or three locations; 

the end of' the car A(O), the center of the car A(L/2), and the transf'ormer 

A( G). 

3 
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Ol''riltlZJ\'l'I Ol'J PnOCEDURE 

'l'l1~· i!,enr"rnl object:i.ve of the OJ;timization -w·n.s to mininlize Jvhc accelera-

t:lons at the two , ur locutions cnused by a spec:i:f'icd displacement of the 

v:ibrating base. THo m:lnimi;;at"Lon methods ·vrere ur;ed. The first method, 

called the peo.k minimizo.t:i.on method, mi.niJnizeL'l the maxiL1u..rn valu.e of the 

m~celeration transfer func·t.ion (for sine input) or spectral density (for 

random input) occurr lng anywhere :Ln the f.1..·equency range of interest. The 

second method, called the Rl,lS method, minimizes the root-mean-square 

acceleration obtained by integrr.ting over the frequency range of interest. 

The peak min. method was used with both Gine and randorr, input displacements, 

but the Rl·lS method was used only for random inputs. 

The procedure used in the peak min. method with a sinusoidal input is as 

follovw. First, acceleration transfer functions for the three :.Locations 

vlerc generated for the frequc~ncy range from 0 to 15 cps. Typical transfer 

functions (also the o:r:,tirnwn) are shown in f:Lgure ). 'l'he t1·ansi'er function 

for each locaticn has n:ld ;:Lve ma:·dmwrts, ur peaks, at about l cps, and 4.5 

cps. For the tvlC c:;.•r lccut::.om; a t:,ird peak occurs at about, 5.5 cps. The 

value oi' each tn:m.sfer func:tion at each peak is clearly dependent upon the 

particull"'r ·. '::tlues of de.cJ.ping, ng and ns , and trarJ.sformer frequency f g 

used to c;<ener&t·~ the transfer function. The next step in the optimizatio:J. 

procedure 1ms to generate curves such as shmm in figure 3 for several 

values of one of th"' parameters ng, ns or f g vlhile holding other para-

meters constant. The value of the transfer function at each peak is then 

plotted as a function of the varying parameter. Typical curves of this type 

are shmm in figure 4, vrhere the varyir.g parameter is the transformer 
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frequency. 'l'he peaks of the transi'er functions occurred neaT 1, 4.5 and 5.5 

cps for all the pan.unetcr variations, therefore these frequency values 1-1ere 

used as a convenient means of' identi:fying the curve shmm .i.n fi[;ure 4 

associated with each peak._ Each curYe showine the variation of a pea}~ value 

of the acceleration transfer f'.J.nction with a varying param•oter (in figt.J.re 4, 

the t"t"ansformer frequency) is called a peak acceleration curve. Figure l+ 

shm1s that there are three peak acceleration curves for each location. An 

acceleration maximum function ic: novr defined as that function consisting of 

the largest of the peak acceleration curves for each value of the varying 

parameter. The acceleration maxinum function for each location sho'l-m in 

figure 4 consists of the segments of the peak acceleration curves joining 

the circular symbols. TI1e next optimization step consists of choosing a 

value of the varying :pararaeter that minimizes the acceleration maximum 

functions. Figure 4 shows that the transformer frequency value of 4. 7 cps 

minimizes the max~num function for both car locations, but not for the 

transformer. In general, the trar1sformer maxin1um function could not be 

min~zed along with those at the car locations. Further discussion of the 

choice of optimum values is p:i"'::sented in "Results." The next step in the 

optimization was to use the min~zing value of transformer frequency 

(obtained from plots such as shmm in figure 4) as a constant while varying 

a second parameter. Peak acceleration curves obtained by varying transformer 

damping are shovrn in figure 5, and those obtained by. varying car damping are 

shovm in figure 6. The steps described above were repeated until the para-

meter value obtained as optimum was sufficiently close to the value used :i_n 
j: 
\: the· previous minimization cycle. The curves shovrn in figures it, 5, and 6 

5 
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are from the final i:.eration cycle from l·lhich the optimum values 1vcre 

clcterraineu for the sinuso:Ldal input. Fic;ures l1, ) , and G will l1e discussed 

f'urther under 11 Result:c .. 11 

The optirn:L7.ation procedUl'C used :Ln the peal~ min. method. with a random 

irr;_mt is the sa:ne as \·lith a sim:soidal input, except thaf; peal~ values 1-1ere 

obtainecl from curves of spc;rtral clensi ty of the output acce.leration instend 

of from curves of trnnsfer function. Spectral density maximum function is 

defined as consistinG of the largest of the peak spectral clensity curves at 

each value of the varying parameter. For the model characteristics of this 

stc;dy three optimization cycles, or i-terations, were sufficient, that is, each 

of the :pe.:,·a~.ieters n 8 , ng and f g >vas varied three times with improved values 

of the ot.:r~er tivo parameters. Even with only three cycles reg_uired for each of 

three .J:>arameters considerable time \vas spent generating and plott·ing data 

to o;:Jt-_:.1;1 t.be results presented herein. If many more than three parameters 

were tn. be optimized, this procedure v10uld probably reg_uire improved 

computer mechanization j_n order to be used. efficiently, .f',_n example of 

the use of computer technig_ues in an optimization procedure is given in 

reference 9· 

The optimization procedure used in the RMS method vlith the random displace­

ment input is as follmv-s. Values of the rc;ot-mean-sg_uare (rms) acceleration at 

each of the three locations are calculated by means of eg_uation(B7)for a range 

of values of one of the parameters ns, ng or f g while all other parameters 

are helcl constant. A value of that one parameter is then chosen so that the 

rms acceleration at the car locations is reduced as much as possible. ~he 

value chos•';n is then held constant 'lvhile a second parameter is varied. 

6 



Optimum values of' the parameters :e
0

, ne;, and n
5 

Here o1)tnincd from only 

a fc1' cycles of iteration usinc; thi" Jrtcthod. 

TRACK ROUGHl'ffiSS J:-JEASURE!-JEHTS 

General 

The input :for the L'lathematical :nodel to describe ·che J'esr;on;;e; oi' the 

railroad car is some measurement of the rail surface. This input i:> 

generally considered to be raiJdom in nature and tal~es the for:-:t of a pouer 

spectral density of the rail dis:9lacements or vertical variations from sot:-~e 

datum pla11e. Spectral densities of several different tyres of S'Jrfaces, 

artificially prepared, are shmm in figure 7 plotte.i ageinst •1ave lenc;th in 

feet ,.1'ld a s_pati9.l freq_uency in cycles per foot. Disregarding the curve for 

the railroad in the eastern United St«tes for the present, the remaininG curveD 

from reference 4 for a high1-1ay, three airport rumrays and a British railroo.d 

give a rather orderly group of spectra. Figure 7 indico:tes that the spectra 

from the several surfaces can be represente:u generally by thC:: fcr:-:mla 

¢(f) = Kf-n 

where f is the freq_uency, n is the pararlleter determining the variation of 

¢(f) 1rrth the freq_uency, and K is a constant for a given spectrwn ancl is a 

measure of the surface roug'mess. It is apparent i'rom -f'igtJ.re 1 that the 

I 

f.. 
l ex;,onent n which determines the slope of the spectra is fairly unifor.:t. 

~ 
f: _For these examples n varies from 2.0 to 4.1. 

1 .. 

THo spectra 1-1ere selected for use in this analysis having slopes or n 

values of 2.07 and 2.64 and are sh01m in fiQlre 8 plotted ac;ainst cycles per 

second. It is not considered necessary that the root-mean-sq_unre values ac;ree 

(: precis::;ly 1-lith experimental res·u.lts in this analysis since an examination of 

i 

( 
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cc1uat:i.or::; BG an<l B-( in appendix B in<licates that the rms value is a conctant 

the rc.;pon;;e. Tht; rws value is a measure of tlle intP.nsity of a spectrum and. 

i::; equul to the r.c1uare root of the area und.er the spectrwrr. 

E.'\.-perimental Spcctrwrr 

Available me:asurements of a two mile section of track in the e1:.stern 

Unite<l States 1-~ere &'1alyzecl at LRC an<l the resulting spectrum is shmm in 

f:i.gure;J 7 1i .. ll.<l 8 for comparison vith the spect:r?. used in the analyses. It is 

apparent from fir:u~e 7 that this measured spec·~rtml falls 1-rithin the grouping 

of spectra and gives added confi<lcnce in the spectrB ,_,;:;ed in the analysis. 

The spectn.illl 1'or the railroad in the easter·n U. S. does :~wt, however, 

necessar:i.ly indj_cate a uniform slope. In addition, three peaks are rather 

prominent at !eo, 20 and 14 foot vave length~;. These '.rave lengthr: cor:respond 

to the rail lengths, the spacing of alternate joints of the tv10 rails, and 

the length of the J. .Jd j_n the Tail-roughness measuring system. These 

relations may be cv.~.ncidental, but the results can point out the care which 

must be exercl~::~d in the measurement, analysis, and i.:Jterpretation of 

expcri;nental sp-:;ctra. There is alway3 the possibility that the recording 

system or the data analysis technique may contaminate the results. Let t:s 

consider briefly the measur2ment of' track ro-Llghness and data evaluation. 

Neasure..'llent of Track Roughness 

It is necessary to devise methods of measuring the trac};: displacements 

under dynamic conditions since the <.Olastic track moves under normal usage 

due to such parameters as the train ve.-;..e;ht, spacing of the ties, irregulari-

ties in the roadbed, and the impact loads d.ue to the train movement. Most 
8 
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cu:r-rent rail measuri::t13 devices are vm'iations of a three poinc J:lC:asurj_nc; 
device such as the one in use b~r l·ielpur (rc:ference (;). 'l'hc system cum;j_,;t,~; 
of' two horizontal roJ.s sucpcmded from thu axle of' t!-w railroC~d c hl') one: reel 
parallel to each tracl:. Each rod hac three cnpo.ci tance trun:::ducer:::; mounted 
c,_ "'t. The output of' each transducer j_s related to its clic~tance f'ro:n tlk 
rail ancl suitable combiJ,ation oi' the transducer outputs yields u rcu • .Une 
related to the shape or rouehness of' the railroad trad:. ~L':wse reuclines -..:ere 
recorded continuous]:_; for several stretches of' tracl: and the conU.nuow; re3dir:e;s 
were digitized for spectral analysis. The spectrwn for a larc;e ranee of' 
wave lengths cannot be def'inecl because a filter in the form of the rod lent;th 
used. in the mes.surement has been inserted in the system. In the system 
described, the rod length was 14 feet and the spectrs.l analysis w.i.ll yield 
fairly good estimates of the spectrmn f'or wave lenc;ths 1JetHeen approximatc.ly 
9 and 28 feet. The effect of this filter on the spectrum vaf3 investigated 
analytically and corrections 1-1ere applj ed to the f.pectrum. 'l'he aclju:::tcd 
spectru..t11 is shmm in figures 7 and 8 over a 1wve length ranee of' 9 to 
apprcxL~ately 150 feet. 

In further mathematical studies of train dyna~lics, better measured 
spectra of track roughness should be obtained accurately at frequencies dmm 
to about 0.1 cps as an input to the studies. Signjficant problem" may b:: 
encountered in·trying to get data at these low frequencies as indicated by i 

~/ 
the preceding discussion. One procedure 11hich may be used to establish the 
spectral shape and then the relative roughnesses (K value) is outlined: 

1. Survey a two-mile section of' the trad: :in the static unloaded 
condition to establish the shape of' the railway roughness spectrurr. 

j 
9 
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:~. 1\,_,,w~at :~urve:; - - :_it the track loadecl ( truin ndvo.nces as the :;urvey 

) . DctcL·::ci;:,_: ~·,xw)mcss under dynwnic conditicns with car-mounted 

cqLL~p:~:cnt i'or c·:::vcr~ll cpec,cls. ( Com>tcmt muni toring required vi th aujustment 

in proceuLtl'c::_; ac: indicate,_~ by re~;ults) 

l+. Hi tl1 spcctrul sha1x~ end intensity o:f ralhray rouchnes:-o establl shed, 

calibrate other tsres of measurlnc; equipment if cOJ:lpatnJility of all data is 

cle;:-.ired. 

5. Repeat procedure on at leEwt two additional tracks to determine the 

va:r-~at:Lons of spectral shapes. 

Factors in Evaluo.tion of Power Spectra 

Data anal_yf·is may br:! ba.sed. on digital or o.nalog teclmiques. In 

the annlysis of terrain roue;lmess and 10\·T :frequency data, such a:-: atmospheric 

turbulence, it has been cudomary to use a d:L~:;ital procedure. The extent of 

the alterations and the statistical reliability of the spectral estimates 

resul tine; f'rom a die;i tal teclmlquc are indicat-ed ::.n reference 10 and considered. 

::.n greater dcta:Ll in reference 1}_. Three ir.1portant factors in defining the 

accuracy of the s11ectral estimates are the record length, the reading 

interval and the nwnber of esti1~1ates, or lags, used in defining the spectrum. 

The proper select:ion of these quantities ~,rill reduce the phenomenon lmovm as 

"aliasing" vhich al1m-rs pm·rer from one f:ceq_uency to be transferred to another 

frequency; increa:oe the f'requency r0solution (or conversely reduce the 

"smearinc;" or o.~rerage effects); or con ir.crease the statistical reliability of 

th_e spectral efOtimates. Proper evaluation of these effects shculd be made 

prior to data collection in order that a proper experiment is planned (see 

ref'erenc;;c; 10 nnd 11). 

10 



Optilnmn Value Scle-::tion 

The choice o:f optilnum values of transformer frequency uncl cla!:ll)inc: w~inc 

the peak m:l.n. method is reasonably r~traic;htfori·IC<rd u:_;inc; curve:; f.;ucll a::: shmm 

in f'i@J.res 4 and 5. Figure LJ. sho1-n_, that the trunsi'ormer f'rcqucn-.:;; ''Uluc of 

lt .• 7 cps minimizes t~e accelera.tion maxim'.un function for lJuLh car locut1.on::.;. 

(A value of 4.65 cps was usecl as optilnum because it vi&G the 'ruluc used in tl1e 

optilniz.i.ng cycle represented by figure::; 4, 5 ancl 6). FiQ.J.re 5 sho1-1s thut the 

trans::'ormer damping value of 0.18 minilnizes the acceleration maxir::'.m function 

for both car locations. The choice of an optimum value oi' car dam;ping, hovever, 

was not so straishtfonrard. Figure 6 shm-1s that the acc,lerution maxilnwn 

function for the end of the car ic minilnun at a car clampinc; value of o. 0~7, 
whereas for the middle of the car the car daxnp i.nc; vaJ.ue o:f' 0 .lJ);. min:iJnizes 

the acceleration maximum function. Clearly, no cine;le va:L·u.c o:f cur dmnpinr:, 

can be chosen that minimizes the acceleration maxilnwn function f'or both car 

loc:ations. There:fore, a compromise value must be chosen. Such a CO!tlpromise 
·';.. 

velue might be chosen several Vlays. For example, ii' passengers were to be 

located only ncar the middle of the car, and the encl of the car uced for 

baggage, then a car damping value of 0.114 ~orould be best. On ·:,he other hand, 

/ the '.!hoice of a car damping value of 0.06 would result in approximately the 

same value of acceleration maximwn functj.on at both car locations. 

Passengers at both location::; woulcl thus receive the same nwximwn acceleration. 

A decicion on Vlhich ~oray to choose the compromise value of car da..rnpinc; v:o.s 

felt to be outside the scope of this study. For the :final optilnization cycle 

of this study the car damping value used was ns = o.o85 Vlhich is 
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£l}lprc,:d..::;ately m:Lll-.-:·,,v bctvccn the vnl1ws minJ.mi::ing the ucceleration at the 

Tram;i'ormcr Behavior 

Cu rvcc dlOH i.nc the ucccleration rn<"ximum iunction i'or the transi'ormer 

are prc~~,!ntccl in figurcc; l,, ) , and 6 to illust:cutc the behavior at a system 

location that ~o:o.s nc,t; :Lnclu;~_ecl in the selection of' minimizing values o:f the 

pareneters. AU thre<2 f:Lcure::; show that the :parameter V>uues mi"h.izing car 

accelerations do not minimize transformer accelerations. For example, 

:fiGUre 4 .3hm-.rs that at the transformer frequency value of 4.65 cps the 
0 traru:;f'o~c:H~r acceleration j_s 50 /o above its minimum value. 1'his shmiS, as 

could have been expected, that optimization of one :part of a system can 

result in non-optimurn peri'ormance of another part of the system. In the 

de::;i01 ol' a :practical system this fact should be taken into account to 

ensure that all system coml)Onents including those having non-optimmn perfor-

l:H.>.llCe ~.:an uclcq_uatcly 11erform their assic;ned. functio.1. 

Sine vs Random Input 

The :peal<: m-LniJllization method. vras used. to optimize the; railroad car model 

having random displacement inputs as 1-.rell as sinusoidal input. Curves shm-Ting 

the variation of peal<.: spectral density ~orith transformer frequency, transformer 

da>n:piHG and car cla>nping for the final iteration cycle vlith raDdom inputs 

·;-rere similar in appe2rn.nce to the curves shmm in figures 4, 5 and. 6 for the 

sine input. As a'1 example, figure 9 shoHs the variation of pea"k: spectral 

density ~orith car d.a.m:pinc; f"or the high estimate ranclom input. Comparison of 

:fiGUre 6 1-lith fic;ure 9 shol-ls the general similarity of' the curves for both 

sine and random input. In :particular, the previous discus::;ion concerning the 

12 
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c:wicc of optimum value c.; of the p&rwaet(~rs) ancl the behavior of Lhc tran:::-

fm ·:tor applies cquelly to rest·lts for rundom ·Lnr-utr; us 1·1cll u:; fer :_:illu:;c;:iclul 

inpu·. 

':L.le value cjf trc:r,sfm:mer frequency obtained as optirllw:l •·lUG -~he ':ur;le) 

4.G; cp., for both rondom inputs as for the sinusoidal inru!;. 1'he OI,tir..t~;l 

value of ;~ransfornrcr cl<L'lping was 0. ]_8 for both the sinusoicbl an<l the lli:j1 

estimate r··ndom input, but '·Tao 0.20 i'ar the middle estimate rundo::1 input. 

The spectra=. density· maxin1l.il:l fupc t;j_ _,n varj_cs by only e.bout 1 °/ o between 

these two val .es of damping. ThereJ.'orc:, the difference is not considered 

significa11t. t'omparison of figure 6 -vlith fit-_:ure 9 shmm that the v::llucs of 

car damr:i.nc; that minimize the individual accelerc..f;ion maximum fullctions 

(figure 6) are elL f'erent from the values that minimh<: the spectral density 

maximum functions (-:'igure 9). The values of -::ar clamping ;;hat m:inimizc the 

individual maximum f .met ions are presented in ',,able I for both random inputs 

and the sine input. '- '<Jble I shows that the optimum values of dw:1ping 

o~tained for each locaL·~_on ·Hi th the l"'andolrt inputs ace at le:ust th.r·t:~ t:l.t:Le[) 

la:.~ge :~s the values obtained with the sinusoidal input. The values of 

da.'lll'ing obtained with the hm random inputs are different by a maximw~1 of 

0 
al:.·out 4o /o. These large differences in optllnwn darrJ?ins values su2:c;est 

that 1.,rhen rail-vray roughness :;_s expected to be of a rQllclom nature, then 

optimizc~tion studies should u.se random inputs. In adcl:L-:~ion) the observed 

variatior, of optimum damping beh1een the tvro random inputs, v;hich differ 

•H• 
'-'<>J 

:primarily in sp~ctral shape, sugr;ests -that the range of spectral shapes to be 

eA'}lected of actual rails should be determined and used in optimization studi.es. 

13 



Pea}: I:lin. vs R2-!fi Nethocb 

car: lL,c;,p.i..•tc; L·. c;how:·t in n.cure 11. F.ic;ure lO(a) ~:llov1s that the acceleration 

oi' t:1<:.: car L~ mini:rturn ut i'c == h.8. The rm:~ acceleration is not very senf:i-

tivc t·.: vru·inti.onc; oiL,. Therefore, the optir.n11n value of lr.6.) cps determiH'd '" 
by the P·-"U.k uin. method cun be taken o.s a fOOd compromise value. Figure 

lO(b) 2how:.~ that the rms accelerotion on the car is insemdtivc to the value 

of tram~formc~· clarnpinc uc;e(l. Therei'ore, the value of 0.18 clete1·mined by the 

p·.'al: r~in. :rlethocl can be used. The rms acceleration 'l-Ias also 1~ouncl to be 

insensi tlve to variations of transl'orme:t· fre<J.uency and darnping when the 

rdddle esti.:nate random inpnt 1.;as ur.ed,. so the values of fg = 4 . .1')5 cps a'.11d 

nG = 0.18 Here suitable valnes for both input spe;;tra and both optimization 
methodr:. 

Fic;urc ll >-:ho~o1s that the rms acceleration at each location is minimum 

:t'o::::- a different value of car dampine;, :omd is sensit:i_ve to variations of car 

dci..r:Jpinr;. As prev1ously discussed, considerations outside the scope of this 

study r!l<.tr::t be used to determine Hhich value of ca::- dampinc; to u..se. Values 

of cor dar:~ping (from fir,urc ll and similar results for the middle estimate 

input) that minimize the acceleration at each car location are presented in 

table II alone; 1-1ith the optimwn car damping results previously presented and 

o1nained 1.:ith the peak min. method. Table II shm.;s that the optimum valu,e of 

car cla~lpin:= for each location determinecl by the rms method is about half as 

larcc o.s ~Vhen determined by the peak rr.j_n. method. Ficure 9 shows that for 

'.-alues of car do.mpinc bclm-1 the optimum for each location the spectral 

14 
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is concentrated near a sinc;le i'r<-:quency. Thi::o r::.uy be uncu!;:i'ortublc to 

passengers. On the other hand, i:f the hic;her '!Glue of cl.:J1np:Lnc; :u~ clluc;cn, to 

'minimize the peak value of spectral den::;i ty, tlwn o. hi~hcr u:erall rT;:; 

acceleration results with the response more E-venly spread over the :frequency 

range. In order to choose an optimwn vaJ_ue o:f dampinc; :Ln this situation, 

the effect on passenger com:fort of' various acceleration spectral shapes 

having various rms levels needs to be known. E.ll.'}"lerience '<lith acoustic no.ise 

indicat.es that both overall rms level and the concentration of' enerp-_y near 3 

single frequency ar0 :important. 

CONCLUDING REMARKS 

The resu.lts of this =:_nvestir:;ation illustrate some o:f the c::_msiG.crations 

required f'c.r the use of' measured random data in a mathe!natic8.l ::;tucly of' 

vibration response minimization. T'ne techniq_ues are illustrated herein b_:i 

developing specific results for a three-degree-of'-freedo.n mathematical model 

using a simplified representation of' the measured input di_splacement, 

ho~o1ever the techniques could be extended to C'lpply to more co::~plex si tuatio!ls. 

The specific results obtained :from this study of the vertical dynam.ics 

of' a three-degree-of-freedom model of a railroad car can be summa:::ized as 

:follows. 

For some cases, no single value o:f a para::~eter to be optimized can be 

chosen that ·Hill n:inimize the acceleration at all location::; on the model. In 

15 



a pra.c:tical situation, therefore~, the relative irn]Jm·taYJce o:f the various 

lc·euUor:s r.1u::t b·~ deLT!:l:i.nccl and p~·,;:Lerencc c;iven in the optimizaU i }!roc:css 

to il1c c1or.c L:1po:·tant locations. f-v.1 optimization Gtudy such as pres.,nted 

hc:n:j.n n:ppcurs to be valuable to sho',/ 1-1hich system parameters most influence 

the uc:celero.'.:.ion at a pD.ccticulur locution, to shm-r 11hich locations have 

minir;,ur:1 accelerations for the same value of the d.amping or frequency para-

meters, and to cho1-1 how sensj.tive the accelerations are to variations of the 

system parameters from their optimwn values. 

The optirimrn value of one damping parameter obtained v1hen the system 

in]Jut was a random :function I·Ias different from -che value obtained 1-li th a 

sinusoidal input. The 01-timtun value was also di:fferent for each of two 

different S]Jectral shapes of the raYJdom input. For the three degree of 

f'reedorr. system studied the differences 1-1ere large and the accelerations 1-lere 

sensitive to variations of -che damping parameter from its optimwn value. 

This result sut;gests the importance of accurate measurement of the charac-

teristics of the input, in this case th8 rail irregularities, and the 

,.':-- irnportan-::e o:f usine; measnred ini'orm·~tion on the input for optimization studies. 

The optimum values of the damping and frequency para'll.eters obtained by 

tv10 different minimization methods ( 1-1i th the same in]JUt characteristicE} 

were difi'erent. This result >las true for both input spectra used. In 

particular, when the rms acceleration at a given location was minimized 

/ the acceleration response tended to be concentrated near a single frequency, 

but -when the peak value of acceleration spectral density was minimized 

(spreading 1:.he response more evenly over the frequency range) the value of 

the rms acceleration was increased. In order to choose betV~e<~n the two 

'l 16 
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situations o.dditio:'1al informution is required about the relative :U:tporLnnce 

to passenger corni'ort of overall rrns ucecleratj_on level vs the prc:;cnce of 

accelerations concentrated. near a cinGlc frequency. 

/ 
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A(t) 

A(O) 

A(L/2) 

B(t) 

EI 

6 3 EI = 1( EI/8L 

g(t) 

G 

L 

H g 

s(w) 

t 

w(x,t) 

X 

APPEI'IDIT A 

SYNBOLS 

ger'.t.rali~ed coor:iinate of beetrn rirr,itl lJul,i mode, 
= A1sir,w~ + A2coswt 

acc•:>lerati on at end of beam 

act·-:»J eration at center of beam. 

generaJ.ized. coordinate of beam bendin;: mule, 
= Bls:i.nwt; + B2cosw~ 

ciamping of transformer 

tlamping of beam 

beam bending stiffness 

displacement of transformer mass 

acceleration of gravity 

spri11g constant of transformer 

spring constant of beam support 

beam length, 85 ft. 

beam mass, 153,600/G, 1bs-sec2/ft 

c transformer mass, 13,000/G, lbs-sec jft 

transformer damping coefficient, = Ce;/2 He; u)g 

beam damping coefficient, = Cs/Mw 8 

amplitudes of appliLd displacement 

spectral density of applied displacement 

time 

beam displacement, A(t) + B(t) [ l-1!(sin rrx/L)/2 J 
distance along bemn 
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APPEimiX B 

EQUATIONS 

The three degrees of freedom asswned for the mEttlJC:matic<ll model c:llu,m 

in figure 2 were rigid body translatim of the bea.rn, the first Lendinc .rrod.e 

of the beam and the translation of the transformer. The displacement input 

was S 0 sin wt at both ends of the bea.m, so only symmetrical motions Here 

excited. The equations of motion for this three dec;rec of f'reedom mathe:1atical 

model are: 

..... 

M 0 A 2C + C I 2C" I +C ( 1 - !!. ) s g u g 2 
I 

1(2 
2C 3 1 +Cg(l - ;) ~ 

,.., ,.., 0 M(lf- 1) B + 2c S''+c (1 - !!.)<:. 
s e 2 

0 0 

2k + k s g 

g -c 
[', 

2kst+kg(l - ;) 

I 2 n2 -
+ 2k (+kg(l - !!.) 1 2k I +k (1 - -) + EI 

s 2 s g 2 

-k g -k (1 - ~) 
g 2 

I 
I -c (1 - !!.) 

G 2 
! 

-cc; 

-cg(l - ;) 

c g 



'I.'her;e cqur:tticms ':~ere divided by I·!S
0 

, and lvritten in terms o1' the 

r:<:Jtric:c:.; I-1, K C.Fl•i C , the ,'2:Ci1E:ra1:!zed coordinates 

~nd the force vectors 

a~· "'· 

2 

0 

Hq + Cq + Kq 

) 

) 

The steady state part of the solution is then taken as: 

where: 

f"A/S
0 A2/So 

ql < Bl/so ) q2 B2/so 
\ l gl/So g2fso 
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which when sub~:tituted :Lnto equation (B1) r;Jves: 

+ K sin(..t q1 + K co.~,.t q2 

Equating coefficient oi' s:in:.Vt and coscU'c lead;: to the G cquotions of' 

motio:1: 

- ,.., 
K -u.,"'M 

we 

The elements of th2 mass (M), damping (c) and stiffness 

equation (B2) are: 

n2 
8 - l 

=m 
g 

All other Hij are equal to zero. 

2 = r {t) s + 

(B2) 

(K) r:1atrice::; in 
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2n (•' r + 2n <•' m (1 - rc/2) s s g cr.; 

C-: 1 = -2n L"l c,• :: g g g 

Values of the colwnn vectors and obtained from equations (B2) 

Here then used to obtain tLe acceleration transfer functions from the 

eq_uat ions: 

A(L/2) 
GS 

A(o) 
GSO 

0 

1/2 
+Bc>(l-rc/2)] 2} w 2/s0 G (B3) 

(B4) 



. r 

ll 

\ 

• J . 

/ 
./ 

/ 

I •\ 

\ 

; . 

\ 
\, 

' ,I 

. 
I ' 

I . 

I 

\ 
.I 

from: 

G 
GS 

0 

1/2 
2) 2jc G g~~ r.,....) . l.)o 

The cpectrsl density and rms values of the acccle:'at:i.ons ·VIere found 

ST I (c0) == [ A(L/2)/GS] 
2 

s(w) 
-'1 2 0 

(DG) 

(lr() 

2) 
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'J'ABU; I. - OP'l·_;:;.JlN VlcLl.JEC~ OF CAR DJU,!PHG. 

~z ~:>inc Hir:h Rando!~! Middle I 
Rando:n 

' 

var U.ampinc;, ns = 

--1Hddle u:f.' 
car .ll!i -35 -51 

Encl of ear .057 .20 .28 

'J:ran:c~former .o1~7 .r( .23 

TJl.BLE II. - OPTDIUL•l CAR DAr\fPING FR0£.1: 'I.'HO HETHODS. 

Hic;t R(u-Idom Input 
-,, 

l·'liddle Random Input -· ···---· 

~ 
, 

Pca.k-min. RMS Peak-~;1in. m.ffi 

1 

Car darnpine;, ns ~ 

Middle of 
ear ·35 .175 .51 .23 

End of ear .20 -09 .28 .13 

Transformer -17 .10 .23 .14 
I 

. ·: 



Figure 1.- "Metroliner" high-speed train. 
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Figure 2.- Railroad car vibration model. 
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Figure 3.- Acceleration transfer functions. Sine input, fg = 4.65 cps, ng = 0.18;1 ns "' o.o85. 
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Figure 4.- Variation of peak of acceleration transfer function with 
transformer frequency. Sine input, ng ~ 0.18, n

8 = 0.085. 
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Figure 5.- Variation of peak of acceleration transfer function with 

transformer damping. Sine input, fg : 4.65 cps, n
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Figure 8.- Spectral density estimates for i~p~t to mathematical model. 
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