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Forces on Moving Magnets due to Eddy Currents 

JOHN R. REITZ 

Scientific Research Staff, Ford Jlotor Company, Dearborn, Jlichigan 41?121 

(Received 15 August 1969; in final form 8 January 1970) 

A magnet or a current-carrying coil, moving with constant velocity above a conducting plate, '"ill experi­
ence magnetic lift and drag forces from the eddy currents induced in the plate. The lift and drag forces 
are calculated for various coil geometries on the assumption that the conducting plate is thin. For this 
model, the lift at high speeds approaches the force between the coil and its" ima)ie" located directly below 
it, and the drag force ialls ofi as (velocity)-1. The ratio of lift to drag is found to be independent of coil 
geometry, but the velocity dependence of the lift is greatly aiTcctecl by the geometry. The ratio of lift to 
coil weight can be as high as 2000 for a superconducting coil moving at 300 mph at 0.1 m above a conducting 
plate. The relevance of the calculation to magnetically supported high-speed vehicles is discussed. 

I. INTRODUCTION 

Among the various proposals for new forms of high­
speed ground transportation, several of these suggest 
that vehicle support might be achieved by means of 
magnetic fields. 1- 4 In addition, magnetic levitation has 
also been proposed for a high-velocity rocket sled.5 ·6 

Except for Polgreen's system,'3 which uses a permanent­
magnet roadbed, vehicle support is to be provided by 
magnetic forces on current-carrying coils located in the 
vehicle, these forces resulting from eddy currents 
induced in the conducting roadbed. 

In the simplest type of o,ystem utilizing magnetically 
supported vehicles the roadbed C()Ilsists of a conducting 
plate (aluminum or copper) backed by a conventional 
(nonconducting) roadbed. There arc several calculations 
in the literature which bear on this situation. Two basic 
studies7 ·8 treat long current-carrying wires moving 
parallel to and above a conducting plate, and both of 
these show that at high speeds the lift force o.n the wire 

approaches that produced by the "image" of the 
current-carrying wire and that thP- drag force decreases 
asymptotically toward zero. In the first calculation, 
Hannakam7 treated two long parallel wires carrying 
currents in opposite directions moving perpendicular to 
their lengths over a "thin" conducting plate. In the 
second case, Klauder8 investigated the forces on a single 
current-carrying wire moving over a thick conducting 
slab. Neither of these calculations treated complete 
current circuits so that no considerations of coil geom­
etry were possible.9 In order to understand better the 
parameters which govern the lift and drag forces on <t 
magnet (or mil) moving above a conducting plate, it 
was felt that calculations of induced eddy currents and 
their associated frelds for several magnet geometries 
would be useiul. This forms the basis for the present 
paper. 

Calculations will be made for the lift and drag forces 
on various magnets moving with velocity v at tlxed 
height z0 above a thin conducting plate. The method of 
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calculation (the image-wake method), which is described 

in Sec. II, is ea~y to app: :'to realistic magnet geometries. 
In Sec. III the method is applied to several geometries, 
including the magnetic dipole, parallel current-carrying 
wires, large rectangular coils, and coil arrays. The 
limitation of the thin-plate model and its applicability 
to high-speed transportation is discussed in Sec. I\'. 
Section V discusses achievable lift-to-weight ratios using 
superconducting coils and the power requirement to 
overcome magnetic drag forces. 

II. EDDY CURRENTS IN A THIN PLANE SHEET 

Consider a thin plane sheet of infinite extent of 
conductivity 0' and thickness o. Let this plate coincide 
with the x-y plane. The exciting field will be represented· 
by a vector potential A' ( .r, y, z, t) due to sources in the 
upper half-space (z>OJ. The field from edd\· currents 
in the conductor will be represented by- a vector 
potential A(x, y, z, I). The conducting plate is assumed 
thin compared to the skin depth for the dominant 
frequencies in the exciting field; under these conditions 
the current density in the plate is independent of the z 
coordinate. This is the method considered bv Hannakam7 

who used a Fourit>r integral method to ctetermine the 
eddy currents produced by a pair of moving wires, but a 
simpler method of solut.ion appropriate to this problem 
has been discussed by Smythe.10 \\'e shall limit the dis­
cussion to source curn.:nts ;-;loving parallel to the x-y 
plane; under these circumstances both A and A' have 
no z component. 

From Faraday's Law, Ohm's Law, and Ampere's 
Circuital Law (neglecting displacement currents), it is 
found that the vector potential satisfies the following 
equation10 : 

a(A' +A) ;'at=waAjaz, ( 1) 
where 

w=2/up.oo (2) 

(in mks units) has the dimensions of a velocitv. Since 
A' is known, Eq. (1) may be used to obtain A in the 
sheet. Consider a sudden change in the exciting tield A'; 
the right-hand side of ( 1) is finite, so that 

d(A'+A)----tO as dt----tO. (3) 

In other words a sudden change in the exciting field 
produces eddy currents which maintain the instantane­
ous field in the plate. The eddy currents subsequently 
decay. Suppose that the exciting field from a source at z0 

and originally time independent is changed from 

At'=ft(x, y, z-zo) for t<O 
to 

A/=f2(x, y, z·-zo) for t>O. (4) 

At t= +O, the A field in the plate is 

(A) t-Il= -f2(:r, y, z-zo) +ft(:r, y, z-zu). (Sa) 

This field can be visualized a:; being produced by two 
images at zo, and its. form is appropriate for extension 

into the iower half-space. It is evident that (Sa) 
pre"venl·' the instantaneous propagation of a ch:1r.f·: in 
A' from proceeding through the plate. Another po~sible 
prescription for the A ticld in the plate at t= +O (since 
f due to a source at z0 depends only upon current geom­

etry and I z-zu [) is 

This field can be visualized as produced by two images 
below the sheet. Equation ( 5b) can be extended in to the 
upper half-space; combined with (Sa) it gives the A 
field the necess;,ry symmetry. 

A'=f2(x, y, z-z0) is independent of time, so that for 

t>O Eq. (1) reduces to 

aAjat=w(aA;'az). (6) 

This equation may be used to solve the eddy current 
decay. A solution of (6) which reduces to (Sb) at 
1=0 is 

A=. -f2(x, y, z+zo+wt) +f1(x, y, z+zo+wt). (7) 

This potential may be visualized as produced by a pair 
of images moving away from the midplane with velocity 
'11:'. Since the tangential component of A is continuous at 
the plate surfitce and Eq. (I) satisties Laplace's 
equation in the upper half-space, ( 7) provides a solution 
in the region in and above the conducting plate. 

The eddy current configuration in a thin plate and its 
time-dependent decay has thus been replaced by a set of 
receding images. In order to solve problems involving 
moving magnets, we replace the uniform motion by a 
series of sudden jumps and then proceed to the limit of 
continuous motion. The force on the magnet due to the 
currents can be evaluated as the force provided by the 
image system. The wake of images produced by a 
magnetic dipole moving above a thin conducting plate 
is shown in Fig. 1. 

'"I Ill u , I I lui, 

1 
l t 

Zo 

IIi lui! 1/,/11~ 1·, · 

FIG. 1. Sd,t"m<d (,· view of the ''wake of images'' produced by 
a magnetic dip":" ;,,oving with velocity v at height :,, above a 
thin conduc<ing ,n·'ct. The image wake.extenrls to- oo with the 
image~ r•:cerliilg '' rtically with velocity u•. For c\uity. the 
images a:c sep;,t :ttc·d by a tinite-tim;; interval dt. 
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III. EXAMPLES OF FORCES ON MOVING 
MAGNETS AND COILS 

In this section are calculatccl the forces on seYeral 

different magnets moving with uniform Yelocity '' at 
constant height ::;0 above a thin conducting plate 

characterized by the parameter w= 2/ p.oo-o. 

A. Magnetic Monopole 

We first consider a monopole at height zu above the 
conducting plate. The monopole is the limit of a long 
thin bar magnet or solenoid oriented perpendicular to 

the plate. The pole strength q has the dimensions of 
magnetic moment per unit length. The vertical com­
ponent of magnetic field at the pole from the nth image 
pair, which has recerled a distance wnT, is 

!lB=-
p.oq ( 2zo+nwT 

. z .f7r [ ( m·T)2+ ( 2zo+ nwT F]31~ 

- 2z0+nwT ) 
[(nvT+vT)2+ (2zo+nwT)2]312 • 

(8) 

Letting nT----+l and T----+dt, we obtain 

B = 3p.ot•2q [CD ( 2zot+wt2
) dt 

z 471" )
0 

[v2t2+ (2zo+wfF]" 12 • 
(9) 

The lift force F L = q B z is found to be 

F L= (p.0q2/167rz02) [1-w/ ( t·2+w2) 1/2]. (10) 

The drag force FD may be calculated from the component 
of, magnetic field in the direction of motion of the 
monopole. v\' e find 

( 11) 

The maximum lift from Eq. ( 10) is that clue to a single 
image located directly below the_ monopole. This will be 
called the ideal lift. 

B. Magnetic Dipole 

'vVe next consider a dipole of moment m, oriented 
vertically, at height z0 above the plate. Since a dipole 
can be considered constructed of two monopoles we can 
use the result of Sec. A to obtain 

and 
(13) 

Here again th ~lift approaches the ideal lift from a single 

image. 
C. Long Straight Wire 

The third P-xample is a long straigl-tt wire carryi0g 
current I moving perpendicular to its length at constant 
height z0 (z0«length of wire). The lift and drag forces 
(per unit length of wire) are found to be 

FL= (p.0F/47rzo)[t·2/(v2+w2)], (14) 

FD= (wjv)F£. (15) 

D. Two Parallel Wires 

A slightly more interesting case from the prec<>ding 
one is that of two parallel wires separated by distance 2c 
carrying equal but oppositely directed currents I, 
moving perpendicular to their lengths at constant 
height z0• In addition to the forces found under case C 

we also have a force on each wire from the image 
system of the other. And because the rear wire sees 
more of the s.econd image system than the front vvire 
there is a turning couple on the system. We find 
(forces per unit length of wire) 

Fr= (p.oJ2/27r) [Nz0 (c2+zo2) ][t·2/(•·~+w2 ) ], (16) 

FD= (w/v)FL, (17) 
and 

Torque=zoFD (18) 

in a direction such as to lift the rear wire. 

E. Large Rectangular Coil 

More interesting for vehicle levitation are large flat 
coils. We shall consider a rectangular coil of N turns 
with dimensions aXb moving in the plane of the coil at 
constant height z0 above the conducting plate. The b 
dimension is taken in the direction of motion. The 
number of turns N is considered to be small enough that 
all turns are at approximately the same height z0• The 
mutual inductance between the coil and one of its 
images can he calculated from Neumann's formula 11 ; 
for the mutual inducumce bet ween the coil and that 
image separated by a vertical distance z and a horizontal 
distance in the direction of motion x: 

-4(a2+x2+z2)t'2+4(x2+z2)112+ 2[a~+z2+ (x+b )2]tiL2[z2+ (x+b)2Ji:+ 2[a"-t- ,;''+ (x- b )2Jli2_ 2[z2+ (x- b )2 jt 12 f, 

(19) 
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FIG. 2. Lift force (expressed as fraction of ideal lift) for 
several different coil geometries as a function of coil speed v 
moving parallel to and above a thin conducting sheet. -- Two 
long parallel wires carrying equal but opposite currents moving 
perpendicular to their lengths. -- i\Iagnetic dipole. The other 
results are for rectangular coils of dimensions b X a at heisht · 
::;0 =0.05a (the b dimension is in Lhe direction of motion): • 
b=0.5a, 0 b=a,!::. b=2a, 0 b=lOa. 

and the force on the coil due to the image is 

F=±J2 gradM, (20) 

the sign being determined by the relative sense of the 
currents. The lift and drag forces may be obtained by 
summing the appropriate component of (20) over the 
image system. This procedure has been carried out for 
several coil geometries, the final summation over the 
image wake being done numerically. 

The lift forces on various tecrangular coils moving at 
constant height above the conducting plate are shown in 
Fig. 2 as a function of v/w. The actual calculations 
shown are for zo=0.05a, but since they are uormalized to 
the ideal lift (the force between the coil and its image 
located directly below it) the results change only slowly 
with z0 • The ideal lift is given in Table I. As seen from the 
figure, a rectangular coil with its small dimension in the 
direction of motion is more effective in producing lift at 
moderate speeds than is a· coil with the other aspect 
ratio. Drag forces have also been calculated; in all cases 

(21) 

a not unexpected result since a large coil can be imagined 
as being constructed from dipoles. 

F. Coil Array 

Calculations were also made for a two-coil array, the 
two rectangular coils of the array being separated in the 
direction of motion. If the two coils are not too far 
apart there is interaction between each coil and the 
image system of the other, which can produce either 
more or less lift depemEng upon the relative sense of the 
currents. As an example, consider two rectangular coils 
with b/a=O.S; b is the dimension in the di;·ection of 
motion. If these are separated by a distance lOa (in the 
direction of motion) there is very negligible interaction 
between the coils for speeds less than lOw. For v/w= 20 

the lift is changed by 0.5%; this represents an increase 
in lift if the currents in the coils circulate in oppo,;ite 
senst"s. H the two coils are separated by 0.6a. and lhe 
current:; circulate oppositely, the lift is increased by 
15% at 1'/w= 1 and by 9.2% at v/w= 10. The drag is 
still given by Eq. (21). 

IV. LIMITATIONS OF THE M:ODEL 

The model we have been using to calculate lift and 
drag forces is that of the thin conducting plate. For this 
model all drag forces fall off as t'-1 in the high-velocity 
range, i.e., propulsive power to overcome electromag­
netic drag is independent of speed in the high-velocity 
range. The parameter w is inverse!_\· proportional to the 
thickness of the plate so that a larger thickness pushes 
F L and F D farther into the as: mptotic range. However, 
the various frequency components of the eiectromag-· 
netic disturbance of the moving magnet will be shielded 
by skin depth considerations, and prevent a uniform 
distribution of currents across the thickness of the plate. 
As a first approximation, one might replace the plate 
thickness by the skin depth when the former exceeds the 
latter and apply the thin-plate theory described here. 12 

Since skin depth is proportional to w-1/ 2 = (vi appropriate 
length, -I'\ drag forces will svvi tch over to a v-ll~ 
dependence at the higher velocities. 

To get some idea of the importance of these con­
sideratiofls, we m;1.ke a few numerical calculations. For a 
1-etn-thick plate at room temperature 

w(copper) =2.7 m/sec, 

w(aluminum) =4.5 m/sec. 

The electromagnetic disturbance of a moving magnet 
will have a broad frequency spectrum. The dominant 
frequency for a magnet moving with velocity v at 
distance z0 above the plate will be w=v/z0• For v= 13-t 
m/sec (300 mph) and zo=0.1 m the skin depth at this 
frequency is 

as( copper) =0.45 em, 

os(a!uminum) =0.58 em. 

One is therefore in the region controlled by skin depth at 

TABLE I. Repulsive force (ideal lift) between a rectangular 
coil of dimensions aXb and its image situated directly belcw it 
at distance 2z0• Factor in table is to he multiplied by (p.0N"l'/27r) X 
(perimeter /2z0 ). 

2zo/u. b/<J-=0.5 " 10 '-

0 1 . ()(){)(; 1.0000 1.0000 1.0000 
0.1 O.R60i 0.9009 0.9316 (). 97+2 
0.2 0. 714:i 0.8041 0.8601 0.93-tO 
0.3 0.5li1 0. 7108 0. 7il70 0.8il22 
0.4 O.<i-5')1 0.6228 0. 7143 0.822-t 
0.5 0.363J 0.5417 0.6438 0.7583 
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this velocity and plate thickness. The transition from 
thin-plate to skin-depth behavior should occur at speeds 
.n ;ound 30 m/st:c for a 1-cr!l thick plate. 

The calculations of the preceding section show that at 
high velocities the lift force approaches that from the 
magnet's image (the ideal lift) and the ratio of drag 
to lift is wjv. If we substitute the skin depth fls= 
(2/wcr!-f.o) 11~= (2:;0/zocr!-f.o) 11 ~ for the plate thickness we find 

(22) 

Klauder8 has calculated lift and drag on a current­
carrying wire moving over a thick plate. He finds that 
the currents in the plate decrease as a function of 
distance below the surface, more rapidly at the higher 
velocities. He further finds that the lift approaches the 
ideal lift at high speeds. The ratio of drag to lift is not a 
simple function, but in the high-velocity limit he finds 
(converting his result to mks units) 

(23) 

which is of the same order but somewhat smaller than 
(22). It thus appears that the thin-plate model can be 
used to study effects uf magnet geometry on the lift 
and drag forces on fast moving magnets provided one 
uses the skin depth for tl1e effective plate thickness. At 
lower velocities the eddy currents are distributed 
throughout the plate thickness and approach the true 
current distribution of the thin-plate model. 

V. ACHIEVABLE LIFT-TO-WEIGHT RATIO AND 
ESTIMATE OF ELECTROMAGNETIC DRAG 

In this section we examine the lift-to-weight ratio for a 
large flat coil to determine the feasibility of magnetic 
suspension. Impressive results can be achieved with 
superconducting coils and these have in fact been 
proposed by Powell and Danby2 for high-speed trans­
port. From data for commercially available super­
conducting wire, 32 000 m of wire which will carry a 
critical current of SO A weighs 30 kg. This may be 
wound into a 1-m-diarn coil with a current-carrying 
cross section of about 16 crn2• The ideal lift force on the 
coil from its image at 2z0 =0.2m is 6.50Xl05 N= 
6.62X 104 kg. This is a lift-to-weight ratio of 2200. This 
ratio will be degraded by added weight for Dewars and 
associated cryogenic equipment, and by the finite-speed 
lift factor, but the ratio appears large enough to warrant 
serious consideration for magnetic support in high­
speed transportation systems. Problems relating to the 
stability of persistent-mode superconducting coils 
against vibration and other demagnetizing effects have 
not been explored. 

Finally, a few remarks about the power requirement 
to overcome electromagnetic drag arc in order. In all 
cases the F D!FL ratio is given by w/v; this is independent 
of coil geometry. For the thick plate case FD/FL is given 

by (23) and probably is also independent of coil 
geometr;· except for height above surface. The power 
requirement: 

Power=f"Dv=h·w= (weight)w. (24) 

If we take ·w=6 m/sec (this might be appropriate for 
copper when the thickness is contr(\aed by the skin 
depth and the speed is 300 mph), then for an auto­
mobile-size vehicle the power requirement is 9!J k W or 
about 120 hp. [This becomes 76 hp if one uses Eq. 
(23).] For larger vehicles the drag scales as the weight. 
This result is less than, but the same order as aero­
dynamic drag losses at 300 mph for a well-designed 
vehicle and thus represents a significant power require­
ment. It also mitigates against a decisive reduction in 
dnig by running the vehicle system in a partially 
evacuated tube. 

A different type of conducting roadbed has been 
p:-oposed by Powell and Danby.2 In their system the 
conducting part of the roadbed consists of large separated 
coils (of the same size as coils in the vehicle). Eddy 
current in each coil is limited by a diode and series 
inductance. By limiting both the direction and magni­
tude of the induced currents, these authors claim to 
reduce electromagnetic drag relative to lift by an order 
of magnitude. Such a scheme certainly warrants 
further investigation. · 
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Analysis of Motion of Magnetic Levitation Systems: Implications for High-Speed Vehicles 
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To study the motion of a magnctie<>.lly suspended high-spec~! vehicle, a simple example {the 
long wire above a thin conducting plate) is considered in detail. The lift and drag forces on 
the magnet (long wire) are derived for arbitrary motion above the plate. The stability of the 
system is analyzed for typical parameters (velocity= 300 mph, height= 0. 1 rn). By using a 
Laplace-transform technique, it is shown that two types of modes occur (in the linearized 
equations of motion). One mode is a vertical oscillation with an amplitude that grows slowly 
in time. The other mode is an unbounded increase in the horizontal velocity error. This 
latter instability results from the fact that the drag force decreases with increasing velocity 
at high speeds. In this connection, an error is pointed out in a recent publication il' ': it 
was claimed that the system is stable. Detailed consideration of the effects of hori~ 
acceleration and vertical velocity on the magnetic forces is given. The effects of aerodynamic 
drag and the need for active control of the system are also discussed. 

I. INTRODUCTION 

The lift and drag forces on various magnets mov­
ing with a uniform velocity at a constant height 
above a thin conducting plate have been calculated 
by Reitz. 1 These forces result from the eddy cur­
rents induced in the plate by the moving magnetic 
field. The plate is assumed to be infinite in ex­
tent with thickness small compared to the sl<in 
depth for the dominant frequencies involved ani;! 
small compared to the height of the magnet above 
the plate. These assumptions allow a simple 
image-wake solution for the magnetic forces. 

The image-wake method can be extended to arbi­
trary motion of a magnet. Bailey and Norwood2 

have made such an extension and claimed to show 
that the equilibrium of the magnet is stable, i.e., 
the magnet will return to its equilibrium height 
and velocity if it experiences small perturbations 
from its previously steady motion. However, we 
shall point out an error in their analysis and de­
monstrate that the equilibrium of a magnet in 
steady motion is unstable. It is important to de­
termine the stability and transient response of 
such magnetic systems due to the current interest 
in the use of magnetic levitation for the suspension 
of high-speed vehicles. 1 •3 Subsequently. if these 
responses are found to be unacceptable. the need 
for active control will become apparent. 

For simplicity, we mostly consider the long wire 
in this paper. although much of our analysis per­
tains to the translational degrees of freedom of 
any magnet. Because we can analyze this case 
exactly, we can determine the validity and the 
limitations of approximate techniques which we 
then can use to analyze more complicated magnet 
configurations. (In addition. the long wire was 
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considered by Bailey and Norwood2 and by Reitz. 1 ) 

We also give some general formulas for estimating 
the corrections to our approximations for any mag­
net configuration. 

In Sec. II we derive the forces on a long wire with 
arbitrary motion using a slightly different tech­
nique than Bailey and Norwood2 used. In Sec. III 
we show that our force expressions agree with 
those of Reitz1 for the case of steady motion of a. 
long wire. Section IV contains an analysis of the 
motion of a long wire subject to a small disturb­
ance from previously steady motion. This analysis 
is based upon a linearization of the forces obtained 
by replacing the velocity and height in the formulas 
for the forces resulting from steady motion with 
the instantaneous velocity and height (referred to 
as the instantaneous approximation). Although not 
exact, such an analysis is a useful starting point 
for understanding the rather complicated results 
of the exact analysis given in Sec. IV: The exact 
analysis is made by applying the Laplace trans­
form to the linear approximation of the forces ob­
tained in Sec. II. The error made by Bailey and 
Norwood2 in their analysis. which also utilized 
the Laplace transform. is discussed in Sec. II. 
The range of validity and the limitations of the in­
stantaneous 'l.pproximation are also discussed in 
Sec. II. In Sec. VI we give further justification 
of the instantaneous approximation for the long 
wire and show how to determine the size of the 
corrections to the approximate force expressions 
for any m:tgr.et. 

In Sec. VII the results of a numerical study of the 
moti.on resulting from an application of the non­
linear forces obtained by the corrected instanta­
neous approximation (Sec. VI) are given. The ef-
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fects of aerodynamic drag on the stability of the 
equilibrium are discussed, and numerical results 
are given to illustrate this. Some aspects of the 
control of the motiun of n.agnetic systems are 
discussed in Sec. VIII. In Sec. IX we summarize 
the conclusions which follow from the results pre­
sented in the paper. 

II. MAGNETIC FORCES FOR ARBITRARY MOTION 

In this section we derive the forces on a long wire 
with arbitrary motion above a thin conducting plate 
(or sheet) using a somewhat different technique 
than that used by Bailey and Norwood. 2 The co­
ordinate system for this problem is shown in Fig. 
1. We let the thin plate coincide with the x-y 
plane (infinite in extent). The position of the wire 
is given by ~<0 (t), z0 (t)) with the wire remaining 
parallel to the y axis at all times, i. e. . only mo­
tion in the x-z plane is to be considered. Let li 
be the thickness of the plate and CJ the conductivity. 
The boundary condition at the top of the plate is4 

(z = + O) 

a2 (n+ n') a2n 
ataz = w az 2 (2. 1) 

where 

(2. 2) 

and the magnetic scalar potential is the sum of two 
terms: n' due to the wire (oringeneralanysource) 
and n due to the eddy currents induced in the plate. 
In the region external to the plate. n satisfies La­
place's equation. 

Consider first a source potential n' which is sud­
denly switched on at t = 0: 

n'(x,y,z,t)=O, f<O 

=f(x,y,z), t>O. 
(2. 3) 

For t < 0, n is zero since no eddy currents have 
been induced. Integrating (2. 1) from t < 0 to some 
time t 1 >0, we find 

an an' -a (x,y, +O,tt)+--a (x,y,+O,t 1 ) z z 

(2. 4) 

As t 1 -+ 0, the right-h<md side of (2. 4) vanishes, 
so that immediately following the time when the 
source is switched on, 

an An' az (x,y, + 0, + 0)=- az (x,y, + 0, + 0) 

af 
=- az (x,y, +0). (2. 5) 

z 

t 

FIG. 1. Coordinate system describing position of wire. 
Current flows perpendicular to x-z plane. Motion of 
wire is in x-z plane. 

At subsequent times, n' is independent of time so 
for t > 0, 

a2n a2n 
ataz (x,y,+O,t)=wa?'(x,y,+O,t). (2. 6) 

It can be shown that a solution which satisfies (2. 6) 
and Laplace's equation and which vanishes at in­
finity is 

n(x,y,z,t)=f(x,y,-z-wt), z >0. (2. 7) 

The solution below the plate is found by requiring 
n(x,y,z,t)=-n(x,y,-z,t), which follows from 
the symmetry of the problem. 

Let us now consider a source potential n' (x, y, z, t) 
with an arbitrary time dependence. At time t' 
during an interval dt', a change 

an' ') , at'(x,y,z,t dt 

occurs in n'. This change gives rise to eddy cur­
rents which contribute to Qat timet >t' an amount 
[according to (2. 7)] 

:~' (x,y,-z-w(t-t'),t')dt', z >0. 

Adding up all such contributions, we find 

.(an' -
n(x,y,z,t)=}_ .• :at'(x,y,-z-w(t-t'), t')dt'. (2.8) 

Making a change of variable from t' to T= t- t', 
we have, after some manipulation, 

U(x,y,z, t)= n'~"C,y, -z, t) 

+Wl ~a: [Q'(x,y, -z -UJT, t- T)]dT. 2. 9) 

Equation (2. 9) is valid for an arbitrary source. 
In partict!lar, for a long wire, 
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,. J.l.of •1 x-x0 (f) 
n ~Y, y, z, t) = -2 tan (t) . 

1T z-z 0 . 
(2. 10) 

Let us find the magnetic fipld B(c,y,z, t) which is 
related to n by 

B (x, y, z, t) =- -vn(x, y, z, t). (2.11) 

Substituting (2. 10) into (2. 9) and taking the gra­
dient, we obtain 

B(x,y,z, t)=-b{c-x0 (t), z+z 0 (t)) 

I f~ob 
- w Jo iiZ (x- x 0 (t- r), z + WT+ z 0 (t- r))dt, 

(2. 12) 

(2. 13a) 

(2. 13b) 

and 

(2. 13c) 

The force per unit length of wire is given by {drop­
ping the y variable since there is no y dependence) 

and 

F z=IBx(x0 (t), Zo(t)), 

Fx=IBz(x0(t), z 0 (t)), 

Fy=O. 

III. STEADY MOTION 

(2. 14a) 

2.14b) 

(2. 14c) 

If the wire is moving uniformly in the x direction 
(perpendicular to its length) with velocity v at a 
constant height h, then 

x 0 (t)= vt, 

z 0 (t)=h. 
(3. 1) 

From (2. 12) and (2. 14) we find 

(3. 2a) 

Fx=lbz(O, 2h)+wl (~Bbz(vr, 2h+wr)dT. 
)

0 
az 

(3. 2b) 

Differentiating (2. 13), substituting into (3. 2), and 
performing the integrations, we obtain the lift 
force 

JJ.olz v2 
FL(v,h)=Fz= 41Th~ {3. 3a) 

and the drag force 

Fv(v,h)=-Fx= (w/v)FL, 

in agreement with Reitz. ' 

(3. 3b) 

IV. ANALYSiS OF STAI3ILITY: INSTANTANEOUS 
APPROXIMATION 

The force expressions in Eq. (3. 3) are strictly 
valid only 1 •Jr a wire which has undergone steady 
motion (uniform velocity in the x direction at con­
stant height) throughout its time history. However, 

if accelerations in the x direction and vertical 
velocities :>.re small enough, we e::'l.pect that the 
force expressions obtained by replacing v by .-r 0(t) 
and h by z 0(t) in (3. 3) will result in an approximate 
description of the motion of a wire undergoing ar­
bitrary motion. We refer to this approximation 
as the instantaneous approximation. (The condi­
tions under which this approximation is valid and 
its limitations are discussed further in Sees. V 
a.I,ld VI. ) Of course, such an approximation is not 
valid for any general dynamical system. But the 
nature of the force on a long wire due to eddy cur­
rents induced in a thin conducting plate is such 
that the instantaneous approximation is quite ac­
curate. It is also useful as a guide in understand­
ing the results of the exact analysis. 

In this section we study only small departures 
from steady motion, analyzing the stability of the 
system with a small-signal or linear version of 
the equations. We- write the dynamical equations 
for a wire moving under the influence of gravity, 
a propulsh'e force, and the magnetic force as 

mzo= -mg+FL(Xo, Zo), 

mx0 =Fp-FD(xo, zo), 

(4. la) 

4.lb) 

where m is mass .per unit length, g is the gravita­
tional constant= 9. 8 m/sec 2

, and F Pis the propul­
sive force which is assumed to be constant. The 
motion of the wire is assumed to be 

x 0(t)=vt+x 1(t), 

z 0{t)=h+z 1(t), 

(4. 2a) 

(4. 2b) 

where x 1{t) and z 1(t) are small deviations from the 
steady motion. Substituting into (4. 1), we find the 
equilibrium point to be given by 

0=-mg+FL(v,h), 

O=F P -F D(v, h). 

The linear equations are 

.. oFL( h)" oFL( h) mz 1=- v, x 1+-h v, z 1 , 
av a 

•• FJFD( ) • 8FD( h) mx 1 = --- v. h x 1 - ~~ v , z 1 • av · u z 

We assume a solution of the form z 1 = z 10 et>t, 
x 1 = x 10 e~>

1 • This gives 

( • aF L \ aF L ( ) • 
\mp~-- ch (v,h))z 10 -av v,hx 10 =0, 

(4. 3a) 

(4. 3b) 

(4. 4a) 

(4. -1b) 

(4. 5a) 

~- ,-, 
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8F 0 ( oFo( ) • -
1 

(v,h)z 10 + mp+- v,h) x 10 =0. az av · · (4. 5b) 

For these equations to ha··~, a ::>olution, the deter­
minant of the coefficients must vanish, giving the 
secular equation 

From (3. 3) and (4. 3), we have 

flo fl 11-
mg= 47Th v2 + w2 ' 

and 

Fp = (w/v)mg, 

aFL mg 
Bh(v, h)= -h' 

~ 2ufmg 
a (v, h)= ( 2 2), 

V V V +W 

oFD wmg Bh (v, h)=- ---;)h, 

(4. 6) 

(4. 7a) 

(4. 7b) 

(4. 7c) 

(4. 7d) 

(4. 7e) 

(4. 7f) 

Making use of the results in (4. 7), we rewrite the 
secular equation (4. 6) as 

(4. 8) 

where 

(4. 9a) 

(4. 9b) 

and 
1 oFD oFL 2g 2w 3 

a=--2--;----!z (v,h)-a-(v,h)= 1 2( 2 2)· rn u uv zv v + w 

Alternatively, we can write Eq. (4. 6) as 

p3- bp2 + w2p- If w/Jzvz = 0. 

(4. 9c) 

(4.10) 

Since the last term, - g 2w/hv 2
, is negative, Eq. 

(4. 10) has at least one root with Rep> 0, indicat­
ing an instability, i.e., z1 and .-r1 increasing ex­
ponentially with time. 

For cases of practical interest in magnetic sus­
pension, usually v » w. Therefore, to a first ap­
proximation, we can neglect a in (4. 8), obtaining 

(4. 11) 

The roots of (4. 11) are 

P= ±iW 

and ' 

gw 
p = b 0' -2 + .•• ' 

v . 

(4. 12) 

(4. 13) 

where "· .. " indicates terms of higher order in 
w/v. We can obtain a slightly more accurate ex­
pression for the roots (4. 12) by writing (4. 8) as 

Substituting (4. 12) into the right-hand side of 
(4. 14), we find 

P=±iw- a/2w2 + ... 

=±iW-2gw3 /v 4 +··· 

(4. 14) 

(4. 15) 

The root p = b represents us table motion whereas 
(4. 15) represents d2.mped harmonic motion. We 
shall see in Sec. V that the exact analysis also 
gives a root approximately at P= band roots near 
p = ± iw. In the latter roots, however, Rep in 
(4. 15) does not agree with Rep exact. 

Typical values of the parameters involved are1 

w=4. 5 m/sec (aluminum), h=0.1 m, 1.•= 134m/sec 
(300 mph). Hence "-' = 9. 9 sec·1

, or != u_,j2rr = 1. 6 Hz, 
and b = 2. 5> 10·3 sec· 1 • 

From the above we see that the frequency of oscil­
lation is slow (-1. 6 Hz) and that the unstable mode 
has a time constant that is long (-400 sec"" 6. 7 
min) and should be easily controlled at high speeds. 
This unstable mode basically results from the 
fact that the drag force is decreasing with increas­
ing velo~ity. 

If one examines the amplitudes of vibration (as 
will be done in Sec. Vll), it will be found that the 
mode with frequency p = b corresponds to an es­
sentially horizontal type of deviation from equi­
librium whereas the p = ± iw modes correspond to 
vertical oscillations of the system with virtually 
no horizontal acceleration. In other words, the 
vertical and horizontal motions are almost com­
pletely uncoupled. 

V. ANALYSI'iOFSTABILITY: EXACT EQUATIONS 

In this section we again consider the stability of 
the equilibrium of the long wire (i.e., response 
to small perturbations in velocity and height) but 
without making the instantaneous approximations. 
The equations of motion are [see Eqs. (2. 12) and 
(2. 14)] 
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- wl l ~ a;; (x0 (l)- x0 (1- T), z0 {/) + WT + z0(t- -r)) d-r 

(5. la) 

mx0 (t)=Fp+Ibz<o, 2z0 (t)) 

+ w/[ ~ CJCJ~z {--<0 (/)- x0(l- T), z0 (1) + WT + z0(t- T))dT. 

(5. lb) 

Once more we let x0 (1) = vt + x1 (t), z0 (I)= h+ z1 (L), 
where x1 (L) and z 1 (t) are small. The equilibrium 
point is found to coincide with that given before, 
Eq. (4. 3) or Eqs. (4. 7a) and (4. 7b). 

Linearizing about that equilibrium, we obtain 

(5. 2a) 

. { ~-a2 b 
+wl}

0 

azz'(vT, 2h+wr)(z1 (t)+z 1(t-r)]dr. 

(5. 2b) 

We assume that for t < 0, x1 (t) = z 1 (t) = 0, and that 
a perturbation occurs at t= 0 .. Therefore the in­
tegrals in Eq. (5. 2) involving x1(t-T) and z1(t-r) 
only extend over the interval 0 < T < t for t > 0. 

Let us define the Laplace transforms 

z(s) = J,~ e-•tz1 (t) dt, 
0 

x(s) = J ~ e-st x1 (t) dt . 
0 

(5. 3a) 

(5. 3b) 

We shall now take the Laplace transform of (5. 2). 
In this equation quantities such as 

i t azb 
=I _!. (v-r, 2lz+ wr)x1 (t- r) dT (5. 4) 

azax 
0 

appear. This is the convolution of two functions 
of t, and the Laplace transform of this quantity is 
therefore (by the convolution theorem5

) 

(5. 5) 

(5. 6) 
a, {3, y=x, z. 

Similar considerations apply to other terms in 
(5. 2). 

Hence, the Laplace transform of (5. 2) is 

m[s2z(s)- sz1(0)- .?. 1(0)] 

ab •=- 2/-" (0, 2h)z(s)- w[ F"xx(O)- F',;'(s)]x(s) 
az 

- w[F'~'(O) + ~·(s)]z(s), (5. 7a) 

m[s2x(s)- sx1(0)- xl(O)j 

ab . 
= 2/ azz (0, 2h)z(s) + w[F~x(O)- F":(s) ]x(s) 

+ w[F'z2 (0) + F';(s )]z(s ), (5. 7b) 

where r;(o) is F';(s) at s=O and z1(0) is z1(t) at 
t =0, etc. 

From (2.13) and (5. 6) we find 

ab, (0 2h) = _&_!_ 
az ' 87Th2

' 
(5. 8a) 

ab 
_z (0 2h'=O 
a ' ' . z 

(5. Sb) 

(5. 9a) 

(5. 9b) 

(5. 9c) 
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r:(s) ==- r:(s)' (5. 9d) 

(5.10) where R = [ (ud + (2h + u:/)2 
;
1

'
2

• 

We can rewrite (5. 9) in terms of dimensionless 

integrals as follows: We let 

>. = 2hs/v, (5.11) 

7]=zv/v, (5.12) 

x=vt/2h, (5.13) 

and 

r=[x 2 +(1+7]x)2 jl12 • (5.14) 

Then 

r;(s) =- rx'(s) =- (J.L 0 I 2/47Tvh2 W;(>--), (5.15a) 

(5. 15b) 

(5.15c) 

where 

(5.16a) 

Iz:(>.) =fro e-),x[- 3(1 +7]x)/ r 4 + 4(1 + 7]x)3/ r 6] dx, 
0 

(5.16b) 

r;(>.)= f~ e-).x[(1 + ryx)/r 4 - 4x 2(1 +7]x)/r 6] dx. 
0 

(5.16c) 
Eq. (5. 7) can be rewritten as 

{s2 + w~- w~U'::(o) +I •:(>. )] }z(s)- wi[I";(O)- I":(>. )]x(s) 

(5.17a) 

(5. 17b) 

where 

w~ = J.l.o !
2 

/ 47Th2m, (5.18) 

and 

w~= (w/v)w~. (5.19) 

Relating w defined previously in (4. 9a) to w0 , we 

see that 

(5. 20) 

The determinant of the coefficients of the left-hand 

side of (5. 17) can be written as 

de term in ant = s D(s ), 

where 

(5. 21) 

D(s) = (s2 + w~- w~ A)[s- (2h/v)w':B]- (2h/v)w{C= 0, 

(5. 22) 

A= I~'(O) +!'/(A), 

B,=- w:<o)- r:(A)l/>.. 

and 

The Laplace transforms are given by 

z(s) = ([s z1 (0) + i 1 (0) l{s2 + wnr:<o)- IZ,x(A) J} 

(5. 23a) 

(5. 23b) 

(5. 23c) 

+ [sx1 (0) + x1 (0 l]wi[I';(o)- !'~'(:\ )])/ s D(s), 

(5. 24a) 

x(s) = ({s 2 +w~- w~[lzxz(o) +I':(A)j} [sx1(0) +x1(0)] 

+ w~[l~;(o) + !";(>.)] [sz 1 (0) + z1 (0) J)/ s D(s). 

(5. 24b) 

The roots of D(s) in the complex s plane are poles 

of z(s) and x(s). For Res< 0 we must analytically 

contbue (5. 24) into this region after we have per­

formed the integrations necessary to obtain r,·(~ ), 
etc. The origin represents a pole in x(s ), but not 

z(s ). This is seen by taking the limit as s- 0 in 

(5. 24a) and applying L' Hospital's rule. The extra 

pole in x(s) at s = 0 occurs because the equilibrium 

conditions [Eq. (4. 3)] are insensitive to the origin 

of x. Therefore if x0 (t) = vt, z0 (t) = h represents 

equilibrium motion and so does xc/t) = vt + c, 
z0 (t) = h, where c is any constant. From the fact 

that we cannot expand the integrals I",;z(>. ), etc., in 

a Taylor series in s (or A) to any order sn, we 

do not expect x(s) and z (s) to be analytic at s = 0. 

Hence, s = 0 represents a branch point and the 

negative real axis is a branch cut. 

We now examine the behavior of D(s) for s near 

b [see Eqs. (4. 8)-(4.13)]. The corresponding 

value of A is near 21zb/ l' which is typically 
- 4 x 10-6• Consequently, it is numerically quite 

accurate to evaluate A, B, and C [Eq. (5. 23)1 in 

the limit >.- + 0. By comparing the integrals 

necessary for the evaluation of A, B, and C to 

those already obtained in determining F L and F v 

[Eq. (3. 3) ], it is straightforward to show that 

A""' 2I"';(O) = 7]/(1 + 772
), (5. 25a) 

(5. 25b) 

and 

(5. 25c) 

where 17 = w/v. 

Rewriting (5. 22) in terms of >., we find 

(5. 26) 

I 
I 
I 

I 
I 
I 
I 

I 
I 
I 
I 
I 
I 
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where 

(5. 27) 

and 

Ao = 2lzw/v = 2(gll) 112/v. (5. 28) 

Typically ~ 0 -10-2 and 7)-tcJ. Actually, for speeds 
down to u = w (1) = 1), Eq. (5. 27) remains quite ac­
curate. 

The pole is given by 

D(s)=O or d(A)=O. (5. 29) 

In terms of s = v>./211, (5. 29) can be rewritten as 

(s2 + w2)(s- b)- a= 0, (5. 30) 

where the definitions in (4. 9) apply. Hence a pole 
in the complex s plane occurs at the root of the 
secular equation of the instantaneous approxima­
tion [Eq. (4. 8)] which is given approximately by 
s = p = b for v » w. This pole on the positive real 
axis prevents one from applying the final-value 
theorem to examine the behavior of z(s) and x(s) 
near s = 0 and hence z1 (t) and x1(t) for t-oo. 5 This 
is a source of the error in the work of Bailey and 
Norwood2 who concluded the magnetic system 
should be stable from the results of the final-value 
theorem. Since there is a pole at s = b, there will 
be a term of the form ebt in z1 (t) and x1 (!) corre­
sponding to an instability. 

The other roots of the secular equation (4. 8) occur 
near p = ± iw- 2gu}/v 4

• We expect poles in the 
complex s plane to occur near these roots, al­
though not precisely on them. In fact, the poles 
occur in the region Res> 0, whereas the roots 
p = ± iw- 2gu}/v 4 occur in the region Rep< 0. Let 
us calculate the position of the poles. We rewrite 
(5. 22) as 

(5. 31) 

Since the poles in which we are interested occur 
near s = ± iw, the corresponding value of I>. I is 
small (-10-2

). Therefore it is accurate to evaluate 
C and Bin the limit A- +0. The right-hand side 
of (5. 31) then becomes a/(s- b) which can, in fact, 
be set equal to zero for the purpose of determining 
the poles to lowest order. It is not accurate, how­
ever, to take A-+ 0 in A if one wishes to deter­
mine the lowest-order contributions to Res. To 
demonstrate, we expand A to first order in A, ob­
taining 

(5. 32) 

(Although A is not analytic about A = 0, the first 
derivative of A at A= 0 does exist. Higher-order 
derivatives, however, do not exist at A = 0.) 

Substituting \5. 32) into (5. 31) and setting the 
right-hand side equal to zero, we find that the 
poles occur at 

s ""± iw+ b/2 = ± iw+ gw/2v2 + • • •• (5. 33) 

Since gzi!/2v2 » 2gw3/v 4 for 1) = w/v « 1, Res is 
therefore positive. These poles also prevent one 
from applying the final-value theorem and repre­
sent unstable motion. 

Thus for the long wire, all three poles occur in 
the region Res> 0 for the parameters of interest. 
For the case of the monopole moving over a thin 
conducting plate, however, we have found that 
only the pule at s = b occurs in the region Res> 0. 
T~e remaining two poles occur in the region 
Res< 0. In general, the sign of Res for these lat­
ter poles depends upon the velocity dependence 
of the steady-state forces (as discussed in Sec. 
VI). We do not expect that more realistic magnet 
configurations will possess this additional instabil­
ity. 

Although Rep (as given by the instantaneous ap­
proximation) does not agree with Res, the fre­
quency determined by the instantaneous approxi­
mation does agree with the frequency determined 
from the Laplace-transform method. This agree­
ment rests upon the requirement that 1111 = 2h Is 1/ v 
« 1 or frequencies « v/ 47Th -100 Hz. Since/= w/2r. 
-1.6 Hz (typically), the instantaneous approxima­
tion is well justified for determining the frequency. 
Similar considerations apply to the other root (s =b). 

We do not expect any poles other than the ones al­
readly discussed (including s ~ 0) to occur in the 
complex s plane although we have not rigorously 
proved this statement. We have certainly found 
the 1111 « 1 poles. We argue that no poles occur 
for I Ill ;:.:: 1 since the forces in the problem are 
not strong enough to cause such high frequencies 
or accelerations. Likewise we have not rigorously 
proved that the contribution from the branch cut 
to z 1(t) and x1(l) is negligible. However, it is 
reasonable to expect that fo'r t- co, the contribu­
tion from the branch cut will not be significant 
compared with that of the poles. 

VI. CORRECTIONS TO INSTANTANEOUS APPROXIMATION 

In this section we give a further discussion of the 
instantaneous approximation when departures from 
steady motion are not necessarily small. We also 
determine corrections to this approximation for 
any general magnetic source and investigate the 
stability of the system. 



4786 
L. C. DAVIS AND D. F. WILKIE First consider a wire whose position coordinates are given by 

z0 (!) = 11 + lz 1 si.ny/, 

xo(t) = 1'1. 
(6. la) 

(6.lb) We do not assume that 111 is small compared to h; however, we shall consider the frequency y to be smalL Let us calculate the magnetic forces on the wire (per unit length) for the motion given by (6. 1). 

From (2.12) and (2.14) we find 

(6. 2a) 

(6. 2b) 

where 

f(T, t) = 2h1 sinh'T cos(yt- hT). (6. 3) 
If f(T, t) = 0, Eq. (6. 2) would be the instantaneous approximation for the forces under the motion (6.1). Let us calculate the first-order correction due to j(T, t) by expanding (6. 2). We find 

r r~ ozb +zd}
0 

dT ni (z•T, 2z0(1)+wr)j(T, t)+· ·., 

(6. 4a) 

where FL(v, h) and Fn(v, h) are given by (3. 3). Furthermore, if we assume that yz0 (l) « 1, we can expand f( T, t) in y as 

Substituting (6. 5) into (6. 4), we can write the forces as 

+wlz0(t)- dT-"(rT, 2z0(/)+wr)+· · ·, 

a J:~ ab aw 
0 oz 

(6. 5) 

(6. 6a) 

• 0 1~ Flb -u>l<.o(t)- rlr·-z(vr,2z0(!)+LcT)+ ·••• 
• .I 8/(' Q 02 

(6. 6b) 
From (2.13) or from (2. 12), (2.14), and (3. 3), we have after taking the appropriate derivai.ives 

(6. 7a) 

(6. 7b) 
Since z0 (/) « 1' usually, the corrections to the forces (as given by the instantaneous approxima­tion) due to vertical velocity are quite small. Nu­merical evaluation of (6. 2) for a wide range of parameters also shows that the corrections are small and in reasonable agreement with (6. 7) so long as yz0(t)/ v « 1. 

We note that in (6. 7a) the sign of the z0 (t) term in the lift force ( Fz) is positive. This corresponds to negative damping and indicates an instability if the damping associated with the coupling to the horizontal motion is negligible. A simple analysis of the vibration iri the vertical direction (keeping a const~mt horizontal velocity) shows that the mo­tion is of the form exp[ (± i1.0 + i b )I j, where u.• is given by (4. 9a) and b by (4. 9b). The rate of the growth of the amplitude of vibration is slow, but it is larger than the rate for decay associated with the coupling to the horizontal motion [see Eq. (4.15)]. Hence, a slow net growth of the amplitude occurs for a long wire. 

This result is, of course, in agreement with the findings of Sec. V, (5. 33). The expansion of Fz to first order in zo(!) is the equivalent in the tir domain of expanding A to first order in s (or ' · in the frequency domair>. 
Next let us examine the effects of acceler? the horizontal directi.on. by 

x0 (t)=vf, t<O 

=vt+tat2
,' t>O 

z0(t) =h. 

Consider motic 

From (2. 12) 2nd (2. 14) we find · to be (t > 0) 

( . {"' ab, ( F = - Ib 0 2h) - wi -- 1 II X ' .1'1} OZ 
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l 
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where 

v'=v+at, (6.10) 

j'(r, t)= -tar2
, t> r 

=ta(t 2 -2lT), t<r. (6.11) 

Again, if j' (r, t) = 0, Eq. (6. 9) would give the forces 
in the instantaneous approxi111ation. 

Due to the fact that the magnetic field of a long 
wire falls off with distance so slowly (- 1/ r), a 
simple expansion in terms of the acceleration a 

and 

1 
= ("' d [x+ g(x, s)](1 +7)'x) 

")
0 

x{[x+g(x,s)]2 +(1+1)'x)2? 
g(x, s) =- (alz/v' 2Ll, x < s 

= (ah/ v'2 )(s2
- 2sx), x > s 

x=v'r/2h, 

s=v't/2h, 

1) 1 = w/u', 

(6. 13b) 

(6.13c) 

(6. 13d) 

(6. 13e) 

(6. 13f) 

(6.13g) 

It is clear that if ah/ v'2 « 1, then Iz and Ix are 
given accurately by the values found by setting 
g=O: 

Iz ""-7)'/(1 +7]'2), 

I, ""t(1 +7]'2). 

(6.14a) 

(6.14b) 

Numerical evaluation of Iz and lx also shows that 
the instantaneous approximation for the forces is 
quite accurate as long as alz/ v' 2 « 1. Under most 
conditions of interest in magnetic levitation 
a< g= 9. 8 m/sec, so that for u' >wand h= 0.1 m, 
the quantity all/ v' 2 is small Compared to unity. 

B(x, y, z, t) =- \7Q(x, y, z, t) 

[or j'(t, r)j is not an accurate method of determin­
ing the correetions to the instantaneous approxi­
mation.. NE'vertheless, we can determine under 
what conditions the instantaneous approximation 
is valid. 

It is straightforward to show that 

F'z = FL.,(l + (w/v')Ir), 

F, =- 2(w/v')FL., 10 

where 

(6. 12a) 

(6. 12b) 

(6.13a) 

Let us now extend this type of analysis to an ar­
bitrary magnetic source. Since any magnetic 
source can be made up of a set of monopoles (/; 
at (x;, Yi, Z; ), we write for the scalar potential of 
the source 

(6.15) 

wherE> 

R; = { [x- X; (t) ]2 + l y- Yi (t) ]2 + ( Z- Z; (t) f}112
, 

(6. 16a) 

(6.16b) 

(6.16c) 

and 

(6.16d) 

The point (x0 (l), y0(l), z0 (t)) represents some fixed 
point in the magnet such as the center of mass and 
(a;, b;, c;) represents the position of qi relative 
to the fixed point. We restrict our attention to 
purely translational degrees of freedom. Substi­
tuting (6.15) and (6.16) into (2. 9), we obtain the 
magnetic field of the eddy currents: 

=~ 11
4o;:i [b(x-x;U), y- y;(l), z+z;(t))+w ["' :~ (x-x;(i --r), y-y;(l-T), z+wT+Z;(t-r))dr], 

(6. 17) 

,--------------------------------
where and 

b(x, y, z)=r/r 3
, (6. 18a) r= (x, y, z). (6.18b) 

IMll 
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The force on the source magnet is 

F = :=1 q)3(x1 , _v1 , z1 ). 

If we define 

(6.19) 

(6. 20a) 

(6. 20b) 

and 

(6. 20e 

th~n from Eqs. (6. 17)-{6. 20) we find 

x [ b(l'l1 ;, bii, c1 ; + 2z0 {tl) + u·j"' :~ (aii + x0(t)- x0 {1- Tl, b1 ; + y0{t)- y0{t- Tl, cJi + WT + z0{t) + z0(t- Tl)dT J. 
0 

Consider first motion of the form 

x0(t) = vt, 

Ya(tl = 0' 

z0 (t) =arbitrary. 

From (6. 21) the force becomes 

- "'Jloqia·[-< () F=~ 41T ·J.. bl11 ;,bii>cii+2z0 t) 
l,J 

where 

(6. 21b} 

(6. 21c) 

(6. 2ld) 

(6. 22) 

(6. 23) 

Now, if over the region of integration on 1, where 
the integrand is large, t:.(t, T) is small, we can 
expand the second term of (6. 22) as 

ab 
az(a1 ;+VT, b1 ;, cii+wT+2z0(tl) 

a2b 
+8z2"(11ii +VT, bli, Cli +WT+ 2z0 {t))t:,{l, T)+ • • • . 

If we further expand t:, (t, 1) as 

t:.(t, 1l =- zl(th+ ... 

then we can write (6. 22) as (after some manipula­
tion) 

Fz = FL (v, z0(t)) 

.• ( )-~-/F L (t•, z0(t)}- F L (oo, Zo{t))\ (6 24 ) 
- wzo t aw \ w j+ . . . • a 

and 

( ( )) • ( . 8 (Fv(v, Zo(t)9 -Fx=Fv v, z0 t -wz0 l)- +'". 
aw w 

(6. 24b) 

\...___ ____ _ 

(6. 21a)' 

By symmetry, PY = 0. In (6. 24), FL(v, h) and 
F v(1•, h) are the steady-state lift and drag forces 
[e. g., see (3. 3) for a long wire and also Ref. 1]. 

For motion of the form 

and 

x0(t) =arbitrary, 

Ya(t) = 0, 

z0(t)=h, 

we can show in a similar manner that 

F = F ('- (t) l)- _'-(a(tlzv ~ 
• L xa ' z 4 avaw 

(6. 25a) 

(6. 25b) 

(6. 25c) 

x [J"' dhrL (z·, hl ~ ~L (oo, h))]v .• o + ... 

h 

(6. 26a) 

(6. 26b) 

We assume that the appropriate integrals converge. 
In the case of the long wire, the force falls off as 
1/h so that (6. 26) is not meaningful. However, for 
two wires (seeRef. 1), Eq. (6.26)canbeevaluated. 
Equations (6. 24) and (6. 26) are expressions for 
the force on any general magnetic source moving 
above a thin conducting plate from which correc­
tions to the instantaneous approximation can be 
estimated. We note that only a knowledge of the 
steady-state lift and drag forces as a function of 
v (or precisely 1/ w) and h are necessary to esti­
mate the first-order corrections. 
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Let us examine the coefficient of the z0 (/) term in 
F., as this coefficient is crucial in determining 
whether or not vertical vibrations are stable. For 
the monopole, dipole, one long wire, and two long 
wires, we can write1 

(6. 27) 

where JZ = t for the monopole and dipole and 11 = 1 
for the long wire (or wires). Likewise, for rec­
tangular coils of dimensions n x /J (I! dimension 
parallel to the velocity), the velocity dependence 
of the lift force can be fitted approximately by a 
formula of the form (6. 27) if b/ n.21 for the coils 

·described in· Ref. 1 with 11 < t (e.g., if h = 2a, 
n ""t ). 6 In general n depends upon a, b, and prob­
ably h. 

Substituting (6. 27) into (6. 24a), we find that 
[h- z0 (t)] 

(6. 28) 

We see that if n.s_ t the coefficient of the z0 (t) term 
will be negative and hence the vertical oscillations 
should be damped. If n > t, then at high speeds 
(v» w) the coefficient will be positive andthe sys­
tem i.mstable as is the case for lcng wires. Pre­
sumably a coil with b/ a « 1 will also be unstable, 
but coils for which b/ tJ ~l will be stable since n < ~ 
(stable with respect to vertical perturbations, not 
horizontal velocity changes). 

Finally, let us remark that for the parameters of 
interest in this paper, the correction terms in 
(6. 24) and (6. 26) are generally small. The only 
reason that the 20 (!) terms in Fz assume any im­
portance is that there is essentially no other sig­
nificant damping in the system. Even with the 
i 0 (t) terms included, the growth of the amplitude 
(or damping in case of stable configurations) is 
small and can be controlled easily. Hence, from 
a practical viewpoint, since a control system is 
necessary to damp out the vertical oscillations, 
the presence of a small amount of natural damping 
or growth of the amplitude is not of major concern. 
In this context, the instantaneous approximation 
(with or without corrections) can be extremely 
useful in an analysis of a complicated system. 

VII. NUMERICAL SOLUTION OF DYNAMIC EQUATIONS 

We have found that the equilibrium of magnets 
moving over a thin conducting plate is unstableo 
In most systems, using either the instantaneous 
approximation or an exact analysis, it is found 
that the secular equation resulting from the lin-

earized equations of motion has at least one real 
root in the right half-plane, corresponding to an 
expon~ntially growing term. as well as two com­
plex poles 'ocated neai' the imaginary axis repre­
senting oscillatory terms with little damping 
(either positive or negative damping can occur). 
However, these results on stability do not contain 
enough info-:mation about the motion which resuFs 
if the magnet is disturbed from its equilibrium. 
In order to find schemes for stabilizing the equi­
librium of levitation systems it is necessary to 
know whether both the horizontal and vertical mo­
tion resulting from perturbations contain terms 
which correspond to the exponentially growing 
mode or the highly oscillatory mode, whether the 
c.oupling between horizontal and vertical motion 
is significant, and how accurately the linearized 
equations describe the motion. In order to answer 
some of these questions, we used numerical inte­
gration techniques to solve for the motion of an 
infinite wire subjected to various disturbances. 

In order to facilitate the numerical analysis of the 
equations of motion, it is convenient to write them 
in a somewhat different form than used previously. 
Furthermore, let us describe the motion of the 
wire in terms of error coordinates which describe 
i.ts deviation from steady motion. Using the same 
coordinate system and notation as in Sec. IT, de­
fine 

y(t) = x0(t)- vt =position error. (7.1) 

Then define 

y1 (t) = y(t) = x0(t)- v =velocity error, (7. 2) 

from which it follows that 

y1 (t) = x0 (t) =horizontal acceleration. (7. 3) 

Similarly, define 

y2 (t) = z0 (t) - h =height error (7. 4) 

and 

y3(t) = y2 (t) = z0(t) =vertical velocity, {7. 5) 

so that 

y3(t) = z0 (t) =vertical acceleration. (7. 6) 

Thus, the two second-order equations of motion 
given in (4. 1) can be written (in terms of error 
coordinates) as three coupled first-order differ­
ential equations. Continuing, (4. 1) can be rewrit­
ten as 

my3(t}-=- mg+ F1.(y1(t) +v, y2(t)+h, Y3(l)), (7. 7a) 

my1(t) = Fp ·• Fv(y 1(t) + v, y2(t) +h, y3(tJ), (7. 7L) 

where the dep<.:>ndence of FL and F v on y3(t) is due 
to the correction t,•rm (Sec. VI). 
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The coupled first-order difJerential equations 
given by (7. 5) and (7. 7) are known as state equa­
tions, and y1 (/), y2 (/l, and .\'3(/) are state variables 
which describe the motiort of the wire above the 
plane. 7 This system of tquations is now in the 
form required for application of standard numeri­
cal integration technique::;. Using a predictor­
corrector numerical integration routine, 8

• 9 a com­
puter program was written to obtain responses 
for the nonlinear equations (7. 8) subject to various 
initial conditions. The response of _v2 (1) for initial 
height (y2 (/)j errors of 1 and 2 in. and y1(0)= _v3 (0) 
= 0 are shown in Fig. 2. The system parameters 
are assumed to be as given previously, namely, 
v=;134 m/sec, 11'=4. 5 m/sec (aluminum), and 
h = 0. 1 m. The velocity error for these initial 
height errors was essentially zero and is not 
plotted. Thus, we observe that there is negligible 
coupling between the vertical motion and horizon­
tal motion. It is seen that the vertical response 
is osciilatory with a period of 0. 65 sec. This 
frequency agrees very well with the frequency of 
the complex poles found by both the exact analysis 
and the instantaneous approximation. There is no 
noticeable growth in the oscillations over the first 
few periods shown in Fig. 2. However, these os­
cillations are growing with a time constant of about 
600 sec as determined by the response obtained 
over the fi.rst two minutes. 

The responses for initial velocity errors with zero 
initial height errors are shown in Fig. 3. These 
responses are seen to be almost purely exponen-
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RESPONSES FOR INITIAL HEIGHT ERROR 
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FIG. 2. Vertical motion resulting from initial height error, wire without aerodynamic drag (v ~ 134 m/ sec= 300 mph, w=4.5 m/sec, h=O.l m-~3.9 in.). 
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FIG. 3. Velocity error resulting from an initial velocity perturbation, wire without aerodynamic drag (parameters same as Fig. 2). 

tial with a time constant of approximately 300 sec, 
which agrees very well with the approximate value 
of the real root (s =b) .found earlier in the linear 
analysis. Again, it was found that there was es­
sentially nc' coupling between the horizontal and 
vertical errors in this case. Furthermore, as 
one might now expect, it was found that the re­
sponse to a combination of height and velocity er­
rors produced a response which was the super­
position of the individually induced errors. It can 
be seen by studying the linearized versions of Eq. 
(7. 8) that there is indeed very little coupling be­
tween the horizontal and vertical motion as indi­
cated by our numerical results. 

In summary, our numerical solution of the equa­
tions of motion demonstrated that (for the wire 
with nominal values of height and velocity), (a) un­
stable vertical oscillatory motion results from 
initial height errors, but the rate of growth of the 
oscillations is very small, (b) unstable horizont81 
motion (i.e., velocity errors growing without 
bound) results from initial velocity errors, and 
(c) there is negligible coupling between the vertical 
and horizontal motion. 

In order to study the effect of the first-order cor­
rection terms to the forces obtained by the instan­
taneous approximation on the motion of thei!\}Yire, 
the motion resulting from the forces without the 
c<.Jrrectic::J..s \vas determined numerically, Over 
the first few cycles shown in Fig. 2 there was no 
detectable difference in the vertical motion, and 
over the 5-minperiod in Fig. 3, there was no de-
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tectable difference in the horizontal motion. Thus, 
since any active control will have to damp out 
vertical oscillations in a very few cycles, we 
stress that the instantaneCl s approximation with­
out correction terms is sufficiently accurate for 
control system analysis and design. 

In order to make the problem more realistic as 
well as to study the effects of losses on the unstable 
horizontal motion, let us add aerodynamic drag to 
the equations of motion (7. 7). If this is done, 
(7. 7a) becomes 

• (f)_ .U o l
2
u{ Y1 (f)+ v] 

:\'t - - 4rrm [ y 2 (!) + lz ]{I y 1 (l) + v J2 + zu 2 } 

k pO f? 
- _!!. ( Yt (t) + v ]2 + _g + _!!. v 2 

m m m ' 
(7. 8) 

where ka is the drag coefficient and !?av 2 is the ad­
ditional force which must be applied to the vehicle 
to maintain the nominal velocity v. Because of the 
negligible coupling between the horizontal and 
vertical motion, the amount of aerodynamic drag 
needed to stabilize the horizontal motion can be 
obtained by linearizing (7. 8) and setting y2(t) to 
zero. If this is done, it can be shown that the 
condition for stability of the horizontal motion is 

(7. 9) 

For the nominal parameter values given earlier in 
the paper, it can be shown that condition (7. 9) im­
plies that the aerodynamic drag must be approxi­
mately one-half the nominal magnetic drag for 
stability. Thus, since the nominal lift-to-mag­
netic-drag ratio is 30, the lift-to-total-drag ratio 
must be ~ 20 to guarantee that the eq12ilibrium is 
stable. 

In order to investigate the effects of aerodynamic 

drag on the response of the wire to perturbations, 
numerical results were obtained (using the pre­
viously mentioned computer program) for various 
initial conditions and for various values of ka • The 
velocity error responses for !?a= 1. 2, 10, 25, and 
100 times the minimum value needed for stability 
as given by (7. 9) and for an initial velocity error 
of 3 mph (1% error) are shown in Fig. 4. Indeed 
the errors do decay to zero as would be expected. 
However, it is seen that 25 times the minimum 
drag is needed to cause the velocity error to de­
cay to zero in one minute. This is certainly an 
unacceptable amount of drag (it implies a lift-to­
drag ratio of approximately 5). The response to 
initial height errors was found to be essentially 
unaffected by the addition of the aerodynamic drag, 
which is not unexpected due to the negligible cou­
pling between horizontal and vertical motion. 
Thus, the addition of sufficient aerodynamic drag 
to the nonlinear equations of motion of the wire 

a: 
0 
a: 
a: 
"' >­,_ 

WIRE WITH DRAG 

3 ~------------~1.2~-------------

k0 =1.2kcr• lOker• 25kcr 

lOOker 

u 
g 0~~~-+----~~~====~----~----~ 
w 
> I 

2 TIME 
(MINUTES) 

-I~ -SYMMETRIC FOR NEGATIVE ERRORS-

FIG. 4. Velocity error for wire , .. 
of aerodynamic drag (parametc 

·-•::trious amounts 
.1e as Fig. 2. ). 

does indeed cause the horizontal motion to be 
stable. For a well-designed vehicle, estimates 
indicate that approximately twice the aerodynamic 
drag needed for stability would be present. How­
ever, the vertical response to perturbations is un­
stable and the amount of drag needed to damp out 
velocity errors quickly enough is prohibitive. 
Thus feedback control must be utilized to obtain 
suitable responses of the wire (or any magnet sys­
tem) to disturbances. 

VIII. DISCUS!>ION OF CONTROL 

It is apparent from the results of Sec. V1I that 
some means of control would have to be added to 
the considered magnetic system in order to obtain 
suitable transient responses to disturbances. 
Since it was shown that the linearized equations of 
motion (Sec. III) provided a very good approxima­
tion to the motion of the wire (for the size pertur­
bations of interest) and that the coupling between 
horizontal and vertical motion is negligible (for 
the nominal parameter values), let us investigate 
the linearized equa~ion of motion for the velocity 
error only, i.e., 

(8.1) 

where 

a= .Uo I 2w(v 2 - w 2
)/ 41Tmh(v 2 + w 2 )

2
- 2kav! n~. 

Let us add a general control function u(t) to this 
equation a11d determine what an appropriate choice 
of u(t) would be to obtain a suitable response of 
the wire. The equation of motion is then 

(8. 2) 

We want to adjust u(t) to keep y1(t) as close as pos­
sible to zero at all times. However, it is apparent 
from physical reasoning that u(l) must not be al­
lowed to beeome p.nbounded since this would re-

. IJ __ L __________ , _______ . _________ ,_. ____ _... _____________ .,..., ___ _ 
- ·~- Z&&U&ZA 
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quire infinite energy. Let us formulate the prob­
lem of choosing u(l) as an optimal control problem. 
Suppose we choose u(t) to minimize the functional 

F( y(O), u(l)) = t r [ q1 y~(t) + {/2Zf(t)] dt, (8. 3) 

subject to the constraint of (8. 2). In (8. 3) fll and 
q2 are positive constant weighting factors which 
are chosen to achieve acceptable responses. It 
is apparent that the closer y1 (t) is kept to zero at 
all times, the smaller is the first term of the in­
tegrand. However, very large values of u(l) will 
not be part of the optimal control since u 2 (t) 

(a: energy) is included in the integrand. The prob­
lem we have formulated is well known in optimal 
control theory as the linear state regulator. 10 It 
can be shown that the optimal control is given by 

(8. 4) 

where k is the positive solution of the equation 

- 2ka + k2
/ q ~- q1 = 0, 

which is 

(8. 5) 

Note that h is optimal for any arbitrary initial 
conditions. With this control, the equation of mo­
tion (7. 2) becomes 

;\(t) =(-a+ k) y1(t). (8. 6) 

Because of its form which is proportional to y1 (t), 
u(t) is known as a feedback control. Results 
similar to (8. 6) could be obtained by means other 
than by determining an optimal linear control. 
For example, if the propulsive power instead of 
the propulsive force were assumed constant, the 
linearized equation of horizontal motion would 

have the same form as (8. 6). ·In addition, we re­
member that aerodynamic drag produced an addi­
tive term in a in the linearized equations. Thus, 
it is apparent that a simple feedback controller 
which varies the propulsive force applied to the 
wire in proportion to the velocity error will pro­
duce a better response, and the prohibitive amount 
of drag required for an acceptable response can 
be avoided. 

Similarly, one could find a feedback controller 
which would stabilize the vertical motion and damp 
out vertical oscillations due to disturbances. 

For example, a feedback controller could be used 
to obtain sufficient damping by varying the current 
which creates the magnetic field, by controlling 
the angle of an airfoil, or by controlling the cur­
rent in smaller trim (or control) coils. However, 
while the proposed feedback control of the propul­
sive force applied to a levitated magnet is straight-

forward in theory and practice, there are a number 
of practical difficulties associated with the tech­
nique& of control of the vertical motion. For ex­
ample, hov. easily and quickly can currents be 
varied if superconducting magnets are used, what 
geometries would be best for trim coils, etc. ? 
Thus, the feedback control of the vertical motion 
requires a 1nore detailed study than can be pre-­
sented here. 

IX. CONCLUSIONS 

The·. equilibrium obtained by magnetic systems of 
levitation is inherently unstable. While the pres­
ence of aerodynamic drag helps to stabilize the 
horizontal motion, it is necessary to incorporate 
feedback control in the system design in order to 
produce a stable equilibrium and to obtain suffi­
ciently damped transient responses to disturbances. 
Although it is necessary to add a first-order cor­
rection to the lift force obtained by the instan­
taneous approximation to study the stability of 
certain magnet configurations, it is apparent that 
the instantaneous approximation yields sufficiently 
accurate force laws for the dynamical analysis of 
magnetic levitation systems. This is particularly 
true when feedback control is introduced to obtain 
a sufficiently damped response. 

It was also noted in the case of the long wire that 
the coupling between the horizontal and vertical 
motion was negligible at cruise speeds (300 mph). 
If this fact is in general true for all magnet sys­
tems, the design of control systems to produce 
good transient responses will be simplified. How­
ever, this fact needs to be investigated further. 
Additional analysis is also needed to determine 
practical means of implementing a feedback con­
troller to damp out vertical oscillations in the in­
herently underdamped magnetic systems. This 
problem is certainly more difficult than that of 
velocity control (assuming decoupling of the hori­
zontal and vertical motion). Also, in order to 
demonstrate the f<casibility of magnetic levitation 
for high-spE;ed vehicles, further study needs to be 
made with respect' to practical coil geometries as 
well as means for lateral control, for emergency 
braking, and for making the transition from low­
speed operation (no levitation) to high-speed opera­
tion. 
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-FDRCE ON A RECTPJJmJLAR cor:s I1DVING 

AroVE A C0~1YUCTING SLAB* 

John R. Reitz a~d L. C. Davis 

Scientific Research Staff, Ford 1-'Io-wr Company, Dearborn, Michigan '~12l 

Abstract 

The force Oil a recta.'lgular, current-carr'Jing coil moving 

above a..~d parallel to a conducting pls:te of arbitrary thickness is iil-

vestigated. Expressions are developed for the lift and drag forces on 

the coil as a function of s~eed. Nu."!lerical calculations are made for 

a very thick plate and for plates with thickness of the order of the 

skin depth. Thick plate results are compared with experimental 

measurements of lift and drag on a superconducting coil suspended above 

a rotating aluminum wheel. 

*Work supported in part by the Department of Transportation 
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FDRCE ON A RECTANGULAR COIL ~{)VING 

* ABOVE A CONDUCTING SLAB 

Johri R. Reitz and L. C. Davis 

Scientific Research Staff, Ford Hotor Compa."'l.y, Dearborn, Michigan 48121 

]ibstract 

The fQrce on a rectane;-ular, current-carrying coil moving 

above and parallel to a conducting plate of arbitrary thickness is in-

vestigated. Expressions are developed for the lift and drag forces on 

the coil as a function of speed. Numerical calculations are m. ·· for 

a very thick plate and for plates with thickness of the order of the 

skin depth. Thick plate results are compared with experimental measure-

ments of lift and drag on a superconducting coil suspended above a 

rotating al~minum wheel. 

1. Introduction 

Considerable interest has been generated during the past fe1tr 

years in the use of magnetic levitation as a support mechanism for 

1-7 
tracked vehicles i·lith speeds in excess of 150 mph. A number of dif-

ferent magnetic suspension schemes are possible, but one of the more 

interesting concepts uses d.c~ coils or perman~nt magnets in the 

vehicle, and a passive, conducting track.· Levitation is produced by 

the :ti1d}lced currents in the track acting back on the vehicle magnets. 

The use of high-field-strength, low-weight magnets in the 

vehicle, which may be realized through the use of superconducting coils, 

can greatly improve the performance of a magnetic suspension system. In 

1966 Powell and Danqy1 proposed a suspension for a high-speed train 

using superconducting coils in the vehicle and a track of unpowered, 

closed loops of normal metal. Discrete track loops are not essential, 

*work supported in part Qy the Department of Transportation 
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however; one can also produce lift from eddy currents induced in a contin-

uous metallic track or roadbed, and such a track is superior from the point 

of View of construction cost and rigidity. Early analyses of the continuous 

guideway concept were made by Coffey et al2 and Guderjalu"'l et al.3 

In an earlier paper5 we calculated the lift and drag forces 

on rectangular, curren~-carrying coils moving above a~' condu~ting 

sheet, due to eddy currents induced in ~he sheet. The results can be 

summarized as follows: 

·(1.) at high speeds the lift force on the coil approaches the force 

due to the image of the coil (located below the sheet), 

(2) at all speeds the drag force is (w/v) times the lift force, where 

w is a characteristic velocity which depends on the conductivity ~~d 

thickness of the plate, and 

(3) the speed-dependence of the lift force depends upon coil geometry. 

In this report we investigate the forces on rectan~ilar coils moving 

above a conducting slab of arbitrary thiclc~ess. We formulate the 

general problem and show haw it can be solved. Specific calculations 

are carried out for rectangular coils above an infinitely thick slab, 

for a sinusoidal current sheet above a slab of arbitra~r thickness, 

and for a rectangular· coil above a plate 1-rhose thickness is approximately 

a skin depth. Comp~ete analytic solutions are obtained for certain 

limiting cases. 

2. Formulation of the Problem 

A conducting plate of thickness T and conductivity cr div-ides 

space into three regions: region 1 (above the plate) contains the 

moving coil, region 2 is the plate itself, &~d region 3 (below the plate) 

contains no magnetic sources or conducting materi~. Let the upper 

surface of the plate coincide 1-:ith the x-y plane (i.~., z == 0). The 

rectangule.r coil~ which is located in a plane parallel to the surface 
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of the plate, at z = h, moves in the x direction '..J:tth constant velocity 

v. The coil is oriented so that one of its side.s is parallel to the x 

direction. The coil carries a constant current, the nu.":'lber of a..~pere 

turns being I. 

Maxwe:l's equation for the magnetic field in the plate, 

(1) 

I!l?Y be combined "ri th Oh1n 1 s law and Faraday's law to yield 

curl curl ~ == - 11-oa oB/ot (2) 

In a coordinate system moving along with the coil o/ot ~ay be replaced 

by vo/ox. Ftrrthermore curl curl may be converted to - v2 • Therefore, 

each compo::;.ent of B in region 2 must satisfy 

(3) 

where A1 = ~ 0av. If we take the origin of coordinates at a point on 

, the upper surface of the plate directly below the center of the coil, 

the symmetry of the problem allows us to write ~ in the form (for one Fourier 
coefficient): 

(Region 2) 
ik X 

B =cos kyY e 
X (b eaz + c e ~z) 

X X X 

ik X (b e az + -Q'Z) 
B =sin kyY 

X c e e y y y_ 
ik X (b e az + c e~z) 

B kyY e 
X = C03 z z 

z 

This field satisfies (3) provided 

or 

where 

- k 2 - k 2 + a2 == ik A1 X y X 

..1. 
+ ik ), ]2 

X 1 

k2 = k 2 + k 2 
X y 

' 
(5) 

(6) 
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Thus, 

~ - (a/k) = P1 + ip2 
(7) 

where 
1 

~1 = 2--;z 
(8) 

1 

~2 
-~ 

=2 ,;. 

Now the coefficients b , c , etc., are not all independent. 
X X 

We have div B = 0 anu (curl B) = 0. The last equation comes about 
- -..z 

because the current in the coil has no z-component, hence the induced 

eddy currents also have no z-component. When we apply these equations 

to (4) we obtain 

b = ik b lk 
y y X X 

(9) 

c = ik cjk y y X 
c = ikcj(k ~) 

Z - X 
(10) 

In the region above the plate E_ is composed of two contri-

butions: 

(Region l) 
ik X 

-kz l B ·= B 
c 

+ kyYe 
X 

a cos e 
X X X 

ik X 
-kz B = B c + sin k?e 

X (11) a e 

.~ 
y y y 

ik X -kz 
B = B c + ky:re 

X 
a cos e 

z z z 

The first term Be is the f'ield due to the coil, whereas the term in a 

is the field due to the eddy currents. Again the coef'ficients 

are not independent: 

Below the plate the field is gi v0n by: 

a ' X 
etc., 

(12) 
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(Region 3) 
ik X 1-: 

B d k
- x _;:z 

x = x cos -yY e e 
ik X 

B = (ik /k )d sin k e x ekz 
y ;} X X y 

ik X k 
B = - (ik/k ) d cos k __ y e x e z 

Z X X T 

I 
-~ 

(13) 

The coefficient a (hence, also a and a ) may be obtained 
X y Z 

by applying the boundarJ conditions, i.e., continuity of the normal 

and tangential components of the magnetic field, at both the upper and 

1 f f t ' 1 t ~.p • t ..L • t -1-h ower sur aces o n.e p a e. ..1. .... ·we wrl ·e ax = axl , lax2' e c., u e 

eddy current field may be written: 

(Field in Region 1 due to eddy c~rents) 

B =2 cos kyY e -kz 
(axl k x- a 

2 
sin k x) 1 cos 

X X X X 

B = 2 sin k-? 
-kz 

(ayl k x -·a sin k x) (14) 9 cos y - X y2 X 

.J B = 2 cos k y 
-kz 

(azl k x- a s-in k x) e cos 
z J x z2 X 

' If the moving magnet is a rectangular coil, the ax2 and ayl terms pro­

duce the lift force, and the a 
2 

tenn produces drag. 
z 

We now apply the boundary conditions. At z = -T, 

b e-aT+ Q'T 
=d 

-kT 

.} c e e 
X X X (15) 

b -aT aT = - (ik/k )d e-kT e + c e 
z z X X 

The boundary condition on By is the same as the first equation in (15). 

This procedure yields 

(1 ~) 
b -2aT 

c = (1 + 13) 
e • X X 

(16) 

At z = O, 

a - iW1 =b + c ,} . .X X X 

a + i-i2 =b + c 
z z z 

(17) 
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where - iW 1 is the (two-dimensional) Fourier transform 0f B c, a.:.11.d "VI 2 X 

c is the Fourier transform of B • We also obtain z 

W I ' a+ 1 =o+c 
y y y 

(18) 

where W1 
1 

is the Fourier transform of Bye, but because of the syllli~etry 

of the problem, this is the same equation as the first one in (17). W 1 , 

W1
1 

and W2 are real quantities. For all of the coils and current-

carrying circuits which we have investigated, vle find that 

W2 =- (k/k ) w, 
X '} (19) 

The calculation of these trre1sforms will be discussed in Section 4· 

Solving (17) for ax [after first using (9), (10), (12), (16) 

and (19)], we obtain 

(1 
ax == iW1 (l + 

~) rl -2pkT\ 
, - e ..:..1~= _ c i~~ J 8 -2PkTJ 

with~ given. by Eqs. (7) and (8). This equ4tion and Eq. (23) below 

8 have been derived independently by Chilton and Coffey. 

(20) 

Before applying Eq. (20) i..YJ. full generality '.-ie first consider certain 

limiting cases. We return to the general case in Section 6. 

3. One Di.rnens ion'll Currer: t Sources 

Let the moving 11 coil11 be replaced by a nu.1Jlber of long 

parallel current-car~~g wires (all LYJ. they direction and at z ==h). 

Each wire is one of a pair carrying opposite currents so that the 

synnnetry of Section 2 is maintained. We can utilize the results of 

Section 2 direc~~y by letting 
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k = 0 y 

k = k 
X 

The electromagnetic problem is now a two-dimensional one and the 

situation is considerably sL~plified. 

Equat·ion (20) for a is dir·ectly applicable except that 
X 

A1kx(k2 in Eq. (8) becomes simply A1/k. 

(a) Sinusoidal Current Sneet 

( :2.1) 

If the mov:ing 11 coil" is a one dimensional sinusoidal current 

sheet with 

I ( I) , ! I s..;"' (kx I) dx I X QX = 0 .LU (22) 

at height z = n, then there is a single wave vector k inthe problem • 

'The lift force is proportional to ax
2

; furthermore, from (12), 

az
2 

= axl' and the drag is proportional to this coefficient. Thus, 

(23) 

where F1 is the lift force, FD is the drag, and F1 is the L~~ge force. 

The lift-to-drag ratio, F1/FD' is plotted in Fig. 1 versus kT for 

various values of the magnetic Reynold's number s:9 

(24) 

We notice that the plate acts like a thin sheet up· to thicknesses T = c 

where 

{25) 

is the skin dept~. At thicknesses greater than about 1.3 o the plate 

gives the fllil F~FD of a thick plate. (In fact a plate with T ~ 1.5 o 

appears to give a somewhat Sl!.perior perfomance to an infinitely thick 

one. This occurs because p in Eq. (23) is complex, and thus a sL1usoi-, 

dal modulation is superimposed on what wmll.d otheFtlise be a monotonic 

behavior ~rers11s thick""le .os.) 
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In the high speed limit (S large) equation (8) reduces to 

1 

~, == ~2 == (S/ 2)2 

For an L~finitely thick plate in the high-speed limit 

(b) T1tro Parallel i,.Ti res 

(high-speed limit; 
infinitely thick slab) 

Consider two current-carrying 1-rires (Currents I and -I) 

(26) 

(27) 

(28) 

separated in the x direction by 2b. The wires are at z = h. The Fourier 

transforms are 

I !J.oi 
(kb) 

-h\kl w, ==--sin e ' \ 2n (29) 

w2 !J.oi 
(\k\b) 

~h\k\ -i == 2n sin e 

The lift and drag forces over an :b_fini tely thick plate were calculated 

analytically by Borcherts and Reitz6 by expanding the integr&~ds (in the 
1 

integration over k) in powers of (A 1h)-2 • We give here only the high-

speed limit Ft/FD for the case where b is substantially greater than h: 

1 

FtfFD == 2(A 1h/n)2 (high-speed limit, 
ir~initely thick slab) 

(30) 
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d 4. Rectangular Coil Above an Tnf-initely Thick Slab 

' I ~ If the conducti.."YJ.g slab is very thick, Eq. (20) reduces to 

I ax = iH 1 M-p ' (.31) 

where P is given by (7) and (8). From the analysis of Section .3 we 

I expect that the slab will appear infi.."YJ.i tely thick if the thickness is 

.4 

I ~ 
: 

more than a few ski..~ depths at all of the relevant wave-numbers. Using 

(8) we find that 

I (.32) 

1 I j 
·l 1 
I ) -J 

~ 
l 

I ~ 

i 
a,, a 

2
, etc., are obtained from (12). 

z~ z . 

(a) Calculation of v; 1 and \>I2 .... 

~ I j 
The rectangular coil is considered to be made up of two 

i fL~i te-leEgth "rire pairs: one pair of length 2b is parallel to the 

~ 
I. direction of motion, the other pair of length 2a is traDsverse to the 

i 
' l 
ii I 

direction of motion. The wires are at height h. The second pair will 

produce both z and x coaponents of field; the first pair will 

0 
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produce z and y cc:mponents of field. Consider the tra11sverse pair; the 

x-camponent of field at z = 0 is 

The x-y Fourier transfonn of this gives W1 since there is no other 

contribution to B • The calculation of the Fourier transform _ _ :34) 
X 

is straightfo:nrard and is given in the appendix; we find 

-kh sin k b sin k a e 
X y 

(35) 

B w from the transverse wire pair can be written do\..'11 (ru'l expression z 

similar to (34)), and its transfonn is fou...'ld t0 be 

(36) 

' To this we must add the tra..nsform of B from the other wire pair, W2 (
2). z 

W2 ( 2 ) is obtained from W2 (l) by interchanging k and.k. We thus obtain 
X y 

(37) 

as anticipated in Eq. (19). 

(b) Calculation of Lift and Dra~ 

We now have -;:.o ev-aluate the eddy current 

field, Eq. (14) at the wire posi-!:.ions, integrate o-.:Jer the ·wire lengths, 

~nd integrate over dkx,dky. The integration over the wire length is 

performed immediately, and we obtain 

8 T2 oo ~ • 
~'-o- r . 2 I . 2 -2kh l 1 1 J F1 = TI2 J

0 
dk2 sm k2 a "v dk 1 sln k 1 be __ 1\;z 2 + k, 2 

(J8) 
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and 

(39) 

In (38) the first term in the brackets comes from the transverse pair 

of wires and the second term from the longitudinal pair. 

-
The lift and drag forces have been calculated numerically for 

a few representative cases. The coils considered had the dL~ensions 

2a X 2b and were at height h above the thick slab. b is always taken 

in the direction of motion. Table I gives results for varioL:.S 3S in 

10 
terms of a convenient magnetic Reynold's number:- A1h = ~0crvh. Figure 2 

shows data on tHo 2 X 4" coils over a thick "aluminum" slab. Actually an 

aluminum alloy with 43% the conductivity of copper was chosen in order 

to be able to compare with some experimental results. The 2 X 4" coil 

has its long di.~Gnsion in the direction of motion. The results of 

Ford Motor Company experiments carried out by Dr. R. H. Borcherts are 

also shown in the figure. These measurements were made on a super-

conducting coil suspen:3.ed above the rim of a rotath1g, solid aluminum 

wheel; the wheel is two feet in diameter, 6 inches wide, and can be 

rotated to rim speeds of 300 mph. The comparison of lift/drag ratio is 

an absolute one; for the lift curves, however, the experimental poL~ts 

are normalized to the theoretical curve at 300 mph. Experimental and 

theoretical values of }L at 300 mph, for these two coils and several 

others, agreed OYl an absolute basis within± 10%. The comparison between 

theory and experLu.ent is really quite good. 

The 4 X 211 coil (short dimension in the direction of motion) 

has a lower F
1

/FD ratio at all speeds. It also shows a substantially 

larger value of peak drag tha.'1. the 2 X 4" coil, but it does achieve a 

"' 
fixed fraction of its asymptotic lift at a lower speed than the longer 

coil. These last features were also found to apply to rectangular coils 
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mov·ing over a thjn plate • 

Fig-ure 3 shows the lift force and lift/drag ratio of a 

1 m X 2 m coil at a height of 0.3 m above a pure aluminum slab. The 

lift/drag achievabl~ at 300 mph is quite impressive. 

5. High Speed Limit 

In the high-speed limit, Eqs. ('/) and (8) give 

~, = ~2 = (l,,kj2k2]1/2 (40) 

This approximation has been substituted in Eqs. (39) for the drag; in 

the lift, Eq. (38), only the leadL~g term (i.e., the image for; is 

retained. This asymptotic lift/drag ratio for a number of different 

coils is plotted in Fig. 4 as a function of b/h. It is seen that coils 

which are long in the direction of motion give the best perfolJmance 

relative to the lift/drag ratio; however, this observation must be made 

with some caution. Fig-u.re 4 gives the as;ynptotic lift/drag; at a fixed, 

finite speed' coils -v.ri th large 1)/ a achieve a smaller fraction of their 

asymptotic lift than do coils with a smaller b/a, and in some speed 

ranges these two effects would tend to cancel. 

For a fixed b/a ratio, and for coils with b/h in the range 

5 to 10, the FLfFn ratio varies approximately as (bh)l/4. 

(a) Force on ~ Moving Monopole or Dinole 

If the dimensions of the coil (2b &~d 2a) are very small com-

pared to h, the coil looks like a dipole. The forces on a dipole can 

be calculated analytically in the high-speed limit. We first consider 

a monopole; later we construct a dipole from two monopoles. The mono-

pole q is placed at a height h above the origin of coordinates in the 

moving system. The field of q at z = 0 is 

B q = (qY)4n)(h2 +r2 )-
3/ 2 } 

B:q =- (qb/4n)(h.2 +r2 )-
3/ 2 

etc., where r2 = x2 + y2. 

(41) 
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The x-y Fourier tr&~sform of B q is W2 : 
z 

The x-y Fourier transform of B q is -iW 1 : 
X 

w 1 = (qkj 4n2k) -kh e 

(42) 

In this cas-a the lift and drag forces are produced by the coeffi! ients 
-

azl and axl, respectively, in Eq. (14) • The lift force on the monopoJe 

in the high-speed limit is the image force 

The drag force is given by 
co co 

FD = 2q (qf 4n2) jr I (2kjt.., )t e -2hk dk dk 
0 0 X y 

~ co I n/2 1 

= (2/~.)2 (q2 /2n) I I? 2 e -2hk dk I (cos'P )2 dP 
0 0 

(45) 

Now :l/2 1 

j (cos <P) 2 d ~ = t r ( ~ ) r ( t ) I r ( i ) 
0 

= 1.200 

, Thus 
:1 

FD = 1.744 (A.~h/n)2 F1 
(46) 

A dipole can be constructed of two monopoles (of opposite 

sign). The dipole result is obtained from the limit when thetwo mono-

poles are brought to the same position. The Fourier transform W2 

becomes 

(47) 

etc. The lift force is the image force 

(4$) 

where 

(49) 

The drag force is 
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FD = 1.196 (A.1h/TI)l/2 F
1 (50) 

The dipole lift/drag ratio is plotted in Fig. 4 along ·with the other 

high-speed limit raGios for various coils. 'Ihe numerical calculations 

for the coils are seen to extrapolate satisfactorily to the dipole re-

sult when the dimensions are made small. 

6. Force on a Coil Above a Plate 

of Arbitrary Thicl<.ness 

We nm.r return to the plate of arbitrary thickness T. ~;,; 

calculate the forces on. a rectangular coil moving over such a plate ~e 

modify Eqs. (38) and (39). Equation (20) is ~<rritten as a real and 

imaginary component, and the qu~~tities axJ!W1 and -a~W1 replace 

2~;/[~ 1 +1) 2 + ~2 2 ] and [1 - 2(p 1+1)/[(p 1+1) 2 + p2
2 }], respectively, in 

Eqs. (39) and (38). 

The resulting equations for lift and drag were evaluated 

numerically for a 1 X 2 meter coil (at h = 0.3 m) moving above con-

ducting aluminum plates 0.6 inches thick and 1 h!ch thick. The results 

are plotted in Fig. 3. The 0.6 inch conducting plate acts very much 

like a "thin" plate over most of the speed rang<:• The FJF D ratio is 

approximately a linear function of speed and is essentially the same as 

given.by thin-plate analysis. 5 7ne speed dependence of F1 is also 

similar to the earlier prediction except that a fixed fraction of the 

image force is attaL~ed at somewhat lower speeds than thL~-plate 

analysis would indicate. 

The 1 inch plate is not a thin plate at v = 300 mph; eddy 

current distribution throughout its thiclmess is limited by skin depth 

considerations. By changing coil geometry (increasL~g b or h) one can 
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effectively increase the skin depth, Wld thereby increase the F1/FD 

· ratio at .300 mph to a maximum of 75 (the thin-plate value for a 1 inch 

aluminum plate). 

If this type of magnetic suspension is used to support a 

high-speed vehi..!le then one would want to design the system for maximum 

FJFD at cn'.ise speed (max:i.mum. speed) subject to a specified conductor 
the 

thickness in the roadbed or guidew~. This means that skin depth should ,., 

not limit F1/FD at any speed, and the conductor will act like ''1.in" 

plate over the full speed range. This is an important result since 

it has been found11 that the dynamical behavior of a moving magnet is 

easier to analyse in the thin-p:ate approximation than in the case where 

the plate has arbitrary thickness. 

7. Force on a Coil Above a Ferromagnetic Plate 

If the co!l.ducting plate is highly,permeable, ~riith a large 

~~0 , then the analysis presented here requires some modification. The 

quantity A1 defined in Eq. (.3) becomes 

A1 :::: ~ cr v (51) 

Thus, for fixed v and cr, A1 is increased by the factor ~~o· The 

bo~~dary conditions at the upper and lower surfaces of the plate are 

continuity of the normal component of .e and t.he tangential component of 

H. When we apply these boundary conditions we find that Eq. (20) is 

changed to 

( 1 _ e -2~kT ) 
(52) 

vrhere 

• - ( 5.3) 

The vertical force on the moving coil is attractive at low 
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speeds but changes to repulsive at sufficiently high speeds • 

If the plate is 

infinitely thick, t.>1en at zero velocity, 

Fr (v = 0) = - FT(x. - 1)/(r.. + 1) (54) 
.4-J .... 

where F
1 

is the·image force defined earlier. If the plate has finite 

thickness T, then the force at zero veloc~ty is 

(X) 

FL(v::O) =- 'Y [Fr- (l-y2) I 'Y2(n..,l) F~(n)J 
n=l 

(55) 

where y = (~-1)/(r..+l), FI is the force between the coil and its image 

at distance 2h, and F~ (n) is the force between the coil and its image 

at distance 2(h+nT). The transition from attraction to repulsion cae1 

be pushed to quite higl1 speeds by appropriate choice of parameters. 

The attractive force between a moving coil and highly permeable 

track forms the basis for a."lother magnetic suspension system originally 

suggested by Graemiger12 and recently built into a research vehicle by 

Messerschmitt-Bolkow-Blot~ GmbH in Germa."ly. Electromagnets in the 

vehicle are suspended below the track. This type of suspension is 

basically unstable so that the currents in the electromagnets must be 

controlled b,y an active control system. 
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Appendix. Fourier Transform of B w 
X 

The Four-ter transform, 'f;J, of Eq. (35) ;nay be written as 

-ik X 
J.Loih 2 2 co 

(2rr)2W = - 4n I I (-l)i+j J 
f::l j::l -CO 

e x dx 

[ (x-b.) 2+h2 ] 
J 

where 

and 

co 
r 

X J 
_co 

e -ikyY dy(y-a. ) 
l 

[(x-b.)2 + (y-a.)2 + h2}2 
J l 

= -
J.Loih I2 I2,, . . -ik a. -ik b. 

(-l)l+J e y l e x J ( ) 
4n Q kx,ky 

i=l j=l 

a 1 = a , a 2 = -a '} 
b, = b ' b2 = -b ' 

~ co -i(kxx+kyY) 

Q (k , k ) = J J dxdy -""-~ -----"----,-
x Y -oo -co [x2+h2 J (x2-:-y2+h2 }~ 

It is easily shown tr,at 

Q(k ,k) = sgn (k) Q(lk 1,\k \) 
X y y I X y 

so that we limit the subsequent discussion to k ,k > 0. 
X y 

Thus 14 

where 

Q(k ,k ) 
X y 

' 
(Al) 

(A2) 

(A3) 

(A4) 

(A5) 

(A6) 

(A7) 
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But 

K~(z) = (Tii/2)einV4 Hl (l)(iz) 
2 2 

~ 

= ( rr/ 2z) 2 e -z , (AS) 

so that 

Q(k ,k ) =- 2Tii e-kb-/(h k ) • 
• X_ y y (A9) 

Returning now to Eq. (Al) and performing the double sum, we find 

(2rr) 2W = - (2i!-1oi/k )e-kh sin k a sin k b • y y X 
(AlO) 

Now -iW1 of Section 2 is act-ually a Fourier-cosine transform, j~volving 

the full range of k and real values of k • This gives an extra factor 
X y 

of 2, and 

1-Loi 
w, =7 

. k , . ,_ -l<..h 
SID 0 Sln K a e 

X 

k y 
{All) 
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Table I. Lift and drag forces on recta.."lgular coil (2a. X 2b) moving 

with veloci~y v at height h above an infinitely thick slab of 
1 
l 

I ~ 
J 
l 
J I l 
J 

conductivity cr. (2b is in the direction of motion.) Multiply 

F1 and ~ by 8.iJ.0 I"/if. 

i 

j 

I l 
-i 
l 

a/h = l,b/h = 2 a/h=2,b/h=l a/h = 5,b/h = 10 

A.,h F FD FL FD FL li' 
L 

' ~ 

I 1 .0212 .0332 .0303 .0554 

2 .0481 .0464 .0697 .0782 1.02 .557 

1- 4 .0891 .0550 .126 .0910 1.55 .565 

8 .140 .0567 .188 .0902 2.09 .517 

I 16 .193 .0523 .243 .0798 2.59 ·439 

32 .243 .0445 .289 .0655 3.04 .354 

I 
64 .286 .0359 .324 .0512 3.4]. .276 

128 .321 .0276 .350 .0388 3.72 .209 

I 
256 .347 .0209 .369 .0288 3.96 .155 

512 .367 .0154 .383 .0211 4.14 .114 

1024 .381 .0113 .393 .0152 4-28 .0823 

I a) .1.;17 0 .1.;17 0 4.61 0 

I 
I 
I 
I 
a· 
I 

. 

I 
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Fig. 1 

Fig. 2 

Fig. 3 

Fig. 4 

Figure Captions 

Ratio of l~t force to drag force on a one-iL~ensional 

sinusoidal current sheet moving with Vtllocity v over a con-

ducting plate as a function of the plate thickness T. The 

effective speed (magnetic .Reynold' n number) S = 1-Locrv/k. 

Lift force FL, drag force FD' and lift/ drag ratio on two 

rectangular coils at height h = 1.66 inches above an 

infinitely thick, aluminum slab as a function of spc~ 

2 X 4" coil: (theory), 0 (experiment); 

4 X 211 coil: (theory), 0 (experiment). Ford Motor 

Company experimental results by R. H. Borcherts on the same 

coils are also given • (For the 2 X 4" coil the 4" 

dimension is in the direction of motion.) We are indebted to 

Dr. Borcherts for permission to quote his results before 

publication. 

Lift force FL and the FL/FD ratio on a 1 X 2 m coil moving at 

h = 0.3 m over an aluminum plate as a function of speed. 

Results are given for a 0.6 inch plate -, a 

one inch plate --- , and an infinitely thick plate --- • 

(The 2 m dimension is in the direction of motion. 

Lift-to-drag ratio on rectangular coils (2b X 2a) moving over 

a thick slab in the high-speed limit as a functicn of b/h. 

The ordinate is to be multiplied by [IJ.o<Tvb/n]l/2• The 

dimension 2b ~s in the direction of motion. 
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FORCE ON A COIL MOVING OVER A CONDUCTING SURFACE, 
INCLUDING EDGE .~iO CHANNEL EFFECTS* 

R. H. Borcherts and L. c. Davis 
Scientific Research Staff, Ford Motor Company, Dearborn, Michigan 4,'3121 

ABSTRACT 

The lift .force FL ·and .. drag force FD on mnall conduc+"'e1g coi1s 

placed near a large rotating conducting cylinder have been measured as 

functions of velocity, height and coil geometr,y. These da.ta are co!D.pared 

with exact theoretical calculations based upon Fourier transforms for 

coils moving over infinitely wide flat plates. By placing the coil 

near the edge of the cylinder, the effect of the edge 0:1 FL and FD and 

the transverse force FT were studied. A channel was then cut in the 

cylinder, and the properties of a U -shaped guidevray v:ere examined. 

Both the edge effects and channel effects were compared 1dth approx.;mate 

theoretical calculations. Agreement was generally good, substantiating 

a variety of predictions for the large magnets proposed for the 

suspension of high speed ground vehicles. 

* Work supported in part by the Department of Transportation. 



-

I 
I 
I 
I 
I 

I 

I 

I I· ! 
i 

Il-l 
:I 

! 
I 

I • INTRODUCTION 

One of ·the proposals for the suspension of high speed ground 

vehicles involves superconducting coils moving rapidly ( ........ 300mph) 

1-5 over a coP-.ducting plate or guideway. Supercond,.lcting coils are 

desirabJ.e becallse of their high field strength and low vreight. The 

magnetic field of the moving coil induces eddy currents in the 

eonducting plate (typically aluminum). By Lenz 1 s law, the induced 

currents generate a magnetic field which opposes the field of the 

coil, thereby providing a J.ift force F
1 

on the coil. The Joule losses 

of the eddy currents in the plate give rise to a drag force FD' also 

on the coil. In addition, if the width of the conducting plate (i.e., 

in the shape of a strip) is comparable to the width of the coil, an 

appreciable transverse force FT may be acting on the coil. Of course, 

when the coil is exactly centered on the strip, FT = 0. If, on the 

other hand, the guideway is in the form of a U-shaped channel, a 

transverse force of the opposite sign occurs. We choose to call this 

transverse force a guidance force FG. 

A considerable amount of theoreticaJ. work has been-done to 

predict F
1 

conducting 

and FD vs. v (v = 

1 t 1-4, 6-11 p a es. 

velocity of magnet) for infinitely wide 

Some experimental work on small coils has 

been repo~ted 1 ' 2' 4 which indica ted at least quali ta ti ve agreement 1vi th 

the 'Oredictions of theory. In particular, it has been established at .... 

high speeds t~~t FL tends to saturate (theory predicts that F1 approaches 

the force_due to an image of the coil located an equ.al distance below 

the surface of the conducting plate), that FD a:v -1 
j_f the thickness 

1 

of the plate is small compared with the skin depth, e.!1d that FD o: v~ 

J.• f the th · ,~,. · 1 d · th -1-b , · - ... 1 4 J.C,r._,'1ess J.S arge compare WJ. ..... e s~<::Ln qe}.=t- 1. Consequently,· 
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the lift-to-drag ratio · (L/D) improves with increasing velocity. 

The first objective of the present "'Tork. is to make a more 

detailed comparison between theory and experiment for wide conducting 

plates. Specifically, experimental results are given for: (1) the 

absolute magnitude of F
1 

an~ FD as a !Unction of velocity, (2) the 

·height dependence of F
1 

and L/D at 300 mph, and (3) the dependence 

of L/D at 300 mph on the vridth and length of the coil (rectangular 

shaped). These results are compared in Sec. III with the theo1y of 

Ref. 10 which gives exact values fo~ F
1 

and FD as functions of velocity 

and height for rectangular coils. The theory is based upon Fourier 

transform techniques. The actual experimental arrangement (described· 

in Sec. II) consisted of a small supercond'..lcting coil placed over a 

large solid rotating cylinder (24" diameter wheel). 

The second objective of this work is to study edge effects. 

Experimentally the coil was placed close to the edge of the cylinder 

and F
1

, FD and FT were measured. Some theoretical work has been done 

on edge effects where the force on a single monopole moving near the 

edge of semi-infinite plane sheet has been calculated. 12 A degradation 

of L/D and an appreciable FT were found. In Sec. IV, the calculations 

are extended to find F
1 

and FT for a coil in the high-speed limit. A 

comparison with experiment is made and predictions for full scale magnets 

are given. 

The third objective is to examine the forces on a coil in a 

U-shaped guideway. After the edge effects were studied, a channel 

was cut in the cylinder. Measurements were made· of the forces on 

various coils which were place,d ,~n the cha!1.nel as the cylinder was 

rotated. A theory based upon image magnets is developed in Sec. V~to be 
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compar•=d with the experimental findings at high speed. Predictions of 

the attainable guide.nce forces for full scale systems are also made 

and the conclusions stated in Sec. VI. 

II. EXPLRTMENTAL 

1 I 1 

~ 

Figure 1 depicts the general experimental set-up of the 

24 inch diameter, 6 inch wide solid aluminum wheel, the position of the 
1 

I , 
J 
l .. 

=i I 
"1 

superconducting coil and the LVDT (linear variable differential trans-

former) transducers for measu:ring the lift and drag forces. As depicted, 

the 3 h.p. variable speed D.C. motor could only drive the wheel to 

4 .;; 

t I l 
j 

~ 200 _mph. To obtain rim speeds of 300 mph an additional motor or 

2 h.p. was employed. Coastdown times from 300 mph were generally in 

J I ' 
j 

the neighborhood of 4 minutes. 

As seen in FigtiTe 1, the lift force on the superconducting 

'1 I "l 

l 
magnet is transferred via the stainless steel magnet support tube to 

-~ 

" l I j 

~ 
I 

the lift transducer. The lift transducer is mounted on a pivotal plat-

form which allows the drag force to be accuxately measured. To further 
·' 

~ I l 
j 

~ 

reduce possible frictional effects, ball bearings were used in many 

joints and the only seal betvreen the dewar and the outside air is the 

i I· 1 
loose Sl.!rgeon glove. 

' ~ Four coils were used in these experiments and their salient 
1 I ' , features are listed in Table 1. Because the coils were to be used to 
I 

11 
I 

measure guidance forces also (where the radius of curvature of the bottom 

of the channel was reduced), they -vrere made with a I 0~ inch radius of 

!I curvature while the -vrheel had a 12 inch :radius. For this reaso:1 an 

Ia 
ambiguity existed in the :n:easurement of the height of the coil above 

the wheel and the height dependent results presented in Sections III 

I and IV ref'lects a mes.n coD. position vihich is 0. 03 0 inch above that 

part of the 1.eadiro..g or trai,li:ng edge of the co'il. JUso included as an 
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addition in the height position on the experimental results is that due 

to shri:n.,.~age of that length of the tube holding the superconducting coil 

in the dewar. This was required since reference measurements of the 

coil height above the wheel were done with the dewar removed. Measure-

ments of the lift and drag forces on the coil i'Tere done with the dewar 

in place and shrinkage of the rod holding the coil therefore increased 

the clearance. This shrinkage was estimated to be 0.060 inch. For the 

transverse and channel guidance force measurements a third t1. _ iucer 

was placed at the same height as the drag transducer but at right angles 

to it. Also, in these experiments the lift transformer was suspended 

from a gimbal arrangement to further reduce friction. 

The common vacuum dewar was constructed out of 304 stainless 

steel with a curved bottom to fit the wheel. While cylindrical for the 

upper 16 inches, the lower 3 inches of the dewar was rectangular to 

allow it to nest in the channeled wheel. Since the channel was 5.32 

inches wide and the widest coil was 4 inches, this allowed the coil 

edge to come within 0. 66 inch of the side. A similar value Ttras the 
. 

minimum distance bet1·reen the wheel and the bottom of the coil. 

Accurate positioning of the coil above the center line of 

the wheel was previously found to be important for precise measurements 

4 
of the drag force. To improve upon the previous technique, an optical 

~lignment proceduTe prior to measurement without the dewar in place and 

with the required drag loads applied was followed. Also, a micro-

positioning adjustmer.t on the d~ag force transducer was incorporated 

to allow adjus~ents of the coil to be made as the drag force varied 

during an· experiment. These two techniques provided repeatable measure-

ments of the lift and drag forces within :::: 1%. For the recording of 

the lift and drag force as a function of speed, a multiplexer to the 
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y axis of an x-y recorder ~vas constructed. The output of the amplifiers 

of the lift and d<.·ag force transducers was sent to the multiplexer a~1d 

on i or t second intervals (corresponding to speed changes of 5 mph 

or less) the lift and drag forces were recorded. The speed sigHal, 

sent to the x axis of the recorder, was provided by a d.c. generator 

mounted at the axle of the 24 inch diameter ~orheel. Thus the experimental 

lift and drag force measurements depicted in Figure 2 and generally 

recorded upon sloWing down· from 300 mph, became essentially continuous 

curves. 

In the experiments involving measurements of the transverse 

force (coil near the edge of the wheel) and the guidance force (coil 

near the side of the channel), care was also taken to see that the 

coil remained at its designated position in the deivar as the drag and 

transverse loads were altered. This was done vrith the micropositioner 

on the drag force transducer as mentioned above and similarly for the 

transverse or guidance force transducer. In measurements involving the 

guidance force where the de,.var was fixed in relation to the channel an 

attraction to the side wall of the dewar was noted (at 4.2°K the 3o4 

stainless steel becomes slightly ferromagnetic). Part of this effect 

was corrected for by measurements at zero 1-rheel speed. Because of these 

reasons and the added force measurement,, the channel experiments were 

the most difficult to perform and perhaps have the largest error. 

Since the channel was 1.44 inches deep and the pulley ratio 

between the motor and the wheel were not changed, the maxim.um speed in 

the channel v-ras 265 mph instead of the previou.;:; )00 mph figure. 



I 
I 
I 
I 
I 
I· 
I 
I 
I 
I 
I 
I 

- 6 -

III. INFINITELY v.JID:!!: CONDTJCTDTG PL.I\TE 

In Ref. 10 an exact theory of the lift and drag forces on 

a flat rectangular coil moving above an infinitely wide conducting 

plate is given. This theory is based upon a Fourier transform tech-

nique and is valid for a plate of arbitrary thicfu~ess and permeability 

1-L• In the present work we shall only be concerned with an infinitely 

thick pJ.ate with f.L = f.L • In this case the lift force is given by10 
- 0 ~ 

8j..LO(N'I)2Joo .. 2 Joo . 2. 
FL = 2 dk2 Sln k2 a dk1 Sln k

1 
b 

'IT 0 0 

-2kh ( 1 1 "\ 
e k .2 + k 2) 

2 1 

(III.1)-

and the drag force by 

81-Lo (NI )2 Joo 2 Joo 2 -2kh 2~2 
FD = 1T 2 d k2 sin k2 a d k1 sin k 1 b e ----,..;2,--"--"?2.., , (III .2) 

0 0 ( 61 + 1 ) + ~2 
~ 

~ [ C:x./ k/ /k 
4 

+ 1) 
2 

± 1Jt ~1,2 = 2-2 
' (III ·3) where 

),.1 :::: 1-Loov ' (III.4) 

and 

k2 2 k 2 = k + 1 2 (III.5) 

The width of the coil is 2a, the length is 2b (parallel to v), and 

the height above the plate is h. The conductivity of the plate is cr. 

The number of turns of wire in the coil is Nand the current is I. 

The integrals in 1(III.1) and (III.2) are evaluated numerically. 

In Fig• 2 we show the lift and drag for·cez or.. a 2 X 4" coil 
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at h = 0.91'' and 1.66" for velocities up to 300 mph. Both experimental 

and theoretical_ results are show-n. For co'nvenience, the forces have 

been normalized to their values at 300 mph. (Note that the scale for 

F
1 

is different f'rom tha.t fc.-: FD.) As in all calculations to be com­

pared with the eA~erimental results from the rotating cylinder, the 

resistivity of the plate was taken to be ~-0 !J.O-cm since the 6061-T6 

aluminum alloy f'rom >vhich the cylinder was made is reported to have a 

conductivity 43% that of copper. No measurement of the conductivi·cy 

was made. We also assume that the cylindrical geometry of the experi-

ment i:v.troduces insignificant error. Edge effects e.re discussed in 

Sec. V and are seen to be small in the cases considered in Sec. III. 

A brief discussion of the possible sources o:' errors is given at the 

end of this section. 

For the 2 X 4" coil in Fig. 2, the lift force at 300 mph Y.ras 

measured to be 3-15 kg at h = 0.91'' with I= 32.5 A. For h = 1.66" and 

I = 59 A, the lift force was 2 ·37 kg. The· calculated values are 3 ·39 

and 2.54 kg, respectively. Likewise, the experimental L/D ~as found 

to be 10.5 and 11 .85, while the theoretical values are 10.0 and 11.2. 

We note that for the higher height 1 the li::'t fo!"ce rises to its as;ymptoti.:; 

13 values sooner, the normalized drag peaks higher, and the L/D is larger. 

A comparison of the 2 X 4" results to that of a 4 X 2 11 coil is made in 

Ref. 10 for h = 1 .66 11
• In that case, the lift rises faster and L/D is 
1 p: smaller for the 1~ X 2 1 coil. ..) In both cases c.greement between theory 

and experiment is good. 

In Fig. 3, the lift force as a function of height at 
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v = 300 mph and I = 50 A for the four coils is sho-vrn. The force vs. height 

measurements shu·xn in Fig. 3 at 50 A were fir:-·t obtained at ·various 

currents, then, once the square law for currents was experimentally 

verifi~d, these results were corrected to 50 A. The maximum current 

used, 70 to 75 A, was in t:qe 2 x 4" coil at a height of 2 inches. The 

physical properties of the coils are given in Table I. rile note that 

the agreement between theory and experiment in absolute magnitude is 

better than 1 afo for the 2 ·· x 4 11 and 4 X 2 11 coils and somewhat larger 

(.:s, 20'~) for the 3 x 4 rr and 4 x 4 11 coils • At this high speed the 

variation of F
1 

vdth h is essentially that of the image force. 

In Fig. 4, the L/D as a function of height at v = 300 mph is 

show-n for three coils. The agreement betr,reen theor,y and experiment 

is quite good for the 4 X 2" coil. For both the 2 x 411 and the 4 x 4" 

coil, the theoretical calculations gave nearly iden'tical L/D as a 

function of height whereas eA~erimentally a small difference of 5-15%, 

depending on the height, was found. While this discrepancy is not 

understood, the general trend that L/D increases with increasing h is 

evident. 13 

Although agreement betTifeen theory and experiment is genera"'!.ly 

good in Figs. 2-4, there exist some differences. The following are 

some possible causes: (1) cylindrical geometry of experiment and flat 

plate geometry of theory, (2) finite 1vidth of cylinder (guide1vay), 

(3) finite cross-section of the bundle of \vires making up the coil 

(calculations assume all wires concentrated at center of bund.le), 

_(4) U."'lcertainties in experimental parameters (height, conductivity of 

plate, etc.), (5) slight difference in the radius oi curvature of coil 
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and cylinder. We have examined the effects of (1) and (3) on long 

wires (not coils\ and have not fmmd these· to be significant. Like-

wise, parti.cularly for the 2 x 4 11 coil, the results of Sec. V show 

that (2) is insignificant. As mentioned in Section II, (5) exists 

since the coils were fo1~ed to the curvature for the guidance eA~eri-

ments. To this end the 4 x 4" coil has '~ore coil" closer to the 

wheel than either the 3 x 4" coil or the 2 x 4" coil and consequently, 

the lift force for the 4 x 4" coil ma~; be some'Yrha t larger than it 

WOQld be if the coil were of the proper curvature. However, no esti-

mate was made for this error •. 

IV. EDGE EFFECTS 

A. THEORY 

The force on a magnet moving over a thin conducting plate 

of infinite extent has been calculated by Reitz.3 In the limit of 

high velocities, the force approaches that given by.the image of the 

magnet below the plate. An equivalent viewpoint is that in the high-

speed limit the plate behaves as if it were diamagnetic. That is, the 

eddy currents induced in the plate generate a magnetic field which 

exactly cancels the normal component of the field due to the magnet at 

the surfa~e of the plate. This is also true, at high speeds, for 

plates of arbitrary thickness and finite·extent. 

The fore~ on a monopole moving above, and paral 1_el to the 

edge of a semi-infinite, thin conducting plate has been founct. 12 In 

this section, those results are extended to include 2. flat coil in the 

high-speed (diamagnetic) limit. 
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vle consider a rectanguJ.ar magnet (or coil) of dimensions 

2a X 2b (See Fig. 5). The 2b edge is parallel to the edge of the plate 

and the plane of the coil is parallel to the upper surface of the 

plate. The lmrer side of the coil is a distance z from the top of 
0 

the plate. The thickness of the coil (in the vertical direction) is 

c so that the number of turns of wire is nc where n is the number per 

meter. The thickness in the horizontal direction of the bundle of 

wires making up the coil is assumed to be negligibly small. The center 

of' the coil is a horizontal distance h' -!- ~a from the edge of the 

plate and a vertica 1 distance h = z + ~c. We let the x-axis coincide 
0 

with the top edge of the plate, the y-axis is along the surface of the 

plate perpendicular to the edge, and the z-axis is normal to the pl_ate. 

The velocity of the magnet is in the x-direction. 

It is straightforward to show that the scalar potential 

associated with the magnet is (I = current) 

o' (!:) ( I dS' 

s1 k -:_'1 
(IV ·1) 

where S 
1 

is the flat surface enclosing the upper side of the n:agnet 

and s2, the lower side. We may think of·each increment of area 68. as 
~ 

a monopole of strength qi = ± In6Si (+for s2 , -for s
1). This sign 

convention corresponds to the magnetic field near s2 being directed 

in the negative z-direction for I > 0. 

Hence, the scalar potential (IV.1) can be written as 
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where 

(IV .3) 

The position of q. is given by r. = (x.,y.,z. ). 
~ ~ l. ~ ~ 

In the high-speed limit, the scalar potential associated 

with the eddy currents due to a single monopole q. is 12 
~ 

(IV .4) 

where 

' (IV.5a) 

cri = {[Cr+ri)2 + 
' (IV .5b) 

q:> + (!) ~ ( . ·~) rr.{ = cos 2 ' 
q:> -cp: 

Ti =cos ( --r-) ' (IV .5d) 

• .1. 
2 2 2 

r (y + z ) 
' (IV .5e) 

.and 

q:> = tan - 1 (z/y) (IV .5f) 

The.quantities r. and cp. are found from (IV.5e) ~~d (IV.5f) by replacing ~ ~ 

y by y i, z by zi, etc • --

The magnetic field from the eddy currents due to ~ is then 

.B. (r) =- vo.(r) 
-J. - ~-

,(Expressi~ns for vo. can be found in Appendix A.) 
~ 

(Iv.6) 
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The total magP-etic field of the eddy currents is therefore 

B(r) =LB. (r) 
....... -- i -....1. -

The force on monopole j is 

F . = q .B(r.) 
-J J'"- -J 

Summing over all monopoles gives the total force on the magnet, 

F=2:F. 
- j -J 

(IV.7) 

(IV.8) 

In Eqs. (IV.2), (IV.7) and (IV.9), the sums are over all monopoles 

Defining 

we can write 

F = 

Tq.king all 6 S. to be equal, 6 S 
~ 

' 

4ab/H', we have 

41-1o 2 1 F = -TI (In a b ) ----:::- L ( ± ) £_ .. 
(N')2 i,j . Jl 

(IV .10) 

(IV .11) 

(IV .12) 

'!'he number of mcnopoles in a pole is N' = :fll1·1, the dimensim1s of the 

section of surface occupied by each monopole is 2a/N x 2"b/M. Numeri-

cally, we evaluated (IV.12) as a function of the distance, h', 

separating the left-hand edge of magnet from the xz plane. To avoid 

difficulties associated with the indeterminate form of b .. , we chose 
~-~~ 
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to evaluate B.(r.) at the point (x. + .01 z, yJ., zJ.), a procedure which -1 -J J 0 

was quite convenient but did not introduce any significant e1~or. 

We give some typical results in Table II. Absolute accuracy 

is difficult to obtain due to the nearly complete cancellation of 

effects due to the separate poles. For example_, our calculated value 

for the lift at h 1 
= 1m,which is essentially the same as that for n' = ro, 

is 93% of the ideal lift of a flat thin coil far from the edge (h 1 = ro, 
c .... 0, n -+ ro, nc· = N). Exact values of the ideal lift are given by 

Reitz.3 We note that the lift is not decreased noticeably for h' ~ 0. 

Since the number of monopoles ( 1 0 x 20 array for each pole) used in the 

calculation is limited, the results may be somewhat optlinistic for 

0<h 1 <h. 

It is not possible to calculate the lift-to-drag ratio for 

a semi-infinite sheet in a simple manner. However, to estimate the 

minimum distance h 1 required to have negligible degradation of this 

ratio, we can examine the current distribution in the sheet for the 

high-speed limit. In Fig. 6, the current distribution in a cross-

section containing the center of the coil is shown for two positions 

of the coil. It is clear that the current distribution is small 

(~ 1% of the peak value) at a distance ~ .2 meter beyond the edge of 

the coil.. Hence, when h 1 = 0.5m, the presence of the edge at y = 0 is 

of little consequence. Th~refore, we expect that since the current 

distribution is not appreciably altered, the lift-to-drag ratio should 

be approximately the same as in the infinite-sheet case.3 For h' = o, 
Qn the other hand, the clrrrent pattern is definitely altered near 

y = O_and we would e:~ect a significant increase in the resistive loss 

of the cur:-ei1t flow. Since the power lost in the. current flow (Joule 
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~1eating) is ?Dv (i.e., drag force X velocity of the coil), the drag force 

should be larger for h' = 0 than for h' = 0.5 meter. An increased drag 

force and a slightly decreased lift force combine to give a lower lift-to-· 

drag ratio. 

From the range of the current distribution in the sheet beyond 

the edge of the coil (See Fig. 5), we estjmate that a rule-of-thumb value 

for the minimum h 1 which can be tolerated without appreciable degradation 

of the lift-to-dra.g ratio is h' :::, h, the height of the coil above the sheet. 

B. EXPERIMENTAL RESULTS 

By placing a coil near the edge of the rotating cylinder, the 

transverse force (vrhich tends to pull the coil tovrards the edge) vtas 

measured as well as FL and FD. In Fig. 7, data ar·e shmm for the 

2 X 4" coil (4" parallel to edge) at 300 mph and h = 1.125". The closer 

the coil is to the edge, the stronger is FT and the ·w·eaker is FL. As 

noted the ratio (FL + FT )/FD is nearly consta1e.t. Although it is not 

shovm, the velocity dependence of this transverse force saturates more 

quickly than the lift force. For example, at 50 mph the transverse 

force is 83% of the 300 mph value while the lift force is only 63%· 

The theoretical results for a thin semi-infinite plate in the 

high-speed l~t (as calculated in Sec. IV(A) are also shown). The 

experimental situation is not really the same, tm-;ever, since eddy 

currents can flow around the edge and down the end of the cylinder, 

whereas th~ eddy currents in the thin plate model are confined to the 

horizontal plane. ~mile this is a limitation of the thin plate model, 

it is the only pertinent analytically tractable calculation available. 

The results are in reasonable agreement with experiment. 

V. CHANNEL EFFECTS 

A. THEORY 

Instead of considering a U-shaped channel directly, it is 
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simpler to examine the effects of each side separately, adding the 

resultant forces together for the channel. Although not rigorously 

correct, this appears to be an adequate approximation for our purposes. 

Hence, we find. the force on a coil moving near a conductor shaped as 

right-angle corner. 

As previously stated, the force on a rectangular ceil moving 

over a thin conducting plate of infinite extent has been calculated by 

Reitz.3 At high speeds, the results of his calculation can be summarized 

as follows. The li_ft force F
1 

on the coil ap:prog,ches the ideal lift 

force, which is the force due to the image of' the coil below the plate. 

The drag force FD can be found by equating FDv (v = velocity of the coil) 

to the power loss due to Joule heating by the eddy cu~rents induced in 

the plate. The lift-to-drag ratio is then found to be 

where 

w = 2/11- cr0 
0 

(v .1) 

(V .2) 

In Eq. (V.2), cr is the conductivity of the plate a.,.1d o is the thickness 

of the plate. In the event that the skin depth o is smaller than 6, . s 
an approx-".illl.ate expression for the lift-to-drag ratio can be found by 

replacing o by 6 in (V.2). s 

. We consider a rectangular coil of dimension 2a x 2b moving 

in the x-direction with veJ.oci ty v. The side of the coil Kith d:iJr"ensior:: 

2b is parallel to the x-direction, w-hich is normal to the drmdng Fig. 8. 

The top surface of the horizontal portion of the conductor coincides 

with the X'J-plane and the right-hand surface of 'the vertical portion 

with the :xz-plane. The coil is parallel to the xy-plane and is a 

distance z above it. Since the thickness of the. coil is negligible, 0 
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z h. The center of the coil is a horizontal distance y from the 0 0 

xz-plane. The x-coordinate of the coil center is taken to be x = 0. 

The thickness of the conductor is o and is taken to be small. 

In the high-speed limit (which is all that is considered in 

this section), eddy currents flow in such a manner as to completely 

screen out the field on the side of the conductor opposite to that 

occupied by the coil (source). In terms of our coordinate system, the 

magnetic field vanishes in the second, third, &~d fourth quadrants of 

the yz-axes for all x. Since the normal component of the field ~.s 

continuous across the conductor, 13 it must therefore v~nish on the 

xy-plane and on the xz-plane. Hence, the boundary condition on the 

magnetic field (total field of eddy currents and source) is 

and 

B = 0 z 

B = 0 y 

on x-y plane 

on x-z plane 

Consequently, the magnetic field due to the eddy c1..rrrents in the 

(V ·3) 

(V .4) 

region containing the coil (i.e., y,z > 0) is the same as that pro­

du.ced by the set of :images shown in Fig. 9· The current in the image 

coil whose center is at (0, -y
0

, z
0

) has the se~e sense as the 

source, whereas the image coils at (0, -y
0

, -z
0

) and (0, y
0

, -z
0

) 

have current of the opposite sense. It is straightforward to verifY 

that the boundary conditions (V .3) and (V .4) are se.tisfied. 

Let us digress a moment to consider the force of one coil 

(say coil 1) on another identical coil (coil 2). We place the center 

of coil 1 at the origin and the center of coil 2 at (0, y, z) and 
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calculate the force f(y,z) == (O,f ,j ). Reitz has given the mutual - y z 
inductance for two such coils and has described ho-.;.r to calculate the 

force f_· 3 The expressions for fy and f z for coils of dimension a x b 

with NI ~~pere-trrrns of cur~ent (and the s&~e sence of current) are 

given in our notation in Appendix B. (Note that in Appendices B end C 

and Ref. 3, the dimensions of the coil are a x b, not 2a x 2b as in 

the main body of this paper and in Ref. 10.) 

To rettirn to the problem at hand, we nmv find the force on 

the source coil of Fig. 9 due to the three images. The lift force 

FL = F == - f ( O, 2z ) - f ( -2y , 2z ) + f (- 2y , 0) . z z· o z o o z o (V .5) 

· By symmetry, f z ( - 2y 
0

, 0) . vanishes • The guidance force F G is 

F = F == - f ( O, 2z ) - f (- 2y , 2z ) + f (- 2y , 0) G y y o yo o yo (v.6) 

By symmetry, f (0,2z ) also vanishes. Eqs. (V.5) and (v.6) then give y 0 

the lift and transverse force on the coil in the high-speed limit. v'ie 

next find the drag force. 

Since we knovr the magnetic field of the eddy currents in 

the high-speed limit, we can calculate tl1e eddy current density i in 

the conductor (i == oj 1N'here j is t!J.e volume current density). In the - -
region containing the coil, the total magnetic field ~ of the eddy 

currents plus the source is the same as the field from the four coils 

shown in Fig. 9 (three images and the source). In the rero~ining regions, 

B = o. From A!npere f s Circuital Law C§.!?.. a.t ::: 1-10 J j . ~A' where dis­

placement currents are neglected), we find that on the horizontal po~tion 
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and on the vertical_ portion (xz-plane), we find 

and 

1J. i = B 0 X Z 

- B 
X 

(V.7) 

(V .8) 

(V ·9) 

(v .10) 

To calculate the drag force on the coil, ~re equate FDv to 

the pmver loss in the conductor 

F v = power :.:: -1- r i 2 
d A D o6 J (V. 11 ) 

where the integral is taken over the surface of the conductor boundir..g 

the region containing the source coil (i.e., xy-pl.ane, y > 0 and 

xz-plane, z > 0). 

In Appendix c, we give expressions for the magnetic field 

E_(x,y,z) at point (x,y;z) due to a coil whose center is at the origin. 

In terms of' b(x,y,z), the tangential field on the horizontal portion - . 

of' the conductor is (taking into account the sense of' the currents i;.1 

Fig. 8) 

B (x,y,O) = b (x,y-y, -z ) - b (x, y-y, z ) Ct Ct 0 0 Ct 0 0 

+ b (x, y + y , - z ) - b (x, y + y , z ) , a x,y • (V. 12) Ct 0 0 0! 0 0 

By symmetry, 

b (x,y, - z) ·a - b (x,y,z), a = x,y 
0! ' (v .13) 
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so that the first two terms can be combined and the last tvro also can 

be combined in (V.12), giving 

B (x,y,O) =- 2[b (x,y-y, z) + b (x,y+y, z )] . Q' Q' o o a o o (V. 11;. ) 

In e. similar fashion, vre find the tangential field on the 

vertical portion of the conductor to be 

B (x,O,z) = 2[b (x,y, z -z)- b (x:Y, z+z )] , Q' = x,z • (V.'15) Ct Q' 0 0 Q' 0 0 

Substitution of Eq-s. (V .11!-) and (V .15) into Eqs. (V. 7) - (V .1 0) yields 

the appropriate valu.e for the eddy current density in the high-spE:ed 

1_imi t. The d:;:'ag force is then fou_,_"ld from (V. 11 ) • 15 

NU!llerica.l resu tts for F L' F G and F D are given in Table III, 

for parameters tYPical of tl1e magnets that are being considered for 

high speed ground vehic:les. The force on a 1m x 2m coil (2m .side 

parallel to v) has been calculated for a height z = h = 0.2m above 
0 

the horizcntal portion of the conductor as a function of h', the dis..:. 

tance between tee edge of the coil and the vertical portion of the 

conductor (i.e., y 
0 

h' + i a in Fig. 7). 1:le notice that in all cases 

Alt'hough we have not found a proof of (V .16), '.ve expect that it 

holds, at· least for higl1 3pee6s, since it has been checked nQmerically 

ove1· a wide range o:f parc::.meters (in the high-speed limit). The fact 

that FD is not greater than (w/v) (FL + FG) is encouraging vri th regc..rd 

to the lift-to-drag ratio of guideways which afford an appreciable 

guidance force (FG). 
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B. EXPERII..fl:J:~TAL RESULTS 

A channel 5 .32" wide and 1.44-" deep was cut in the cylinder. 

The forces on coils placed in the channel 9.S the cylinder -vras rotated 

were measured. In Fig. 10, the results for the 2 x 4!! coil at 265 mph 

and h = 0~875" and 1·125n are shmm. The coil could be moved as mu.ch 

as 1n off center, the edge of the coil thereby being 0.66" from the 

side of the channel. Over this range, F
1 

is nearly constant, whereas 

FG (which :repels the coil from the side panel) increases as the coil 

is moved off center in such~ manner that (F
1 

+FG)/FD is roughly.con­

stant. Strictly speaking, this is not the same as (V.16) vrhich vould 

imply that (F
1 

+ FG
1 

+ FG2 )/FD is constant (as a function of displacement 

i'rom the center) where FG = FG
1 - FG2 _. FG

1 being due to the near panel 

and F G
2 that due to the far panel. Eowever, F G2 is small compared with 

FG
1 

except near the center where they become equal. 

Calculated values based upon the -theory of Sec. V(A) are 

also shown. These results are foUJ."ld by calculating FG
1 

and FG
2 separately 

and subtracting to find FG. Likewise, F
1 

is decreased from its value 

for an infinitely 1vide flat plate, F
1 co' by 6.F

11 and 6.F12 • 6.F
11

,
2 is 

the decrease due to the near (far) panel. The lift force is then taken 

to be F
1 

= F
100 - 6.F

11
- 6F

12
• Since 6.FG

2 and 6.F
12 

are small.. in 

the calculations for Fig. 10, these approximations should be suffi­

ciently accurate for our purposes. 

The agreement is not as good as 1·re would have expected. The 

differences are probabl.Jr not due to finite speed factors--which could 

not be calculated accurately. Experimentally, the velocity dependence 
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of FL and FG vrere esst::ntially identical. MorP. likely, the resolution 

of the discrepancies 'l.ies in the fact that the coil ...,.ras close to the 

top of the r.!han."lel gi v:Lng :rise to an additional lift force. 

In Table IV, we make a comparison of the theoretical a~d 

experimental values of L/D .for coils in the cen~er of the channel at 

v = 265 mph for several heights. The agreement is good, the small 

systema.tic difference probably exists because of the above mentioned 

effect due to the top of the cha~~el. 

VI. SUMMARY 

. Experimental force data on small superconducting coils plac'ed 

near a large rotating conducting cylinder have been :reported in this paper. 

FL and FD vs. v for various heights and coils have been given, the 

coils being far from the edges (ends) of the cylinder. Comparison \vi th 

the theory of Ref. 10 is generally good. Confirmation of the theory 

then gives us confidence that the predictions for full scale systems
10 

are valid. 

By moving the coil near an end of the cylinder, experimenta!_ 

data on edge effects were obtained. Likewise, after cutting a channeJ_ 

in the cylinder, guidance forces and the -pro:pertieq, of a U-shaped 

chan.."lel were studied. The findings were in reasonable agreement lvi.th 

theoretical calculations. .Again, the experiments substantiated our 

predictions for full scale systems. 

Finally, it should be remarked that for a properly designed 

system \orith reasonable guidance forces, say 0.5 ·FL' (either from 

separate side panels or from aU-shaped guid~way), L/D ~ 30-50 at 300 mph 



I 
I 
I 
I 
I 

I 

I 
I 
I 

I· 

I· 

I 
I 
I 

- 22 -

b .J... d 10 can e expec ..,e · . These high values of L/D aYe cbtair.ed without 

sacrificing much· of the potential lift of the s,ystem. For comparison} 

L/D for aerodynamic drag only is estimated to be "' 20 for vrell designed 

vehicles. Consequently, it appears possible to make the magnetic drag 

(including guidance) smaller than the air drag. 
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APPEl'llJIX A 

From Eqs. (rv.4) and (IV.5), it can be shovm that ( ·t· · ~~ oml tlng vile 

1-L% . T factor) 

ao. 
1T a:=- (z+zi)s

1
(i)--ys

5
(i) + zs6(i)+ (z-zi)s2(i)-yS,./i) (A1) 

and 
on. 

·n a:==- (y-yi)s
1
(i)+zs

5
(i) + ys6(i)+ (y-yi)s2 (i)+zS7(:r) (A2) 

where 

' 
(A3a) 

' 
(A3b) 

S ( . ) = . 1k I 3 /2 
3 

l r. r , 
. l 

(A3c) 

(A3d) 

(A3e) 

(A3f) 

·and 
. (q>-q>i) . I 2 s

7
(i) = s1.n 

2 
s_ (:1.) ;R. 

' . ) l . 

(A3g) 
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APPENDIX B 

Force on a 1·ectangul?T coil of dimensions a x b at ( 0, y, z) due to 
an identical. c:oil at origin (b ::Jic!e parallel to x, a side parallel to y): 

0 

~o (NI )'- { - 2 2 -~- 2 2 2 --~ f z = - 211-- - 2z l z + (y -a) ] + 2z [ z + b + (y -a) ] 

~ 1 2 2='"'2 2 2 2--:z - 2z [ z - + (y + a) ] + 2z [ z + b + (y + a ) ] 

. 1 1. 2 2-2 2 2 2-2 +4z[z + y] - 4z[z +b-+y ] 

( ')2/ [ ( )2 -2 J-~ ( '2 I ( 2 . , 2\ [I \ 2 ' 2t-b2li · - y -a z y -a + z + y - a; z z -r o 1 ,y - a, ·rz .; 

1. . ~ 
2/22 222-:z 2,2 2 22 2 2 -2b z (z +y )[b +z +y] +b z;[z +(y-a ][b +z + (y-a)] 

1 1 

b2 /[ 2 ( )21[" 2 2 ( ,2]2 0,·2/ i 2 2]2 + z z-Jy+a "o+z+y-r-a; +<-,/ zLz+y 

1. 

. r:n? /( 2 b2)[ 2 2 b2]2} ~~ Z Z + y iZ + J 

1. 1 2 :::>2 2 2 22 - (y+a )/[ z + (y+a )-] + (y+a )/[ z +b + (y+a) ] 

1 
2 ·; 2 2 2 2 2 2 + b (y+a), [ z + (y+c.) ][ z +b + (y~-a) i 

+ J.n 

•' 
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Magnetic field 8.t (x_)_y,z) due to a rectangular coj_l of djmJnsions 

a X b a~ origin (b side pe.rallel to x, a side :pa::callel to y) ~ 

B.., (x)y' z) == ~~-NI_ ~- -(x:?_{J. ~~ i~ ____ -:_C-;::-o./2)___?_~r + (~+n_/2) ') ?"!: l ... -~11 , r b/::>''-· e:: Lf r ;~)c. ( . ,0 )c. __ }-2 [ ( ; 2 \2 ( , /? )'·· _ ,.,._ . .J ,x- ·· ~) +z \Y·-3. c. -~ x-'0/ ,_ +z y+a ) + x-o - +z J c 

(:r+a/2) r -(x-b/2) . (x+b/2) l'~ + ----221 '=-' 2 2 \. + rJ • 2 2 l. r) (y+a/2) +z L[(x-b/?)'-+(y+a/2)-+z }1~ f(x+b/2)'-+(y+a/2) +z }'2 ---

- j.toliTz . (- 0 2 n2 - 1. r. . -(:x:-b/2) (x+b/2) ~~ B (x y z) ---- -q (y--al, ) +· J 1 + ----------·------~. y ) ) 4IT l I- ~ - l '~'2 I 2 2 *- I \2 I ,2 2~4-.; · ·[(x-b;~) +(y-a;2) +z }'" [(x+b, 2) +(Y-2-i2) +z J'- ·-

-------
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TABLE I. Pbysical Properties of Experimental Coils 

Nominal Dimensions a b N 

(em) (em) 

4 X 2" 4.67 2 ·12 342 

2 X 4" 2.12 4.67 332 

3 X 4" 3·39 4.67 325 I 

4 X 411 4.67 4.67 317 

The supe:rconducting •tTire vras single co:re copper clad 
Nb;..,.Ti w"ith an overall diameter of 0.015 inch manu­
factured by Supertech.n.ology Co:rp., Boston, Massachusetts. 

~?he cross--::;ection of the bundle of wires ·vra.s 21/64" X 
21/64 ". The >ddth of the coils "I·TB.s 2a and the length 
(parallel to the direction of motion) was 2b. a and b 
were measured from the center of the coil to the center 
of the bundle~ The height h >vas also al1-rays measm~ed 
from·the mid-plane of the coil to the top surface of 
the conducting cyli21der. The number of turns of 1-rire 
was N. Currents were not persistent U..'1less noted to 
the contrary. 
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Table II. Force on a flat coil above a diamc.gnetic semi-infinite 

sheet (2a = 1m, 2b =2m, c = • 025m: z
0 

= .2."l!l, N = 10, 
M = 20). The center of the coil is a horizontal 
distan-::e h' + 13 a from the eclge of the sheet. 

h'(m) FZ FY 

-1.0 2.59 X 10-4 -2.3:1 X 10-5 

-0·5 9•87 X 10 
-4 -5·71 X 10-4 

0 2.98 X 10-3 . -4 
-6.50 X 1C 

0.1 3·19 X 10-3 - -4 -3 .0) X 10 

0.2 3.19 X 10-3 -1·19 X 10 
-4 

0.3 3.16 X 10-3 -4.89 X 10-5 

0.4 4 -3 3·1 x.10 -2.21 X 10-5 

o:5 3·13 X 10-3 -1.10 X 10 -5 

1·0 3.12 X 10-3 -8.06 X 10-7 

4~ 2 
-----·Fz == Tfo (Ina b) J!'Z 
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TABLE TIT. Force on a coil movi:ag above a conductor shaped as a 
right-angle corner i::1 the high-sneed limit.. A_ll forces 
are to be multiplied by '..L

9 
(NI )2 (2:rr where NI is the 

number of ampere-tuTns. ~2a = 1m_, 2b = 2ln, z0 = h = 0.2m, 
h'=y -ia). 

0 

h '(m) FL FG F . 
D 

0.1 8.35 6.80 15.15 ,.rfy 
J 

0.2 9·35 1.92 11.27 iv/v 
0.3 9·98 0.707 10.69 w/v 
0.4 10.31 0.306 10.62 -vr/v 

0.5 10.48 0.149 10.63 lr/v 

0.75 10.61+ 0.034 10.67 w/v 
1.0 10.68 0.011 10.69 w/v 
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TABLE IV. Lift-to-Drag Ratio at 265 mph for Coils at the Center 
of the Channel. 

h 

.875 

1.0 

1-125 

-------------------

2 X 411 

Exp. Theory 
--·-

9-40 8-91 

9·30 8-87 

8-74 

3 X 4" 
Ex_p_:_ ·.i.'beo}~ 

8.62 8-35 

8.60 

8-47 7.82 

6.73 

7-23 6.29· 

6 07 
"-"I 6.02 
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Fig. 1. 

Fig. 2. 

Fig. 3. 

Fig. 4. 

Fig. 5. 

Fig. 6. 

Fig. 7· 

Fig. 8. 

FIGURE CAPTIOUS 

Sl;:etch of e:xperimenta l sys·tem. 

Lift and drag forces on a 2 X 4" ceil as functions of 

velocity at t1v0 different heights above a solid aluminwn 

wheel. (The 4 11 dimension is :parallel to the direction of 

motion.) Note scale for d1·ag force is different from 

that for the 1:i.ft force. At )00 mph) the experimental 

(theoretical) value cf the lift-to-drag ratio is 11.85 

( 11 • 2) at h = 1 • 66" and 1 0. 5 ( 1 0. 0) at h = 0. 91 11 
• 

Lift force vs. height at 300 mph and I = 50 A for various 

coils. The nu .. 'nber of ·~urns for each coil is given in 

Table I. 

Lift-to-drag ratio vs. height at 300 mph for various coils. 

Coo1·dinate system for a coil of finite thickness above a 

sa"lli --:i.nfi ni te sheet. 

Current distribution in a semi-infinite sheet due to a coil 

above it in the diamagnetic limit. Resu~ts are shmm for 

two positions of the coil. A cr·oss-section through the 

center of the coil is taken. 

'I'ransverse fore:e, lift force and (F
1 

+ FT)/10 FD at 300 mph 

for the 2 x 411 coil as functions of the displacement of 

the coil fi·om the edge of the wheel. 

Coordinate system for coil above a conductor shaped as a 

l'ight-angle co:cner. 

Fig. 9· Position of co:.l and images. 

Fig. 10. Guidance force and (FJ~ + FG)/10 FD at 265 mph in a channel. 

for the 2 x 1~ 11 coil as functions of the displacement of the 

coil from the ce!lter. 
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DYNAMICS, CONTROL ~D RIDE QU]'I.LITY OF A MAGNETICALLY 

LEVITATED HIG'H SPEED GROUND VEHICLE 

Dennis F. Wilkie 
Control Systems Department 

Harch 2, 1972 
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DX'T~J\HICS, CO~:-.I'ROIJ g:n RIDE QiJA:~JITY OF A Mr·.GTir:TICALLY 
I.E'VITJ1.TED JITGH SPE:E:J) GI{8UI'ID '!El~CL=~' 

Dennis F. Vlilkie 
Scientific Research Staff, Ford i>-1otor Com:;;any, Dearbo:m, Hichigan 48121 

ABS'I'RAC'.r 

1-'iagnetic means of' suspending vehicles have been proposed for 

use in high speed ground transportation systems (> 250 mph). However, 

the motion of such suspension (levitation) systems using ma{Snetic re-

pulsion forces w·hen they are perturbed from equilibrhrrn is oscillatory 

with a frequency o:f the order of 1 Hz and a very long damping time. 

Thus, .some means of adding damping to the suspension is required. Or.e 

means c..f obtaining the desired damping is by feedback control of the 

magnet currents. In this paper, the ride characteristics and control 

current requirements for a magnetically le:vitated vehicle are deter-

ruined. The random roadbed rou5hness is characterized by-its power 

spectral density, and ride quality is analyzed in terms of the pm·:-er 

spectral density of the verticc;,l acceleration. Alternative control 

strategies using feedback proportional to vehicle-track clearance, vertic:Ecl 

velocity, and acceleration are considered. It is found that good ride 

quality can be obtained over a track equivalent to a moderately good 

highway with a high clearance (> .2m) magnetic suspe;1.sion. The dynamics 

of a vehicle in aJ.tc:rnati ve guide-vrays 1-rhich supply lateral guidance as 

well as lift forces are analyzed. It is seen that a guide1-ray configu-

ration vrhich provides orthogonal surfaces for guidance and levitation 

forces leads to inherently more stable vehicle motion and allows the use 

of simple independent control strategies on all lift and guidance magnets. 

* Work supported in part by tbe u.s. Department of Transportation. 
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INTRODUC'l'IOI-l" 

There is currently. con~iderable interest in the development 

of a high speed ground transportation (HSGT) systa~ to operate in 

densely traveled corridors and 1·rhich can offer an attractive alternative 

to either conventional aircraft or vertical or short takeoff and landing 

aircraft (VTOL/STOL) in the range of 200 to 1000 miles. In order for a 

groQDd based system to be competitive with aircraft in this range, it 

is necessalJT that the vehicles in the }ffiGT system be capable of cruise 

speeds from 300 mph to 500 mph. There are a number of reasons w-lzy 

speeds in this range cannot be achieved using conventional steel >vheel -

steel rail railroad type technology. Some of the problems 1d th conven­

tional rail technology at these speeds are a lack of sufficient frictio~ 

to propel the vehicle throu~h the wheels, wheel wear, track wear and 

maintenance, and poor ride quality resulting :r-.com the suspension 

characteristics and track misalignment. Thus, ir~ovative means of 

suspending and guiding vehicles in such a hj_gh speed system must be 

developed. The alternatives that have been proposed for vehicle support 

in high speed ground systems are air cushions 1 and magnetic support 

schemes. 1-7 lihile there are ma1w schemes for magnetically suspending 

vehicles using magnetic repulsive forces or attractive forces, pen11anent 

magnets, convent~onal electro~gnets, superconducting magnets, etc., 

one of the most promising approaches to magnetic levitation supports the 

vehicle iv_i_ th the repulsive force exerted on magnets traveling over a 

conducting roadbed by the eddy currents induced in the roadbed. One of 

the main advantages of such a scheme is that large levitation heights 

(i.e., magnet to track clearances) of the order of .1m to .3n. can easily 
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be obtained w~th high field strength magnets, and the ride of the 

vehicle is then potentially less sensitive to track irregularities 

than in alternative schemes where the magnet to track clearance is of 

the order of a fevr centimeters. Since the construction and maintenance 

of a very accurate roadbed is quite eAHensive, and since roadbed 

construction and operating costs are a substantial percentage of the 

capital investment and operating costs in such a system, the advar"ta.ge 

of tolerating roadbed inaccuracies and. changes over time is indeed great. 

The characteristics of the motion of a levitated Illr':1gnst 1·rhen 

it is pertvxbed from steady motion at velocity v and height h above a 

conducting plane have been investigated by Fink and Hobrecnt8 and by 

Dav:i s and Hilk.ie. 9 Davis and Vlilkie9 demonstrated t}'l.at the force lmvs 

obtained by Reitz5 for steady motion of a magnet over a conducting 

plane can be used to determine the pertuxbed motion to a good approxi­

mation. They found that the motion resulting from a vertical 

pertvxbation is an essentially undamped vertical oscillation vdth a 

frequency of the order of 1 Hz, and that an exponentially gro:ving 

velocity error results from a perturbation in the direction of motion 

if air drag is not included in the analysis. These motions were found 

to be essentially decoupled. The small arnouJlt of damping of the 

vertical motion can be either positive or negative (i.e., decaying or 

growing oscillations) depending on the magnet georr,etry. However, in 

either case the transient response to perturbations is unacceptable 

~or use in a passenger carrying ve}'licle. Thus, the need for a means 

of feedback control of the motion of levitated magnets to obtain 
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stability and ride characteristics suitable for carrJing passengers at 

high speeds -vras indicated. 

A~ initial study of the control currents required to obtain 

. . b~ d . f 1 . t t d . 1 d 'i 0 sm ~a J.e ynarruc responses o evl a -e col s vas ma e. It -vras found 

that currents of the order of 5% of the equilibrium current required 

for levi tat ion are sufficient to produce a 1vell damped response to a 

vertical perturbation. Hm•rever, that study did not determine the ride 

qualit-y obtained -vr:i.th a magnetically levitated vehicle which is con-

tinually subjected to the random disturbances caused by guideway 

irregularities. 

In Section II of this paper, the ride characteristi_cs aJ~e 

determined for a magnetically levitated coil vri th feedback control of 

the suspension parameters. The coil is asswned to be traveling over a 

roadbed for >·rhich the roughness is specified in te1ms of the pm·rer 

spectral density of the variation of the height of the tract:. from a 

nominal reference, and the ride of the vehicle is characterized by the 

· pover spectral density of the vertical acceleration. Alternative 

control strategies using vehicle to track clearance, vertical velocity, 

and vertical acceleration feedback are considered, and their theoretical 

or practical rationale are briefly discussed. It is found that a ride 

comparable to that of a jet aircraft on a calm day can be obtained over 

a moderately rough t:rack vith a hi.gh clearance (.3m) magnetic suspension. 

The advantages of a high clearance suspension system are made clear in 

this context, and it is found that it is essential that the absolute 

vertical velocity of the vehicle be used for control as opposed to the 

relative vertical velocity bet-vreen the vehicle and the track. Ful'ther, 



I 
·I 
I 
I 
I 
I· 
I. 

I 
I 
I 
I 
I 
I 
I 
I·· 
I· 
I 
I 
I 

- 5 -

it is found that there is lj,ttle to be gained in terms of ride !J.1.12.lity 

by using acceleration feedback, and the required control current 

increases significantly in that case. 

All of the dy-namics and control studies that have been con­

ducted to date for both magnetic levitation systems8- 10 and tracked 

air cushion vehicle systems 11 - 13 have considered on~r the translational 

motion in a plane of a point mass under the influence of the lift and 

drag forces on the magnet. This analysis is pr-obably sufficient for 

an analysis of ride quality as in Section II of this paper. However, 

in detemining a track (guideway) configuration to provide guidance as 

w·ell as levitation, it is important to consider the dyn&mc interactions 

between the various translational, roll and pitch modes. In Section III) 

the dynamics of a vehicle for five alternative guidevray configurations 

are discussed and the dynarr..ics of two basic configurations are analyzed 

in sane detail. It is shmm that a u-channel or box beam type of 

guideway results in the greatest decoupling of dynamic mode:s and thus 

affords the opportunity of the simplest vehicle control schemes. It 

is seen that with such a guideway, simple-independent feedback control 

of individual levitation and guidance magnet currents will achieve good 

vehicle dynamics with a u-channel or box beam guideway, whereas other 

guidei·ray configurations would require the implementation of more complex 

schemes of vehicle guidance and control to achieve acceptable dynamics. 

Finally, areas vrhere further work is needed with respect to vehicle 

dynamics and control are discussed. 
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II • RIDE QUALITY 

In this section, the ride quality of a levitated coil (-vri th 

feedback current control) -vrhich is subjected to random track dis-

turbances is discussed. In order to do this, the force laws for such 

a levitated coil are first reviewed. 

A. Equations of 1-J:otion 

The forces exerted on a coil carrying a current I and in 

steady motion at velocity v and height h above a thin conducting platet 

were determined by Reitz5 using image techniques. These forces consist 

of a lift force FL in the vertical direction and a drag force FD in a 

direction tending to stop the coil. The forces were shmm to be vrell 

approximated by 

and 

wher8 F is the ideal lift force on the coil due to an image coil 
I 

( 1 ) 

(2) 

located a distance h below the conducting plane and carrying an equal 

current I but 'With the opposite direction as shown in Fig. 1, I) is a 

finite velocity factor which approaches 1 at high ve~Locities, and w is 

a constant which depends on the parameters of the conducb.ng :plane. 

t The thin plate assUmption refe~s to the fact that eddy currents are 

assumed to be distributed unifonnly tr .. roughout its thickness. Depending 

on coil geometries and speeds, the plate can be as thick as 1.5 inches. 

). 
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The image :force F1 is given by 

where M is th(. mutual inductance between th2 coil and its image located 

a distance ~ = 2z below it, and -vrhich (for a rectangular coil) is given 

by 

(4) 

where 

N = number of turns in the coil 

a =width of coil (normal to x direction) 

b = length of coil (in direction of motion) 

~0 =permeability of free space (4TI x 10-7 wb/Amp m). 

The finite velocity factor ~ is give~ by 

1 1l = 1 - ---::::---~-
( 1 

2 1 2 )n +v ;w 
(5) 

where n is deter:rn:i.ned by numerically fitting data calculated for a 

given coil, and 

w = 2/~ cro 
0 ' 

(6) 

w·bere cr is the conductivity of the conducting plate and o its thick-

hess. For a 1m X 2m coil levitated at .3m above a 1 em thick aluw~num 

plate.J n ~ ·33 and w == 4.5 m/sec. It has been demonstrated. by 
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a 
Davis and Vlilkie_;; that these force lm·rs for steady motion describe thE: 

motion of a coil >·rhen subjected to perturbations sufficiently viell if 

the steady velocity v in the x direction and heigbt h above the plane 

are replaced by the instantaneous velocity x(t) and the instantaneous 

height z ( t). Th:i.s is referred to as the instantaneo\.lS approximation. 

As discussed in the introduction, it vras shown9 that coupling bet1veen 

the horizontal and vertical motion of a coil subject to the force laws 

in (1) and (2) is negligible. The motion resulting from a vertical 

perturbation is an essentially undamped vertical oscillatory motion 

for which some means of feedback control must be used. (It should be 

noted that the force laivS resulting from the instantaneous app2·oximation 

do not reflect as much damping of the system as is actually present. 

H01vever, this additional damping can be shovm to be quite small9 and 

is not included here.) Because of the small degree of coupling present 

between horizontal and vertical modes, the ride quality of a coil sub­

jected to track roughness will be analyzed as simply a vertical 

translational motion with the velocity in the x direction assumed 

constant at the value v. 

First, the relationship beti·reen the perturbed motion of the 

coil and the track irregularity is deriYed, assuming that the irregu­

larity is known as a deterministic waYefo:rm, H( t). The following 

variables are defined \vith reference to Fig. 2. 

Define: 

z(t) = abs0lute vertical position of coil center at time t 

(absolute denotes with respect to track reference) 
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H(t) absolute track height at t:i..n:e t 

e(t) = z(t) - h =deviation of absolute position from equilibrium 

c ( t) = z ( t) H( t) = clearance betw-een coil and track 

~(t) 2c (t). 

The equation of motion in the z direction is obtained from ( 1 ) and (3 ) 

to be 

2 dM 
=-I 1l --rng 

d~ 
m z (t) 

where z(t) denotes d2z(t)/dt2 and M(~) is given by (4). It is asswned 

that deviations from equilibrium are relatively s:r.:all and thus that 

the linearized form of (7) can be used for analysis. Denoting the 

equilibrium values of ~ and I as ~ and I , the linearized form of (7) e e 

is 

m z (t) = I 2 d
2

J.1 (f:'-~ ) - 2I dM (I -I ) 
e d~2 e e e d~ e e 

t (8) 

Assuming I = i + I where i is the control current that -vrill be used c e c 

for feedback control of the motion ( i << I ) and rew:i'i ting ( 8) in c e 

terms of the above defined variables, it follmrs that 

2I 2 
d~ 2I 

ch\1 z(t)=-
e 

(z(t) -H(t)-h)- e 
• :i. (9) ru d/\2 m d~ c z e e 

At this point, it is assumed that the control current i is given by c 

) ( 10) 

~hat is, currents proportional to absolute vertical velocity and 

relative position deviation from equilibrium are used for control. 

t Here, 1l was assumed to be a constant ~ 1: which is valid at high speeds. 
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Other control strategies utilizing relative velocity (behreen coil and 

track) as -vrell as acceleration feeG.back -vrill be discussed. Hovrever, 

the derivatio:'l of the relation betueen traek roughness and the ride 

disturbance -...ri..th those strategies -...rould proceed essentially the same 

from this point. It vdll be seen from later results th~t the control 

represented by ( 1 0) is probably the best choice when l'ide quality and 

control current constraints are considE::red. Thus, proceeding vrl th the 

analysis, 3Ubstituting (10) into (9) and remembering that e(t) = z(t), 

it follmrs that 

e(t) + ~ e(t) + ~ 2 
e(t) 

0 
( 11 ) 

where 

and 

For either a sinusoidal steady state analysis or a power spectral 

density (psd) analysis of the vertic8.l response, the Fourier transform 

of (11) is needed. Thus, denoting 

E(jw) 
ro 

F[e(t)] '-= J_ro f(t) e-jwt dt 

the transform of (11) is foU11d to be 

~ 2 H(jw) 
E(jw) = d-2'"-. - - Te (j'JJ) H (jw) 

UJ - W + JW~ 
0 

' 
( 12) 

( 13) 
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Furthermore, it follows that 

F~ ( j w) == F [ e ( t) J 

~ 11 -

2A2H(') -w w
0 

Jw 

A 2 2 
w -w +jw~ 

0 

B. Characterization of Track Irregularitj_es 

( 14 ) 

At this point, it is necessary to discuss how H(t) (or H(jw)), 

the track distuu~bance, is to be characterized. There are t\Vo 

approaches that have been taken toward characterizing track dis-

turbances and analyzing ride quality, (i) a determinis~ic frequency 

11,12 d c· ·) t 1 d ·t ~ 13,16,17 response app:>::>oacb an ll a pow·er spec ra ensl y approacc.1. 

In the deterministic ap:proach, H(t) is chosen as a sinusoidal function 

of the form 

H(t) == F(t..) sin ( 
2~x) == F(t..) sin 

2
:v t ' ( 15) 

and F(A.) is usually assumed to be linearly proportional to A.• The fre--

quency response of the vertical acceleration, E(j w), is then easily obtained 

from (14) since H(jw) == F(2:v) •. Apparently, this approach vms favored 

in the past 11 due to the fact that available experimental data relating to 

human vibration tolerances were eA~ressed in terms of the objectionable 

amplitude at a discrete sinusoidal frequency. However, it is apparent t"!:.at 

track irregularities will not occu:c as single frequency disturbances. 

Rather, by their random nature they will generate an essentially 

continuous frequency spectrum. Furthermore, it is difficult to relate 

irregularitjes as given by (15) to specifications regarding track 

construction and maintenance tolerances and also to experimental track 

roughness measurements. 
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The second ap:p::.-oach to characterizing :dde quality is 

to specify the povrer spectral densi "b.f (psd) of the track rouglmess 

and determine the resulting psd of the vertical acceleration 

of a given vehicle. Hovrever, until recently, no specification of ride 

quality in terms of the vertical acceleration psd w-as available. In 

11-t-
a recent document concerning the Urban T-racked Air Cushion Vehicle, 

such a psd specification l·ras given, and this psd Sl)ecification vras 

apparently based on experimental measurements. (This ride appears 

·(jo be equivalent to the ride of a jet aircraft on a relatively calm 

day.) Furthermore, experimental measurements of the disturbance psd 

for various suTfaces as highways, airport rumrays, and railroads are 

available from various sources. 
14 

Thus, in this paper the random 

track distur"bances vrill be characterized by a pow·er spectral density 

as will the vertical acceleration response to dis-:.urbances. 

C. Vehicle Responses - Po1·rer Spectral D~nsity 

If PHH(w) is the povrer spectral density of the random track 

disturbance H(t), then it follovrs from (13) [see e.g., ref. 15] that the 

vertical acceleration psd, P .... (w), is given by 
ee 

p .... (w) = T .. (jw) T .. (- jw) PHH(w) 
' ee e e 

and thus 
4/\4 () 

P .... (w) 
w w0 PHII w 

= /\2 22 22 ee (w - w ) + w ~ 
0 

From this and the relationships between e(t), z(t), 6c(t) and i ) it c 

( 15) 

( 16) 

can be shm.m that the power spectral density of the change in clearance 

Pb.c6c(w), and of the control current, Pi i (w), a:;.·e given ty 
c c 
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P (w) 
D.ch.c [ 4- 2 ~ J w + w !3 __ P (w) 

J\2 2 2 2 2 JIH 
(w - - w ) + w [3 

0 

( 17) 

and 

Js2 2 (• p k "2 ) 2 ,-, "" w + k2f.J + . w ~ 
c:_ L - . 1 0 I 

::= w " 2 2 2 2 2- J 
(w - w ) + w [3 

0 

( 18) 

Examples of po~'ler spectral density measurements for various 

surfaces are given in Fig. 3 (from reference 13). The abscissa for this 

plot is the vra velength A == 21T /o, 0 == wavenumber. n is related to w by 

w = vo. For purposes of analysis, PHH(O) can be re::,1resented quite 

well as 

P () A
,2 

HH 0. = ;O ( 19) 

The plot of Pm1(o) for A == 5 x 1 o-6 
ft. is sho-vm in Fig. 3 and corre-

sponds approximately to the measurements for a good rum-ray. Measurements 

and analyses given in other references 16,17 have also indicated that taking 

PHfi(O)a0-2 is a good asst:mption,a:::1d ref·-·17 ver:j.fies that A ==·5 x.10-6 ft. 

-..rould corre~&lond to a ver:J good rum'lay--in fact to new construction. 

The mean sqm.red track height deviation H
2 

is related to the 

pm'ler spectral density by 17 

if := r co p (o) d 0 
"'o HH 

1 

where o
1 

corresponds to the longest l'lavelength over ~-rhich the track 

mean squared deviation is specified and measured, say L. (Note that 

. 1 ) the factor of TI vrhich often appears in (20 has essentially been 

(20) 

absorbed in PHH(O).) Then o
1 

= 2TI/L, and for the power spectral density 

of (19), it follows that 
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(
I"). \ 
c_ I J 

Thus, the parmneter A can be related to the mean squared de\~ation of 

a roadbed specified or measured for a given distance. For example, 

J _ _? -6 6 -6 
if H- is 5 mm in 100m, then A= 1.57 X 10 m = 5.1 X 10 ft. 

This corresponds, as mentioned earlier, to a ne1'lly constructed airport 

rumray. Obviously, it represents a very smooth roadbed. 

Furthermore, the psd PHH(w) corresponding to (19) can be 

found to be 

since it is necessary that 

Thus, Pm/w) will be assumed to have the fonn of ( 19 ), and the corre­

sponding pmrer spectral densities for P .... (w), P 1\ 1\. (w), and P. . (w) 
e e u.Cu.c ~c~c 

are 

and 

P .... (w) 
ee 

p6c~(w) 

P .. (w) 
~ ~ c c 

= 

A 2 1'.4 vw w 
0 

' 
(22) 

<''2 2l 2 2 w -w +w ~ 
0 

2 2 
(w +~ )Av 

' (23) 
/1.2 22 22 

(w - w ) + w ~ 
0 

(24) 

The mean-squared values of the vertical acceleration, change in clear-

ance,· and control current can be determined· f'r·om the pmrer spectral 
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Substituting ~22) - (24) into (25) and either perforrrung the inte­

gration or using tables of such integrals 14 results in the following 

mean squ~~ed values, 

and 

1\ 4 TIAvw 
0 

' 

' 

It is important to note that both the power spectral densities and 

(25) 

(26a) 

(26b) 

(26c) 

mean-squared values of the variables e, 6c, and ic depend linearly o~ 

A, and thus the results for tracks of varying roughness are obtali1ed 

by multiplying those obtained for a given value of A by the appro-

priate factor. The mean-squared values of e, 6c, and i also depend 
c 

linearly on the velocity v for the assumed track irregularity psd. 

Relationships for the power spectral densities and mean-

square values of e, 6c, and i for the cases of relative velocity/ 
c 

relative position feedback as well as relative position/absolute 

velocity/absolute acceleration feedba.ck are given in.Appendix I. It 

should be noted that the expressions (22) - (24.) and (26a) - (26c) 

1\ d.epend only on the damping S, and natural frequency w and not on the 
0 

type of suspension used to obtain those characteristics. Thus, ride 
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quality p2r se is independent of the type of susper.sion used (e.g., 

air cushion, magnetic levitation, etc.). However: the change in 

~ 1\ clearance ~ associated with a given choice of 8 and w
0 

places a 

constraint o~ the clearance that a system Tiust n1aintain, and this is 

an important factor in determining 1-rhether a given suspension ca!l be 

used. i 
2 

determines the control current required for a given vertical c 

acceleration psd vrhen using a magnetic levitation scheme. 

Consider now the choice of control strategy for obtaining an 

acceptable ride vli th a levitated vehicle. It is apparent that abso-

lute vertical velocity would be difficult to meas,rre directly. 

However, various practical scher.1es for measuring the relative distance 

between the vehicle and the track can be proposed. Thus, one control 

approach is to design a compensation circuit such that. any given damping 

can be obtained uRing only relative position feedback. This corresponds 

to pole placement 18 in ::nod ern control theory, or the de sign of a lead/lD.g 

network using classical techniques. 19 Assuming one of these methods is 

used to obtain relative position/relative velocity feedback control, 

the vertical acceleration power spectral densities shovm in Fig. 4 are 

obtained. These curves are obtained using A = 5 x 10-
6 ft., v = 300 mph, 

and the expressions in Appendix I. It is apparent that an acceptable 

ride quality cannot be obtained by v~r~ng the da~ping 6 = ~/2 ~ . As 
0 

the damping is lowered_, the high freque;.1.cy r<SsponsG irnpro·res but the 

low frequency peak eventually shifts above the specification curve. It 

is easy to sho1·r analytically that the psd cm·ves approach a constant 

at high frec;,uencies which depends only on the dnruping, and thus shifting 
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the natural f:cequ.ency (by relative posi tior.'. feedback) cannot help to 

achieve ride quality in the critical region above 6 Hz. Furthermore:, 

it can be shm·m that the control current required v-rith this control 

scheme is inf:i.nite, and thus any practical attempt to implement the 

scheme vrould require a low pass filter to limit the control current to 

frequencies below about 50 Hz. It appears that an acceptable ride 

quality cannot be obtained 1-Iith this relatively good track using 

relative position/relative velocity feedback control because the vehicle 

must use a 8!1Dother reference at high frequencies to obtain da.'llping. 

This essentially implies that some means of sensing absolute vertical 

velocity must be incorporated into the control system. One means of 

doing this indirectly would be to mount accelerometers on the vehicle 

and to obtain absolute velocity by integrating the accelerometer output 

signals. It should be noted at this point that HulJ.ender et al. 13 

stated the ride quality control problem for a tracked air cushion 

vehicle (TACV) as an optimal control problem in which the suspr:::nsion 

characteristics were chosen to minimize a linear sum of the mean squared 

vertical acceleration and the mean squared change in clearance. Using 

Weiner-Hopf theory and assm'ri.ng the povrer spectral density in ( 19 ), they 

obtained an optimal suspensi::m transfer function. This susJ?ension is 

sho~~ in Appendix II to be equivalent to that obtained using absolute 

velocity and relative position feedback. 

Using absolute velocity and relative position feedback control, 

power spectral densities as shown in Figs. 5 and 6 are obtained. Figure 5 

is for the case of absolute velocity feedback alone, while relative 
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position feedb2.ck is used i:q addition to absolute velocity feedback to 

obtain the results in Fig. 6. The natm~al ~,·equency in Fig. 5 of 

1 .175 Hz corresponds to tha,t of a 1m X 2rn coil at .3m height, and the 

position feedback is used to shift the natural frequency to .6 Hz in 

Fig. 6. The rms values of acceleration (z) and control current (i ) and c 
the peak value t of the change in clearance (L>.c) associated -vrith the povrer 

spectra of Figs. 5 and 6 are given in Tables 1 and 2 respectively. 

TABLE 1. Ride Characteris~ics for Roadbed 
with A = 5 X 10-0 feet 

6 z L>.ct i (% of I ) c rms peak rrns e ---
·707 • 031 g -535 in • 2.13% 

1.24 • 022 g .644 in • 3 .02fo 
(ABSOLUTE VELOCITY FEEDBACK) 

TABLE 2. Ride Cbaracteris~ics for Roadbed 
with A = 5 x 10- feet 

6 z .6ct i 
c rms peak rms 

.443 .014 g .720 in. 3 ·14% 

·707 .011 g •748 in. 3-44% 

2.68 .005 g 1.20 in. 5.96% 
(ABSOLUTE VELOCITY/RELATIVE POSITION FEEDBACK) 

It is seen from Fig. 5 that an acceptable ride can be achieved 

over a track vli th roughness parameter A = 5 X 1 0-
6 

ft. with velocity 

feedback alone. As this feedback is increased (6 increasing) it is 

,seen in Fig. 5 that the peak of the psd curve is lovrered but the high 

i'requency i'alloff of the psd curve is quite insensitive above 6 Hz to 

tNote·that this value is /2 6.c which is not exactly a pea!~ value rms 
for the change in clearance. Es::.entiall;y it represents tne tvro sigma 

level for De.. 
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increased damping. Since the region around 6 Hz is the critical region 

in meetJng the ride qua,li DJ specificat::i_on vith velocity feedbacl~: only, 

it is apparent that increasing the damping docs not allow· the vehicle 

to ride over a rougher track~ (Recall from (26a) that the vertical 

acceleration psd is directly proportional to A.) H01-rever, it is seen 

f'rom Fig. 6 that the addition o:' position feedback -vrhich shifts the 

coil natural frequency to a. lmrer value provides the potential for 

obtaining an accer)table ride over a much rougber track >Ti th a high 

clearance system. "Vli th 6 = 1 ·11 and f = • 6 Hz (a curve not sh01m 
0 

in Fig. 6) a:::ceptable ride quality can be obtained over a i:.rc-:tck about 
/ 

16 times rougher (A = 80 x 10-o ft.) with corresponding rms values of 

z = .036 g, i = 16%and .6c k=3.4- in. Such a ty-ack roughness 1-rould crms peru 
correspond to a moderate to rough high-vray. The advantage: of a high 

clearance system is apparent from the required .6:::. While a levitation 

scheme using ferromagnetic forces of attraction and having a nominal 

magnet-track clearance of .6 in. could be used to achieve the ride 

corresponding to the 6 = .707 curve of Fig. 5, it could not achieve an 

acceptable ride over a rougher track dae to the clearance problem. 

However, maintaining a track to the specification that A = 5 x 10-
6 

ft. 

is probably not reasonable. 

There are at least twn reasons tn investigate the possible 

advantage to be gained by using acceleration feedback in addition to 

position and velocity feedback. First, from the point of vj_ew of 

theory, the control problffin co~ld be cast in the form of an optimal 

state regulator control problem in which ti1e feedback is chosen to 
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minjJJdze the integral of squared terms proportional to vertical 

acceleration, vertical veloc:ity, and vertical position error -vrith a 

constraint on control energy. Then the optimal feedback controller 

would include a term proportional to vertical acceleration as well as 

vertical :position and velocity. Second, from a :practical point of 

view·, >ve have proposed using accelerometers to generate a signal -vrhich 

can be integrated to obtain absolute veloc~ty. TI1us, since a signal 

proportional to vertical acceleration -vvill be readily available, 1-re 

should consider the potential advantages of using it. 

Since acceptable ride quality can be obtained over fairly 

rough tracks using position and velocity feedback, a potential advan-

tage of using acceleration :feedback <-rill e:t..'ist only if comparable accele-

ration psd 1s can te obtained 1'li th lower control currents. In Fig. 7, 

typical acceleratj_on pcd 1 s are shmm for various degrees of acceleration 

feedback. (Recall that the pmver spectral densities for this case are 

given in Appenrlix I.) The velocity feedback is held constant for the 

curves at that needed to achieve o ~ .707 -vrith acceleration feedback 

zero, position feedback is zero, and ~/k 1 is the ratio of acceleration 

feedback gain to velocity feedback gain. (Note that the ratio ~/1-;:: 1 has 

units of sec. but is multiplied by~ with units sec.-1 in the psd 

equations of Appendix II.) It is seen that the high frequency falloff 

of the psd plots is the aspect most sensitive to increasing amounts of 

acceleration feedback. Thus, the peak of the curves in the range of 

.5 Hz to 1 Hz becomes the limiting factor on how rough a track can be 

toJ.erated for a given set of paran1eters. The values of z , i rms e rms 
and 6c peak for these curves are given in 'I'abJe 3. 
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T.A.BLE 3 

(g l s) (in.) (% of I ) 
. e 

~/ki z 6.c l 

peak c rms rrns -

• 1 .031 g .621 3-51% 

·5 .031 g .885 9-71% 

2.0 .031 g 1 ·51 33.8% 

(1m x 2m coil at .3m, A = 5 X 1 o-6 ft.) 

With F)/k
1 

= .5, a track about 2.5 times rougher 

(A= 12.5 x 10-6 ft.) could be tolerated, but the corresponding control 

current "l·rould be about 15.4% of I • As was pointed out above, n. t:mck e 

almost 16 times rougher could be tolerated with this same percentage of 

control curren-t using only relative position/absolllte velocit~· f'eed1:.::tck. 

Similar curves to those in J<,ig. 7, but with position feedback 

added, are shovm in Fig. 8, and the corresponding valuros of zrms' 

and 6.c peak are given in Table 4. 

TABLE 4 

(g t s) (in.) (%.of Ie) 

~/k1 l z 6.c peak c rms rms 

.1 .011 g .812 4.22% 

·5 .011 g 1-03 6.6% 

2.0 .011 g 1-59 12.g.% 

i ) c rms 

Thus, while an 8 times rougher track could be tolerated -vlith 

k
3

/k
1 

~ .5, the control current required wo1lid be 18% of Ie· 

.An extensive parametric study in -vrhich the feedback control 

terms for acceleration, velocity, and relative position 1-rere va:r-ied 

indicates that good :ride quality over a gi vzn track roc::.ghnes s can abrays 
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be achieved vrith absolute 'lelocity/relative position feedback \·rith 

lo-w·er control currents than wben acceleration feedback is added. 

In summary, the best feedback control strate[!;Y tv obtain 

acceptable ride quality ~~th a magnetically levitated vehicle over a 

track with random rough.YJ.ess characteristics ':tppears to be a linear 

combination of the absolute vertical >.relocity of the vehicle wi tn the 

relative vehicle to track clearance. If r2lative instead of absolute 

velocity is used, the ride quality is not acceptable. If a term pro-

portional to vertical acceleration is added, the control curr2nt 

required to achieve acceptable ride quality over a trac~ of given 

roughness is greater than that required Kith a·osolute velocity/ 

relative position control. It was found tt"at an accept1:1.ble ride can 

be obtained over a track l·rith roughness about equivalent to a moderate 

highvray (A = 80 X 1 o-6 ft.) when a high clearance suspension sJrstem 

is used. The control current in that case would be 16~~ of the 

equilibrium current and the peak value of the dynamic strok-:! requi::ced 

. would be 3.4 inches. However, a suspension system which is lirui ted to 

a clearance of less than an inch is limited to a smooth track and/or a 

secondary suspension. 

Further reductions in control cua·rent may be achievable by 

using passive coils tuned to the natural J2·equency and placed below the 

levitation coils. Finally, if the levitation magnets used in such a 

system as considered here are superconducting magnets, alternate Beans 

of implementing the feedback control other than by directly controlling 

the levitation magnet currents may be required to avoid excessive heat 
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losses due to alternating currents, current leads, etc. Howc:ver, the 

f'u.."'ldamenta.l dynamics vrill be the same with such a control strategy, 

and a vrell de:;igned system should probably not require control currents 

to be excessively larger than those calculated here. 

III. GUIDE\vAY DYNAMICS 

The discussion of d;y-namics and ride qualit-.Y thus far has 

only been concerned with the motion of a. magnetically levitated veh:i.cle 

in a vertical plane. HO'ivever, it is apparent that some means of 

lateral guidance will be required for a levitated vehic:le, and that this 

guidance should be achieved by non-contact means just as in the case of 

support. One obvious means of obtaining thiE lateral g-...;.iC:n.nce is to 

use magnets working against vertical conducting su.rf.~1 ce8 to obt<:dn 

lateral forcez. Alternately, a guideway conf'iguration could be chosen 

sucb that both levi ta>tion and lateral guidance forces are inherently 

present. Several guideway configurations that might be considered are 

·shown in Fig. 9· A vehicle would ride nint! guideways (a) and (d) but 

"over 11 guideways (b), (c) and (e). The fundrunental difference between 

the various configurations is that separate magnets are used to obtain 

guidance using surfaces orthogonal to the roadbed in the u-channel_. 

box-beam and inverted T, whe:reas both lift and lateral guidance forces 

are obtained wi tb each magnet in the vee and the inverted vee guidevrays. 

It will be seen in the follmving analyses that the mode coupling 

inherent in the vee and inverted vee is undesirable_, and a vehicle 

using this support-guidance scheme would be more difficult to control. 

(This is inherently true of any guideway design chosen to obtain both 

lift and guidance forces with the same magnets.) 
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'l'he inherent dynamic characteristics of guide1·ray configu­

rations (a) - (c) vrill essentially be the same. That is; mode­

coupling should be the same, similar control strategies vrould be used, 

etc. The factors influencing a choice bet-vreen these guidevays 1muld 

be construction costs, ease of maintenance, lateral forces that can be 

sustained, etc.. The same :remarJs..s apply to the similarity of guidevrays 

(d) and (e). Thus, since the present stage of investigation is con­

cerned only 1~'i th the fundrunent!ll dynamic cha.racteristics of a 

magnetically levitated vehicle and '\'lith an investigation of control 

requirements, the dynamics of a vehicle in a u-channel guide\·T!lY and 

over an inverted vee guide1·ray will be studied as representative of 

this set of five guide1·ray pro:posaJ_s. It is evident that other guidevray 

configuTations l'lOU..ld have characteristics similar to one of' these 

configurations also. For example, a half-cylind:rical trough vrould r..ave 

characteristics sliQilar to the vee guideway. 

A. U-Channel Guideway 

A representative vehicle in a u-channel g1.J.ide-way with four 

levitation :rtagnets and four guidance magnets is shmm in Fig. 1 0, and 

a set of coordinate axes is shmm vri th origin at the veticle ce:::1ter of 

gravity. In g8neral, an analysis of the motion of such a lev-itated 

vehicle vrould require that ine:~ctial and body axes be defined !lnd that 

Euler angles be used to relate rotations about the body axes to motion 

in the inertial coordinate system. This leads to a set of 12 simul­

taneous, non-linear, first--order differentieJ_ equations which must be 

solved numerically for given sets of parameters and initial conditions. 

Howe\:er, it is clear from the results of Section II the.t feedback control 
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of the vehicle dynamics ':rill be required to obtain acceptable ride 

quality, and thus that excursions of the vehicle frorr. equilibriv.m due 

to perturbations i·Ti1~ be small. For relatively small excursions from 

equilibrium, Euler angles are not required and the motion is describc.cl . 

well to a first order approximation as the sum :::>f translations of the 

center of gravity and rotations about a fixed set of axes with origin 

at the center of gravity. While this simplifies t~1e eqL:.at:tons of 

motion, an analytical study of the dynamic charact2ristics '"ould still 

be difficult. Thus, because of the first order analysis being made 

and because of the essential decoupling of modes n:::>ted ~reviously for 

a magnet over a plane, effects of coupling and rotc:;.tion which are 

obviously small vrill be neglected. 

Consid.er then the u-channel guideway vrith cooTdinate axes 

as shown in Fig. 10. It follows from the above assumptions that tl·ans-

lations and rotations in the IC'J, yz, and xz planes a:r~e decoupled and 

can be analyzed independently. The motion in the xz plane is analyzed 

here, but only the results are discussed for motion in the other 

planes. In Fig. 11, a vehicle is shown with the forces acting en it 

f'or a general displacement. Define x and z as the xz plane coordinates c c 

of the center of mass and h as the equilib:rium magnet to t:L·a.ck clearance. 

Aerodynamic drag for~es are not included in this analysis since the 

shape of the vehicle strm1.gly affects the natv.re of these forces in a 

complex manner and because the fundamental suspe:::J.sion dynamics are being 

studied. Hmrever, these forces will be very important in the final 

design of any vehicle. The equations of mot~LOn for the vehicle are 
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mx = Fp(x ) -F, ... U~,; ,e,z ) -FD2 (x ,e,z ) 
C C lJI C C C C 

(27a.) 

m z = 1<'
1 1 

( x , e, z )+ li'12 ( x , e, z ) - mg c c c c c (2~(b) 

IB = F12 • (Bcos8+C sinG) -F11 (Bcose -C sine) 

+ FD 1 • (C cos e + B sin 8) + FD2 • (C cos e - B sine) (27c) 

-Fp·(Ccose) , 

where 

m = vehicle mass 

I = moment of Inertia about y axis 

B, C =dimensions defined in Fig. 11 

and F1 (x ,e,z ) and FD(x ,e,z ) are the lift and drag forces on c c c c 

the magnets as a fu11ction of their height and velccity. (The effects 

on lift and drag forces of magnet rotation can be neglected.) These 

would be obtained from (1)- (6) for rectangular coil magnets. The 

propulsive force Fp(xc) is assumed tc produce constant· propulsive 

power. The equilibrium point for Eqs. (27) is 

• v vt X = ' 
X = c c 

z = 0 c 

e = 0 

In order to have the equilibrium point at the origin and to simplify" 

the notation, let 

~1 (t) 

~(t) 

~3(t) • 

(28) 

(29) 
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With this substitution, the _linearized forms of Eqs. (27) are 

-, 

€1 l .. , .. I -21-r v -2\-r_ h 
s s1 i --F_ --1' 0 

.. l m L mv L 

L g2 I 
2 v g_Fh 

l~J 
' -F 0 

~3 J m L m L 

2 
2cw F v 2cvl F h :?B F h mgc 
Iv L Iv L -I- L + -y-

where 

These equations can be written in the simplified matrix form 

g . 
[a .. ] 

. 
= A s1 s1 lJ 

s2 s2 

s3 s3 

where the elements a.. of A are suitably defined. It should be lJ 
noted that the equilibrium is independent of the origin for x (t), 

c 
and that is 1-rhy the right ha.nd sides of (30) and (31) are written in 

tenns of g1 ( t) rather thm1 s1 ( t). 

(30) 

(31) 

Taking the Laplace Transform of (31 ) and assuming all initial 

conditions are zer-o except g1 (o), s2(o), and s3 (o), it follows from 

(31) that 

2 
0 -, ~1(0) s - a

11
s - a12 

- a21s 
") 

<'!'-
o - a22 0 s(s) sg

2
(o) (32) 

- a31s - a32 
s2 

- a33' ss;
3 

co) 
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or 

F(S) s(S) = ~~ 1 (o) 
ss2 co) 

Lss<oJJ 
Inverting F(S) in (33) yields the responses to initial 

perturbations as 

2 • 
e.12 s2(0) ( S - a22 ) s 1 ( 0) 

2( 2 ,- + 2 - ' S S - a .
11 

S - a22 ) S ( S - a 
11 

S - a22 ) 

a21 ~1(0) 
+ 

( s - a 1 i ) s2 ( 0 ) 
2 ,.., 

' S ( S - a 
11 

S - a22 ) 
Sc. - a

11 
S - a22 

These responses are characterized by the roots of the equRtions 

2 = 0 s - a33 

82 
- a11s - a22 = 0 ' 

which are 

(33) 

(34a) 

(54b) 

(34c) 

(35a) 

(35b) 

(36) 
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Assuming typical vehicle and magnet parameters, e.g., 1m x 2m coils 

levitated at h = .3m, and B >> C, then a
11

, a22 and a
33 

can be 

calculated. For these values a22 >> a
11

2/4, a
33 

~ 12 a22 , and a
11

, 

a22 , and a
3 3 

a.re all negative • The numerical values for the·roots are 

s 1 '2 = ± j 25.5 J 4 -5 s3 ,4 = - ·31 X 10 ± j 7.38 

which represent unda~ped ~~d slightly damped oscillatory modes. Note 

that these numbers depend only on the form of the magnetic forces and 

not on the vehicle geometry or mass. The motion resulting from 

initial perturbations as linplied by (34) and (37) can then be s·lli~arized 

as follows: 

I. A pure initial rotation ( s
3 

( 0) > 0) will produce an 1.mdamped 

oscillatory rotation about the center of mass with no height 

or velocity perturbations. The frequency of oscillation is 

f = 4.06 }~ if a uniformly distributed vehicle mass is assumed. 

II. An initial height or velocity error (g
1

(o) > 0 ~r s2 (o) > 0) 

will couple to an undamped rotation about the center of mass. 

III. The oscillatory modes in the height and velocity are slightly 

damped, but the time constant is very long--388 min. The 

frequency is 1.175 Hz. 

Recall that there is some damping of the oscillation about the center 

of mass and of the height and velocity oscillatory motion which does 

not appear in this analysis due to the instantaneous approximation 

and the linearization. However, this will add an insuffi.cient amount 

of damping to the motion, and feedback control vlill be required. 
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It is :i.mportFmt to_ determine l'rhether a simple feedback control 

scheme which is independent for each magnet will E!Chieve sufficient 

damping of the height, velocity and rotational motion. If this will 

not work, an interacting control scheme vrhich req_uir·es some means of 

measuring rotations about the center of mass vriJJ. be req_uired, but this 

added complexity should be avoided if possible. 

Assume that an independent control is implemented for each 

magnet. Then the vertical velocity, v , of a magnet as shown in Fig. 12 z 

v.'ill be used for feedback control. It is 8.pparent that tl'..ls will add 

damping to the oscillatory transJ.ational m:Jtion in the vertical direc-

tion. Consider the rotational contrioution to v • First, z 

cp=cp +8 
0 

where cp is the value of \P when the vehicle is level and e is the 
0 

rotation angle as in Fig. 11. Then the rotational veloc.::I.ty vT is 

• 
vT = - a w = - Ae 

and thus the rotational component of v is 
z 

v r = - A e cos cp 
z 

= - A e (cos cp cos e - sin cp sin e ) 
0 0 

The total vertical velocity is then 

vz = z - A e (cos cp cos 8 - sj_n cp sine) c 0 0 ' 
which for sw..all values of e is approximately 

(38) 

(39) 

(l~O) 

(41) 

(42) 
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'l'he control currents in the magnets are then El,ssumed to be :proportional 

to the total vertical velocity 

• k 1 :L =- v c z 
1 

- k( z -A G cos CD ) . '0' 

and 

i = - kv 
2 

= - k ( z + A e cOS cp ) c2 z o 

There are various alternative ways of obtaining the vertical veloci­
i ties, v , for the individual magnets vhich -vrill not be discussed z 

here. Using these control currents, the matrix F(S) of (33) now 

becomes 

F(S) = 0 

S2 2 ,,"' r8 +m IW:'L -a22 0 

I oFL 
where F -L = ar- · 

(43a) 

(43b) 

The poles of .F'-1 (S) characterize the response of the controlled vehicle. 

These poles are the solutions of the characteristic equation 

( -2kFI)J 0 - a22 + a 11 m L = (45) 

It is apparent that damping has been added to both the rotational 

oscillatory motion associated :previously with the frequency J- a
33 

as 

' (~-4 ) 
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vlell as to the vertical and horizor:.tal oscillatorJ motion associated 

previously l·ri th the frequency J- a22 • Thus, this relatively simple 

non-interacting magnet control scheme should '\W:rk. 

Analysis of the vehicle motions in the xy and yz planes 

yields similar results, na~ely that oscillatory rotations and trans­

lations result from perturbations. Similarly, it can be shovm trut 

simple individual magnet control can qe used to add damping to all 

oscillatory modes. This vrill be seen to be a definite advantage of 

guideway configurations having orthogonal surfaces for obtaining levi­

tation and guidance forces. 

B. Inverted Vee Guide-vmy 

The basic dynamics of the inverJced vee guidel·ray 3-re analyzed 

in this section. A schematic vie1v of a vehicle over such a guideway is 

shown in F'ig. 13, where four magnets produce both lev-l ta tion a.nd guiclance 

forces. (For simplicit-y, the vehicle is drmm rectangulc,r. ) The co­

ordinate system for analyzing the motion is fixed at the equilibrium 

position of the center of gravity of the vehicle as shown. Similar 

assumptions as made in the analysis of a vehicle in the u-channel apply. 

Further, it is apparent that motion in thE; x-z plane sho;;.ld be similar 

to that encolmtered with the u-channel guideway and will not be dis­

cussed further. However, it is also apparent that the fundamental 

difference betvreen the motions of the tvro guidevrays is the inherent 

coupling betvreen the translational and rotational motion in the y-z 

plane. Thus, the y--z plane motion is that anc,J...yzed here. The forces 

in Fig. 13 are referred to as FN1 and FN2' i.e., normal forces, since 

they ~roduce both lift and guidance components. 
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Since a fairly detailed derivation of the equations of 

motion for a vehicle in the u-chan..nel v.'"as g:i.ven earlier and since the 

geometrical details become quite involved Tflith even this simple 

geometry-, the derivation of the linearized equations of motion is 

omitted. 1ne resulting equations of motion are 

where 

and 

I 
Yc a11 0 a13 Yc 

z = 0 a22 0 z , c c 

e 8 '31 0 a33 ej 

yc' zc = y-z plane coordinates of the center of gravity 

e = angle of rotation about the center of gravi t;{ 

(clockwise positive) 

a
13 

= g_ F h cos e (A sine + B cos tJ ) m n o o o 

2 h a-.
1 

= -- F cos e [A sine + B cos e ] ::; I n o o o em 

a
33 

= 
1

2 
F h (AsinG +BcosG )2 + mgB- mgAcotG n o o o em 

Icm = moment of inertia about an ~xis through the center 

of mass. 

(46) 
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Thus, the vertical translational motion is seen to be totally decocrpled 

from the horizontal translation and rotation. Triis vertical motion is 

oscillatory and undamped vlith a frequency of oscillation of ;-=a22 , 

is seen to approach the frequency of a magnet J.evitated over a plane 

as e ~ TI/2. Analyzing the coupled y , e motions using Laplace 0 c 

Transform techniques shovrs the square of the roots of the characteristic 

equation to be 

For parameter values of interes~c, s
1

, 2 
2 

are always negative, implying 

undamped-oscillatory natural modes for 8(t) andy (t). Further c 

analysis is nearly impossible without choosing vehicle dimensions and 

a value for e • Assuming values as shovm in F'ig. 14 as vrell as a 
0 

uniformly distributed mass, it can be shmm that the responses y (t) c 

and e(t) resulting from any initial perturbations y (0), e(o) are c 

given by 

y (t) = .4 y (0) cos (5-9 t) + .6 y (0) cos (.362 t) c c c 

+ 2.21 e(o) cos (5.9 t) - 2.21 e(o) cos (.362 t) ) 

and 

+ .6 e(o) cos (5.9 t) + .4 e(o) cos (.362 t) • 

Thus, the responses have canponents at .94 Hz which are in phase.and 

at • 05&3 Hz which are out of phase. These tvro fundamental components 

(48) 

(49) 
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can be represeiJ.te;d as motions of the "ty];>e sh::::Mn in Fig. 15. Such 

coupling b,:;t'i'T·-~en modes is eert::.in1y w1desire.ble for t'r1.e "~.rehi.cle 

dynamics. Co:.:1trol strategies could ·oe f'onm.•~ated to damp the motion 

and decouple -;~he modes; but these wuuld reqLire ser:sing angles and 

rates of rotation. Fm·the:crnore, simple non-interacting controllers 

fer the indi vidu3.l magne~;;s vrould not be sufficient. Thus, there is 

apparently little to be gained in choosing 2, guide1vay geometry 

with which lift and guidance forces can be obtained from the lev'i. tation 

magnets, since such g·t:idev;ays vrill alvrays contain undesirable coupling 

bet-ween dynamic modes. 

CONCLUSIONS 

~'he response of' a r'lB.gnetically levitated vehicle subjected 

to random guicle·~ora;y- irregularities vras studied by analyzing the poVTer 

spcctru.l density of the vertical vehicle c;ccelerations induced by a 

ty:pical guideway irregula1·ity power spectrum. It was fo:LYld that the 

control current should cont<dn terms proportional to the absolute 

vertical velocity of' the vehicle and the relative vehicle to track 

clearance to obtain acceptable ride quali t:r. lli.gh cl2arance levitation 

schemes (clearance rv 10'!) can obtain good ride quality over a roadbed 

equivalent to a fair high1vay with control currents o.i' the order of' 

16% of' the levitation ctl!Tent. However, a low clea1'8.nce system 

would be limited to a very accur:tte track when considering constraints 

of' ride quali.t;y· and clearance. The vertical accelel'ation po.ver spectral 

- . t . fi d f t• b . . d . h. h. 1 14 ' aensJ. y specl_ e or .ne llX an -r;:racKe aJ.r cus J.on ve J_c_e was usea 
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as a basis for judging the ride quality. While th.i.r, psd specification 

may be somewhat open to question: it was clear :f':rom the anal;)rses that 

absolute vertical velocity feedback as opposed to vehicle-track relative 

velocity feedb1.ck must be used to obtain an acceptable ride for any 

reasonable ride qual:'!..ty specification. Minor improvePJents in the ride 

quality can be achieved l·d.th the add.ition of acceleration feedback, 

but the required increase in control current is not 1vorth the e;ain. 

ThG dynamics of alternative guideways for supplying lateral 

guidance as-well as lift forces were a~alyzed. It vms seen that a 

guideway configuration vrhich provides orthogonal surfaces for guidance 

and levitation leads to an inherently more stable vehicle and allovrs 

the use of' simple independent control strategies on all lift and guidance 

magnets. On the other h.I'Lnd, the dynEJ...t'llic mode coupling present with any 

guide1vay configuration in which both lift and guidance forces are ob­

tained vri th a single magnet vould necessitate complicated interactive 

control schemes as well as sensors to measure vehicle ~oll angles. 

Thus, a u-channel or box beam type of guideway is recamnended for 

magnetic levitation systems. However, it should be noted t~1at the 

vehicle was treated as a rigid body in this analysis and that a flexible 

vehicle might require the implementation of a more complicated interactive 

control scheme. 
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APPENDIX I 

Fo:...• the co.se of relative rosition/relative veloc:Vcy darnring, 

the pmrer spectral densities of the vertical accele:r:ation and control 

current are 

P .•.. (w) ee 

P. . (w) = 
1 1 c c 

4 2 2 2 
w (k2 + w k

1 
) FHH(w) 

( A 2 2)2 2 c2 
w -w + w ~-' 

0 

wheTe k
1 

and k2 are the feedback gains defined by 

i (t) = k 1(z(t) -H(t)) - ~(z(t) -h -H(t)) c ~ 

(I .1) 

(I.2) 

For the case of relative position/absolute velocity/absolute 

acceleration control, the power spectral densities of the acceleration, 

change in clearance, and control current are 

and 

P .... (w) ee 

Pi i (w) 
c c 

,., 2 2 2 2 . c [ (,~ , _ A \ ( _ A \ 
(.l) w ..... 2 -;- 1>-z (1) } + k? 13 + l~ 1 w } 

..) () - ' 0 

where ~0 and ~ are as defined after (11) in the paper, and 

(1.3) 

(I .4) 

(1.5) 
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' 

The control current in this case has the form 

(I.6) 

(I-7) 
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APPEliDIX II 

Hullender, Hormley, and Rich.'lrdson 13 dcte:r'mined the optimal 

suspension which would min:i.rr..ize "' pE.:rformance index I where 

2 
. ( .. 2) ( )2 1 = 6.z + p 6c 

vrhere 6. z absolute vertical acceleration induceC. by track 

irregularity 

and 6. c = change in relative clearan<:!e between vehicle anc1. track 

from equilibrium. 

p = variable parameter---relative influence between terms 

in the performance index. 

The coordinates of the vehicle and track are defined as f'ollovrs: 

Absolute 

m Vehicle Roaubed 
Surface 

/ 
~z2) 

z - z = z 
2 0 1 

r.rhe transf'P.r function G(S) relating the change in force 

&(S) to the change in vehicle--roo.dbed clearance, i.e., 6.c (S), \vas 

fou.,.""ld in [ 13] to be (Note that this depends on the assumed track psd.) 

&'(S) = G(S)D.c 
2 

-ma-s 
-----D.C. 
(S+J2a) 

(II.2) 
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It wa.s state.d that this trantJi'er function is the SD.me as t:tat for the 

follovring series spring -ds.n:per combination: 

i:f we choose k == ma
2 

and b == rna/ J2 . 

We proceed to shovr the follo~'ling, 

(i) The t::cansfer :function G'(s) has the form of G(S). 

(ii) The change in force, &, :cesulting from track i:cregu-

larities when using this series sp:cin~ c~per is 

equivalent to relative position and absolute 

velocity feedback. 

Assigning an intermediate variable .6z
1

, as shown, the equation of motion 

of Iil can be wr-itten as the follovr.:ng two equatior.s: 

(IT 3--) \ -. a. 

aYJ.d 

(II.3b) 
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Let us assume that the solutions ±'Ol~ 6 z 
1 

and 6 z
2 

are of ·che fo-.c·r..n 

Then 

and 

Assuming tbis, (II.3b) becomes 

or 

Substitut5.ng (II.4) into (II .3a ), 

or 

so that 

&== 
- kp (6. z

2 
- 6 z 

0
) 

(p + k/b) 

- kp6c 
= ------

(p + k/b) 

k6z 
0 

D.z 
0 

(p + k/b) 

' 

If the Laplace Trar1sfo:cm tech..'1ique r,-ras used--:p would be 

replaced by S and everything else vroulc1 be ·che same. Thus, the 

series spring-d~per does re.present the transfer function obtained 

in reference 13. 

(II .1~) 

(II.5) 
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Bu.t now 

& :::: 
-kp.6c 

- k.6c 
[ p + k/b - k/b] 

- p+k{b--
p+ k/b 

and 

& = - k.6c [ k/b J 1 
- ~--:-k/b 

and 

.6F - k6c 
k2 /:;.c 

= +b. 
(p + k/b) 

But .6F :::: m.6z' 2 
which from (II.5) implies 

2 = mp .6 z
2

) 

or 

or 

- kpL\c 
p+k/b 

.6c 

(p + k/b) 

Substituting (11.7) for the second term in (II.6) gives 

mk. 
.6F =- k.6c- -p.6z 

b 2 

Thus, the force is obtained as a lin.ear combination of 

relativ<.; position cmnge and abso~1.:..te velocity. 

It is interesting to note that this is also equivalent to 

the follo1ving spring and damper combination: 

b' = mk 
b 

(rr.6) 

(II.7) 

(II.8) 
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FIGURE CAPTIONS 

Figure 1 • A :rr.agnetically levitated coil over a conducting plax;.e 'trith 

its image coil. 

Figure 2. Definition of variables for analyzing the perturbed motion 

of a coil. 

Figure 3· TJ~ical power spectral density measurements for various 

surfaces. 

Figure 4. Vertical acceleration pcr~'er spectrwn for a veldcle vri th 

relative position/relative velocity control. 

(A= 5 X 10-
6 ft, v = 300 mph). 

Figure 5. Vertical acceleration povrer spectrum for a vehicle vri th 

( -6 absolute vertical velocity feedback. A 5 x 1 0 ft, 

v = 300 mph). 

Figure 6. Vertical acceleration po-vrer spectrum for vehicle with 

relative position/absolute velocity control. 

(A = 5 X 10-
6 ft, v = 300 mph). 

Figure 7. Vertical acceleration pow.::;r spectrum for vehicle id.th 

relative position/acceleration feedback control. 

(A = 5 X 10-6 ft, v = 300 mph). 

Figure 8. Vertical acceleration pow~r spectr~ for vehicle ~~th 

relative position/absolute velocity/acceleration feedback 

control. (A = 5 x 1 0-
6 

ft, v = 3 00 mph) • 

Figure 9· Alternative guideway configurations. 

Figuxe 10. A t-.fl)ical ·~.rel'.icle in a u-cha.n..-1.cl guideway. 

Figure 11. Vehicle perturbed from steady motion in longitudinal plane. 
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Figure 12. Vertical velocity co~~onent used in independent ma~1et 

control. 

Figure 13. A typical vehicle over an inve:cted vee guideway. 

Figure 14. Dimensions assu .. rned for dynamic calculations of vehicle 

over an inverted vee guideway. 

Figure 15. Fundamental modes in transverse plane for o. vehicle over 

an inverted vee guide1my. 
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APPFl'illiX F 

PASSIVE DPJ>!PITIG 

A. Conducting Plate 

Let us examine the effects of a .:!onducting plate placed behre:2n 

the levitation mz.gnet and the guideway. 'l'he plate is e.ttached to the 

vehicle, mov-:i.ng rigidly ·;ri t:r1 the magnet. For Eteady motion, the pb. te 

bas no effec-t. For oscillatory motion in the vertical direction (in 

addition -co steady motion dmm the guideway) eddy currents are induced i::1 

the plate vrhich d&'!:.p the oscillations. Also, the eddy cu:crents flowing 

in the pb.te produce a change in the guidevray currents which provides 

additional damping. 

Consider the hi..gh-s:peed liro.i t. The guid.e~-ray cu.:crents produce 

a magnetic f'ield equivalent to that of the image of the levitation magnet 

(and of the eddy c1nrents jn the plate which vrill be considered later). 

As th~ vehicle oscillates in the vertical direction, the im.age .osciJ.lates 

in the opposite sense. The relative motion of the image and the plate 

induces eddy currents. The appropriate coordinate system is shown in 

Let z (t) be the height of the levitation nagnet &bove the 0 

guideway, and z (t) the height of the plate. At equilibrium z = h, p 0 

z = h', we let z(t) ~ z (t) + z (t) be the distance between the image p 0 p 
and the plate. If the vehicle is oscillatc~J in the ve2~ical direction, 

then· z is of the form 
0 

( 1 ) 



T l?<J : : -]~ L:vitation Coil 

z ~{t)T 1rrsnxrrrn:crn:rr~r· · Damping Plate LZp(t) z 

l 71111117/T//l(u~{4!/l 
Z0 (t) 

1 "'~------- ----1'-.,.. •x 1 1 xs 
"' .. ':i..--- ------.... - ...,_ ::1 Image Coil 

Fig. F.1. The use of a conducting plate for damping 
vehicle oscillation. 
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T:b..is implies that 

(2) 

and that 

z ( t ) = h + h ' + 2h 
1 

sin y t (3) 

We assume that h
1 

<< h', h
1 

<<h. 

In the x-z frame of reference (rigidl~y- attached to the plate, 

z pointing dmmward) the image moves in the vertical ( z) G.irect~_on 

according to (3). Sine= the mation in the x-z frame is purely vertical, 

the aspect r:'.tio of the magnet does not play a dorni:r.ant role. Hence, a 

calculation of the force en a long wire is relevant. Corrections for 

more realistic irJ.age magnets are given later. We also assume that the 

plate is thin so that the thin-plate model can be applied. The tr.ick-

ness of the plate is T and the conductivity is a • Fl'om Eqso (2.12) -p p 

(2.16) of Davis and Wilkie 15, we have 

and 

where 

F = F = 0 
X y 

w = 2/'t-L a T p 0 p p • 

The current in the J.ong wire is r. 

Now we write z(t -T) as (see Eq. (3 )) 

' 

(4) 

(5) 

(6) 

(7) 
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where 
·-

.6(t_.T) = 2h
1 

[siny(t -'f)- sinyt] , (Sa) 

= 2h~ [sinyt(cosyT-1)- cosytsinyTj (8b) 
I 

Assumir1g that h
1 

is small, we ezpand the integrand of (5) in powers 

of .6( t, 'T ) : 

F 
z 

2 
w 1-1 I 

J? 0 

'JT 
+ ••• 

To determine the da:wping forces, -vre need to retain only the terms 

proportional to velocty (i.e., cc cos yt) in 6(t,,-). Thus, to first 

order in h
1 

'T Sln y T J
co d • 

0 ( 2 (h + h 1
) +Vi" T ]3 

p 

It j_s straightforward to show that 

F = z 

I2 
1-10 

4TI (h +hI) 

I(x) = 1 - xf(x) 

z ( t) I c 2 (h +hI) y ~ 
w vr :J p p 

' 
where [Ha.'1dbook of 11athematical Functions]t 

f(x) = Ci (x) sin x - si (x) cos x 

J 

F is the damping force on the image in the x-z frame (z points z 

downward). To find the damping fcrce on the plate in a f'rame of 

(9) 

( 10) 

( 11 ) 

( 12) 

( 13) 

reference where the guideway is stationary and a positive force points 

upw~rd, we apply Kewton 1s t.hird law, giving one minus sign, and then 

tvlalter Gautachi and William F. Cahill, in Handbook of' .r.~athematical 
Flmctions, edited by M. Abrammri tz and J • A. Stegun (Hatl. Eur--:-std.: 
Washington, D. C., 1964), AppL Math. Sci.- 55, p. 231 • 
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we have another change of sign due to the difference in direction of a 

positive force. He11ce, the force on the plate is given by ( 11). The 

total force on the vehicle is tlv-ice that given in ( 11 ) , however, since the 

image of the plate in the guideway interacting with the levitation 

magnet gives (in the high-speed limit) a contribution identical to that 

of ( 11). d Denoting the damping component of the lift qy- ~L , we have 

(for a long wire as the levitation magnet) 

F d 
L = -----

1f (h +hI) 

z (t) 
0 

w 
p 

I c 2(h +hI) y ) 
Vl 

p 

[Note that we have written (14) in ter1ns of z
0

(t) = yh
1 

cos yt, see 

Eq. (1).] 

Next we make corrections to (14) for more realistic levi-

( 14) 

tation magnets than a long wire. From Eq. (6.21a) of Davis and 

Wilkie15, it can be shown that for I z(t) I<< w or 2(h-1-h 1)y/lv <<1 p p 

the damping force en the image of any levitation magnet is 

F =- z(t) F (2(h+h 1
)) z vr I ' ( 15) 

p 

where FI is the force on the levitation magnet due tc its image a dis­

tance 2(h+ h ') away. We can see that the long ;.Tire ote;p the relation-

ship by noting that I (x) ..... 1 as x ..... 0 and (for a lo:!:lg vrire) 

1-Lo 
I2 

Since we have not been able to find F for a realistic ma~1et for z 
'arbitrary z ( t ) , we postulate that 

( 16) 
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' ( 17) 

which reduces to ( 15) :for 2 (h + h 
1

) v << 1 r.m::l is identical to ( 14) fo:r w p 
a long wire. Thus, 

d 4z c t) ( 0 (h . h , ) ....._ 
FL =- ~ FI(2(h+h 1

)) I ~ ~ Yj 
p p 

( 18) 

A damping time T can be defined by 

2m ::: ~F (2(h+h'1' I ( 2 (h+il') y) 
T w I 11 w ) p p 

( 19) 

. where m is the rr,ass supported by o:1e 1evitation magne·s at equilioriu.~.'::t. 

Nor,r) in the high-speed limit 

Substituting (20) into (19) gives 

.:!_ = 2g F I (2 (h +hI)) I c 2 (h ~~hI) r.) 
,- w :E'I(2h) p p 

For f'ixeci y, hand h', 1/-r can be ma21.-imized -vr:Lth respect to >·r • we 
p 

rewrite (21) as 

1 
[xi(:~)] 

2(h + h ') y X = __.:.. __ ....:._.:._ 

-= 
'f 

wp 

The maximum of xI (x) is 0.41, occm·ing at x 1 • 7. Hen.cc 

o.41g 

y(h +hI) 

F.,.(2(h+h 1
)) 

.L 

(20) 

(21) 

(22) 

(23) 
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and 

w) = 2(h+h 1 )y/1·7 p ma.'<: 

For a long wlre, (23) becomes (y = 2Tif) 

For a 1 x 2m coil ~~th h = 0.3m and h 1 
= 0.2m, 

? I ( 2 ( h + hI ) ) /F I ( 2h) 0.38 ' 

so that 

T = 2.1 sec X (f/1 Hz) 

B. Tuned Coj_l 

In place of the conducting plate: consider now a coil 

connected to a capacitor, c. Let Ld be the inductance of the coil, 

and Rd the resistance. The current induced in the coil is I
1

• The 

height; z (t), of this damping coil above the guideway is c 

' 

(24) 

(25) 

(26) 

(27) 

(1) 

where I z 
1 

( t) l << h 1
• Since the damping coil and the lev-i tati.on ceil 

move rigidly together, the height, z (t), of the levitation coil is 
0 

(2) 

The image of the levitation coil is a distance 

z(t) = h + h 1 + 2z.(t) .. (3) 

below the damping coil. 
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The current I1 satisfies 

d
2

I di1 11 d2 q; L __ 1 
+ Rd ""(ft + - = -

~t2 ' (4) 
d dt2 c 

where q; is the flux through the damping coil due to the image of the 

levitation magnet. Let Md ( z ( t) ) be the mutual inductance between 

these two coils, so that (I = current in the levitation coil) 

' 
dMd 

= Md (h + h 1 
) I + - 2z ( t ) I + 

dz 1 

dMd 
is evaluated at z = h + h 1

• dZ Therefore, 

Substituting (7) into (4) gives 

d2.,.. 
..L1 

Ld~ + 
dt 

2• , dM d z 
d 1 -2- I-,..;-

dz dtc:. 

The dyn~mical motion of the mass m (mass supported at 

equilibrium by one levitation coil) is given by 

2 
d z1 2 

m -- + m w
0 

z
1 dt

2 
dM 

= 2I I - + F(t) 
1 dz ' 

(5) 

(6) 

(7) 

(8) 

(9) 

where w is the natural frequency (determined by the· levitation coil 
0 

interacting ~~th its image) and F(t) is a perturbing force. 

If F(t) is of the form 

F(t) = F 
0 

iwt e 
' ( 10) 
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"then it is ~:;traightforward to shm-r that 

where 

and 

' 

k = 

' 

• 

?or w = w
0 

= we' we have 

iF 
0 

3 mkw 'T o e 

Defining a damping time by 

we find 

1 
'T 

= 

2 
'T = -~-2 

kw 'T o e 

) 

( 11 ) 

' 
( 12) 

( 13) 

( 14) 

( 15) 

( 16) 

( 17) 

( 18) 
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APPE:illiX G 

DYi'l"AMIC RESPONSE AT A.N EXPicNSIOH JOINT I.liT THE TRACK 

When the train co:i..l passes over a cut in the track (such as 

might be encountered at an expansion joint), the coil will experience 

a momentar-,y reduction in lift vrhich will perturb its motion. Assuming 

no electrical concuction across the cut, calculations show that the 

lift on the coil is reduced about 40 percent when the coil is directly 

over the cut. 

The vertical response of the co~l is given by 

z + 
2 

+ OJ z 
0 

= F(t) 

. where F(t) is the perturbing force (change in lif't force) .per unit 

(G.1) 

mass as a function of time. The Fourier transform z(OJ) is thus given by 

.f( OJ) z (OJ) = --=-~...;.._ __ 
2 2 

(w -OJ ) + i~OJ 
0 

(G.2) 

where 

(G.3) 

If we determine F(t) irom calculations of lift on a coil near the edge 

of a semi-infinite sheet, vre obtain 

2 2 
F ( t ) = 0 • 4 g e- 2 • 78 v t (G.4) 

where vis in meters/sec, tin seconds, g is the accelerat~on.due to 

gravity, and t = 0 corresponds to the coil being syrrrrnetrically located 

above the joint. f(w) is found to be 

2 
j(OJ) = A e- ~OJ (G.5) 

1.. 

where A= (0.2g) / (2.78Tiv
2

)
2 

and f3 = 1/(11.16v
2
). 
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Now z(t) j_s given by 

2 . _... 
A - Sw lUlu d e e w 

( 2 2) . w_ - w + 1Bw - 0 - . 

2 
-!3wo 

e ~ 1 over most of the speed range. It is also noted that vre 

overemphasize the response if vre take e -Suf = 1 in the integral. 

(G.6) 

If we do this we may evaluate (G.6) by contoUT integration and obtain 

z(t) (G.7) 

j 2 2/ vrhere we have assumed the damping small enough that w
0 

- i3 4 

tie note -Ghat l.;he a.Iilplitude is -lY.Jde:pendent of S· 

If vie have t--:ro levitation coils separated by the length of 

the vehicle, the coils receive their h1pulse at different times: 

z(t) -
--s(t -t )/2 

If A [·e 0 sin UJ ( t - ~ ) 
(.1)0 0 0 

-sCt + t )/2 
- e 0 

sin w ( t - t ) J 
0 0 

(G.8) 

2 I -" ( ) I If w = 5-+ sec - see Sec. 3.4 and 2 t v corresponds to "" 0.9 0 0 

(length of rcven;J.e vehicl8), th6n the amplitude of z ( t) is: 

0.33 em at v = 300 ~.ph 

1.04 em a~ v 130 .i,;1ph 

1.10 em at v 100 mph 

0.84 em at v -· 50 mph 
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APPENDIX H 

MA.G1TET CALClJI.J4_TIOHS 

1. The field near a conductor h:.mdle is 

1-L 
- 0 ~ n=2nJ.·r 

which f'or r = 2.5 em and I = 3 X 105 amperes is 

B = 24,000 gauss. 

2. Wire diameter required f'or a critical field of 48,000 

gauss, 3 00 ampere (safety factor of 2). From Air co's wire chart 

size: critical current density in 50 kG range is.-...- 105 amperes/cm
2

• 

Thus for 

Copper/Superconductor cross-section = 2/1: 

diameter = 0.873 wn (~ 0.035 in). 

3. If the inner c.ewar is uniformly loaded from the super-

conducting v.-ire then, assurn.ing the dewar acts as a simple beam 

between any t-vro suppo:rts, the maxi"llum deflection becomes 

where 

5Wt3 
y=-- 0.045" 

384 EI 

W = total load = 6,250 lb. (50% overload) 

.£ = length bet1·.reen supports (40 inches) 

E = elastic modulus (26 X 10
6 psi) 

I= moment of cross-section= 
1
1 (b 1h 1

3 - b2~3 ). 

4. Maximum stress in this in.'1er de1var occurs mid,..ray between 

the centers of the beam at the top or bottom and. is 

w.i c 
Tr 
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- H-2 -

where c is the half height of the bean ••. Evaluating this stress for 

both stainless steel and aluminum (dimensions of aluminum beam 

2.75 in X 4.00 in) 

cr = 13,400 psi s.s. 

crAt 6, 020 psi 

The fatigue strengths at 4.2°K for these materials are given in the 

Cryogenic Materials Data Handbook?5 as 165,000 psi (s.s.) and 47_,000 

psi (At). 

5. Inner G-1 0 Epoxy Fiberglass Column (Maximum Load). Since 

these tubes are in compression the buckling stress is 

s' = 0.3 Et/r = 109,000 psi 

where E is the modulus (2 x 106 psi), t the wall thickness (0.2 11
), and 

r the mean radius ( 1 .1n) • Since this value is significantly higher 

than the fatigue strength of 20,000 psi (107 cycles) the fatigue 

strength will be used to calculate the maximum load. 

w 
S =A = 

6,250 lb. 

1.76 in
2 3,550 psi 

where the value of W is taken to be 1.5 times the equilibrium weight. 

This value thus provides a significant safety factor. S is (1/5.6) 

times the fatigue strength (107 cycles). 

6. The all important heat leak down the inner column from 

77°K to 4.2°K is calculated to be 
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Q = 
KA.6T 

~ 
0.267 Btu/hr 

which corresponds to a helium boil-off rate of 0.116 ~/hl· at 4.2°K. 

7• Web thickness for stainless steel hinge. At 4.2°K the 

fatigue strength for 304 stainless steel is 150,000 psi so that the 

minimum thickness of the web, for an axial load of 6,250 lb. and a 

length of 2 inches is 

6,250 
t = 150,000 X 

l 
2 0.021 inches. 

However, there will also be a lateral load that will degrade this 

performance. For this reason we will consider a web of 0.080 thickness 

until the additional design features of the hinge are considered. 

8. Novr the maximum moment 1vhich should be permitted while 

still maintaining elastic behavior of the hinge vreb is 

where for ou:r· case, a is the fatigue strength 150,000 psi, d is the 

length of the vreb (2 inches) and t is one half the web thickness: 

M = 320 lb.-in. 

He~6 shows that the maximum angle that the hinge can be actuated while 

still observing elastic behavior is 

2 2 
~ = 2oy(1-v )_ (!_) f (!.) 
ma.x E \.r r 
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where 

r = web .. r~dius 
'·•., 

Evaluating this expression for the above hinge -vre obtain, for r = 0.25 11 

• 

However, even this value needs to be reduced by the factor (1 - P/2dtoy) 

which accounts for the axial force, P, that must be transmitted. This 

factor is 0.74 for the 6,250 lb. load on the hinge just described, 

reducing the maximum angle to 10.1°. This value is less than that 

obtained by the shrinkage of the inner dewar, 13.3°, but presumably , 
this could be corrected by lengthening the column or narrowing the 

,.'hinge -::.eh .o·r relocation of the support coJ.umns --all acceptable from . ., . . ' 
. the P_~~~e~ desi~ considerations. 

' '.· . 
1 

t ~:.9. Radiation loss through superinsulation. The radiation 

through~ie supe!insulation can be characterized by an effective K 
; . 

in the equation Q =-= KAL\ T but penetration of the superinsulation by 

the support columns, fill lines, and current leads will degrade this 

value. Nevertheless 

I· Q = 430 rmv/dewar (0.68 .e, He/hr/dewar) • 

I 
I 
I . 


