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Forces on Moving Magnets due to Eddy Currents

Joux R. REmz
Scientific Researcl Staff, Ford Motor Company, Dearborn, Michigen 48121
(Received 15 August 1969; in final form 8 January 1970)

A magnet or a current-carrying coil, moving with constant velocity above a conducting plate, will experi-
ence magnetic lift and drag forces from the eddy currents induced in the plate. The lift and drag forces
are calculated for various coil geometries on the assumption that the conducting plate is thin. For this
model, the lift at high speeds approaches the force between the coil and its “image’’ located directly below
it, and the drag force falls off as (velocity)™%. The ratio of lift to drag is found to be independent of coil
geometry, but the velocity dependence of the lift is greatly affected by the geometry. The ratio of lift to
coil weight can be as high as 2000 for a superconducting coil moving at 300 mph at 0.1 m above a conducting
piate. The relevance of the calculation to magnetically supported high-speed vehicles is discussed.

I. INTRODUCTION

Among the various proposals for new forms of high-
speed ground transportation, several of these suggest
that vehicle support might be achieved by means of
magnetic fields.'~* In addition, magnetic levitation has
also been proposed for a high-velocity rocket sled?*
Except for Polgreen’s system,? which uses a permanent-
magnet roadbed, vehicle support is to be provided by
magnetic forces on current-carrying coils located in the
vehicle, these forces resulting from eddy currents
induced in the conducting roadbed.

In the simplest tyvpe of sysiem utilizing magnetically
supported vehicles the roadbed consists of a conducting
plate (aluminum or copper) backed by a conventional
(nonconducting) roadbed. Thereare several calculations
in the literature which bear on this situation. Two basic
studies”® treat long current-carrying wires moving
parallel to and above a conducting plate, and both of
these show that at high speeds the lift force on the wire

approaches that produced by the ‘‘image’” of the
current-carrying wire and that the drag force decreases
asymptotically toward zero. In the first calculation,
Hannakam’ treated two long parallel wires carrying
currents in opposite directions moving perpendicular to
their lengths over a “‘thin” conducting plate. In the
second case, Klauder® investigated the forces on a single
current-carrying wire moving over a thick conducting
slab. Neither of these calculations treated complete
current circuits so that no considerations of coil geom-
etry were possible.? In order to understand better the
parameters which govern the lift and drag forces on a
magnet {or ¢cnil) moving above a conducting plate, it
was felt that calculations of induced eddy currents and
their associated ficlds for several magnet geometries
would he useful. This forms the basis for the present
paper.

" Calculations will be made for the lift and drag forces
on various magnets moving with velocity v at fixed
height z, abeve a thin conducting plate. The method of

.
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calculation (theimage-wake method), which is described
in Sec. I1, is casy Lo app!y to realistic magnet geometries.
In Sec. III the method is applied to several geometries,
including the magnetic dipole, parsllel current-carrying
wires, large rectangular coils, and coil arrays. The
limitation of the thin-plate model and its applicability
to high-speed transportation is discussed in Sec. IV.
Section V discusses achievable lift-to-weight ratios using
superconducting coils and the power requirement to
overcome magnetic drag forces.

II. EDDY CURRENTS IN A THIN PLANE SHEET

Consider a thin plane sheet of infinite extent of
conductivity ¢ and thickness 8. Let this plate coincide

with the x—y plane. The exciting field will be represented:

by a vector potential A’(x, v, z, t) due to sources in the
upper half-space (z>0). The field from eddy currents
in the conductor will be represented by a vector
potential A{x, y, z, 1). The conducting plate is assumed
thin compared to the skin depth for the dominant
frequencies in the exciting field; under these conditions
the current density in the plate is independent of the z
coordinate. Thisis the method considered by Hannakam’
who used a Fourier integral method to determine the
eddy currents produced by a pair of moving wires, buta
simpler method of solution appropriate to this problem
has been discussed by Smythe!® We shall limit the dis-
cussion to source currents moving parallel to the vy
plane; under these circumstances both A and A’ have
no z component.

From Faraday’s Law, Ohm’s Law, and Ampere’s
Circuital Law (neglecting displacement currents), it is
found that the vector potential satisties the following
equation®:

d(A’+A)/0i=wiA/ 9z, H
where
w=2/0uyb (2)

(in mks units) has the dimensions of a velocity. Since
A’ is known, Eq. (1) may be used to obtain A in the
sheet. Consider a sudden change in the exciting field A”;
the right-hand side of (1} is finite, so that

d(A'+A)—>0 as dt—0. (3)

In other words a sudden change in the exciting field
produces eddy currents which maintain the instantane-
ous field in the plate. The eddy currents subsequently
decay. Suppose that the exciting field from a source at 2
and originally time independent is changed from

AY="f(x,y,2—z) for (<0
to
AY="f(x, y,5—2) for >0. (4)

At t= 40, the A field in the plate is
(A) o= —1fa(x, y, 2—20) +11(x, v, 2—2). (5a)

This field can be visualized as heing produced by two
images at 2, and its form is appropriate for extension
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into the lower half-space. It is evident that (5a)
prevent: the instantancous propagation of a charg:in
A’ from proceeding through the plate. Another possible
prescription for the A field in the plate at £=-+0 {since
f due to a source at 3y depends only upon current geom-
etry and | z—35]) Is

(A) o= —f2(x, ¥, 5F320) +f1(x, y, 5+20).  (3b)

This field can be visualized as produced by two images
below the sheet. Equation (5b) can be extended into the
upper half-space; combined with (3a) it gives the A
field the necessary symmetry.

A’=1y(x, y, 2—3) is independent of time, so that for
(>0 Eq. (1) reduces to

0A/dl=1w(0A/0z). (6)

This equation may be used to solve the eddy current
decav. A solution of (6) which reduces to (3b) at
t=01s

A=—fy(x, y, statwt) +fi(x, v, gdgetwh). (7)

This potential may be visualized as produced by a pair
of images moving away from the midplane with velocity
. Since the tangential component of A is continuous at
the plate swrface and Eq. (7) satisties Laplace’s
equation in the upper half-space, {7) provides a solution
in the region in and above the conducting plate.

The eddy current configuration in a thin plate and its
time-dependent decay has thus been replaced by a set of
receding images. In order to solve problems involving
moving magnets, we replace the uniform motion by a
series of sudden jumps and then proceed to the limit of
continuous motion. The force on the magnet due to the
currents can be evaluated as the force provided by the
image system. The wake of images produced by a
magnetic dipole moving above a thin conducting plate
is shown in Fig. 1.

.
Lo

Fre. 1. Sclematic view of the “‘wake of images” produced by
a magnetic dipoir iaoving with velocity v at height 5, above a
thin conduciing ~at. The image wake extends to — & with the
images roceding sertically with velocity . For clarity. the
images ar¢ sepuiuted by a finite-timg interval de.
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III. EXAMPLES OF FORCES ON MOVING
MAGNETS AND COILS

In this scction are calculuted the forces on several
different magnets moving with uniform velocity v at
constant height s, above a thin conducting plate
characterized by the parameter w=2/uy08.

A. Magnetic Monopole

We first consider a monopole at height 5, above the
conducting plate. The monopole is the limit of a long
thin bar magnet or solenoid oriented perpendicular to
the plate. The pole strength ¢ has the dimensions of
magnetic moment per unit length. The vertical com-
ponent of magnetic field at the pole from the nth image
pair, which has receded a distance war, is

(o

- 220+ nwr > ®
[ (mor+vr) 2+ 2zt nwr) 2 PR/

Letting nr—1 and 7—dl, we obtain

250+ nwr

2 (2zgFner) TR

#oq

AB.,=
: 4

3#01' q 2zt w0t dt o
B / [+ (2s0+wt) 22 )

The lift force Fr=y¢B. is found to be
Fr=(uq®/16mz?) [1—w/ (v*-ruw?) 1], (10)

The drag force Fp may be calculated from the component
of magnetic field in the direction of motion of the
monopole. We find

Fp=(w/?)F. (11)

The maximum lift from Eq. (10) is that due to a single
image located directiy below the monopole. This will be
called the ideal lift.

B. Magnetic Dipole

We next consider a dipole of moment m, oriented
vertically, at height z, above the plate. Since a dipole
can be considered constructed of two monopoles we can
use the result of Sec. A to obtain

MOVING MAGNETS DUE TO
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and
Fp=(w/v) Fr. (13)
Here again the lift approaches the ideal lift from a single
image.
C. Long Straight Wire
The third example is a long straight wire carrying
current J moving perpendicular to its length at constant
height 50 (z<Klength of wire). The lift and drag forces
(per unit length of wire) are found to be
Fr= (uol*/4mz0) [*/ (¥*+
Fp= (’Z&')/Z‘)FL.

(14)
(15)

W)

D. Two Parallel Wires

A slightly more interesting case from the preceding
one is that of two parallel wires separated by distance 2¢
carrying equal but oppositely directed currents 7,
moving perpendicular to their lengths at constant
height 2. In addition to the forces found under case C
we also have a force on each wire from the image
system of the other. And because the rear wire sees
more of the second image system than the front wire
there is a turning Louple on the system. We find
(forces per unit length of wire)

= (uol2/20) [ /2o (422 Lo/ (4w ], (16)
Fp=(w/v)FL, (17)

and
Torque=zFp (18)

in a direction such as to lift the rear wire.

E. Large Rectangular Coil

More interesting for vehicle levitation are large flat
coils. We shall consider a rectangular coil of iV turns
with dimensions a X5 moving in the plane of the coil at
constant height z, above the conducting plate. The b
dimension is taken in the direction of motion. The
number of turns  is considered to be small enough that
all turns are at approximately the same height 2. The
mutual inductance between the coil and one of its
images can he calculated from Neumann’s formulall;
for the mutual inductance between the coil and that
image separated by a vertical distance z and a horizontal

Fr= (3uem?/32mz¢") [1—w/(r*+w?) Y]  (12)  distance in the direction of motion x:
N a8 i e— a W
M= - {Za sinh l(x‘z—i—z?)‘/? a sinh [t b) L] " a sinh™ lL(\,—b o ],,,—f-‘(w—i—b) sinh—! -
.. &b L, X N & of , L% 3 x
+ (x—23) sinh 1..;._ —2x sinh 1; — {x+b) sinh 1m --{x—»h) sinh lm +2x sinh™! m
— 4@+ 2+ ) 24 (2 22 2 a4 224 (-5 ] A= 2 (- B V0 2L o o (o~ B2 ] = 2[4 (e 0)2 ] 2

(19)
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Fic. 2. Lift force (expressed as fraction of ideal lift) for
several different coil geometries as a function of coil speed
moving parallel to and above a thin conducting sheet. — Two
long parallel wires carrying equal but opposite currents moving
perpendicular to their lengths. -~ Magnetic dipole. The other

results are for rectangular coils of dimensions 5Xa at heizht’

50=0.05¢ (the b dimension is in the direction of motion): @
b=0.3a, O b=a, A b=2a, [} b=10a.

and the force on the coil due to the image is
F=41*gradM, (20)

the sign being determined by the relative sense of the
currents. The lift and drag forces may be obtained by
summing the appropriate component of (20) over the
image system. This procedure has been carried out for
several coil geometries, the final summation over the
image wake being done numerically.

The lift forces on various rectangular coils moving at
constant height above the conducting plate are shown in
Fig. 2 as a function of #/w. The actual calculations
shown are for z=0.05¢, but since thev are normalized to
the ideal lift (the force between the coil and its image
located directly below it) the results change only slowly
with zo. The ideal lift is given in Table I. Asseen from the
figure, a rectangular coil with its small dimension in the
direction of motion is more effective in producing lift at
moderate speeds than is a’coil with the other aspect
ratio. Drag forces have also been calculated; in all cases

Fp=(w/v)Fy, (21)

a not unexpected result since a large coil can be imagined

as being constructed from dipoles.

F. Coil Array

Calculations were also made for a two-coil array, the
two rectangular coils of the array being separated in the
direction of motion. If the two coils are not too far
apart there is interaclion between each coil and the
image system of the other, which can produce either
more or less lift depending upon the relative sense of the
currents. As an example, consider two rectangular coils
with 8/a=0.5; b is the dimension in the direction of
motion. If these are separated by a distance 10a (in the
direction of motion) there is very negligible interaction
hetween the coils for speeds less than 10w, For v/w= 20

the lift is changed by 0.5%; this represents an increase
in lift if the currents in the coils circulate in opposite
senses. if the two coils are separated by 0.6e and the
currents circulate oppositely, the lift is increased by
15% at ¢/w=1 and by 9.2% at v/w=10. The drag is
still given by Eq. (21).

1V. LIMITATIONS OF THE MODEL

The model we have been using to calculate lift and
drag forces is that of the thin conducting plate. For this
model all drag forces fall off as ~! in the high-velocity
range, i.e., propulsive power to overcome electromag-
netic drag is independent of speed in the high-velocity
range. The parameter w is inversely proportional to the
thickness of the plate so that a larger thickness pushes
F1 and Fp farther into the asymptotic range. However,
the various frequency components of the eiectromag-
netic disturbance of the moving magnet will be shielded
by skin depth considerations, and prevent a uniform
distribution of currents across the thickness of the plate.
As a first approximation, one might replace the plate
thickness by the skin depth when the former exceeds the
latter and apply the thin-plate theory described here.!
Since skin depth is proportional to w™2= (¢v/appropriate
length; =12, drag forces will switch over to a »%/2
dependence at the higher velocities.

To get some idea of the importance of these con-
siderations, we make a few numerical calculations. Tor a
I-cm-thick plate at room temperature

w(copper) =2.7 m/sec,
w{aluminum) =4.5 m/sec.

The electromagnetic disturbance of a moving magnet
will have a broad frequency spectrum. The dominant
frequency for a magnet moving with velocity v at
distance 2, above the plate will be w=1v/2, For v=134
m/sec (300 mph) and z=0.1 m the skin depth at this
frequency is

8s(copper) =0.45 cm,

ds(aluminum) =0.58 c¢m.

One is therefore in the region controlled by skin depth at

TasLe I. Repulsive force (ideal lift) between a rectangular
coil of dimensions aXb and its image situated directly belew it
at distance 2z5. Factor in table is to be multiplied by (ueN:1%/27) X
{perimeter/2z,).

2z0/a &/u=0.5 1 z 10
0 1.0006 1.0000 1.0000 1.0000
0.1 0.8601 0.9009 0.9316 0.9742
0.2 0.7143 0.8041 0.860t 0.9340
0.3 0.5771 0.7108 0.7870 0.8822
0.4 0.4391 (.6228 0.7143 0.8224
0.5417 0.6438 0.7583
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this velocity and plate thickness. The transition from
thin-plate to skin-depth behavior should occur at speeds
~round 30 m/sec for a L-cruv thick plate.

The calculations of the preceding section show that at
high velocities the lift force approaches that from the
magnet’s image (the ideal lift) and the ratio of drag
to lift is w/e. If we substitute the skin depth 8=
(2/wopg) 2= (230/vape) 12 for the plate thickness we find

FD/FL——— (2/0’#07'.‘50\/ 1/2. (22)

Klauder® has calculated lift and drag on a current-
carrying wire moving over a thick plate. He finds that
the currents in the plate decrease as a function of
distance below the surface, more rapidly at the higher
velocities. He further finds that the lift approaches the
ideal lift at high speeds. The ratio of drag to lift is not a
simple function, but in the high-velocity limit he finds
(converting his result to mks units)

Fp/Fr=(r/4oumz) 12, (23)

which is of the same order but somewhat smaller than
(22). 1t thus appears that the thin-plate model can be
used to study effects of magnet geometry on the lift
and drag forces on fast moving magnets provided one
uses the skin depth for the effective plate thickness. At
lower velocities the eddy currents are distributed
throughout the plate thickness and approach the true
current distribution of the thin-plate model.

V. ACHIEVABLE LIFT-TO-WEIGHT RATIO AND
ESTIMATE OF ELECTROMAGNETIC DRAG

In this section we examine the lift-to-weight ratio for a
large flat coil to determine the feasibility of magnetic
suspension. Impressive results can be achieved with
superconducting coils and these have in fact been
proposed by Powell and Danby? for high-speed trans-
port. From data for commercially available super-
conducting wire, 32 000 m of wire which will carry a
critical current of 30 A weighs 30 kg. This may be
wound into a 1-m-diam coil with a current-carrying
cross section of about 16 cm?. The ideal lift force on the
coil from its image at 2z=02m is 6.30X10° N=
6.62<10* kg. This is a lift-to-weight ratio of 2200. This
ratio will be degraded by added weight for Dewars and
associated cryogenic equipment, and by the finite-speed
lift factor, but the ratio appears large enough to warrant
serious consideration for magnetic support in high-
speed transportation systems. Problems relating to the
stability of persistent-mode superconducting coils
against vibration and other demagnetizing elfects have
not been explored.

Finally, a few remarks about the power requirement
to overcome electromagnetic drag are in order. In all
cases the Fp/F ratio is given by w/v; this is independent
of coil geometry. For the thick plate case Fp,/Fy is given

by (23) and probably is also independent of coil
geometry except for height above surface. The power
requirement:

Power=Fpv=Fw= (weight)w. (24)

If we take w=06m,/sec (this might be appropriate for
copper when the thickness is controiled by the skin
depth and the speed is 300 mph), then for an auto-
mobile-size vehicle the power requirement is 99 kW or
about 120 hp. [This becomes 76 hp if one uses Eq.
(23).] Forlarger vehicles the drag scales as the weight.
This result is less than, but the same order as aero-
dynamic drag losses at 300 mph for a well-designed
vehicle and thus represents a significant power require-
ment. It also mitigates against a decisive reduction in
drag by running the vehicle system in a partially
evacuated tube.

A different type of conducting roadbed has been
proposed by Powell and Danby.? In their system the
conducting part of the roadbed consists of large separated
coils (of the same size as coils in the vehicle). Eddy
current in each coil is limited by a diode and series
inductance. By limiting both the direction and magni-
tude of the induced currents, these authors claim to
reduce electromagnetic drag relative to lift by an order
of magnitude. Such a scheme certainly warrants
further investigation. ' o
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Analysis of Motion of Magnetic Levitation Systems: Implications for High-Speed Vehicles
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To study the motion of a magnetically suspended high-speed vehicle, a simple example (the
long wire above a thin conducting plate) is considered in detail. The lift and drag forces on
the magnet (long wire) are derived for arbitrary motion above the plate. The stability of the
system is analyzed for typical parameters (velocity = 300 mph, height = 0.1 m). Byv using a
Laplace-transform technique, it is shown that two types of modes occur (in the lincarized
equations of motion). One mode is a vertical oscillation with an amplitude that grows slowly
in time. The other mode is an unbounded increase in the horizontal velocity error. This
latter instability results from the fact that the drag force decreases with increasing velocity
at high speeds. In this connection, an error is pointed out in a recent publication ir it
was claimed that the system is stable. Detailed counsideration of the effects of hori.
acceleration and vertical velocity on the magnetic forces is given. The effects of aerodynamic
drag and the need for active control of the system are also discussed.

1. INTRODUCTION

The lift and drag forces on various magnets mov-
ing with a uniform velocity at a censtant height
above a thin conducting plate have been calculated
by Reitz.! These forces result from the eddy cur-
rents induced in the plate by the moving magnetic
field. The plate is assumed to be infinite in ex-
tent with thickness small compared to the skin
depth for the dominant frequencies involved and
small compared to the height of the magnet above
the plate. These assumptions allow a simple
image-wake solution for the magnetic forces.

The image-wake method can be extended to arbi-
trary motion of a magnet. Bailey and Norwood®
have made such an extension and claimed to show
that the equilibrium of the magnet is stable, i.e.,
the magnet will return to its equilibrium height
and velocity if it experiences small perturbations
from its previously steady motion. However, we
shall peint out an error in their analysis and de-
monstrate that the equilibrium of a magnet in
steady motion is unstable. It is important to de-
termine the stability and transient response of
such magnetic systems due to the current interest
in the use of magnetic levitation for the suspension
of high-speed vehicles. '3 Subsequently, if these
responses are found to be unacceptable. the need
for active control will become apparent.

For simplicity, we mostly consider the long wire
in this paper, although much of our analysis per-
tains to the translational degrees of freedom of
any magnet. Because we can analyze this case
exactly, we can determine the validity and the
limitations of approximate techniques which we
then can use to analyze more complicated magnet
configurations. (In addition. the long wire was

considered by Bailey and Norwood® and by Reitz.!)
We also give some general formulas for estimating
the corrections to our approximations for any mag-
net configuration.

In Sec. II we derive the forces on a long wire with
arbitrary motion using a slightly different tech-
nique than Bailey and Norwood® used. In Sec, III
we show that our force expressions agree with
those of Reitz! for the case of steady motion of 2
long wire. Section IV contains an analysis of the
motion of a long wire subject to a small disturb-
ance from previously steady motion. This analysis
is based upon a linearization of the forces obtained
by replacing the velocity and height in the formulas
for the forces resulting from steady motion with
the instantaneous velocity and height (referred to
as the instantaneous approximation). Although not
exact, such an analysis is a useful starting point
for understanding the rather complicated results
of the exact analysis given in Sec. IV: The exact
analysis is made by applying the Laplace trans-
form to the linear approximation of the forces ob-
tained in Sec. II. The error made by Bailey and
Norwood? in their analysis, which also utilized

the Laplace transform, is discussed in Sec. Il
The range of validity and the limitations of the in-
stantaneous approximation are 2lso discussed in
Sec. II. In Sec. VI we give further justification
of the instantaneous approximation for the long
wire and show how to determine the size of the
corrections to the approximate force expressions
for any magret.

In Sec. VII the results of a numerical study of the
motion resulting from an application of the non-
linear forces obtained by the corrected instanta-
neous approximation (Sec. VI) are given. The ef-
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fects of aerodynamic drag on the stability of the
equilibrium are discussed, and numerical results
are given to illustrate this. Some aspects of the
control of the motion of n.agnetic systems are
discussed in Sec. VIII. In Sec. IX we summarize
the conclusions which follow from the results pre-

Il. MAGNETIC FORCES FOR ARBITRARY MOTION

In this section we derive the forces on a long wire
with arbitrary motion above a thin conducting plate
(or sheet) using a somewhat different technique
than that used by Bailey.and Norwood.? The co-
ordinate system for this problem is shown in Fig.
1. We let the thin plate coincide with the x-v
plane (infinite in extent). The position of the wire
is given by {vo(t), 2(t)) with the wire remaining
parallel to the y axisat all times, i.e., only mo-
tion in the x-z plane is to be considered. Letd

be the thickness of the plate and ¢ the conductivity.
The boundary condition at the top of the plate is*

and the magnetic scalar potential is the sum of two
terms: ' due to the wire (oringeneral any source)
and @ due to the eddy currents induced in the plate.
In the region external to the plate, {2 satisfies La-

Consider first a source potential Q" which is sud-

For £ <0, Q is zero since no eddy currents have
been induced. Integrating (2.1)from ¢ <0 fo some

As ¢, ~+0, the right-hand side of (2. 4) vanishes,
so that immediately following the time when the

’
— (x,y,+0,+0)
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e——X o (t ) —we

Z(1)

j

I 7777777777777 777777777, X

FIG. 1. Coordinate system describing position of wire.
Current flows perpendicular to x-z plane. Motion of
wire i in x~z plane. °

At subsequent times, ©’1isindependent of time so
for >0,

a%q a2Q
5705 9+ 0, )=z, v, +0,0). (2.8)

It can be shown that a solution which satisfies (2. 6)
and Laplace’s equation and which vanishes at in-
finity is

Q(x,y,_z,t)=f(x,y,—z—wt), z >0. (2'7)

The solution below the plate is found by requiring
Qx,y,2,t)=~8Q{x,y, ~ 2z, ), which follows from
the symmetry of the problem.

Let us now consider a source potential Q' (x,y,z, 1)
with an arbitrary time dependence. At time ¢’
during an interval df’, a change

a ’
o w,y,2, 1)t

occurs in ©'. This change gives rise to eddy cur-
rents which contribute to @ at time ¢ >¢" an amount
[according to (2.7)]
I
i;%— ,y,—z—-w(t-¢),t)dt', z>0.

Adding up all such contributions, we find
taQ, ’ 7 I )
Qix,y, 2, t):f T (x,y,—z—-w(-t"), t'dt'. (2.8)

Making a change of variable from ¢’ to 7=¢- ¢/,
we have, after some manipulation,

Q(x,y,z,t): Q,(x’y:-zyt)

9
+wf 52y, —z-wr - D)]dr. 2.9)
0

Equation (2. 9) is valid for an arbitrary source.
In particular, for a long wire,
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Q' v, 2, 1)~ tan 1= X00)

= D) (2.10)

Let us find the magnetic field §(x_,y, 2z, {) which is
related to & by

g(x!y9zyt):—vg(xyy5z)t)' (2.11)

Substituting (2. 10) into (2. 9) and taking the gra-
dient, we obtain

B(x,y,2,t)=-Dblr-xo(t), z+20())

o -

- / 'g—:(x—xo(t— T), Z2+wT+2g{t— T))dt,
0

(2.12)
where
Mol =z
bx(x,z)z_?“ﬂ_x 2 (2.13a)
ol x
bolv,2)=5 7, (2.13b)
and
b,(x,z)=0. (2.13c¢)

The force per unit length of wire is given by (drop-
ping the y variable since there is no y dependence)

F,=IB {x(t), 2zo)), (2.142)

F =IB(xo(t), zo(t)), 2. 14b)
and

F,=0. (2.14c)

Ill. STEADY MOTION

If the wire is moving uniformly in the x direction
(perpendicular to its length) with velocity v at a
constant height &, then

xo(t): vt y
zy(t)="h.
From (2.12) and (2. 14) we find

3.1)

“d
Fz=—.1bx(0,2h)—wlf a—?—‘(vT,Zhwvr)dT, (3. 2a)
0

"o
F,,=Ibz(0,2h)+wlf abz’ wt, 2h+wT)dT. (3. 2b)
0
Differentiating (2. 13), substituting into (3. 2), and
performing the integrations, we obtain the lLift
force

T G
FL(‘U,h)——Fz-— 41Th-1?+_l;z- (3. 33)
and the drag force
Fplv,h)==F,= w/v)F,, (3. 3b)

in agreement with Reitz. :

IV. ANALYSIS OF STABILITY: INSTANTANEOUS
APPROXIMATION

The force expressions in Eq. (3.3) are strictly
valid only Ior a wire which has undergone steady
motion (uniform velocity in the x direction at con-
stant height) throughout its time history. However,
if accelerations in the x direction and vertical
velocities are small enough, we expect that the
force expressions obtained by replacing v by %,(f)
and k by zq(f) in (3. 3) will result in an approximate
description of the motion of a wire undergoing ar-
bitrary motion. We refer to this approximation
as the instantaneous approximation. (The condi-

. tions.under which this approximation is valid and

its limitations are discussed further in Secs. V
and VI.) Ofcourse, such an approximation is not
valid for any general dynamical system. But the
nature of the force on a long wire due to eddy cur-
rents induced in a thin conducting plate is such
that the instantaneous approximation is quite ac-
curate. If is also useful as a guide in understand-
ing the results of the exact analysis.

In this section we study only small departures
from steady motion, analyzing the stability of the
system with a small-signal or linear version of
the equations. We write the dynamical equations
for a wire moving under the influence of gravity,
a propulsive force, and the magnetic force as

mZo=—mg+F(xq, 2¢), (4.1a)
mio=Fp=Fplxg, 2q), 4.1b)

where m is mass per unit length, g is the gravita-
tional constant = 9. 8 m/sec? and F, is the propul-
sive force which is assumed to be constant. The
motion of the wire is assumed to be

xo(t) = vt +x,(5), (4. 2a)
2g(t)= 4 2,(8), (4. 2b)

where x,(f) and z,(t) are small deviations from the
steady motion. Substituting into (4.1), we find the
equilibrium point to be given by -

0= -mg +F v, k), (4. 32)
0=Fp-Fyp(v,h). (4. 3b)
The linear equations are
. . dF
mz1=%};——‘£(v,h)xl+—5—h—l‘(ﬂ,h)zi, (4. 4a)
. 0F, ... BF
mi, = —Tig(v A PR %h—b(v L)z, (4. 4&)

i e 1
We assume a solution of the form z,=z5e",

- . t P . : \
%=X e?. This gives

. OF \ aF .
(mp‘ "'5#(1’: }7)}210——5;‘:‘(1)_,12))(10:0, (4.5&)
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5F 9 F, .
~8—h£(v , )z g+ (m,b+ jaz—rg (v, h)>f\'10: 0. (4. 5b)

For these equations to have a solution, the deter-
minant of the coefficients must vanish, giving the
secular equation

3 oF \
<mp2 - TF};L (v, h)) <nz[) + —a—UQ(z!, h))

K2 OFL =
+oh (v, h) 5 (v, h)=0. (4.8)

From (3.3) and (4. 3), we have

Y

B gl Pt (4.72)

o= (w/v)mg, L7
Fp=(w/v) (4. 7o)
8FL (. =18

7 (v, h)= M (4.7¢)
oF ZLLng
i A =225 d
P (v, ) o)’ (4.74d)
BFp (o py= 222

% (v, k)= o (4.7e)

and
OF, _w dF; _wmg wmg ve—w?
v (w, A v by (, 1) % T vt pPau®
(4. 71)

Making use of the results in (4.7), we rewrite the
secular equation (4.86) as

(P*+ @) (p=b)=a=0, (4.8)
where
LR 8 Y
Wem s T, )=, (@. 92)
_ 1 8F) _gwvi-w?
b—"m Bv_(v’h)_ Ve D2+ wl’ (4. 9b)
and
__ L 8Fp, . OFp . 2g%w
a=- 2 5h (Uyh) av (U’]Z)"]1v2(vz+w2)'
(4. 9¢)
Alternatively, we can write Eq. (4.6) as
PP = bpP e wPp — g2 w/hw?=0. (4.10)

Since the last term, ~ gzw/"hvz, is negative, Eq.
(4.10) has at least one root with Rep >0, indicat-
ing an instability, i.e., z; and x, increasing ex-
ponentially with time.

For cases of practical interest in magnetic sus-
pension, usually v>>w, Therefore, to a first ap-
proximation, we can neglect a in (4. 8), obtaining

(pP+ ) (p-b)=0. {4.11)

The roots of (4,11) are

p=tiw (4.12)

and

W
P:b::%§+"'_’ (4~13)

where “...” indicates terms of higher order in

. w/v. We can obtain a slightly more accurate ex-

pression for the roots (4.12) by writing (4. 8) as
Pr==?ra/(p-b). 4.14)

Substituting (4. 12) into the right-hand side of
(4.14), we find

p=tiw—a/2ets .-

s riw—2gw3 ot . (4.15)

The root p=b represents ustable motion whereas
(4. 15) represents damped harmonic motion. We
shall see in Sec. V that the exact analysis also
gives a root approximately at p=b and roots near
p==+iw, In the latter roots, however, Rep in

(4. 15) does not agree with Rep exact.

Typical values of the parameters involved are!
w=4.5 m/sec (aluminum), £=0.1m, =134 m/sec
(300 mph). Hence w=9.9sec™, or f=w/2r=1.6 Hz,
and b=2.5%107 sec!.

From the above we see that the frequency of oscil-
lation is slow (~1.6 Hz) and that the unstable mode
has a time constant that is long (~400 sec ~6.7
min) and should be easily controlled at high speeds.
This unstable mode basically resulis from the

fact that the drag force is decreasing with increas-
ing veloqity.

If one examines the amplitudes of vibration (as
will be done in Sec. VII), it will be found that the
mode with frequency p=& corresponds to an es-
sentially horizontal type of deviation from equi-
librium whereas the p=+iw modes correspond to
vertical oscillations of the system with virtually
no horizontal acceleration. In other words, the
vertical and horizontal motions are almost com-
pletely uncoupied.

V. ANALYSIS OF STABILITY: EXACT EQUATIONS

In this section we again consider the stability of
the equilibrium of the iong wire (i.e., response
to small gerturbations in velocity and height) but
without making the instantaneous approximations.
The equations of motion are [see Egs. (2.12) and
(2.14)]
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wmZg (Y= — mg~ 10, (0, 2z4(0))

SN \ ,
- wa :Z" () = %o = T), 2od) + wr + 29(6 ~ 7)) dT
0

(5.1a)
m¥e(£) = Fp+1b,(0, 224(8)

"o
+ wlf a—b; {0 (0) — xo{t =~ 73, 2o(D)+ 0T + 2 (¢ — T))dT.
0

(5. 1b)

Once more we let x ()= vt+ x (£), z5()=h+ 2.,

where x,({) and z,(¢) are small. The equilibrium
point is found to coincide with that given before,

Eq. (4.3) or Egs. (4.7a) and (4. 7b).

Linearizing about that equilibrium, we obtain

b

mz, ()= (0 2h)z,(8)

825
—w/ gyl (r, 2h+ wr)z, () + 2z, (£ = )] ar
0

(5. 2a)

m¥, (£ = 21——b—5-o 2z, ()

+w!fmzzg (wr, 2k wr)[x, (&) = %, (¢~ T)] a7
0

- g2
+ wa ybzz (or, 2h+w)z, )+ 2z, (t -T)] dr
0

(5. 2b)

We assume that for £<0, x,{{)=2,({)=0, and that
a perturbation occurs at £=0. . Therefore the in-
tegrals in Eq. (5.2) involving x ({ - 7) and z,(¢ = 1)
only extend over the interval 0<7 <¢{ for £>0.

Let us define the Laplace transforms

7, 2h+ wr)x ) - 2, (t =~ )] ar

We shall now take the Laplace transform of (5.2).
In this equation quantities such as

f ——~~—'1t 20+ wr)x (t—7)dT

t 32b
:I]{ YTy (o7, 2h+wT)x,t-TYdT (5.4)
0

appear. This is the convolution of two functions
of ¢, and the Laplace transform of this quantity is
therefore {by the convolution theorem?®)

FZ(s)x(s), (5.5)
where
" 8%b
F&(s) :If et —BE-— & (¢, 2h+wr) dE,
0 (5.6)

a, B, 7=x,2.

Similar considerations apply to other terms iﬁ
(5.2).

Hence, the Laplace transform of (5.2) is

m[s%z(s) — s2,(0) - 2,(0}]

= 2[ b, (0 2h)z(s) — w FEE(0) ~ F(s)]x(s)
= w[F7(0)+ Fi*(s)]zls), (5.7a)
m[s%x(s) - sx,(0) ~ %,(0)]
= 212; (0,27)2(s) + w| F=(0) — F¥*(s)]x(s)
wlF2(0) + F¥7(5)]z(s), (5.70)

where F7°(0) is F%(s) at s=0 and z,(0) is z,(4) at
t=0, etc.

From (2.13) and (5.8) we find

b, Bl
2ls)= [ etz ) dt, 5. 32) 20, 20 =5 % (5. 8a)
- 3
x(s)= [0 ety () dt. (5.3b) ab; {c, 2n)=0. (5. 8b)
$
F(s)y == (pg I%/27) fn “e St~ 20t/ R+ 8ut{(2h + wi)?/ RS dt (5.9a)
Fis)= - 2/9w) fo e St [~ 6(2n +w)/RY+ 8(2F vwt) /R, (5.9b)
F',,"(s)=—(u01“/2n f e H2(h+ wt)/ R - 8wt ¥ {8k + wi)/ RE{dE, . (5.9¢)
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F(s)=— F(s), {(5.9d)
where R=[(00)? +(2h+wt)?V2. (5.10)

We can rewrite (5.9) in terms of dimensionless
integrals as follows: We let

x=2hs/v, (5.11)

n=w/v, . (5.12)

x=vt/2h, © (5.13)
and

y=[x%+ 1 +nx)?]M2. (5.14)
Then

H(s) = — F2(s) = = (o I2/4mvk®)I% (), (5.15a)

F(s) = = (g I3/ 4nvk®I*E(N), (5. 15b)
FZ(s) = = (no I3/ 4nvh®I7F (), (5.15¢)
where

I f e™[ = x/rt+ax(l +nx)?/7%)dx,  (5.16a)

IZ(\)= fome""‘[— 31 +nx)/7+ 41 +nx)%/ 78 dx,
(5.16b)
%00 = fom eM[(L+nx)/r*=4x2(1+9x)/7 % dx.

(5.16¢)
Eq. (5.7) can be rewritten as

{s?+ wd - WHI(0) + 120 J2(s) = wi[1%(0) - 17 (\)]x(s)
=s52,(0) + £,(0), (5.17a)

~ GIFF(0) + 172 (V) ]2(s) +{s% + W15 (0) = 157 (N) ] }x(s)

= 5x,(0) + %,(0), (5. 170)
where
w§= g 1%/ 4niPm, (5.18)
and
= (w/v)w? . (5.19)

Relating w defined previously in (4. 9a) to wgy, we
see that

w?= Wi/ (? + uP). (5. 20)

The determinant of the coefficients of the left-hand
side of (5.17) can be written as

determinant = s D(s), (5.21)
where
D(s) = (s?+wd ~ w?A)[s - (2h/v)W:B] - (2h/v)wiC=0,
(5.22)

A=T%(0) + I%F(0), (5.23a)

B=-[I7(0) - 1500/, (5.23b)
and )

C=[17() + M50 - 1T/ . (5.23c)

The Laplace transforms are given by
2(s) = ([52,(0) + £,(0)] {s? + 1% (0) = 17OV}
+[5x,(0) + £, (0w 15(0) = 157 (N]Y/sDls),
(5.24a)
x(s) = ({s? + w& = W2 1720) + 177N |} s, (0) + x,(0) ]
+ W3 I5(0) + 177 (V)] [52,(0) + 2,(0)])/s D(s).
(5. 24Db)

The roots of D(s) in the complex s plane are poles
of z(s) and x(s). For Res<0 we must analytically
continue (5. 24) into this region affer we have per-
formed the integrations necessary to obtain 7200,
etc. The origin represents a pole in x(s), but not
z(s). This is seen by taking the limit as s—~0 in
(5. 24a) and applying L' Hospital's rule. The extra
pole in x(s) at s =0 occurs because the equilibrium
conditions [Eq. (4.3)] are insensitive to the origin
of x. Therefore if x,(t)=vf, z4(f)=h represents
equilibriuin motion and so does xp{t}=vi+c,
zo{t)=h, where c is any constant. From the fact
that we cannot expand the integrals I%*(}), etc., in
a Taylor series in s (or A) to any order s", we

do not expect x(s) and z(s) to be analytic at s =0.
Hence, s=0 represents a branch point and the
negative real axis is a branch cut.

We now examine the behavior of D(s) for s near
b [see Eqs. (4.8)—(4.13)]. The corresponding
value of ) is near 2ib/v which is typically

~ 4%10°% Consequently, it is numerically quite
accurate to evaluate A, B, and C [Eg. (5.23)]in
the limit » — +0. By comparing the integrals
necessary for the evaluation of A, B, and Cto
those already obtained in determining F, and 7,
[Eq. (3.3)], it is straightforward to show that

A ~21%(0)=7/(1 +77), (5.25a)
d[z 1-7?
0) 2(1‘1‘772)2 P (5. 25b)
and
dre= n
o~ - 270 222 () = s .
21 ( ) x (0) (1+772)3 (5.25L)

where n=u/v.
Rewriting (5.22) in terms of A, we find

D(s) = (w/2n* (), (5.26)
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where
IR L S R AT Y
d()\)—O‘ +7‘0)()\ 2(1 +172) nl 1+77g (5. 27)
and
Xo = 2hw/v=2(gI) %/ v. (5.28)

Typically »>,~ 102 and n~%. Actually, for speeds
down to v=w (n=1), Eq. (5.27) remains quite ac-
curate.

The pole is given by

D(s)=0 or d(x)=0. (5.29)

"In terms of s=0x/2h, (5.29) can be rewritten as

(s®+wi(s=b)—a=0, (5. 30)

where the definitions in (4. 9) apply. Hence a pole
in the complex s plane occurs at the root of the
secular equation of the instantaneous approxima-
tion [Eq. (4.8)] which is given approximately by
s=p=>b for v>w. This pole on the positive real
axis prevents one from applying the final-value
theorem to examine the behavior of z(s) and x(s)
near s =0 and hence z;({) and x,(f) for {~«.° This
is a source of the error in the work of Bailey and
Norwood? who concluded the magnetic system
should be stable from the results of the final-value
theorem. Since there is a pole at s=0, there will
be a term of the forra e” in z,(¢) and x,(£) corre-
sponding to an instability.

The other roots of the secular equation (4. 8) occur
near p ==z iw — 2gu’/v*. We expect poles in the
complex s plane to occur near these roots, al-
though not precisely on them. In fact, the poles
occur in the region Res >0, whereas the roots
p=%iw—2gw®/v* occur in the region Rep<0. Let
us calculate the position of the poles. We rewrite
(5.22) as

sz+w§— wa=%’lwa/<s —%&u%B) .

(5.31)

Since the poles in which we are interested occur
near s =+ iw, the corresponding value of x| is
small (~10®)., Therefore it is accurate to evaluate
C and B in the limit A —+0. The right-hand side
of (5.31) then becomes /(s — b) which can, in fact,
be set equal to zero for the purpose of determining
the poles to lowest order. It is not accurate, how-
ever, to take A -~ +0 in A if one wishes to deter-
mine the lowest-order contributions to Res. To
demonstrate, we expand A to first order in A, ob-
taining

A=n/(L+n?) e2(1 =n?)/2(1 +n2)P. (5. 32)

(Although A is not analytic about A =0, the first
derivative of A at ) =0 does exist. Higher-order
derivatives, however, do not exist at x =0.)

Substituting (5. 32) into (5. 21) and setting the
right-hand side equal to zero, we find that the
poles occur at

St iw+ b/2 =% iw+guw/ 2%+ - (5. 33)
Since gm/20% > 2gw*/v* for n=w/v <« 1, Res is
therefore positive. These poles also prevent one
from applying the final-value theorem and repre-
sent unstable motion.

Thus for the long wire, all three poles occur in
the region Res >0 for the parameters of interest.
For the case of the meonopole moving over a thin
conducting plate, however, we have found that
only the pole at s =5 cccurs in the region Res > 0.
The remaining two poles occur in the region
Res<0. In general, the sign of Res for these lat-
ter poles depends upon the velocity dependence

of the steady-state forces (as discussed in Sec.
VI). We do riot expect that more realistic magnet
configurations will possess this additional instabil-

ity.

Although Rep (as given by the instantaneous ap-
proximation) does not agree with Res, the fre-
guency determined by the instantanecus approxi-
mation dces agree with the frequency determined
from the Laplace-transform method. This agree-
ment rests upon the requirement that 1Al =24ls1/v
« 1 or frequencies < v/4rh~100 Hz. Since f=w/2%
~1.6 Hz (typically), the instantaneous approxima-
tion is well justified for determining the frequency.
Similar considerations apply to the other root (s =5).

We do not expect any poles other than the ones al-
readly discussed (including s =0) to occur in the
complex s plane although we have not rigorously
proved this statement. We have certainly found
the |2l «<1 poles. We argue that no poles occur
for | 2| 21 since the forces in the problem are
not strong enough to cause such high frequencies
or accelerations. Likewise we have not rigorously
proved that the contribution from the branch cut
to z,(t) and x,(f) is negligible. However, it is
reasonable to expect that for {—<, the contribu-
tion from the branch cut will not be significant
compared with that of the poles.

VI. CORRECTIONS TO INSTANTANEGUS APPROXIMATION

In this section we give a further discussion of the
instantaneous approximation when departures from
steady motion are not necessarily small. We also
determine corrections to this approximation for
any general magnetic source and investigate the
stability of the system.
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First consider 2 wire whose position coordinates == Fp(r, 24(1)) l
are given by
. 2 -V,
ZD(/) = 7_1+I!1.Sin}'/, (5. la) - 1!’123(/\5173 "‘IT'af(”T’ 2z4(f) + wr)+ .. '
A ?
Xolt) =1, (6. 1b) (6. 6b)
We do not assume that 7, is smaj Compared to 4;
however, we shajj consider the frequency y to be From (2.13) or from 2.12), (2. 14), and (3. 3), we i
Small.  Let us calculate the magnetic forces on have after taking the appropriate derivaiiveg |
the wire (per unit length) for the motion given by w V8 = 2
(6.1). Fz-‘-[‘;;(l), ZO(/))<1+ZTZ §O(l)m+> , (8. 7a)
From (2.12) ang (2. 14) we find 2005, (1) ,
F=—F(Uz([))1+\”0\+--- . (6.7b)
x DAYy 2 l’2+ ZU2
Fe=~1b (0, 224(1)) .
Since z,(¢) <« ¢ usually, the Corrections to the
0

- w[»/” erb”(z'T, 224(8) + w7 - flr, n), (. 2a) forces (as given by the instantaneoug approxima-

0 bz tion) due to vertical velocity are quite small. Ny-
merical evaluation of (g, 2) for a wide range of
Parameters ajso shows that the corrections are
small and in reasonable agreement with (g. 7) so
long as yzy()/y « 1.

Fe=10,(0, 22,())

© a
+ uvl/ Aar %(Z’T, 225{0) + wr = f(r, 1), (6. 2b)
0 We note that in (g, 7a) the sign of the 2y(#) term in
the lift force (F,) is positive, Thig corresponds

Where to negative damping ang indicates an instability if H
Flr, )= 2p, singyr cos(yf - Y7, (6.3) the damping associateq With the coupling to the ;
horizontal motion isg negligible, A simple analysig
If 7, t) = 0, Eq. (5.9) would be the instantaneousg of the vibration in the vertica] direction (keeping h
approximation for the forces under the motion 2 constant Liorizonta] velocity) shows that the mo-
(6.1). Let us calculate the first-opder correction tion is of the form exp| (z juw +3b)], where w is 5 '
due to f(r, ¢) by expanding (6. 2). We fingd given by (4. 9a) ag b by (4.90). The rate of the
growth of the amplitude of vibration is slow, but
F,=F (o 2 ) it is larger than the rate for decay associated with
fE %o the coupling to the horizonta] motion [see Eq.
= a2 (4. 15)]. Hence, a slow net growth of the amplitude
+u'1'/- ’fTﬁ (o7, 229(1) + wr)f(r, )+ - s oceurs for a long wire,
0

(6. 42) This resuyjt is, of course, in agreement with the

findings of Sec, V, (6.83). The expansion of F,
to first order in 4(0) is the equivalent in the tir
domain of expanding A to first order in s (op -
in the frequency domain,

Fy==Fp(o, zg{1))

o 32

- w[f dTWQ?(L'T, 220(t)+zu-r)f(7', DESER
o (6. 4b)
: Next let ug exXxamine the effects of accelerp

where 7, (2, 1) and Folo, 1) are given by (3. 3). the horizontal direction. Consider motic . ..

Furthermore, if we assume that Yzt <1, we by
€an expand f(7, ) in ¥ as x{t) = w1, t<Q
S, )= hyyr COSYl+e ez (thrgen. (6.5) =vt+%af® ¢>q
_— . o z(H)=p.
Substituting (6. 5) ipto (6.4), we can write the .
forces as From (2.12) ang (2. 14} we find
to be (1> 0)
- _ = 8b,
Fz FL(U’Z(JU)) ng"lbx(o, Z.Il)'—blh';r M-ﬁ(y
JEAN ¥
. a bt
+wlzo(t)~/ (l'Tbe(Z‘T, 2z20(0) +207) 4+ - . s
dw A 9z . “ab
Fo=10,(0, 24) 4 wl[ -

(6. 6a) e
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where
v'=v+al, (6.10)
Ffila, )= =%ar?, t> ¢
=3alt®-27), t<7. (6.11)

Again, if f'(1,1)=0, Eq. (6.9) would give the forces
in the instantaneous approxiination.

Due to the fact that the magnetic field of a long
wire falls off with distance so slowly (~1/%), a
simple expansion in terms of the acceleration a
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tor '(t, 7)] is not an accurate method of determin-
ing the corrections to the instantaneous approxi-
mation. Nevertheless, we can determine under
what conditions the instantaneous approximation
is valid.

It is straightforward to show that

: 1
1 =]{; dx{[x+ et )P+ Q+qxF

L= j; S Fryimesiat iy R ED
glx, s)=~(ah/v'®)x* x<s

={ah/v'?)(s® - 2sx), x>s (6.13c)
x=v'1/2h, {(6.13d)
s=v't/2h, (6.13e)
7 =w/v’, {6.13f)

and

Fro=tol%/4nh. (6.13g)

It is clear that if akh/v'?<< 1, then I, and I, are
given accurately by the values found by setting

g=0:
Iz = _77,/(1 +77,2)’
L =~3(1+n%)

(6.14a)
(6. 14b)

Numerical evaluation of I, and 7, also shows that

the instantaneous approximation for the forces is
quite accurate as long as ai/v'?<< 1. Under most
conditions of interest in magnetic levitation

a< g=9.8 m/sec, so that for v'>wand #=0.1 m,
the quantity a//v" is small compared to unity.

Blx, v, 2,1)=-vQlx, v, 2, )

4x

=Z—Eﬂi[5(x—xi(t),y—yi(l), z+zi(t))+wf 8b (x -
; o

where

blx, v, 2)=T/7%, (6.18a)

Fo=Fp(1+{wh')i,), {6.12a)
Fo==2(w/' W, I, (6.12b)
where
2(1 +n'x)?
{()H_ 2, s))2+(1+77'x)2]2)‘ (6.13a)

Let us now extend this type of analysis to an ar-
bitrary magnetic source. Since any magnetic
source can be made up of a set of monopoles g¢;
at (x;, y;, z;), we write for the scalar potential of
the source

-

23,2 0= P 2 (6. 15)
where

Ri:{[x_xi(t)]2+!.y—yi(t)] Z‘Z (®)] }1/2

(6.16a)

x;(8) = a; + xo(8) (6.16h)

v:{t) =b; +95(0), (6. 16c)
and

2,(0)= c; +2p(t) . (6.164)

The point (x(2), vo{t), 2,(¢)) represents some fixed
point in the magnet such as the center of mass and
(a;, b;, c;) represents the position of q; relative
to the fixed point. We restrict our attention to
purely translational degrees of freedom. Substi-
tuting (6.15) and (6. 18) into (2.9), we obtain the
magnetic field of the eddy currents:

Py xii =)y y—y{t=7), z+wr+2,(t - T))(l'r:] ,

(6.17)

and

r=(xy, 2. (6. 18b)
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The force on the source magnet is

F=2,¢,B(x;, v, 2)). (6.19)
If we define
Ay =a;—a, . (6.20a)
i
7o el
1 4m

byy=b; by, (6. 20b)
and
€= s+ Cys {6. 20c

then from Eqs. (6.17)-(8.20) we find

- = ab -
X [b(rzj,- s bipy €+ 220 + z«f P (a;; + x(8) = xo(t = 1), by + wo(8) = volt = ), 5 + 07 + 29 () + 241 ~ ‘r))dTJ .
0

Consider first motion of the form

xo(0)= ot : (6. 21b)
yo(8)=0, (6. 21c)
z,() = arbitrary. (6.21d)

From (6. 21) the force becomes
. I,L o -
F=); 4(7]1 ‘L[b(fliw biis Cji+220(t))

i,

~ ob ]
+ u:/- Py (aj; + o7, by, 55 +ur +225(0) + AL, T))‘dr_l ,
0

(6. 22)
where

Aty )= z{t — 1) = 2z4(8). (6. 23)

Now, if over the region of integration on 7, where
the integrand is large, A(f,7) is small, we can
expand the second term of (6. 22) as

-

ab
E(a,-ﬁv'r, By, €y +wT +224(8))

%b
+§2—(aﬁ +0T, by, €3y +wT + 22¢(EN)AUE, T+ - - .

If we further expand A(f, 7) as

alt, 7)==z, +---

then we can write (8. 22) as (after some manipula-
tion)

F,=F; (v, 2,{8))

o] <FL (’l’, ZQ([))_ FL (OO’ ZO([))>+ e (6. 24a)

S w

—wz(¢)

and

. « /. O
- F. = Fp(v, zo()) = wz{t) ”

3w
(6. 24b)

(6.21a)

f
By symmetry, F,=0. In (6.24), Fi{v, k) and

Fplv, k) are the steady-state lift and drag forces
[e.g., see (3.3) for a long wire and also Ref. 1].

For motion of the form

xo(¢) =arbitrary, (6.25a)

%(t) =0, (6. 25b)
and

z(t)=h, : {6.25¢)

we can show in a similar manner that

e (s _ Xl &
F,=Fy(%(8), ) a 300w
o ' o )
X [ d,l[(j:‘L(l7h) w}'jL\oo’ h’)}z):f()-*-."

h
(6. 262)
and

.. 2
. B ¥lhw 8
Fy = Fplxo(t), ) 4 spow

X [f (111<FD(—M>‘|U=;0+ ce (6. 26b)
. w /] .

We assume that the appropriate integrals converge.
In the case of the long wire, the force falls ¢ff as
1/h so that (6. 26) is not meaningful. However, for
two wires (see Ref. 1), Eq. (6. 28) canbe evaluated.
Equations (8.24) and (6. 26) are expressions for
the force on any general magnetic source moving
above a thin conducting plate from which correc-
tions to the instantaneous approximation can be
estimated, We note that only a knowledge of the
steady-state lift and drag forces as a function of

v (or precisely #/w) and % are necessary to esti-
mate the first-order corrections.

X o peme ] -
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Let us examine the coefficient of the Z4{/) term in
F,, asthis coefficient is crucial in determining
whether or not vertical vibrations are stable. For
the monopole, dipole, one iong wire, and two long
wires, we can write’

Fplo, h)=Fp (=, B)[1 - @+ w?™], (6.27)

where =% for the monopole and dipole and n=1
for the long wire (or wires). Likewise, for rec-
tangular coils of dimensions axb (b dimension
parallel to the velocity), the velocity dependence
of the lift force can be fitted approximately by a
formula of the form (8.27) if b/a>1 for the coils

- deseribed in-Ref. 1 with n<3 (e.g., if b=24,

n=~%).% In general » depends upon a, b, and prob-

ably 4.

Substituting (6.27) into (6.24a), we find that
[r~ 2y(8)]

) . 2
F,=F,(v, (1)) - '53)—((?—%%75‘)’—(‘332 (1 N ;—2 1- 2n)> )

(6.28)

We see that if n<3, the coefficient of the Z,(¢) term
will be negative and hence the vertical oscillations
should be damped. Ifn>3, then at high speeds
{(v> w) the coefficient will be positive and the sys-
tem unstabie as is the case for long wires. Pre-
sumably a coil with 5/a <«< 1 will also be unstable,
but coils for which b/a>1 will be stable since n<
(stable with respect to vertical perturbations, not
horizontal velocity changes).

Finally, let us remark that for the parameters of
interest in this paper, the correction terms in
(6.24) and (8. 26) are generally small. The only
reason that the 2y(/) terms in F, assume any im-
portance is that there is essentially no other sig-
nificant damping in the system. Even with the
Zy(t) terms included, the growth of the amplitude
(or damping in case of stable configurations) is
small and can be controlled easily. Hence, from
a practical viewpoint, since a control system is
necessary to damp. out the vertical oscillations,
the presence of a small amount of natural damping
or growth of the amplitude is not of major concern.
In this context, the instantaneous approximation
(with or without corrections) can be extremely
useful in an analysis of a complicated system.

VIL. NUMERICAL SOLUTION OF DYNAMIC EQUATIONS

We have found that the equilibrium of magnets
moving over a thin conducting plate is unstable.
In most systems, using either the instantaneous
approximation or an exact analysis, it is found
that the secular equation resulting irom the lin-

earized equations of motion has at least one real
root in the right half-plane, corresponding to an
exponentially growing term, as well as two com-
plex poles ‘ocated near the imaginary axis repre-
senting oscillatory terms with little damping
(either positive or negative damping can occur),
However, these results on stability do not contain
enough information about the motica which resul’s
if the magnet is disturbed from its equilibrium.
In order to find schemes for stabilizing the equi-
librium of levitation systems it is necessary to
know whether both the horizontal and vertical mo-
tion resulting from perturbations contain terms
which correspond to the exponentially growing
mode or the highly oscillatory mode, whether the
coupling between horizontal and vertical motion
is significant, and how accurately the linearized
equations describe the motion. In order to answer
some of these questions, we used numerical inte-
gration techniques to solve for the motion of an
infinite wire subjected to various disturbances.

In order to facilitate the numerical analysis of the
equations of motion, it is convenient to write them
in a somewhat different form than used previously.
Furthermore, let us describe the motion of the
wire in terms of error coordinates which describe
its deviation from steady motion. Using the same
coordinate system and notation as in Sec. II, de-
fine

y(t) = x4(¢) — vt = position error. 7.1)
Then define

y,(8) = $(t) = %4(t) — v = velocity error, (7.2)

from which it follows that

9,(£) = %,(t) =horizontal acceleration. (7.3)
Similarly, define

vo(£) = z4(t) — h=height error (7.4)
and

ya{t) = 9,(¢) = 24(¢) = vertical velocity, {7.5)
so that

938} = Z,(¢) = vertical acceleration. (7.6)

Thus, the two second-order equations of motion
given in (4. 1) can be written (in terms of error
coordinates) as three coupled first-order differ-
ential equations. Continuing, (4.1) can be rewrit-
ten as

myglt) =~ mg+ Fr (v () +v, (B + By ya(t)), (7.72)

m(8) = Fp - Fply () +v, 3{0) + h, v3(),  (7.70) -

where the dependence of F, and F, on ys(f) is due
to the correcticn torm (Sec. VI).



The coupled first-order differential equations
given by (7.5) and (7. 7) are known as state equa-
tions, and y;(/), v,(f), and v,(/) are state variables
which describe the motion of the wire above the
plane.” This system of cquations is now in the
form required for application of standard numeri-
cal integration techniques. Using a predictor-
corrector numerical integration routine, #% 3 com-
puter program was writtea to obtain responses

for the nonlinear equations (7. 8) subject to various
initial conditions. The response of yv,{/) for initial
height [ y,{(/)] errors of 1 and 2 in. and v1(0) = v4(0)
=0 are shown in Fig. 2. The system parameters
are assumed to be as given previously, namely,
v=134m/sec, w=4.5 m/sec (aluminum), and
h=0.1m. The velocity error for these initial
height errors was essentially zero and is not
plotted. Thus, we observe that there is negligible
coupling between the vertical motion and horizon-
tal motion. It is seen that the vertical response

is oscillatory with a period of 0. 65 sec. This
frequency agrees very well with the frequency of
the complex poles found by both the exact analysis
and the instantaneous approximation. There is no
noticeable growth in the oscillations over the first
few periods shown in Fig. 2. However, these os-
cillations are growing with a time constant of about
600 sec as determined by the response obtained -
over the first two minutes.

The responses for initial velocity errors with zero
initial height errors are shown in Fig. 3. These
responses are seen to be almost purely exponen-

WIRE WITH NO DRAG
RESPONSES FOR INITIAL HEIGHT ERROR

TIME (SEC.)

HEIGHT ERROR (iIN.)

FIG. 2. Vertical motion resulting from initial height
error, wire without acrodynamic drag (»=134 m/sec=
300 mph, w=4.5 m/sec, £=0.1im=3.9 in.).
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WIRE WITH NO DRAG
RESPONSES FOR INITIAL VELOCITY ERROR

b

VELOCITY ERROR (MPH)
- ™
T
n
ol
(&)

FIG. 3. Velocity error resulting from an initial velocity
perturbation, wire without aerodynamic drag (parameters
same as Fig. 2).

tial with a time constant of approximately 300 sec,
which agrees very well with the approximate value
of the real roct (s=5) found earlier in the linear
analysis. Again, it was found that there was es-
seniially nc coupling between the horizontal and
vertical errors in this case. Furthermore, as
one might now expect, it was found that the re-
sponse to a combination of height and velocity er-
rors produced a response which was the super-
position of the individvally induced errors. It can
be seen by studying the linearized versions of Eq.
(7. 8) that there is indeed very little coupling be-
tween the horizontal and vertical motion as indi-
cated by our numerical results.

In summary, our numerical solution of the equa-
tions of motion demonstrated that (for the wire
with nominal values of height and velocity), (a) un-
stable vertical oscillatory motion resuits from
initial height errors, but the rate of growth of the
oscillations is very small, (b) unstable horizoental
motion (i.e., velocity errors growing without
bound) results from initial velocity errors, and

(c) there is negligible coupling between the vertical
and horizontal motion.

In order to study the effect of the first-order cor-
rection terms to the forces obtained by the instan-
taneous approximation on the motion of theywire,

£

the motion resulting from the forces without the
correctione was determined numerically, Over
the first few cycles shown in Fig. 2 there was no
detectable difference in the vertical motlicn, and
over the 5-minperiod in Fig. 3, there was no de-
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tectable difference in the horizontal motion. Thus,
since any active control will have to damp out
vertical oscillations in a very few cycles, we
stress that the instantanec: s approximation with-
out correction terms is sufficiently accurate for
control system analysis and design.

In order to make the problem more realistic as
well as to study the effects of losses on the unstable
horizontal motion, let us add aerodynamic drag to
the equations of motien (7.%). If this is done,

(7.7a) becomes

_ Lo Pl vi(D) +v]
drml y, () + 1} {3 (O + 0P+ w?}

()=

_

FS bk
- i 2+ D a .2 .
[y:)+ 0] v, (7.8)

where k&, is the drag coefficient and kv? is the ad-
ditional force which must be applied to the vehicle
to maintain the nominal velocity ». Because of the
negligible coupling between the horizontal and
vertical motion, the amount of aerodynamic drag
needed to stabilize the horizontal motion can be
obtained by linearizing (7. 8) and setting v,(f) to
zero. If this is done, it can be shown that the
condition for stability of the horizontal motion is

Ry > g I20w/8ueh{v®+w?) =k, . (7.9)

For the nominal parameter values given earlier in
the paper, it can be shown that condition (7.9) im-
plies that the aerodynamic drag must be approxi-
mately one-half the nominal magnetic drag for
stability. Thus, since the nominal lift-to-mag-
netic-drag ratio is 30, the lift—to-total-drag ratic
must be <20 to guarantee that the equilibrium is
stable.

In order to investigate the effects of aerodynamic
drag on the response of the wire to perturbations,

~ numerical results were obtained (using the pre-

viously mentioned computer program) for various
initial conditions and for various values of 2,. The
velocity error responses for k,=1.2, 10, 25, and
100 times the minimum value needed for stability
as given by (7. 9) and for an initial velocity error
of 3 mph (1% error} are skown in Fig. 4. Indeed
the errors do decay to zero as would be expected.
However, it is seen that 25 times the minimum
drag is needed to cause the velocity error to de-
cay to zero in one minute. This is certainly an
unacceptable amount of drag (it implies a lift-to-
drag ratio of approximately 5). The response to
initjal height errors was found to be essentially
unaffected by the addition of the aerodynamic drag,
which is not unexpected due to the negligible cou-
pling between horizontal anrd vertical motion.
Thus, the addition of sufficient aerodynamic drag
to the nonlinear equations of motion of the wire

WIRE W!ITH DRAG

1.2

3
T Kq =1.2kgp, 10Kg, 25Ke,
2
[+
S
a
5
w
>
s
3
9o t ¥ t + +
u 5 1 1.5 2 TIME
( MINUTES)
-1} — SYMMETRIC FOR NEGATIVE ERRORS —
FIG. 4. Velocity error for wire v~ ~arious amounts

of aerodynamic drag (paramete .1e as Fig. 2.).

does indeed cause the horizontal motion to be
stable. For a well-designed vehicle, estimates
indicate that approximately twice the aerodynamic
drag needed for stability would be present. How-~
ever, the vertical response to perturbations is un-
stable and the amount of drag needed to damp cut
velocity errors quickly -enough is prohibitive.

Thus feedback control must be utilized to obtain
suitable responses of the wire (or any magnet sys-
tem) to disturbances. .

VIII. DISCUS5ION OF CONTROL

It is apparent from the results of Sec. VII that
some means of control would have to be added to
the considered magnetic system in order to obtain
suitable transient responses to disturbances.
Since it was shown that the linearized equations of
motion (Sec. III) provided a very good approxima-
tion to the motion of the wire (for the size pertur-
bations of interest) and that the coupling between
horizontal and vertical motion is negligible (for
the nominal parameter values), let us investigate
the linearized equation of motion for the velocity
error only, i.e.,

ylt) = — ay, (t), (8.1)
where

o=y Pww?® - w?)/drmh(v?+ w2 -2k, v/ m.
Let us add a general control function w{f) to this
equation and determine what an appropriate choice

of u(¢) would be to obtain a suitable response of
the wire. The equation of motion is then

vty = = ay, (O +uld). i (8.2)

We want to adjust u(t) to keep v,(¢) as close as pos-
sible to zero at all times. However, it is apparent
from physical reasoning that «(f) must not be al-
lowed to become unbounded since thie would re-
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quiré infinite energy. Let us formulate the prob-
lem of choosing «(f) as an optimal control problem.
Suppose we choose u(/) to minimize the functional

F(y(), )=} [" (a0 +aufO]dt,  (8.3)

subject to the constraint of (8.2). In (8.3) ¢, and
g, are positive constant weighting factors which
are chosen to achieve acceptable responses. It
is apparent that the closer v,{¢) is kept to zero at
all times, the smaller is the first term of the in-
tegrand. However, very large values of u(/) will
not be part of the optimal control since ()

(< energy) is included in the integrand. The prob-
lem we have formulated is well known in optimal
control theory as the linear state regulator.'® It
can be shown that the optimal control is given by

Uope (1) = = Ry (), (8.4)
where % is the positive solution of the equation
-2ka+k/qi-q,=0,
which is
k=qpofl+(1+q1/q2)"?]. (8.5)

Note that % is optimal for any arbitrary initial
conditions. With this control, the equation of mo-
tion (7. 2) becomes

5O = (= a+ k) y, ). ' (8.6)

Because of its form which is proportional to v,(#),
u(t) is known as a feedback control. Results
similar to (8. 6) could be obtained by means other
than by determining an optimal linear control.
For example, if the propulsive power instead of
the propulsive force were assumed constant, the
linearized equation of horizontal motion would
have the same form as (8. 6). ' In addition, we re-
member that aerodynamic drag produced an addi-
tive term in ¢ in the linearized equations. Thus,
it is apparent that a simple feedback controller
which varies the propulsive force applied to the
wire in proportion to the velocity error will pro-
duce a better response, and the prohibitive amount
of drag required for an acceptable response can
be avoided.

Similarly, one could find a feedback controller
which would stabilize the vertical motion and damp
out vertical oscillations due to disturbances.

For example, a feedback controller could be used
to obtain sufficient damping by varying the current
which creates the magnetic field, by controlling
the angle of an airfoil, or by controlling the cur-
rent in smaller trim (or control) coils. However,
while the proposed feedback control of the propul-
sive force applied to a levitated magnet is straight-

forward in theory and practice, there are a number
of practical difficulties associated with the tech-
niques of control of the vertical motion. For ex-
ample, hov. easily and quickly can currents be
varied if superconducting magnets are used, what
geometries would be best for trim coils, etc.?
Thus, the feedback control of the vertical motion
requires a more detailed study than can be pre-~
sented here.

IX. CONCLUSIONS

The:equilibrium obtained by magnetic systems of
levitation is inherently unstable., While the pres-
ence of aerodynamic drag helps to stabilize the
horizontal motion, it is necessary to incorporate
feedback control in the system decign in order to
produce a stabie equilibrium and to obtain suffi-
ciently damped transient responses to disturbances.
Although it is necessary to add a first-order cor-
rection to the lift force obtained by the instan-
taneous approximation to study the stability of
certain magnet configurations, it is apparent that
the instantaneous approximation yields sufficiently
accurate force laws for the dynamical analysis of
magnetic levitation systems. This is particularly
true when feedback control is introduced to obtain
a sufficientiy damped response. :

It was also noted in the case of the long wire that
the coupling between the horizontal and vertical
motion was negligible at cruise speeds (300 mph).
If this fact is in general true for all magnet sys-
tems, the design of control systems to produce
good transient responses will be simplified. How-
ever, this fact needs to be investigated further.
Additional analysis is also needed to determine
practical means of implementing a feedback con-
troller to damp out vertical oscillations in the in-
herently underdamped magnetic systems. This
problem is certainly more difficult than that of
velocity control (assuming decoupling of the hori-
zontal and vertical motion). Also, in order to
demonstrate the feasibility of magnetic levitation
for high-speed vehicles, further study needs to be
made with respect to practical coil geometries as
well as means for lateral control, for emergency
braking, and for making the transition from low-
speed operation (no levitation) to high-speed cpera-
tion.
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Abstract

The force on a rectangular, current-carrying coll mcving
above and parallel %o a conducting plate of arbitrary thickness is in-
vestigated. E_prregsions are developned for the 1ift and drag forces on
the coil as a function of speed. Numerical calculations are made for
a very thick plate and for plates with thickness of the order of the
skin depth. Thick plate results are compared with experimental
measurements of 1ift and drag on a superconducting coil suspended above

a rotating aluminum wheel.
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Abstract
The force on a rectangular, current—carrying coil moving
above and parallel to a conducting plate of arbitrary thickness is in-

vestigated. Expressicns are developed for the 1ift and drag forces on

the coil as a function of speed. Numerical calculations are m. " for

a very thick plate and for plates with thickness of the order of the
skin depth. Thick plate results are compared with experimental measure-
ments of 1ift and drsg on a superconducting coil suspended above a

rotating aluminum wheel.

1. Introduction
Considerable interest has been generated during the past few
years in the use of magnetic levitation as a support mechanism for

1-7 A mumber of dif-

tracked vehicles with speeds in excess of 150 mph.
ferent magnetic suspension schemes are possible, but one of the more
interesting concepts uses d.c. coils or permanent magnets in the
vehicle, and a passive, conducting track. Levitation is produced by
the induced currents in the track acting back on the vehicle magnets.

| The use of high-field-strength, low;weight magneﬁs in the
vehicle, which may be realized through the use of superconducting coils,
can greatly improve the performance of a magnetic suspension system. In
1966 Powell and Danﬁyl proposed a suspension for a high-speed train
using superconducting coils in the vehicle and a track of unpowered,

closed loops of normel metal. Discrete track loops are not essential,

*Work supported in part by the Department of Transportation
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however; one cen also produce 1ift from eddy currents induced in a contin-
uous metallic track or roadbed, and such a track is superior from the point
of view of construction cost and rigidity. Early analyses of the continuous
guidewsy concept were made by Coffey et a12 and Guderjahn et a1.3

In an earlier paper5 we calculated the 1ift and drag forces
on rectangular, current-—carrying coils moving above a thin, conducting
sheet, due to eddy currents induced in the sheet. The resulis can be

sumarized as follows:

(1) at high ‘speeds the 1ift force on the coil approaches the force

due to the image of the coil (Located below the sheet),

(2) at a1l speeds the drag force is (w/&) times the 1ift force, where
w is a characteristic velocity which depends on the conductivity and
thickness of the plate, and |

(3) the speed-dependence of the 1ift force depends upen coil geometry.
In this report we investigate the forces on rectangular coils moving

above a conducting slab of arbitrary thickness. We formulate the

_general problem and show how it can be solved. Specific calculations

are carried out for rectangular coils above an infinitely thick slab,

for a sinusoidal current sheet above a slab of arbitrary thickness,

and for a rectangular coil above a plate whose thiclness is approximately
a skin depth. Complete analytic solutions are obtained for certain
limit&ng cases.

2. Formulation of the Problem

A conducting plate of thickness T and conductivity ¢ divides
space into three regions: region 1 (above the plate) contains the
moving coil, region 2 is the plate itself, and region 3 (below the plate)
contains no magnetic sources or conducting meteriai. Let the ﬁpper

surface of the plate coincide with the x-y plane {i.2., 2 = 0). The

rectangular coil, which is located in a plane parallel to the surface
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3=
of the plate, at z = h, moves in the x direction with constant velocity
Ve 'The coil is oriented so that one of its sides is parallel %o the x
direction. The ccil carries a constant current, the number of ampere
turns being I.

Maxwell's equation for the magnetic field in the plate,

curl B = poj (1)
mey be combined with Ohm's law and Faraday's law to yield
curl curl B = - po@ 3B/3t . , (2)

In a coordinate system moving along with the coil 3/3t may be replaced
by va/ax. Furthermore curl curl may be converted to - v?. Therefore,

each component of B in region 2 must satisfy

3B , 3°B _ ¥*B _, 3B ,
2 Va2 T2 T M | (3)

where Ay = pOv. If we take the origin of ccordinates at a point on

. the upper surface of.the plate directly below the center of the coil,

the symmetry of the problem allows us to write B in the form (for one Fourier

coefficientgz
(Region 2
ik x
B = cos kyy e ¥ (bxgaz + cxe-yz)
ikxx (b et
B_ = sin kyy e v T %y (4)

B =cozkye z 2
z
This field satisfies (3) provided
-k?-k?+a® =1ikA
X v @ p ol

or

1
=03+ i, | (5)

R
1

where

=t
N
n

=k 2 + kyz . (6)



Thus,
‘ B = (/%) =B, + 1B, , (7)
where '
B 2‘% [(Aq2% 2/14 )% JL *
= k + 1) + 1)
1 1 < (8)
-1 1 1
B, =2 ¢ [()\zkxz/k“' +1)% -1]° .

Now the coefficients bx’ Co etc., are not all iﬂdependent.
We have div B = 0 and (curl P-)z = 0. The last equation comes about
because the current in the coil has no z—compcnent, hence the induced
eddy currents also have no z-component. When we apply these equations
to (4) we obtain

b, = ikb Jk 5 b

c
J

- ikb K/ (kXB) , (9)

i
it

ke /k 5 e, =ike WAV (10)

Z
In the region above the plate B is composed of two contri-
butions:

(Region 1)
ik x

- ntC X ~kz
BX»--BX + a, co§ kyye e
o ikxx - .
B =B~ + sin k ve . 11
y vy % 7 © (11)
c ik*cx ~-kz
Bz=Bz +aZ cos k_ye e .

The f.irst term _B:c is the field due to the coil, whereas the term in a
is the field due to the eddy currents. Again the coefficients a_s etc.,

are not independent:

7= 3 . =i /
ay lky ax/kx ) a, 1kax kX . (12)

Beldw the plate the field is given by:



(Region 3)
A ikxx -
Bx=dX cos kyye e 7
] ik x Xz ' ! .
B, = (:'ka/kx)dx sin ke * e (13)
) \ ikxx kg '
B =-b.k/kx/ d, cos kyye e

The coefficient a (hence, alsc a,y and aﬁ) may be obtained

by applying the boundary conditions, i.e., continuity of the normal

and tangential components of the magnetic field, at both the upper and

5 : If we write a_ = o b
lower surfaces of the plate. If we write a, = 8, + ia 55 etc., the
eddy current field may be written:

(Field in Region 1 due to eddy currents)

_ ~kz .

BX =2cos kye (a 1 cos kxx aX2 sin kxx)
_ . kz . - . :

By = 2 sin kyy o (ayl cos kXx 8. sin kXX) (14)
— - | a-kz ) -— : 4 -

BZ = 2 cos ky] e (azl cos AXX a o sin kxx) .

: If the moving magnet is a rectangular coil, the an and ayl terms pro-

i _ duce the 1ift force, and the a _, temm produces drag.

2
We now apply the boundary conditions. At z = -T,

i .
§ bx e—aT + . eaT = dy e kT (15)
s - 15
b e p e T - (ik/k )a T .
Z pA < x

The boundary condition on By is the same as the first equation in (15).
This procedure yields

(l - B) ~2aT (16)

At z =0,

(17)
aZ -+ TNZ = bZ + CZ s
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where - iW; is the (two-dimensional) Fourier transform of Bx ; aad W,

is the Fourier transform of Bzc. We also obtain
a +W, ' =b_+c¢c ) 18
s+ W . (18)

where W1' is the Fourier transform of Byc, but because of the symmetry
of the problem, this is the same equation as the first one in (17). Wy,

!

W, and W, are real quantities. For all of the coils and current-

carrying circuits which we have ‘investigated, we find that
W, =~ (k/kx) W, ,

4 \ (19)
I'M (k&/kx} Wy oo

The calculation of these transforms will be discussed in Section 4.
Solving (17) for a lafter first using (9), (10), (12), (16)
and (19)], we obtain

(1 - 3) (1 - —2BkT

a, = W, TT8) [1 (20)

with B given by Eqs. (7) and (8). This equation and Eq. (23) below
have been derived independently by Chiltcn and Coffey.8
Before applying Eq. (20) in full generality we first consider certain

limiting cases. We return to the general case in Section 6.

3. One Dimensional Current Sources

Let the moving "coil" be replaced by a number of long .
parallel current—cérrying wires (all in the y direction and at z = R).
Each wire is one of a palr carrying opposite currents so that the
symmetry of Section 2 is maintained. We can utilize the results of

Section 2 directly by letting '
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k=0
; (21)

kx =k !

The electromagnetic problem is now a two-Gimensional one and the
situation is considerably simplified.

Equation (205 for a_ is directly applicable except that
X1kx/k2 in Eq. (8) becomes simply \,/k.

(a) Simusoidal Current Sheet

If the moving "coil" is a one dimensional sinusoidal current
sheet with
I(x")dx’ =I5 sin (') ax’ (22)
at height z = h, then there is a single wave vector k inthe problem.
The 1ift force is proportional to axz; furthermore, from (12),

8,5 = 8.9 end the drag is proporticnal to this coefficient. Thus,
)

FL + iFD _ gs _ 1§ 1 e—2§kl) (23)
F B+ 1 -5 -2BkT7
. [1- (555 ]

wnere FL is the 1ift force, bD is the drag, and FI is the image force.

The 1lift~to-drag ratio, FL/F 5 1s plotted in Fig. 1 versus kT for

various values of the magnetic Reynold's number S:9
_ M podVv
S=—lz-" k ‘° (24—)

We notice that the plate acts like a thin sheet up to thiclmesses T = §

where

Wik

= (2/25k)

is the skin depth. At thicknesses greater than about 1.3 § the plate

(25)

gives the full F /F of a thick plate. (In fact a plate with T ~ l 5%
appearsto give a somewhat superior performance to an infinitely thick
oge. This occurs because B in Eq. (23) is complax, and thus a sinugoi-
dal modulation is superimposeé on what would ctherwise be a monotonic

behavior wersus thickne:s.)
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Tn the high speed limit (S large) equation (8) reduces to
1
B, =8, =(5/2)% . (26)

For an infinitely thick plate in the high-speed limit

=L (27)

The FL/FD ratio:

1
F/Fp = (8/2)% (nigh-speed Limit; (28)
infinitely thick slab)

(b) Two Parallel Wires

Consider two current-carrying wires (Currents I and -I)
separated in the x direction by 2b. The wires are at z =h. The Fourier
transforms are

kol k| 7
= — sin (kb
W,y o sin (xb) e ’

{29)

W, "'TZ%E sin (|x|b) e_h‘k‘ g

The 1ift and drag forces over an infinitely thick plate were calculated

analytically by Borcherts and Reitz6 by expanding the integrands {in the
1

integration over k) in powers of (k1h) €. We give here only the high-

speed limit F}/FD for the case where b is substantially greater than h:

1
FL/FD = 2(A /™% (high-speed limit, (30)
infinitely thick slab)
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4+ Rectangular Coil Above an Infinitely Thick Slab

If the conducting slab is very thick, Eq. (20) reduces to

(1-8)

a, = iy
where B is given by (7) and (8). From the analysis of Section 3 we

expect that the slab will appear infinitely thick if the thickmess is

more than a few skin depths at all of the relevant wave-numbers. Using

(8) we find that

a =a4 tia, etce; (32)
2
F J
2a 2k (B +1)° + B2

(33)

. 2(g, +1)
: 2pp == (1 - (B2 + 3,7 ) j

227 etc., are obtained from (12).
ke .

(a) Calculation of W, and W,

The rectangular coil 1s considered to be made up of two
finite-length wire pairs: one pair of length 2b is parallel to the
direction of motion, the other pair of length 2a is transverse to~the
direction of motion. The wireslare at height h. The second pair will

produce both z and x components of field; the first pair will
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roduce z and canponents of field. Consider the transverse pair: the
P P P 3

x-component of field at z =0 is

BV - pol <[ v +a . (v - a) ‘j>
x  4m L [(x0)24n?] \ [(y+a) 202+ (x+0)2 )2~ [(y-a)2+h+(x+b)? &

h ) v o+ g ) ( - a)
* TG)e? ] ( [(yra) a2+ (x0)2FF | (y_a)zihz+(x_b)2]% )]

The x-y Fourier transform of this gives W, since there is no other
contribution to B . The calculation of the Fourier transform .. 34)

is straightforward and is given in the appendix; we find

Dot . -kh
i  pol sin kXb sin kva e ‘ | (35)
T7 k '
y

w . . .. .
Bz from the transverse wire pair can be written down (an expression
. AT . . -
similar to (3Z)), and its transform is found to be
T v

wz(l) == (k /KW, . | (36)

4
* To this we must add the trensform of Bz from the other wire pair, Wz‘z).

w,(2) (1)

is obtained from W, by interchanging kx and ky’ We thus obtain
Wy = - (/K )W, (37)
as anticipated in Eq. (19).

(b) Calculation of Lift and Drag

We now have to evaluate the eddy current
field, Eq. (14) at the wire positions, integrate over the wire lengths,
and integrate over dkx,dky. The integration over the wire length is

performed immediately, and we obtain

8ol ¢ ? ~2kh 1 1
F, == | dsin?kea | dkysin?kibe o f? + E—:]
o] “o =




and
8uol? 7 ® okh _ k 28
F - q < 2 2 - 2
D TTZ ‘L d.K.ZS:Ln kza JO dkA‘ sSin k.1 be k1k22 (B1+1)2+B22 . (39)

In (38) the first term in the brackets comes‘from the transverse pair
of wires and the second term from the longitudinal pair.

The 1ift and'drag forces have been calculated rnumerically for
a few representative cases. The coils ccnsidered had the dimensions

2a X 2b and were at height h above the thick sleb. b is always teken

in the direction of motion. Table I gives results for various - =2s in
terms of a convenient magnetic Reynold's number:10 b = ugovh. Figure 2
shows data on two 2 X 4" coils over a thick "aluminum" slab. Actually an
aluminum alloy with 43% the conductivity of copper was chosen in order
to be able to compare with some experimental results. The 2 X 4" coil

has its long dimension in the directicn of motion. The results of

Ford Motor Company experiments carried out by Dr. R. H. Borcherts are

also shown in the figure. These measurements were made on a super-

" conducting coil suspended above the rim of a rotating, solid aluminum
wheel; the wheel is two feet in diameter, 6 inches wide, and can be
rotated to rim speeds of 300 mph. The comparison of 1ift/drag ratio is
an absolute onej for the 1ift curves, however,'the experimental points
are mormalized to the theoretical curve at 300 mph. Experimental and
theoretical values of FL at 300 mph, for these two ccils and several

others, agreed on an absolute basis within + 10%. The comparison between

theory and experiment is really quite good.
The 4 X 2" coil (short dimension in the direction of motion)

has a lower FL/FD ratio at all speeds. It also shows a substantially

larger value of peak drag than the 2 X 4" coil, but it does achieve a
fixed fraction of {%s asymptotic 1ift at a lower speed than the longer

coil. These last features were also found to apply te rectangular coils

g
1
:
8
.
;
B
g
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moving over a thin plate.

Figure 3 shows the 1ift force and 1ift/drag ratio of a
l1mX 2.m coil at a height of 0.3 m above a pure aluminum slab. The
lift/drag achievabiz at 300 mph is quite impfessive.

5. High Speed Limit

In the high-speed limit, Egs. (7) and (8) give

B, =, = Dk /2212 . (40)
This approximation has been substituted in Eaqs. (39) for the drag; in
the 1ift, Eq. (38), only the leading term (i.e., the image for: is
retained. This asymptotic 1lift/drag ratio for a number of different
coils is plotted in Fig. 4 as s function of b/h. It is seen that coils
which are 1long in the direction of motion give the best performance
relative to the 1ift/drag ratio; however, this observaticn must be made
with some caution. Figure 4 gives the asymptotic lift/drag; at a fixed,
finite speed, coils with lérge'b/a échieve a smzller fracticn of their

asymptotic 1ift than do coils with a smaller b/a, and in some speed

" ranges these two effects would tend to cancel.

For a fixed b/a ratio, and for coils with b/h in the range
5 to 10, the F,/F ratio varies approximately as (on) ¥ 4,

(a) Force on = Moving Monopole or Dipole

If fhe dimensions of the coil (2b and 2a) are very small conm-
pared £§ h, the coil loocks like a dipole. The forces on a dipole can
be calculated analytically in the high-speed limit. We first consider
a monopole; later ﬁe construct a dipole from two monopoles. The mono-
pole q is placed at a height h above the origin of coordinates in the

moving system. The field of q at z =0 is

5.9 = (qu/4m) (n2er2) ™Y 2
x . / ' (41)
- (qh/An)(h2+r2)—3 2

[

B 4
Z

etc., where r2 = x2 + y2.



The x-~y Fourier transform of qu is Wys

Wy == (g/4m) &0 . G2)
The x~y Fourier transform of qu is -iW,:
W, = (qu/zm—?k) B, (43)

In this case the 1ift and drag forces are produced by the coefficients

a4 and a9 respectively, in Eq. (14). The 1ift force on the monopole

in the high-speed limit is the image force

F =q?/(16 m?) . (44)
The drag force is given by
_ T Lk -2nk
Fy = 2q(q/4m) Jo“[)(ZkK/M) e dkxdky
1 2 / 1'/2 L
= (2/1)=(q?/2m) j O/ R o RhK d_kJ‘ (cos®)® a3 . (45)
o] 0.
Now )2 .
-Z (cos @)% as = T $)r( 5)/T( )
| =1.200
- Thus )
Fy = 1744 (np/m)? B ' - (46)

A dipole can be constructed of two monopoles (of dpposite
sign). The dipole result is cbtained from the limit when thetwo mono-

poles are brought to the same position. The Fourier transform W,

becomes _

Wy = - (ofdm) (P -2y | (47)
etc. The 1ift force is the image force |

F, =3p?/(32 n 1) | (48)
where B

p=qlh; -h) . ~ (9)

The drag force 1s
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F, = 1.196 Oog/m ™ 2 B | (50)

The dipole lift/drag ratio is plotted in Fig. 4 aiong with the other
high~speed limit ratios for variocus coils. The numerical calculations
for the coils are seen to extrapolate satisfactorily to the dipole re-

sult when the dimensions are made small.

‘6. Force on a Coil Above s Plate

of Arbitrary Thicknesg

We now return to the plate of arbitrary thickress T. .o
calculate the forces on a rectangular coll moving over such a plate we
nodify Egs. (38) and (39). Equation (20) is written as a real and
imaginary component, and the quantities axl/w1 and - XZ/W1 replace
2B,/[B141)2 + 8,27 and [1 = 2(B,+1)/{(B4+1)2 + B,2}], respectively, in
Eqs. (39) and (38).

The reéUliing equations for 1ift and drag were evsluated

mmerically for a 1 X 2 meter coil (at h = 0.3 m) moving above con-

ducting aluminum plates 0.6 inches thick and 1 inch thick. The results

are plotted in Fig. 3. The 0.6 inch conducting plate acts very much
like a "thin" plate over most of the speed range. The FD/FD ratio is
approximately a linear function of speed and is essentially the same as
given by thin-plate analysis.5 The speed dependence of EL is also
similar.to the earlier prediction except that a fixed fraction of the
image force is attained at somevhat lower speeds than thin-plate
analysis would indicate.

The 1 inch plate is rnot a thin plate at v = 300 mph; eddy

current distribution throughout its thickness 1s limited by skin depth

~ considerations. By changing coil geometry (increasing b or h) one can
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effectively increase the skin depth, and thereby increase the FL/FD
"ratio at 300 mph to a maximum of 75 (the thin-plate value for a 1 inch
aluminum plate).
If this type of magnetic suspension is used to support a
high-speed vehicle then one would want to design the system for maximum

FL/FD at cruise speed (maximum speed) subject to a specified conductor
: the

thickness in the roadbed or guideway. This means thai,skln depth should

not limit FL/FD at any speed, and the conductor will act like -. ~™in"
plate over the full speed range. This is an important result since

it has been foundll that the dynamical behavior of a moving magnet is
easier to analyse in the thin-plate approximation than in the cése where

the plate has arbitrary thickness.

7. Force on a Coil Above a Ferromagnetic Plate

If the conducting plate ié highly permeable, with a large
H/uo: then the analysis presented here requires some modification. The
’quantity A1 defined in Eqg. (3) becomes

Ay =povVv . (51)

Thus, for fixed v and 0, Ay is increased by the factor W/ uoe The
boundary conditions at the upper and lower surfaces of the plate are
continuity of the normal component of B and the tangential component of

H. When we apply these boundary conditions we find that Eq. (20) is

changed to
o =, ) L= ;'2BM ) (52)
X 1+8/ 1 - / 1 >‘ —zpﬂ]
L \T+8/
vhere

ne e - - (53)

The vertical force on the moving coil is attractive at low
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speeds but changes to repulsive at sufficiently high speeds.
If the plate is

infinitely thick, then at zero velocity,
F(v=0) ==-F(n-1)/(x+1) (54)

where FI is the ‘image force defined earlier. If the plate has finite

thickness T, then the force at zero velocity is
T 2(n-1)
7 (v=0) == v [Fp - =) ) ¥ R (55)

where y = (n-1)/(n+1), F. is the force between the coil and its image

I

at distance 2h, and F£(n) is the force between the coil and its image

at distance 2(h4nT). The transition from attraction to repulsion can

be pushed to quite high speeds by appropriate choice of parameters.

The attractive force between a moving coil and highly permeable
track forms the Easié for another mégnetic suspeﬁsion system originally
suggested by Graemigerl2 and recently built into a research vehicle by
Messerschmitt-BSlkow-Blohm GmbH in Germeny. Electromagnets in the
vehicle are suspended below the track. This type of suspension is
basically unétable so that the currents in the glectromagnets must be

controlled by an active control system.
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Appendix. Fourier Transform of BXw

The Fourier transform, W, of Eq. (35) may be wrl’*ten as

boTh -1kxx
Ho dx
g (2m)?W = 2 (1)t J
' _ 2 2
l‘" & JZI [(x b, )2+h?]
; g x? e Tayly-a,)
f J . r
‘ ~o {(x-—bj)'2 + (y—ai)'* + h?;
p.oIh 2 -ik a, -ik b,
) Z (e T e Tl k) (a1)
i=l j=1
m . where a1 =a , a; = =a ,
§ - (A2)
b1 =5 Py b2 = =D 3
© cF ) -l(kXK"i'k_yy )V
and Q(ﬁ,k)—‘[;a I . . (43)
- Yoo [X2+h2]{x:2 y2+h2}2 .
It is easily shown that
Qk,sk) = sen (k) Qllk () |k ]) | (24)

so that we limit the subsequent discussion to kx’ky > 0.

13
J‘ dy L =
So  {xR+yR+h?]R

Now

-ik
e yyy 5 o) ¢

-ik
' dy e yy
4

"ok v Je {x24+y2m2}?

= = 2i(x+h? )%K1 (ky NxRnE ) . - (85)
Thus:LZP .
1
Q(kx,ky) =- (21/ky)(2nk/h>2 K_%_(km (46)
W ErRak?. - (a7)

g where
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But

K, (z) = (mi/2)ei 4 n, (U (1)

2 2 .

= (22)F 7%, ) (48)
so that
. =kh
Ak k) = = 2m e/ (h k) (49)

Returning now to Eq. (A1) and performing the double sum, we find
P . -kh . . 3 '
(2m3W = - (2luol/ky)e sin kya sin k. Db . (a10)

Now ~iW; of Section 2 is actually a Fourier-cosine transform, involving
the full range of kX and regl values of ky' This gives an extra factor
of 2, and

pol sin kXb sin kva e“kh
Wy =— . . (a11)




Teble I. Lift and drag forces on rectangular coil (2a X 2b) moving

with velocitvy v at height h above an infinitely thick slab of
conductivity o. (2b is in the direction of motion.) Multiply

F, and Fj by 8uoI?/mR.

a/h =1,%/h =2 a/h =2,b/h =1 e/h = 5,b/h =10
Mhb F Fy 1 Fy L w
1 L0212 .0332 .0303  .0554
2 L0481 L0464 0697 .0782 1.02  .557
3 .0891  .0550 126 .0910 1.55  .565
8 40 .0567 .188 L0902 : 2.09  .517
16 .193 .0523 243 .0798 2.59  .439
32 <243 « 0445 .289 .0655 3.0,  .354
64, .286  .0359 324 L0512 3.1 .276
128 321 L0276 .350° .0388 . 3.72  .209
256 347 .0209 - 369 L0288 3.96  .155
512 367 0154 .383 L0211 L4 W14
1024 381 .0113 .393 L0152  L.28  .0823
® WAk 0 L7 0 4.61 0




Fig. 1

Fig. 2

Figo 3

Fig. 4

Fipgure Captions

Ratio of 1ift force to drag force on a one-dimensional

sinusoidzl current sheet moving with veloecity v over a con-

ducting plate as a function of the plate thickness T. The

effective speed (magnetic Reynold's number) S = 1oCv/ X

Lift f§rce FL’ drag force FD;-and lift/drag ratio on two
rectangular coils at height h = 1.66 inches above an
infinitely thick, aluminum slab as a function of spe. .

2 X 4" coilt —— (theory), O (experiment);

L X 2" coil: —— (theory), 9 (experiment). Ford Motor
Company experimental results by R. H. Borcherts on the same
coils are also given . (For the 2 X 4" coil the 4"

dimension is in the direction of motion.) We are indedted to
Dr. Borcherts for permission to quote his results before
publiéation.

Lift force FL

h = 0.3 m over an aluminum pilate as a function of speed.

and the FL/FD ratio on a 1 X 2 m coil moving at

Results are given for a 0.6 inch plate

y &
one inch plate ——— , and an infinitely thick plate — — .
(The 2 m dimension is in the direction of motion.

o=1 = 2.8 pQ cm)

Lift-to-drag ratio on rectangular coils (2b X 2a) moving over
a thick slab in the high-speed limit zs a functicn of b/h.
The ordinate is to be multiplied by [uocvh/ﬂ]l/z. The

dimension 2b is in the direction of mobtiocn.
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FORCE ON A COIL MOVING OVER A CONDUCTING SURFACE,
INCLUDING EDGE AND CHANNEL EFFECTS*

R. H. Borcherts and L. C. Davis
Scientific Research Staff, Ford Motor Company, Dearborn, Michigan 43121

ABSTRACT

The 1ift .force FL»and»drag force FD on small conduc*ting ccils
placed near a large rotating conducting cylinder have heen measured as
functions of velocity, height and coil geometry. These data are compared -
with exact theoretical calculations based upon Fourier transforms- for
coils moving over infinitely wide flat plates. By placing the coil
#ear the edge of the cylinder, the effect of the edge on FL and FD anﬁ
the transverse force FT were studied. A channel was then cut in the
cylihder, and the properties of a U-shaped guideway were examined.

Both the edge effects and channel effects were compared with approximate
theoretical calculations. Agreement was ggnerally good, substantiating

a variety of predictions for the large magnets propcsed for the

suspension of high speed ground vehicles.

* Work suppcrted in part by the Departmeht of Transporitation.



I. TINTRODUCTION

One of the proposals for the suspension of high speed ground
j

é _ .vehicles involves superconducting coils moving rapidly (~ 300 mph)

; g over a conducting plate“-s or guideway. Superconducting coils are

desirable because of their high field strength and low weight. The
magnetic field of the moving coil induces eddy currents iﬁ the

eonducting plate (typically aluminum). By Lenz's law, the induced

currents generate a magnetic field which opposes the field cf the

-

coil, thereby providing a iift force F} on the coil. The Joule losses

of the eddy currents in the plate give rise to a drag force FD, alsc

on the coil. In addition, if the width of the conducting plate (i.e.,

in the shape of a strip) iz comparable to the width of the coil, an

H
J
{
1
i
}

appreciable transverse force F_, may be acting on the coil. O0Of course,

when the ccil is exactly centered on the strip, FT = 0. If, on the

other hand, the guideway is in the form of a U-shaped channel, a
transverse force of the opposite sign occurs. We choose to call this

transverse force a guidance force FG.

A considerable amount of theoretical work has been -done to

predict F. and F_ vs. v (v = velocity of magnet) for infinitely wide

L D
] -
conducting plates.1'+’ 6-11

Some experimental work on small coils has
been repopted1’2’h which indicated at least qualitative agreement with
the prédictions of thgqry. In particﬁlar, it has been established at
high speeds that FL tends to saturate (theory predicts that FL approaches

the force due to an image of the coil located an equal distance below

the surface of the conducting plate), that FD oz v'1 if the thickness

of the plaie is small compared with the skin deptn, and that Fp = v R

<

if the thickness is large compared with the skin deyth.h "Censeguently,-

x




s IR T IO PN

R e

o

theAlift—to—drag ratio‘(L/D) improves with increasing velocity.

The first cbjective of the present work is to make a more
detailed comparison between theory and experiment for wide conducting
plates. Specifically, experimental results are given for: (1) the

absolute magnitude of F_ and FD as a function of velocity, (2) the

- height dependence of FL and L/D at 300 mph, and (3) the dependence

of L/D at 300 mph on the width and length of the coil (rectangular
shaped). These results are compared in Sec. III with the theory of

Ref. 10 which gives.exact values for F. and FD as functions of velocity

L
and height for rectangular coils. The theory is based upon Fourier
transform techniques. The actual‘experimental arrangement (described-
in Sec. Ii) consisted of a small superconducting coil placed over a
large solid rotating cylinder (24" diameter wheel).

The second objective of this work is to study edge effects.
Experimentally the coill was élaced close to the edge of the cylinder
and FL, FD and FT were measured. Some theoretical ﬁork has been done

on edge effects where the force on a single monopole moving‘near the

12

edge of semi-infinite plane sheet has been calculated. A degradation

of L/D and an appreciable F_ were found. In Sec. IV, the calculations

T

are extended to find F. and F_, for a coil in the high-speed limit. A

L T
comparison with experiment is made and predictions for full scale magnets
are given.

The thira objective is to examine the forces on a coil in a
U-shaped guideway. After the edge effects were studied, a channel'
was qut in the{qylinder. Measurements were made of the forces on

verious coils which were placed in the channel as the cylinder was

rotated. A theory based upon image magnets is developed in Sec. V to bhe
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comparad with the experimental findings at high speed. Predictions of

the attainable guidance forces for full scale systems are also made

‘end the conclusions stated in Sec. VI.

II. EXPERIMENTAL

Figure 1 depicts the general experimeptal set-up of the
2h inch diameter, 6 inch wide solid aluminum wheel, the position of the
superconducting coil and the LVDT (linear variable differential trans-
former) transducers for measuring the 1ift and drag forces. As depicted,
the 3 h.p. variable speed D.C. motor could only drive the wheel %o
~ 200 mph. To obtain rim speeds of 300 mph an additional motor of
2 h.p. was employed. Coastdo%n times from 300 mph were generally in
the neighborhood of 4 minutec.

As seen in Figure 1, the 1ift force on the superconducting

magnet is transferred via the stainless steel magnet support tube to

the 1ift transducer. The iift transducer is mounted on a pivotal plat-
form which allows the drag force to be accurately measured. To further
reduce possible frictional effects, ball béarings were used in many
Joints and the only seal between the dewar and the outside air is the
loose surgeon glove.

Four coils were used in these experiments and thelr salient
features are listed in Table 1. Because the coils were to be used to
measure gﬁidance forces also (where the ?adius of curvature of the tottom
of the channel was reduced), they were made with a 10} inch radius of
curvature while‘thé wheel had a2 12 inch radius. For this reason an
ambiguity existed in the measurement of the height of the coil above
the wheel and the height dependent resﬁlts presented in Sections I1I

and IV reflects a mean coil position which is 0.030 inch above that

part of the leading or trailing edge of the coil. Also included as an



[P S PSSRNGY - FUNEHOTY -SSR = DRI < FRUNAY + SNCEAIY S S

i o SRR

il

xR

~ b -
addition in the height position on the experimental results is that due

to shrinkage of that iength of the tube holding the superconducting coil

in the dewar. This was required since reference measurements of the

eocil height above the wheel were done with the dewar removed. Measure-
ments of the 1ift and drag forces on the coil were done with the dewar
in placé and shrinkage of the rod holding the coil therefore increased
the clearance. This shrinkage was estimated to be 0.060 inch. For the
transverse and channel guidance force measurements a third ti. .ducer
was placed at the ;ame height as the drag transducer but at right angles
to it. Also, in these experiments the 1lift transformer was suspended
from a gimbal arrangement to further reduce friction.

The common vacuum dewar was constructed out of 304 stainless
steel with a curved bottom to fit the wheel. While cylindrical for the
upper 16 inches, the lower B-inches of the dewar was rectangular to
allow it to nest in the channeled wheel. Since the channel was 5.32
inches wide and the widest coil was 4 inches, this allowed the coil
edge to come within 0.66 inch of the side. A similar value was the
miniﬁum distance between the wheel and the boptom of the coil.

Accurate positioning of the coil above the center line of
the wheel was previously found to be important for precise measurements.
of the drag force.lL To improve upon the previous technique, an optical

alignment procedure pricr to measurement without the dewar in place and

with the required drag loads applied was followed. Also, a micro-
positioning adjustmert on the drag force transducer was incorporated

to allow adjustmenté of the coil to be made és the drag force varied
during‘an'experiment. Theseitwo techniques provided repeatable measure-

ments of the 1ift and drag forces within = 1%. TFor the recording of

the 1ift and drag force as a function of speed, a multiplexer to the
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y axis of an x-y recorder was coastructed. The output of the amplifiers

of the 1ift and drag force transducers was sent to the mulitiplexer and’

1

on % or £ second intervals (corresponding to speed changes of 5 mph

e

or less) the 1ift and drag forces were recorded. The speed sigual,

sent to the x axis of the recorder, was provided by a d.c. generator

‘mounted at the axle of the 24 inch diameter wheel. Thus the experimental

1ift and drag force measurements depicted in Figure 2 and generally
recorded upon slowing down from 300 mph, became essentially continuous
curves.

In the experiments involving measurements of the transverse
force (coil near the edge of the wheel) and the guidance force (coil
near the side of the channel), care was also taken to see that the
coil remained at its designated position in the dewér as the drag and
transverse loads were aitered. This was done with the miéropositioner
on the drag force transducer‘as mentioned above and similarly for the
transverse or guidance force transducer. TIn measurements involving the
guidance foree where the dewar was fixed in relation to the channel an
attraction tc the side wall of the dewar was noted (at 4.2°K the 304
stainless steel becomes slightly ferromagnetic). Part of this effect
was corrected for by measurements at zero.wheel speed. Because of these
reaéons and the added force‘measurement, the channel experiments were
the most difficult to perform and perhaps have the largest error.

Since the channel was 1.44 inches deep and the pulley ratio
between the motor and the wheel were not changed, the maximum speed in

the channel was 265 mph instead of the previous 300 mph figure.
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IIT. INFINITELY WIDE CONDUCTING PLATE

In Ref. 10 an exact theory of the iift and drag forcés on
a flat rectangulgr coll moving above an infinitely wide conducting
plate is given. This theory' .is based upon a Fourier transform tech-
nique and is valid' for a plate of arbitrary thickness and permeability

pe In the present work we shall only be concerned with an infinitely

thick plate with y = b * In this case the 1ift force is given by1o
5 .
8u_(NT) @ © ‘
_ "o .2 e 2 -2kh 1 T N\
FL_———-E-—I dk2s:m kgaj- d1x131n k1be (——2- +~——2—/
T o o] k k
, 2 1
2(B1+1)
X (1 - - ) (IT1.1)-
(B 1)+,
1 2 .
and the drag force by
8u_(nr)° 28
i\ [ee) , 00 ) _
FD = ——9—-—2—— J dk2 sin£k2a, I dk1 sin2k1b e 2kh S s (I11.2)
T ) (B,+1)"+8
1 2
1
1 T 1 :
where By p=2 2 [(7\12k12/kh+ 1) =1]2 (I11.3)
2 -
Ay = OV s (1T .4)
and
¥ =k2+ k> . ' (I11.5)

The width of the coil is 2a, the length is 2b (parallel tec v), and
the height above the plate is h. The conductivity of the plate is .
The number of turns of wire in the coil is N and the current is I.
The integrals in (IIT.1) and (III.2) are evaluated numerically.

In Fig. 2 we show the 1ift and drag forces on a 2 x L" coil
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at h = 0.91" and 1.66" for velocities up to 300 mph. Both experimeﬁtal

. and theoretica{ results are shown. For coavenience, the forces have
been normalized %o their values at 300 mph. (Note that the scale for
FL is different from that foo FD.) As in all calculations to be com-
pared witﬂ the experimental results from the rétating cylinder, the
resistivity of the plate was teken to be 4.0 ,Q-cm since the 6061-T6
aluminum alloy from which the cylinder was made is reported to have a
conductivity 43% that of copper. No measurement of the conductivihy
was made. We also assume that the cylindrical geometry of the experi-
ment introduces insignificant errof. Fdge effects are discussed in
Sec. V and are seen to be small in fhe cases considered in Sec. III. .
A brief discussion of the possible éources of errors is given at the
end of this section.

For the 2 x L" coil in Fig. 2, the 1lift force at 300 mph was
measured to be 3.15 kg at h = 0.91" with I = 32.5 A. For h = 1.66" and
I =59 A, the 1ift force was 2.37 kg. The'calculafed values are 3.39
and 2.54 kg, fespectively. Likewise, the experimental L/D was found
to be 10.5 and 11.85, while the theoretical values are 10.0 and 11.2.

We note that for the higher height, the 1ict force rises to its asymptotic
o o F p

t

values sooner, the normalized drag peaks higher, and the L/D is larger.15
A comparison of the 2 x 4" results to that of a 4 x 2" coil is made in
Ref. 10 for h = 1.66". In that case, the 1ift riseé faster and L/D is
smaller for the I x 2" coil.” Tn both cases sgreement between theory

ané experiment is good.

) In Fig. 3, the 1lift force as a function of height at
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v =300 mph and I = 50 A for the four coils is shown. The force vs. height

. measurements shown in Fig. 3 at 50 A were Tirrt obtained at various

currents, then, once the square law for currents was experimentally

ETRE .. WSROI - ST . WO
isn e

3 "~ verifiad, these results were corrected to 50 A. The maximum current

used, 70 to 75 A, was in the 2 x 4" coil at a height of 2 inches. The

it

i - physical properties of the coils are given in Table I. We note that
; the agreement between theory and experiment in absolute magnitude is
better than 10% for the 2 x 4" and L x 2" coils and somewhat larger
(< 20%) for the 3 x 4" and b x &' coils. At this high speed the
variation of FL with h is essentially that of the image force.

In Fig. 4, the L/D as a function of height at v = 300 mph is
shown for three coils. The agreement between £heory and experiment

is quite good for the & x 2" coil. 'For both the 2 % 4" and the k x 4"

é coil, the theoretical calculations gave nearly identical L/D as =z
function of height whereas éxperimentally a small difference of 5-15%,
depending on the height, was found. While this diécrepancy is not
understood, the general trend that L/D increases with increasing h is
evident.

though agreement between theory and experiment is generally
good in Figs. 2-4, there exist some differences. The following are
soﬁe_possible causes: (1) éylindrical geometry of experiment and flat
plate geometry of théory, (2) finite width of cylinder (guideway ),
(3) finite cross-section of the bundle of wires making up the coil

(calculations assume all wires concentrated at center of bundle),

(h) uncertainties in experimental parameters (héight, conductivity of

(H) G GE i G2 on 0

| _ plate, etec.), (5) slight difference in the radius of ecurvature of coil

®
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and cylinder. We have examined the effects of (1) and (3) on long

wires (not coilsﬁj and have not found these to be significant. Like-

wise, particularly for the 2 x 4" coil, the results of Sec. V show
that (2) is insignificant. As mentioned in Section II, (5) exists
since the coils were formed to the curvature for the guldance experi-
ments. To this end the 4 x 4" coil has "more coil" closer to the
wheel than either the 3 x 4" coil or the 2 x 4" coil and consequently,
the 1ift force for the 4 x 4" coil may be somewhat larger than it
would be if the coil were of the prdper curvature. However, no esti-

mate was made for this error..

IV. EDGE EFFECTS

A. THEORY

The force on a magnet moving over a thin conducting plate
of infinite extent has been calculated by Reitz.5 In the 1limit of
high velocities, the force approaches that given by the image of the
magnet below the plate. An equivalent viewpoint is that in the high-
speed limit the plate behaves as if it were diemagnetic. That is, the
eday currents induced in the plate generate a magnetic field which
exactly cancels the normal compbnenb of the field due to the magnet at
the surface of the plate. This is also true, at high speeds, for
plates of arbitrary thickgess and finite-extent.

The force on a mongpole moving above, and parallel to the
edge of a semi-infinite, thin conducting plate hizs been found.12 In

this section, those results are extended to ianclude 2 flat coil in the

high-speed (diamagnetic) limit.
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We consider a rectangular magnet (or coil) of dimensions
. 2a X 2b (See Fig. 5). The 2b edge is parallel to the edge of the plate
and the plane of the coil is parallel to the upper surfaée of the
pléte. The lower side of the coil is a distance Z, from the top.of
the plate. The thickness of the coil (in the vertical direction) is
¢ so that the number of turns of wire is nc where n is the number per
meter. The thickness in the horizontal direction of the bundle of
wires making up the coil is assumed to be negligibly small. The center
of the coil is a horizontal distance h’ + sa from the edge of the
plate and a vertical distance h = z, + $C. We let the x-axis coincide
with the top edge of the plate, the y-axis is along the surface of the
plate perpendicular to the edge, and the z-axis is normal to the plate.
The velocity of the magﬁet is in the x-direction.

It is straightforward to show that the scalar potential

associated with the magnet is (I = current)

Q’(};)=— (I | - -

where S1 is the flat surface enclosing the upper side of the nagnet

(Iv.1)

and S2’ the lower side. We may think of each increment of area ASi as

a monopole of strength a =»iID1ASi(+ for S,, - for S1). This sign

2)
convention corresponds to the magnetic field near 82 being directed
in the negative z-direction for I > O.

Hence, the scalar potential (IV.1) can be written as

' Mod4 .
Q'(x) =% 2t (Iv.2)
1 '

1
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where

~ ]

R, = l‘r-r.] . ’ (1v.3)

The position of q, is given by r, = (x.,v.,z.).
P 9 1s given by r; = (x,,¥,,z,)

~

In the high-speed limit, the scalar potential associated

with the eddy currents due to a single monopole 9y 1812

b Qs %
%Q)L%$§(§¢m4{wpru%-g@
\ i (Tv.4)

- I—J: tan™! {(oi - Ti)/(Gi+ ’ri) }% )

where
| %
= {ox)P e 0oy P e e ) (1v.58)
: 1
)
0; = {[(r+ri)2 + (x-xi)gj/_l&rri} s (Iv.5b)
o +o)
'ri' = cos-( 5 1) 5 (1v.5¢)
¢ -0 :
'rl = COS <—"2——‘L'—> s (IV‘5d)
1
r = (y2+z2 © s : (1v.5e)
and
= tan"V(zfy) . - (Iv.5¢)

5‘, P

The quantities r, and ¢, are found from (IV.S5e) and (IV.5F) by replacing

¥y by yi, z by Zi’ etc.

g ) The magnetic field from the eddy currents due to 9y is then

o~

ENCORERTNCI R (17.6)

(Expressions for VO, can be found in Appendix A.)
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The total magnetic field of the eddy currents is therefore
B(r) = B, (z) . @)
EAS T=iNs
The force on monopole j is

Ej =qj,§(gj) . (1v.8)

Summing over all monopoles gives the total force on the magnet,

F=yF, . '(IV-9)
~ 3 .

In Egs. (IV.2), (IV.7) and (IV.9), the sums are over all monopoles

in S, and S_.

1 2
Defining
uoqi
.13.(_1:3.) =T B3 s (Tv.10)
we can write
F= 2 3%1_.%1 . (Iv.11)

i,

Taking all AS, to be equal, AS = kab/N’, we nave
i

. _
F=-2 (Tnab)® 1 2 (%) b, . (Iv.12)

The'number of mecnopoles in 2 pole is N/ = NM, the dimensioas of he
section of surface_occupied'by each monopole is 2a/N x 25/M. Numeri-
cally, we evaluated (IV.12) as a function of the distance, h',
Separating the left-hand edge of magnet from the xz plane. To avoid

difficulties associated with the indeterminate form of:bii, we chose
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to evaluate Ei(zd) at the point (xj4-.01 2 &j’ zj), a procedure which
was quite convenient but did not introduce any significant error.

We give some typical results in Table IT. Absolute accuracy
is difficult to obtain due 1o the nearly complete cancellation of
effects due to the separatg poles. For example, our calculated value
for the 1ift at h’ = im,which is essentially the same as that for n’ - ®,
is 93% of the ideal 1ift of a flat thin coil far from the edge (h’ = o,
¢ =0, n—w nc'=N). Exact values of the ideal 1ift are given by

3

Reitz. We note that the 1ift is not decressed noticeably for h’ = 0,
Since the number of monopoles (10 x 20 array for each pole) used in the
calculation is limited, the results may be somewhat optimistic for
0<h’<n.

It is not possible to calculate the lift-to-drag ratio for
& semi-infinite sheet in a simple manner. However, to estimate the

minimum distance h’ required to have negligible degradation of this

ratio, we can examine the current distribution in the sheet for the

high-speed limit. 1In Fig. 6, the current distribution in a cross-

section containing the center of the coil is shown for two positions
of the coil. It is clear that the current distribution is small

(< 1% of the peak value) at a distance 2'.2 meter beyond the edge of
thé‘coil.. Hence, when h’ =.O.5m, the presence of the edge at ¥y =0is
of little consequence. Therefore, we expect that since the current
distribution is not appreciably altered, the lift-to-drag ratio should

be approximately the same as in the infinite-sheet case.5 For h’ = 0,

~ on the other hand, the current pattern is definitely altered near

¥ = 0 and we would expect a significant increase in the resistive loss

of the current flocw. Since the power lost in the current flow (Joule
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heating) is FDv (i.e., drag force X velocity of the coil), the drag force
should be larger for h’ = O than for h’ = 0.5 meter. An increased drag
force and a slightly decreased 1ift force combine to give a lower lift-to-
drag ratio.

From the range of the current distribution in the sheet beyond
the edge of the coil (See Fig. 5), we estimate that a rule-of—thumb value
for the minimum h’ which can be tolerated without apprecizble degradation
of the lift-to-drag ratio is h’ ==h,.the height of the coil above the sheet.

B. EXPERIMENTAL RESULTS

By placing a coil near the edge of the rotating cylinder, the
transverse force (which tends to pull the coil towards the edge) was
measured as well as FL and FD. In Fig. 7, data are shown for the
2 x 4" coil (4" parallel to edge) at 300 mph and h = 1.125". The closer
the ccil is to the edge, the stronger is FT and the weaker is FL. As
noted the ratio (FL+—FT)/FD is nearly constart. Although it is not
shown, the velocity dependence of this transverse force saturates more
quickly than the 1ift force. TFor example,nat 50 mph the transverse
force is 83% of the 300 mph value while the 1ift force is only 63%.

4

The theoretical results for a thin semi-infinite plate in the
high-speed limit (as calculated in Sec. IV(A) are also shown). The
experimental situation is not really the same, hewever, since eddy
currents_éan flow around the edge and dgwn vhe end of the cylinder,
whereas the eddy currents in the thin plate model are confined to the
horizontal plane.. While this is a limitation of the thin plate model,
it is the only pertinent analytically tractable calculation available.

The results are in reasonable agreement with experiment.

V. CHANNEL EFFECTS

A. THEORY

Instead of considering a U-shaped channel directly, it is
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simpler to examine the effects of each side se€parately, adding the
resultant forces together for the channel. Although not rigorously
correct, this appears to be an adeguate approximation for our purposes.
Hence, we find the force on a coil moving near a conductor shaped as
right—aﬁgle corner.

As previously stated, the force on a rectangular ccil moving
over a thin conducting plate of infinite extent has been calculated by
Rei’cz.3 At high-speeds, the results of his calculation can be sumarized
as follows. The 1ift force FL on the coil epproaches the idesl 1ift
force, which is the force due to the image of the coil below the plate.
The drag force F, can be found by equating Fv (v = veloecity of the qoil)
to the power loss due to Joule heating by the eddy currents induced in

the plate, The lift-to-drag ratio is then found to be

FL/FD = v/w (V.1)
where '

w = 2/@005 . . (v.2)
In Eq. (V.2), ¢ is the conductivity of the plate and § is the thickness
of the plate. 1In the event that the ;kin depth 65 is smaller than 4,
an approximate expression for the lift-to-drag ratio can be found by
replacing § by 5, in (v.2). o

| - We consider a recfangular coil of dimension 2a X 2b-moving

in fhe x-direction with velocity v. The side of the coil with dimension
2b is parallel to the x-direction, which is normal to the drawing Fig. 8.
The top surface of the horizontal portion of the conductor coincides
%ith the xy-plane and the right-hand surface of the vertical portion
Qith the xz-plane. The coil is parallel to the xy-plane and is a

distance zZ, above it. Since the thickness of the coil is negligible,
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Iy

= h. The center of the coil is a horizontal distance yo from the

[N

o}

xz-plane. The x-coordinate of the coil center is taken to be x = O.
The thickness of the conductor is 6§ and is taken to be small.

In the high-speed limit (which is all that is considered in
this section), eddy currents flow in such a manner as to completely
screen out the field on the side of the conductor opposite to that
occupied by the coil (source). In terms of our ccordinate system, the
magnetic field vanishes in the second, third, and fourth quadranﬁs of
the yz-axes for all x. Since the normal component of the field is

13

continuous across the conductor, it must therefore vanish on the
Xy-plane and on the xz-plane. Hence, the boundary condition on the

magnetic field (total field of eddy currents and source) is

B, =0 on x-y Pplane (v.3)
and
%y =0 on x-z plane . (v.h)

Consequently, the magnetic fieldldue to the eddy currents in the
region containing the coil (i.e., y,z > 0) is the same as that pro-~
duced by the set of images shown in Fig. 9. The current in the image
coil whose center is at (O, ayo, zo) has the same sense as the
source, whereas the image coils at (0, ¥ —zo) and (0, Yo —zo)
hgve currént of the opposite sense. It is straightforward to verify
that the boundary conditions (V.3) and (&.h) are satisfied.

Let us digress a moment to consider the force of one coil

(say coil 1) on another identical coil (coil 2). We place the center

of coil 1 at the origin and the center of coil 2 at (0, ¥, z) and
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s

calculate the force f_(y,z) = (0, fy’fz)‘ Reitz has given the mutual
. inductance for two such coils and has described how to calcuiate the
force _]:.3 The expressions for fy and fz for coils of dimensicn a X b
with NI ampere;tu'rns of current (and the same sence of current) are
given in our notation in Appendix B. (Note that in Appendices B and C
and Ref. 3, the dimensions of the coil are a x b, not 2a X 2b as in
the main body of this paper and in Ref. 10.)
To return to thé problem at hand » we now find the force on
the source coil of Fig. 9 due to the three images. The 1ift force

F is

P =F, = - 7,(022) ~ 5, (-2y_,2z.) + f,(=2v_,0) . (v.5)

By symmetry, fz(~2yo,0)_ vanishes. The guidance force FG is

Fo =Fy = - 1, (0,2z) - f(-2y ;22 )+ f,(-2v,0) . (v.6)

By symmetry, fy(0,2zo) also vanishes. Egs. (V.5) and (V.6) then give
the 1ift and transverse force on the coil in the high-speed limit. We
next find the drag force.

Since we know the magnetic field of the eddy currents in

the high-speed iimit, we can calculate the eddy current density _}_ in

the. conductor (i = 8j where -J is the volume current density). In the

] region coﬁtaining the coil, the total magnetic field B of the eddy
% currents plus the source is the same as the field from the Four coils
shown in Fig. 9 (three images and the source). In the remaining regions,
B = 0. From Aupere ”s Circuital Law (§§ QL = pg Ig_ dA, where dis-

placement currents are neglected), we find that on the horizontal rortion
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of the conductor (xy-plane)

boly = - By (v.7)
and

=B ’ (V°8)

“oly X

and on the vertical portion (xz-plane), we find

boi, = B, (v.9)
.and
Mol = - B, . (v.10)
To calculate the drag force on the ceil, we equate FDV to
the power loss in the conductor
F.Vv = power = dop ieciA (Vv.11)
D cd J

where the integral is taken over the surface of the conductor bounding
the region containing the source coil (i.e., Xy-plane, y > 0 and
xz-plane, z > 0).

In Appendix C, we give expressions for the magnetic field
b(x,y,2) at point (x,y,z) due to a coil whose center is at the origin.
In terms of Eﬂx,y,z),.the tangential field on the horizontal portion
of the conductor is (taking into account the sense of the currents in
Fig. 8)

B y,0) =0 oy -y, -2) =B (%, v -y, 2,)

4+ ba(x, Y+Ys -zo) - ba(x, Y+¥os zo), o= XY . (V.j2)
By symmetry,

Aba(x:y') -2, = - ba(X:Y:Z); o = X,y P) (V*15)




- 19 -

so that the first two terms can be combined and the last two also can

_ be combined in (V.12), giving

Ba(x,y,O) = - E{ba(x) ¥y ‘yo) Zo) + ba(xy y+ yo) ZO)} - . (VJL}

In 2 similar fashion, we find the tangential field on the

vertical portion of the conductor %o be
Ba(X:O:Z) = 2[bq(x’yo’ 4 "ZO) - ba(x:yo) Z+ZO)] s =%,z . (V.15)

Substitution of Bgs. (V.1L) and (V.15) into Egs. (V.7) - (V.10) yields
the appropriate value for the eddy current density in the high-speed
limit. The drag force is then found from (V.H).15

Numerical results for FL, FG and FD are given in Table III.
for parameters typical of the nagnets that are being considered for
high speed ground vehicles. The force on a im X 2m coil (2m side
parallel to v) has been calculated for a height z, = h = 0.2m above
the horizcntal pOrﬁion of the conductor as a function of h', the dis-
_tance between the edge of the coil and the vertical portion of the

conductor (i.e., ¥, = R’ + $a in Fig. 7). We notice that in 21l cases

FD =

<]

(FL+-FG) . (v.16)

Although we héve not found a proof of (V.16), we;expect that it

holds, at least for high speeGs, since it has been checked numerically
ovér a wiﬁe range of paremeters (in the high-speed limit). The fact
that F, is not greater than (w/v)(FL—&Fé) is encouraging with regard
to the lift-to-drag ratio of guideways which afford an appreciable

.guidance force (FG).
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B. EXPERIMENTAL RESULTS

A channel 5.32" wide and 1.44" deep was cut in the cylinder.
The forces on coils placed in the channel ss the cylinder was rotated
were measured. In Fig. 10, the results for the 2 x 4" coil at 265 mph
and h = 0.875" and 1.125" are shown. The coil could be moved as much
as 1" off center, the edge of the coil thereby being 0.56" from the
side of the channel. Over this range, FL is nearly constant, whereas
FG (which repels the coil from the side panel) increases as the coil
is moved off center in such g manner that (FL4-FG)/FD is roughly .con-
stant. Strictly speaking, this is not the same as (V.16) which would

imply that (F + )/FD is constant (as a function of displacement

T+ ¥

» T 2 = r - s F in e neaxy nel
from the center) where FG FG1 FGE' a1 being due to the near panel

angd FG2 that due to the far panel. However, FGE is small compared with
FG1 except near the centei where they become equal.

Calculated values based upon the Sheory of Sec. V(A) are
also shown. These results are found by caiculating FG1 and FGQ separately
and subtracting to find FG. Likewise, FL is decreased from its value
by Aﬁi1 and Afig. Aﬁi1’2 is

the decrease due to the near (far) panel. The 1ift force is then taken

for an infinitely wide flat plate, FLC&

= - - F . i & F 1 i
to be FL - FLG) AFL1 A‘LE Since AFb2 nd A 1o &re sma 1 in
the calculations for Fig. 10, these approximations should be suffi-
ciently accurate for our purposes.

The agreement is not as good as we would have expected. The

differences are probably not due to finite speed Tactors--which could

not be calculated accurately Experlmentally, the velocity dependence



of FL and FG were essentially jdentical. More likely, the resoiution
of the discrepancies lies in the fact that the coil was close to the
@Qp of the channel giving rise to an additional 1ift force.

In Téble IV, we make a'comparison of the theoretical and
éxperimental values of L/D_for coils in the center of the channel at
v = 265 mph for zeveral heights. The agreement is good, the small

systemetic difference probably exists because of the above mentioned

effect due to the top of the channel.
VI. SUMMARY

 Experimental force data on small svperconducting coils placed
~near a large rotating conducting cylinder have been reported in this paper.
FL and FD vs. v for various heights and coils have been given, the

coils being far from the edges (ends) of the cylinder. Comparison with
the theory bf Ref. 10 is generally good. Confirmation of the theory

then gives us confidence that the predictions for full scale systems1o

are valid.

By moving the coil near an end of the cylinder, experimental ‘
data on edge effects were obtained. Likewise, after cutting a channel
in the cylinder, guidance forces and the.properties of a U-shaped
chdnnel were studied. The findings were in reasonable agreement with
theoretical calculations. Again, the experiments substantiated our
predictions for full scale systems.

Finally, it should be remarked that for a properly desigﬁed
~ system with reasonable guidance forces, say O.S'FL, (either from

separate side panels or from a U-shaped guideway), L/D ~ 30-50 at 30C mph
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can be expected.1o These high values of L/D are cbtained without
sacrificing much of the potential 1ift of the system. For comparison,
L/D for aerodynamic drag only is estimated to be ~ 20 for well designed
vehicles. Ccnsequently, it appears possible to make the magnetic drag

(including guidance) smaller than the air drag.,
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APPENDIX A

From Eqs. (IV.4) and (IV.5), it can be shown that (omitting the

.f%;i— factor)
s 3 i s (‘)+'(z—7 )s, (i) -y S, (1) (A1)
ﬂ——a—z—=—- (z+zi)51(1)--y85(1)+z g z;) S, .
_and
Pl ( )8, (1) +28.(3) + ¥S.(1)+ (r-v.)8,(1)+z8 (i) (&2)
M= W-¥/% 255\1) + ¥ >gl Y1/ %2 7
where N
, o) _1 r Cy, 2 . A
3,0) = Sp e {(o + o)l - S0} N (432)
s
5,() = ten™ {(oy - /(o - )} (3v)
Ry
5,60 =5, 8/0F S (o)
| 2 -2 2 2 2 o
5,0 = 5,0 {ox® SoPen ) Hon P Gy} (130)
Q+Q., ‘ 5 ) 'A
s51) = sin (== )s, @) /RS, )
ot Ts S '
si) = 5,00 (Fr + =) | o )
R/“. R, ,
1 ' 2
“and
: . CP—-q)i N J 2 ' _ (ABEQ)
S,?(i) = s1n< 5 )Sj(l)/Ri o | |
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APPENDIX B

Force on a rectangulsr coil of dimensions a X b ak (C,y,2) due to
an 1dem,_Lcal coil at origin (b side parallel to X, a side parallel to y):
H (I\I, . D o) -5 %
fz=—9—2~ﬁ-——- ~2z{z" + (y-2a)7] TEZ[z + b7 + (y - a) ]

-r——

—zz[ze + (y+a)2] '+ 2z[z +b + {y+ u) ]

{\’),P

1
“3 -3
! ) +LLZ[22 4 yg] —M-Z[22+b2+-y2]

: \2 2 2.1 2 2..2-%
- ~(y ~a) /2[(3’—&) + 22]2 + (v - )%/ (2% + V{5 - a)%z4ul e

~(y+2) /A[(y+a) +z ] +(y+a /(1_. + b7 )L(y+9) rzg-i—bz’]

ol
s

~2b :7/(2 +y ) J—z —Ly ] +b Z/[A +(y—a v '122+ (y—a)2}§

+b z/[z 4(J+a) 7[0 +z +(y.a) ]§ 2y2/z[z,2+y2]

Wi

2y z./(z b2 )v 12 +*?]2}

b (ND)” 2 2% 2.2 2.2
e O L S R Y L RC N

1 1
(y+a)/[25+ (y+a)’1" + (y+a)/12240% (y+a )’ ]
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% . 2205y /25y )b 2Ty ] + b (y-2)/(z +(y—a) HE +(y~a) +D

wj=

25
4

2 . 2 2 2.2
+ b (y+a )/ =7+ (y+2) 1 254154 (y+a )

I\)H-‘

[y—aT {(v—a) +Z + '}"][y 2+ {(y+d.) +2 +b 3&

+ gn < [y-a+{(y-'*)2 z } yra+{(yw) +z } >




~25 ~

APPEEDIX C

Megnetic field at (x,y,z) due to a rectangular coil of dimensions

‘& X b at origin (b side parallel to x, a side parallel to y):

; NI ~ - ) 2
B (X,y,z) - u?“ { —(Y~U/ -/ ! ~(¥~a/2) & (Y+a/d) ‘ ‘ﬁ‘j
g M w2 Y (yea/2)P (x5 /2071201 ((yraf2)on (nabf2) gt 1
(x+v/2) -(y-a/2) . (y+a, /2) 1
[P RIS I
Gueb /232" (/e Pa b /2)727 18 {(eaf2 ) (/2 )Pes] B
@ak)[ ~(x-b/2) (mWﬂ 1
oS T 5ot t T
(y-a/2) 42 {{(x-p/2) +(y~a/a) j— 1(x+b/?) F(y~a/2) +2° )2 -
_(y+a/2) -(x-p/2) N (x+b/2)
BB TS 5ok 5 D 2.;,-”’
(y+a/2)"+z [ (x-0/2) "+ (y+a/2) 4z JE {(b/2) 7 (yea/2) 427}
I » T o
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Simplified discussions of L/D given in Refé. 8-11 also predict
this" feature.

The thickness of the conductor is taken to be small enough that

the variation of the normal component across it is negligible.

- In effect, we are treating the eddy currents as current sheets.

A more complete discussion of this point of view can be found in

Treatise on Electricity and Magnetism, by J. C. Maxwell, (Dover

reprint, New York 1954), 3rd ed., Vol. 2, p. 297, and in
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Static end Dynamic Electricity, by W. R. Smyth, (McGraw-mill

Book Co., New York 1950), 2nd ed., p. LO2.

This type of analysis does not work for finding the drag force
for the thin semi-infinite plate (Sec. IV) because the eddy
currents necessary to produce a complete cancellation of Bz on
the surface of the plate diverge at the edge. Hence (V.11)

diverges and consequently FD - 0 as v -» o slower than 1/V.



TABLE I. Physical Properties of Experimental Coils

Nominal Dimensions a b N
(em)  (em) _
b ox 2" h.67 2.12 342
2 x 4" 2.12 L.67 332
3 x bt 3.39 L.67 325
bLox 4" L.67 L.67 317

The superconducting wire was single core copper clad
Nb~Ti with an overall dismeter of G.015 inch manu-
factured by Supertechnology Corp., Boston, Massachusetts.

The cross-section of the bundle of wires was 21/64" x
21/6#”- The width of the coils was 2a and the length
(parallel to the direction of motion) was 2b. a and b
were measured from the center of the coil to the center
of the bundle. The height h was also always measured
from: the mid-plane of the coil to the top surface of
the conducting cylinder. The number of turns of wire
was N. Currents were not persistent unless noted to
the contrary.



Table IT.

Force on a flat coil above a diamegnetic semi-infinite
sheet (2a=1m, 2b=2m, c=.025m, 2z, = .2m, N = 10,

M = 20). The center of the coil is a horizontal
distance h’'+%a from the edge of the sheet.

0.1

0.2

0.3
R
0.5

1.0'

FZ ' FY

T .59 x 107 239 x 107
9.87 x 107" 5.71 % o

2.98 x 1070  6.50 x 16
5.19 x 107 : -3.05 X 10“h
3.19 x 1072 . ~1.19 x 107"
316 % 107 | | 4.89 x 107
3.1k 107 | 2.21 x 107
3.13 x 107 | —1JQ><155
3.2 x 100 | -8.06 107

S

. ) 2
—'F, =——ﬁ—(Inab) ¥Z

by,
F (e}

v =TT (Inab)zFY



TABLE TII. Force on a coil moving above a conductor shaped as a
right-angle corner in the high-speed limit. A1l forces
are to be multiblied by yu (NI )=/27 where NI is the
number of ampere-turns. (2a = 1m, 2b = cm, zo = h = 0.2m

>4
h' = Yo - sa).

n'(n) R o Fpe
0.1 - 8.35 16.80 T 1515 w/v
0.2 9.35 1.92 11.27 w/vi
0.3 ' 9.98 0.707 10.69 w/v
0.4 10.31 0.306 10.62 w/v
0.5 10.48 0.149 10.65 w/v
0.75 | 10.64 0.054 10.67 w/v -

1.0 10.68 0.011 10.69 w/v




TABLE IV. Iift-to-Drag Ratio at 265 mph for Coils at the Cenber
of the Channel. ‘

h 2 % 4t 3 oy L Lox W
(irches) EXp . Theory Exp. 1heory Exp. Theory
375 9.40 8.91 8.62 8.35 7.5 6.7
1.0 | 9.30 8.87 8.60 8.14 7.2% 6.29.
1.125 | _ 9.07 8.74 8.47 7.82 6.97 6.02




Fig. 1.

Fig. 2.

Fig. 3.

Fig. L.

Fig. 5.

Fig. 6.

Fig. 8.

Fig- 90

Fig.

0.

FIGUEE CAPTIONS

Sketch of experimental system.
Lift and drag forces on a 2 X 4" ccil as functions of
velocity at two different heights above a solid aluminum
wheel. (The 4" dimension is parallel to the direction of
motion.) Note scale for drag force is different from

that for fthe 1ift force. At 300 mph, the experimental
(theoretical) value of the lift-to-drag ratio is 11.85
(11.2) at h = 1.66" and 10.5 (10.0) at h = 0.91".

Lift force vs. height at 300 m@h and I = 50 A for various
coils. The number of turns for each coil is given in

Table I.

Lift-to-drag ratio vs. height at 300 mph for various ccils.
Coordinate system for a coil of finite thickness above s
semi-infinite sheet.

Current distribution in a semi-inTinite sheet due to a coil
above it in the diamagnetic limit. Results are shown for
two positions of the coil. A crosg-section through the
center of the coil is taken.

Transverse force, 1lift force and (FL + rT)/1O FD

for the 2 x 4" coil as functions of the displacement of

at 300 mph

the coill from the edge of the wheel.

Coordinate system for coil above a conductor shaped as a
right-angle corner.

Position of coil and images.

Guidance force and (FL + FG)/1O éD at 265 mph in a channel .

for the 2 x 4" coil as functions of the displacement of the

coil from the center,
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ABSTRACT

Magnetic means of suspending vehicles have been proposed for
use in high speed ground transportation systems (> 250 mph). However,
the motion of such suspension (levitation) systems using magnetic re-
pulsion forces when they are perturbed from equilibrium is oscillatory
with a frequency of the order of 1 Hz and a very long damping time.
Thus, some means of adding damping to the suspension is required. One
means ¢f obtaining the desired damping is by feedback control of the
magnet currents. In this paper, the ride characteristics and control
current requirements for a magnetically levitated vehicle are deter-~
mined. The random roadbed roughnesgs is characterized by its power
spectral density, and ride quality is analyzed in terms of the power
spectral density of the verticel acceleration. Alternative control
strategies using feedback proportional to vehicle~track clearance, vertical
‘velocity, and acceleration are considered. It is found that good ride
quality can be obtained over a track equivalent to a moderately good
highway with a high clearance (> .2m) magnetic suspension. The dynemics
of a vehicle in alternative guideweys which supply lateral guidance as
well as 1ift forces are analyzed. It is seen that a guideway configu-
ration which provides orthogonél surfaces for guidance and levitation
forces leads to inherently more stable ﬁehicle motioq and allows the use

of simple independent control strategies on all 1ift and guidance magnets.

*
Work supported in part by the U.S. Depariment of Transportation.
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I. INTRODUCTICH

There is currently considerable interest in the development
of a high speed ground transportation (HSGT) system to operate in
densely traveled corridors and which can offer an attractive alternative
to either conventional aircraft or verticel or short takeoff and landing
aircraft (VTOL/STOL) in the range of 200 4o 1000 miles. Tn order for a
ground based system to be competitive with aircraft in this range, it
is necessary that the vehicles in the HSGT system be capable of cruise
speeds from 300 mph to 500 mph. There are & number of reasons why
speeds in this range camnot be achieved using conventional steel wheel -
steel rail railroad type technology. Some of the problems with conven-
tional rail technology at these speeds are a lack of sufficient frictior
to propel the vehicle through the wheels, wheel wear, track wear and
maintenance, and poor ride quality resulting from the suspension
characteristics and track misalignment. Thus, innovative means of
suspending and guiding vehicles in such a high speed system must be
developed. The alternatives that have been proposed for vehicle support
in high speed ground systems are air cushions1 and magnetic support

1-7

schemes. While there are many schemes for magnetically suspending
vehicles using magnetic repulsive forces or attractive forces, permanent
magnets, conventional electro-magnets, superconducting magnets, etec.,
one of the most promising approaches to magnetic levitation supports the
vehicle with the repulsive force exerted on magnets traveling over a
conducting roadbed by the eddy currents induced in the roadbed. One of

the main advantages of such a scheme is that large levitation heights

il.e., magnet to track clearances) of the order of .1m to .3m can easil:
J (=



be obtained with high field strength magnets, and the ride of the
vehicle iz then potentially less sensitive %o track irregularities
than in alternative schemes where the magnet to track clearance is of
the order of a few centimeters. Since the construction and maintenance
of a very accurate roadbed is quite expensive, and since roadbed
construction and operating costs are a substantial percentage of %he
capital investment and operating costs in such a system, the advantage
of tolerating roadbed inaccuracies and changes over time is indeed great.
The characteristics of the motion of a levitated magnet when
it i$ perturbed from steady motion at velocity v and height h above a
conducting plane have been investigated by Fink and Hobrecht8 and by

9

Davis and Wilkie.9 Davis and Wilkie” demonstrated that the force laws
obtained by Reitz5 for steady motion of a magnet over a conducting
plane can be used to determine the perturbed motion to a good approxi-
mation. They found that the motion resulting from a vertical
perturbation is an essentially undamped vertical oscillation with a

" frequency of the order of 1 Hz, and that an exponentially growing
velocity error results from a perturbation in the direction of motion
if air drag is not included in the analysis. These motions were found
to be essentially decoupled. The small amount of damping of the
vertical motion can be either positive or negative (i.e., decaying or
growing oscillations) devending on the magnet geometry. However, in
either case the transient response to perturbations is unacceptable

for use in a passenger carrying vehicle. Thus, the need for a means

of feedback control of the motion of levitated magnets to obtain
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stability and ride characteristics suitable for carrying passengers at
high speeds was indicated.

An initial study of the control currents required to obtain
suitable dynawic responses of levitated coils was made.io It was found
that currents of the order of 5% of the equilibrium current required
for levitation are sufficient to produce a well damped response to a
vertical perturbation. However, that study did not determine the ride
quality obtained with a magnetically levitated vehicle which is con-
tinually subjected to the random disturbances caused by guideway
irregularities.

In Section II of this paper, the ride characteristics are
determined for a magnetically levitated coil with feedback control of
the suspension parameters. The coil is assumed to be traveling over a
roadbed for which the roughness is specified in teims of the power
spectral density of the variation of the height of the track from a
nominal reference, and the ride of the vehicle is cha;acterized by the
power spectral density of the vertical acceleraticn. Alternative
control strategies using vehicle toc track clearance, vertical velocity,
and vertical acceleration feedback are considered, and their theoretical
or practical rationale are briefly discussed. It is found that a ride
comparable to that of a jet aircraft on a calm day can be obtained over
a moderately rough track With.a high clearance (.3m) magnetic suspension.
The advantages of a high clearance suspension system are made clear in
this context, and it is found that it is essential that the absolute
vertical velocity of the vehicle be used for control as opposed to the

relative vertical velocity between the vehicle and the track. Further,
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it is found that there is little to be gained in terms of ride quzlity
by using acceleration feedback, and the reqﬁired control current
increases significanitly in that case.

All of the aymamics and control studies that have been con-
ducted to date for both magnetic levitation system58“1o and tracked
air cushion vehicle systems11—15 have considered only the translational
motion in a plane of a point mass under the influence of the 1ift and
drag forces on the magnet. This analysis is probably sufficient for
an analysis of ride quality as in Section II of this paper. However,
in determining a track (guideway) configuration tc provide guidance as
well as levitation, it is important to consider the dynamic interactions
betwéen the various translational, roll and pitch modes. In Section IIT,
the dynamics of a vehicle for five alternative guideway configurations
are discussed and the dynamics of two basic configurations are analyzed
in some detail. It is shown that a u-channel or box heam type of
guideﬁgy results in the greatest decoupling of dynamic modss and thus
affords the opportunity of the simplest vehicle control schemes. It
is seen that with such a guideway, simple-independent feedback control
of individual levitation and guidance magnet currents will achieve good
vehicle dynamics with a u-channel or box beam guideway, whereas other
guideway configurations would require the implementation of more complex
schemes of vehicle guidance and control to achieve acceptable dynamics.
Finally, areas where further work is needed with respect to véhicle

dynamics and control are discussed.
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II. RIDE QUALITY

In this section, the ride quality of a levitated coil (with
feedback current control) which is subjected to random track dis-
turbances is discussed. In order to do this, the force laws for such

a levitated coil are first reviewed.

A. Equations of Motion

The forces exerted on a coil carrying a current I and in
steady motion at velocity v and height h above a thin conducting platef
were determined by Reitz5 using image techniquesg. These forces consist

D

direction tending to stop the coil. The forces were shown to be well

of a 1ift force FL in the vertical direction and a drag force F. in a

approximated by

F, o= P (1)
and
Fy = W/VFi : (2)

where FI is the ideal 1ift force on the coil due to an image coil
located a distance h below the conducting plane and carrying an equal
current I but with the opposite direction as shown in Fig. 1, T is a
finite velocity factor which approaches 1 at high velocitiles, and w is

a constant which depends on the parameters of the conducting plane.

T The thin plate assumption refers to the fact that eddy currents are

IS
assumed to be distributed uniformly througnout its thickness. Depending

on coil geometries and speeds, the plate can be as thick as 1.5 inches.



The image force F_ is given by

I

F_o= -1 — ()

where M is the mutual inductance between ths coil and its image located

. A . I . . . .
a distance 2z = 2z below it, and which (for a rectangular coil) is given

by 5
p’ON -1 a -1 a
M(8) = & {2asinh <7\—>—2asinh < _,__.,___._>
- 2 J%2+Qa

+ b sinh” (3> ~ 2bsinh”] <__~E___>
DA ' Qa

yA
+hwmg+b2+Q2 —4Ja2+92 —hjb2+92+hg} %)

where
N = number of turns in the coil
a = width of coil (normal to x direction)
b = length of coil (in direction of motion)
b, = Permeability of free space (bm x 1077 wb/Amp m).

The finite velocity factor T is given by

1
N=1-—s—m— (5)
(1—FV2/W2)n

where n is determined by numerically fitting data calculated for a
given coil, and

w=2/pos . (6)
where o is the conductivity of the conducting plate and § its thick-
hess._ For a im X 2m coil levitated at .3m above a 1 cm thick aluminum

plate, n ~ .33 and w = b5 m/sec. It has been demonstrated by
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Davis and Wilkie9 that these force laws for steady moticn describe the
motion of a ccll when subjected to perturbafions sufficiently well if
the steady velocity v in the x direction and height h above the plane
are replaced by the instantaneous velocity %(t) and the instantaneous
height z(t). This is referred to as the instantaneous approximation.

9

As discussed in the introduction, it was shown” that coupling between
the horizontal and vertical motion of a coil subject to the force laws
in (1) and (2) is negligible. The motion resulting from a vertical
perturbation is an essentially undamped vertical oscillatory motion
for which some means of feedback control must be used. (It should be

noted that the force laws resulting from the instantaneous approximation

do not reflect as much damping of the system as is actually present.

However, this additional damping can be shown to be quite sma119 and
is not included here.) Because of the small degree of coupling present
between horizontal and vertical modes, the ride quality of a coil sub;
jected_to track roughness will be analyzed as simply a vertiéal
'ﬁranslational motion with the velocity in the x direction assumed
constant at the value v.

First, the relationship between the perturbed motion of the

coil and the track irregularity is derived, assuming that the irregu-

larity is known as a deterministic waveform, H(t). The following

E . variables are defined with reference to Fig. 2.
Define:

z(t) = absolute vertical position of coil center at time t

(absolute denotes with respect to track reference)
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jos]
N
ct
N’
1

= absolute track height at time t

z(t) -~ h = deviation of absolute position from equilibrium

(1]
—~
o
~—
]

o
—
c—+-
~
It

z(t) - H(t) = clearance between coil and track
Z(t) = ch't).
The equation of motion in the z direction is obtained from (1) and (3)

to be

m'z'(t)=-I2‘n g%-mg (7)
dz

where Z(t) denotes dgz(t)/dt2 and M(£) is given by (4). It is assumed
that deviations from equilibrium are relatively small and thus that
the linearized form of (7) can be used for analysis. Denoting the

equilibrium values of £ ana I as Qe and Ie’ the linearigzed form of (7)

is
. 2
m# (t) = - I .‘% (b8 ) - 21 i‘% (1-1.) a (8)
s VAR PN dz |e

Assuming I = ic + Ie where ic is the control current that will be used
- for feedback control of the motion (ic << Ie) and rewriting (8) in

terms of the above defined variables, it follows that
2

e d2M

ahe

271
(2(t) - H(t) ~h)- —=
S}

21 au

5(t)= -
a2 e

i, . (9)

c

o
At this point, it is assumed that the control current ic is given by

i, =k, z(t) - k2(z(t) -h - H(t)) , | (10)

thaﬁ is, currents proportional to absolute vertical velocity and

relative position deviation from equilibrium are used for control.

.f-

“Here, 1) was assumed to be a constant ~ 1. which is valid at high speeds.
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Other control strategies utilizing relative velocity (between coil and
track) as weli as acceleration feedback will be discusced. However,
the derivation of the relation between track roughness and the ride

isturbance with those strategies would proceed essentially the same

jel)

from this point. It will be scen from later results that the control
represented by (10) is probabiy the best choice when ride quality and
control current constraints are considered. Thus, proceeding with the
analysis, substituting (10) into (9) and remembering that &(t) = Z(t),

it follows that

kil . 2 2
E(t) + Be(t) + & e(t) = & H(t) (11)
where
- m d/\
Z je
2
w2 oo au
° Boa2 e
and
A2 o 2 2k2Ie aM
w., = - — .
(o] (0] m dQ e

For either a sinusoidal steady state analysis or a power spectral
density (psd) analysis of the vertical response, the Fourier transform

of (11) is needed. Thus, denoting

[o]

B(jw) = Fle(8)] = [ #(x)e™ I a (12)

-0

the transform of (11) is found %o be

6,71 (Gw)
E(jw) = 5 = T_(3w) H(juw) . | (13)

602 -w + JjwB
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Furthermore, it follows that

. -weé%zli(jw) _
E(jo) = PIE(E)] = 5 - (1)

W, -w +Jwh

B. Characterization of Track Irregularities

At this point, it is necessary %o discuss how H(t) (or H(jw)),
the track disturbance, is to be characterized. There are two
approaches that have beén taken toward characterizing track dis-
turbances and analyzing ride quality, (i) a determinisbic frequency
response approach11’12 and (ii) a power spectral density approach.15’16’17

In the deterministic approach, H(t) is chosen as a sinusoidal function

of the form

H(t) = F()sin (X)) = 7() sin?:ﬂxit ) (15)

and F(A) is usually assumed to be linearly proportional to ). The fre.
quency response of the vertical acceleration, E(ij is then easily obtained
from (14) since H(jw) = F(:ggz€>.- Apparently, this approach was favored

in the past11

due to the fact that available experimental data relating to
human vibration tolerances were expressed in terms of the objectionable
amplitude at a discrete sinusoidal frequency. However, it is apparent that
track irregularities will not occur as single frequency disturbances.
Rather, by their random nature they will generate an essentiaily
continuous frequency spectrum. Furthermore, it is difficult to relate
irregularities as given by (15) to specifications regarding track

construction and maintenance tolerances and also to experimental track

roughness measurements.
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The second approach to characterizing ride quality is
to specify the power spectral density (psd)'of the track roughness
and determine the resulting psd of the vertical acceleration
of a given vehicle. However, until recently, no specification of ride
quality in terms of the vertical acceleration psd was available. 1In
a recent document1u concerning the Urban Tracked Air Cushion Vehicle,
such a psd specification was given, and this psd specification was
apparently based on experimental measurements. (This ride appears
%o be equivalent to the ride of a Jjet aircraft on a relatively calm
day.) Furthermore, experimental measurements of the disturbance psd
for various surfaces as highways, airpdrt runways, and railroads are
available from various sources.m Thus, in this paper the random
track disturbances will be characsverized by a power spectral denszity

as will the vertical acceleration respcnse to disturbances.

C. Vehicle Responses - Power Spectral Densit
P

If PHH(m) is the power spectral density of the random track
disturbance H(t), then it follows from (13) [see e.g., ref. 15] that the

vertical acceleration psd, Péé(w), is given by

Py (0) = Ty(u) T(-30) Bylw) (15)
and thus :
u)h &obr PHH((D)
Pé'é'(“’)z ND P22 2.2 . (16)
(wb -0 ) +w BT

From this and the relationships between e(t), z(t), Ac(t) and ic, it

can be shown that the power spectral densifty of the change in clearance

and of the control current, P, . (w), are given by

IZcAc(w)’ ole



. 2
Pposc(0) = | DREhE ] Pl ()
LA 202 2 2+
IS - ) + ¢ B
and
2 2
B 2r=k2 u)2+(k2,8-| k"lé\)s 2—.|
P, . (w) = w L — | PHH(w) . (18)
ce A2 2.2 22
(ub -0 ) +w B

Examples of power spectral density measurements for various
surfaces are given in Fig. 3 (from reference 13). 'The abscissa for this
plot is the wavelength 3 = Qﬁ/Q, ) = wavenumber. (O is related to w by
w=VQ. For purposes of analysis, PHH(Q) can be revnresented quite

well as

P(Q) = A/Q2 . (19)

The plct of Pm,m) for A =5 X 10“6 ft. is shown in Fig. 3 and corre-

sponds approximately to the measurements for a good runway. Measurements

and analyses given in other references16’17 have also indicated that taking
. . P

.PHH(Q)cyQ-E is a good assumption, and ref. 47 verifies that A =5 x .10~ £t.

would correspond to a very good runway--in fact to new construction.

The mean squared track height deviation H? is related to the

power spectral density by'7
¥ o= [ zp(a)ao (20)
Q4

where Q1 corresponds to the longest wavelength over which the track

mean squared deviation is specified and measured, say L. (Note that

the factor of %—Which often appears in (20) has essentially been

absorbed in PHP(Q)°) Then Q, = 2N/L, and for the power spectral density

of (19), it follows that



Thus, the parameter A can be related to the mean squared deviation of
a roadbed specified or measured for a given distance. TFor example,

6 m=5.16 X 10—6 5.

if\/E;? is 5 mm in 100 m, then A = 1.57 X 10~
This corresponds, as mentioned earlier, to a newly constructed airpord
runvay. Obviously, it represents a very smooth roadbed.

Furthermore, the psd PHH(w) corresponding to (19) can be
found to be

Av
PHH(w) = ;é" ]

since it is necessary that

PHH(Q)dQ = P(0)dw .

Thus, PHH(w) will be assumed to have the form of (19), and the corre-.

s i g it e oo P ) . {
ponding power spectral densities for Py, (w), 'Acéc(w)’ and P, . {w)

cte
.are Avweﬁsh
O
2 2
(u/}o -0 ) +w B
‘ 2 2
+ Av
Prenel®) = (v ) s (23)
_ A2 2.2 2 2
w, ~w ) +w B
and
2 ;
[kzew + (k25+51602 )2] _
P, 4 (w) = Av . (2h)
c e : (&12 _(;2?24_u? B2 -

(o}
The mean-squared values of the vertical acceleration, change in clear-

ance,- and control current can be determined from the power spectral



densities since

oo}

2 fo Pop(®) dw - | (25)

[10d

Substituting 722) - (24) into (25) and either performing the inte-
gration or using tables of such integrals1LP results in the following

mean squered values,

—— TTAV{BLL
g8 - ____© (262)
- 26 — > Oa.
— ﬂAv(&f +87)
AeT = 5 5 (26b)
28
o
and
= TA [k;2&2+(k B+k @2)2] :
. R o 2 170
1 = . (260)
c
28 H°
o

It is important to note that both the power spectral densities and
mean~squared values of the variables &, Ac, and ic depend linearly on‘
A, and thus the results for tracks of varying roughness are obtained
© by multiplying those obtained for a given value of A by the appro-
priate factor. The mean-squared values of &€, Ac, and ic also depend
linearly on the velocity v for the assumed track irreguiarity psd.
Relationships for the power spectral densities and mean-
square values of &€, Ac, and iQ for the cases of relative velocity/
relative position feedback as well as relative position/absolute
velocity/absolute acceleration feedback are given in Appendix I. It
shoﬁld be noted that the expressions (22) - (24) and (26a) - (26c)
depend only on the damping 8, and natural frequency GE and not on the

type of suspension used to obtain those characteristics. Thus, ride
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quality per se is independent of the type of suspersion used (e.g.,

air cushion, magnetic levitation, etc.). However, the change in

clearance Acg associated with a given choice of 8B and a% places a
constraint on the clearance that a system rmust maintain, and this is

an important factor in determining whether a given suspension can be
used. ;;é-determines the control current required for a given vertical
acceleration psd when using a magnetic levitation scheme.

Consider now the choice of éontrol strategy for obtaining an
acceptable ride with a levitated vehicle. It is apparent that abso-
lute vertical velocity would be difficult to measure directly.

However, various practical schemes for measuring the relative distance
between the vehicle and the track can be proposed. Thus, one control
approach is to design a compensation circuit such that any given damping
can be obtained using only relative pcsition feedback. This corresponds
to pole placement18 in modern control theory, or the design of a lead/lag

19

network using classical techniques. Assuming one of these methods is
.used to obtain relative position/relative velocity feedback control,

:the vértical acceleration power spectral densities shown in Fig. 4 are
obtained. These curves are obtained using A = 5 X 10-6 5., v = 300 mph,
and the expressions in Appendix I. It is apparent that an acceptable
ride quality cannot be obtained by varying the damping § = BﬂEﬁ%. As
the damping is lowered, the high frequency response imprcves but the

low frequency peak eventually shifts above the specification curve. It

is easy to show analytically that the psd curves approach a constant

at high freguencies which depends only on the damping, and thus shifting
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the natural frequency (by relative position feedback) cannot help to
achieve ride quality in the critical region’above 6 Hz. Furthermore,
it can be shown that the control current required with this control
scheme is infinite, and thus sny practical attempt to implement the
scheme would require a low pass filter to 1limit the control current to
frequencies below about 50 Hz. It appears that an acceptable ride
quality cennot be obtained with this relatively good track using
relative position/relative velocity feedback control vecause the vehicle
must use a smoother reference at high frequencies to obtain damping.
This essentially implies that some means of sensing absolute vertical
velocity must be incorporated into the control system. One means of
doing this indirectly would be Go mount accelerometers on the vehicle
and to obtain absolute velocity by integrating the accelérometer outpub
signals. It should be noted at this point that Hullender et al.15
stated the ride quality control problem for a tracked air cushion
vehicle (TACV) as an optimal control problem in which the suspensicn
.characteristics were chosen to minimize a linear sum of the mean squared
vertical acceleration and the mean sqpared change in clearance. Using
Weiner-Hopf theory and assuming the power spectral density in (19), they
obtained an optimal suspension transfer function. This suspension is
shown in Appendix IT to be equivalent to that obtained using absolute
velocity and relative positioﬁ Teedback.

Using absolute velocity and relative position feedback control,
power spectral densities as shown in Figs. 5 and 6 are obtained. igure 5

is for the case of absolute velocity feedback alone, while relative
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position feedback is used in addition to absolute velocity feedback +o
obtain the results in Fig. 6. The natural frequency in Fig. 5 of

1.175 Hz corresponds to that of a 1m X 2m coil at .3m height, and the
position feedback is used to shift the natural frequency to .6 Hz in
Fig. 6. The rms values of acceleration (¥) and control current (ic) and

.r-

the peak value' of the change in clearance (Ac) associated with the pover

spectra of Figs. 5 and 6 are given in Tables 1 and 2 respectively.

TARLE 1. Ride Characteris;ics for Roadbed
with A = 5 X 107° feet

. ¥ i

6 Zrms Acpeak crms (% of Ie)
<707 031 g .535 in. 2.13%
1.2h 022 g 6l in. 3.02%

(ABSOLUTE VELOCITY FEEDFACK)

TABLE 2. Ride Characteristics for Roadbed
with A = 5 x 107° feet

8 :EEEEL_ Acjgeak lcrms
Ll 0L g | <720 in. 3.14%
707 011 g .748 in. 3449
g ' 2.68 .005 g 1.20 in. 5.96%

(ABSOLUTE VELOCITY/REIATIVE POSITION FEEDBACK)

It is seen from Fig. 5 that an acceptable ride can be achieved
over a track with roughness parameter A = 5 X 10_6 . with velocity
feedback alone. As this feedback is increased (§ increasing)'it is

seen in Fig. 5 that the peak of the psd curve is lowered but the high

frequency falloff of the psd curve is quite insensitive above 6 Hz to

fNote'that this value is /2 [crms which is not exactly a peax value

for the change in clearance. Essentially it represents the two sigma

level for Ac.




increased damping. Since the region around 6 Hz is the critical region
in meeting the ride quslity specification with velocity feedback only,
it is apparent that increasing the damping dces not allow the vehicle
to ride over a rougher track. (Recall from (26a) that the vertical
acceleration psd is directly proportional to A.) However, it is seen
from Fig. 6 that the addition of position feedback which shifts the
coil natural frequency to a lower value provides the protential for
obtaining an acceptable ride over a much rougher track with a high
clearance system. With § = 1.11 and fo = .6 Hz (a curve not showm L
in Fig. 6) acceptable ride quality can be obtained over a track about
16 times rcugher (A = 80 x 1O~6 ft.) with corresponding rms values of

¥ = ,0%6 g icrmS=:16%and AcpeaK:ZB'u in. Such a track rcughness would
correspond to a mederate to rough highway. The advantage of a high
clearance system is apparent from the required Ac. While a levitation
scheme using ferromagnetic forces of attraction and having a nominal
magnet-track clearance of .6 in. could be used to achieve the ride
corresponding to the § = .707 curve of Fig. 5, it could not achieve an
accepﬁable ride over a rougher track due to the clearance problem.
However, maintaining a track to the sbecification that A = 5 x 10—6 L.
is probably not reasonable.

There are at least two reasons tn investigate the possible
advantage to be gained by using acceleration feedback in addition to
position and velocity feedback. First, from the point of view of

theory, the control problem could be cast in the form of an optimal

state regulator control problem in which the feedback is chosen to
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minimize the integral of squared terms proportional to vertical
acceleration, vertical velocity, and verticél posivion error with a
constraint on control energy. Then the optimal feedback controller
would include a term proportional to vertical acceleration as well as
vertical position and velocity. Second, from a practical point of
view, we have proposed using accelercimeters to generate a signal which
can be integrated to obtain absolute velocity. Thus, since a signal
proportional to vertical acceleration will be readily available, we
should consider the potential advantages of using it.

Since acccptable ride quality can be obtained over fairly
rough tracks using position and velocity feedback, a potential advan-
tage of using acceleration feedback will exist only if comparable accele-
ration psd's can ke obtained with lower control currents. In Fig. 7,
typical acceleration psd's are shown for various degrees of accelerstion
feedback. (Recall that the power spectral densities for this case are
given in Appendix I.) The velocity feedback is held cpnstant for the
‘curves at that needed to achieve § = .707 with acceleration feedback
zero, position feedback is zero, and k5/k1 is the ratio of acceleration
feedback gain to velocity feedback gain. (Note that the ratio k3/k1 has
units of sec. but is multiplied by B with units sec."1 in the psd
equations of Appendix II.) It is seen that the high frequency falloff
of the psd plots is the aspecf most sensitive to increasing amounts of
acceleration feedback. Thus, the peak of the curves in the range of
.5 Hz to 1 Hz becomes the limiting factor on how rough a track can be

.

tolerated for a given set of parameters. The values of Zrms’ 1.

; Yms
and Ac peak for these curves are given in Table 3.



TABLE 3
(g's)  (am) (oI
k, [k, g 22 ai e
| .1 ..051 g | 621 3.51%
5 031 g .885 9.71%
2.0 031 g 151 33.8%

(Im X 2m coil at .m, A = 5 x 1070 £t.)

With k5/k1 = «>, a track about 2.5 times rougher
6

(A = 12.5 x 107 ft.) could be tolerated, but the corresponding control
current would be about 15.4% of Ie' As was pointed out above, a track
elmost 16 times rougher could be tolerated with this same percentage of
control current using only relative position/absolute veiocity feedback.
- Similar curves to those in Fig. 7, but with position feedback

added, are shown in Fig. 8, and the corresponding valuss of Z s iC 5

rms

Irms

and Ac peak are given in Table L.

TABLE 4
(8's)  (in.)  (FofTe)
kB/k1 Z.I'ms A'cpeak lCrms |
1 Oft g .812 4,229
5 Ot1g 1.03 6.6%
2.0 Ollg 1.59 12.9%

Thus, while an 8 times rougher track could be tolerated with
k3/k1 = .5, the control current required would be 18% of I |

An extensive parametric study in which the feedback control
terms for acceleration, velocity, and relative position were varied

indieates that good ride quality over a given track roughness can always



- 22 -

be achieved with absolute velocity/relative position feedback with
lower control currents than when acceleration feedback is added.

In summary, the best feedback control strategy tc obtain
acceptable ride quality with a magnetically levitated vehicle over a
track with random roughness charscteristics appears to be a linear
combination of the absolute vertical velocity of the vehicle with the
relative vehicle to track clearance. If relative instead of absolute
velocity is used, the ride quality is not acceptable. If & term pro-
portional to vertical acceleration is added, the control currant
required to achieve acceptable ride quality over a track of given
roughness is greater than that required with absolute velocity/
relative ﬁosition control. It was found that an acceptable ride can
be obtained over a track with roughness about equivalent to a moderate

highway (A = 80 x 1O~6

ft.) when a high clearance suspension system

is used. The control current in that case would be 1€% of the
equilibrium current and the peak value of the dynamic stroke reguired
-would be 3.4 inches. However, a suspension system which is limited to
a clearance of less than an inch is limited to a smocth track and/or a
secondary suspension.

Further reductions in control current may be achievable by
using passive coils tuned to the natural frequency and placed below the
levitation coils. Finally, if the levitation magnets used in such a
system as considered here are superconducting magnets, alternate means

of implementing the feedback control other than by directly controlling

the levitation magnet currents may be reguired to avoid cxcessive heat

1
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losses due to alternating currents, current leads, etc. However, the
fundamental dynamics will be the same with such a control strategy,
and a well designed system should probably not require control currents

to be excessively larger than those calculated here.
IIT. GUIDEWAY DYNAMICS

The discussion of dynamics and ride quality thus far has
only been concerned with the motion of a magnetically levitated vehicle
in a vertical plane. However, it is apparent that some means of
lateral guidance will be required for a levitated vehicle, and that this
guidance should be achieved by non-contact means just as in the case of
'support. One obvious means of obtaining thisg lateral guicdance is to
use magnets working against vertical conducting surfaces-to obtain
lateral forces. Alternately, a guideway configuration could be chosen
such that both levitation and lateral guidance forces are inherently
present. Several guideway configurations that might bg considered are
‘shown in Fig. 9. A vehicle would ride "in" guidewsys (a) and (d) but
"over" guideways (b), (c) and (e). The fundamental difference bebween
the various configurations is that seﬁarate magnets are used to obtain
guidance using surfaces orthogonal to the roadbed in the u-channel,
box-beam and inverted T, whereas both 1ift and lateral guidance forces
are obtained with each_magnetiin the vee and the inverted vee guideways.
It will be seen in the following analyses that the mode coupling
inherent in the vee and inverted vee is undesirable, and a vehicle
using this support-guidance scheme would be more difficult to control.
(This.is inherently true of any guideway design chosen to obtain both

11t and guidance forces with the same magnets.)
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The inhefent dyna@ic characteristics of guideway configu-
rations (a) - (¢) will essentially be the same. That is, mode-
coupling should be the same, similar control strategies would be used,
etc. The factors influencing a choice between these guideways would
be construction costs, ease of maintenance, lateral forces that can be
sustained, etc. The same remarks apply to the similarity of guideways
(8) and (e). Thus, since the present stage of investigation is con-
cerned only with the fundamental dynamic characteristics of a
magnetically levitated vehicle and with an investigation cf control
requirements, the dynamics of a vehicle in a u-channel guideway and
over an inverted vee guideway will be studied as representative of
this set of five guideway proposals. It is evident that other guideway
configuraticns would have characteristics similar to one of these
configurations also. For example, a half-cylindrical trough world have

characteristics simllar to the vee guideway.

A+ U-Channel Guideway

A representative vehicle in a u-channel guideway with four
levitation magnets and four guidance magnets is shown in Fig. 10, and
a set of cocrdinate axes is shown with origin at the wvekicle center of
gravity. In general, an analysis of the motion of such a levitated
vehicle would require that inertial and body axes be defined and that
Euler angles be used to relate rotstions about the body axes to motion
in the inertial coordinate system. This leads to a set of 12 simul-
taneous, non-linear, first-order differentisl equations which ﬁust be

solved numerically for given sets of parameters and initial conditions.

However, it is clear from the results of Section IT that feedback control




s

of the vehicle dynamics will be required to obtain acceptable ride
quality, and thus that excursions of the veﬁicle from equilibrium due
to perturbations will be small. For relatively small excursions Trom
equilibrium, Euler angles are not required and the motion is described
well to a first order approximation as the sum of translations of the
center of gravity and rotations about a fixed set of axes with crigin
at the center of gravity. While this simplifies the eguations of
motion, an analytical study of the dyndmic characteristics would still
be difficult. Thus, because of the first order analysis being made
and because of the essential decoupling of modes noted previously for
a magnet over a plane, effects of coupling and rotation which are
obviously small will be neglected.

Consider then the u-~channel guideway.with coordinate axes
as shown in Fig. 10. It follows from the above assumptions that trans-
lations and rotations in the xy, yz, and xz planes are decoupled and

can be analyzed independently. The motion in the xz plane is analyzed

‘here, but only the results are discussed for motion in the other

planeé. In Fig. 11, a vehicle is shown with the forces acting cn it

for a general displacement. Define xc and Zc a3 the xz plane cocrdinates
of the center of mass and h as the equilibrium magnet tc track clearance.
Aerodynamic drag forces are not included in this analysis since the

shape of the vehicle strongly affects the nature of these forces in a
complex manner and because the fundamental suspension dynamics are being
studied. However, these forces will be very important in the final

design of any vehicle. The equations of motion for the vehicle are
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LX) — - \ - "’ .—...1 “'
m¥, = FP( ) FD,.(“C,G,ZC) rDz(xc,Q,zc) (272)
mz, = }L1(XC,9,zc}krLg(xc,e,zc)-mg (27b)

16 =Eig-(Bcos@+Csin9)—FLABcose-Csine)
+ ED1-(Ccos94—Bsine)+Fb2-(Ccose-BsinG) (27c)

-F, + (Ccoss)

where
m = vehicle mass
I = moment of Inertia about y axis
B, C = dimensions defined in Fig. 11
. re - LA 3 -
and FL(xc,e,zc) and FD\hC,Q,ZC) are the 1ift and drag forces on

the magnets as a function of their height and velccity. (The effects
on 1lift and drag forces of magnet rotation can be neglected.) These -
would be obtained from (1) - (6) for rectangular coil magnets. The
.probulsive force FP(ic) is assumed tc produce constant propulsive

power. The equilibrium point for Egs. (27) is

ic =V , x =vt

o = \
z, =0 , (28)

6 = O .

In order to have the equilibrium point at the origin and to simplify
the notation, let
€,(6) = £ {t) - v |
5, (t) =z (t (29)
g, (t) |

i It
D N
—~
c+ —~
St ctr
S~
.
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With this substitution, the linearized forms of Egs. (27) are

__ - — -
. - 2w v -2v_h :
5= 51 =l m o w L ¢ &
§2 > . v -2~F h o gg 5 (30/
m L m L
5 i 5
T 2ew o v 2cw o b op® p B, mac T
Iv 'L Iv "L I L I
oF JF
v _ L h L
where FL = 57 and FL = 3g .

These equations can be written in the simplified matrix form

§= A} & = [aiJ] g,
e, e, (31)
3 g
N N

where the elements aij of A are suitably defined. It should be

ncted that the equilibrium is independent of the origin for xc(t),
and that is why the right hsnd sides of (50)/and (31) are written in
terms of 51(t) rather than §1(t).

Teking the Laplace Transform of (31) and assuming all initial

conditions are zero except é1(0), §2(O), and §5(O), it follows from

(31) that
__2 - -. —
s~ - a1TS - a5 0 51(0)
2
~ay, 8 8 ey, O g(s) = | sg,(0) (32)
2
- a51S e - aﬁ%;J sgB(o)
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or ,.. .
F(s) §(s) = | £,(0)
SE,(0) . (33)
SE_(O
(0)
Inverting F(S) in (33) yields the responses to initial
perturbations as
2 s - ,
'(S —a'22) §1(O> 0'12 52\0)
§1(S) T TS : + 5] s (548.)
s7(s ~ay,S-a5) s(s —aHS-agg)
ay, £ (0) (s-a,,)8g,(0)
. 2 2
g, (8) = — 1 TS ,. (5knb)
s(s -aHS-a22) 87 -a,.8 -8y,
a8 §,(0) 858 €,(0)
g}(s) = 5 5) + S (,‘2 :
(s —aBB)(S -aHS—a.zg) (s ~a33)\o ~a, 8 -ay,)
g, (0)
tom—— (3he)
S -a
33
These responses are characterized by the rcots of the equations
2
- =0 c
S a55_ (35a)
£ _a, S-8._=0 (350)
11 22 ?
which are
, o .
— K /aﬁ -
— R —— & . )
S0 7% \/;35 T - Y e (36)
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Assuming typical vehicle and magnet parameters, e.g., 1m X 2m coils

levitated at h = .2m, and B >> C, then a and a.,. can be

117 %22 3%

: 2
. > LL
calculated. For these values Bop P> 8y, /s 823 oy 11’

85 and a_, are all negative. The numerical values for the roots are

33

~ 12 a 07 and a

5

S, =%325.5, 8, , = -431x107 &3 738 (sec™) (57)
2 2

3

which represent undamped and slightly damped oscillatory modes. Note
that these numbers depend only on the form of the magnetic forces and
not on the vehicle geometry or mass. The motion resulting from
initial perturbations as implied by (34) and (37) can then be swmearizesd
as follows:
I. A pure initial rotation (§5(O) > 0) will produce an undamped
oscillatory rotation about the center of mass with no height
or velocity perturbations. The frequency of oscillation is
f =h.06 Hz if a uniformly distributed vehicle mass is assumed.
II. An initial height or velocity error (é1(0) >0 or §2(O) > 0)
will couple to an undamped rotation about the center of mass.
IIT. The oscillatory modes in the height and velocity are slightly
demped, but the time constant is very long--388 min. The
frequency is 1.175 Hz.
Recall that there is some damping of the oscillation about the center
of mass and of the height and'velocity oscillatory motion which does
not appear in this analysis due to the instantaneous approximation
and the linearization. However, this will add an iﬁsufficient amount

of damping to the motion, and feedback control will be required.
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It is important to determine whether a simple feedback control
scheme which is independent for each magnet.will achieve sufficient
damping of the height, velocity and rotational motion. If this will
not work, an interacting control scheme which requires some means of
measuring rotations about the center of mass will be required, but this
added complexity should be avoided if possible.

Assume that an independent control is inplemented for each
magnet. Then the vertical velocity, v,s of a magnet as shown in Fig. 12
will be used for feedback control. It is apparent that this will add
damping to the oscillatory translational motion in the vertical direc-

tion. Consider the rotational contribution to v, - First,

P =9, +86 . (38)

where Py is the value of ¢ when the vehicle is level and 6 is the
rotation angle as in Fig. 11. Then the rotational velocity Vi is

Vo =-aw = -A@ (39)
and thus the rotational component of v, is

v, = ~Abcosg =—Aé(coscpocose—sincposine) . (40)

The total vertical velocity is then

v, =%, - A6 (cos ®, cos 8 - SlnCPO sin@) P) (1)

which for small values of 6 is approximately

vZ = Zc - A6 coscpo . (42)
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The control currents in the magnets are then assumed to be proportional

to the total vertical velocity

i =-ka1 = - k(2 —Aécoscpo) (43a)

1

i =-kv2
c Z

2

- k(2 +-Aécoscpo) . (43b)

There are various alternative ways of obtaining the vertical veloci-
. i s . . . X .
ties, v, for the individual magnets which will not be discussed

here. Using these control currents, the matrix F(S) of (33) now

becomes
- 2 2w 1
F(8) = §7-a,,8 -a,-—F kS O
2 2, 1 ' | N
- ag,lS S +EML S ~a5 0 5 (b))
ew . o I, 2,2k I
—a51 t o LFLS-@52 S +—E1—FLAcosq)oS—a55
L ' ]
I_YL
where FL = =5 -
The poles of E‘_1(S) characterize the response of the controlled vehicle.
These poles are the solubions of the characteristic equation
2,2 2k I, o2 2k I 2w, I
s7(s +o- P TAcosg S a55) S _(a11 P RF a21)S
2k I _ :
~(agptay 27T ] =0 K (45)

It is appai‘ent that damping has been added to both the rotational

oscillatory motion associated previously with the frequency /--a35 as
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N
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well as to the vertical and'horizontal oscillatory motion associated
previously with the frequency vf:EE;;. Thué, this relatively simple
non-interacting magnet control scheme should work.

Analysis of the vehicle motions in the xy and yz planes
yields similar results, namely that oscillatory rotations and trans-
lations result from perturbations. Similarly, it can be shown that
simple individual magnet control can be used to add damping to all
oscillatory modes. This will be seen to be a definite advantage of

guideway configurations having orthcgonal surfaces for obtaining levi-

tation and guidance forces.

B. Inverted Vee Guideway

The basic dynamics of the inverted vee guideway are analyzed
in this section. A schematic view of a vehicle over such a guideway is
shown in Fig. 13, where four magnets produce both levitation and guidance
forces. (For simplicity, the vehicle is drawn rectangular.) The co-

ordinate system for analyzing the motion is fixed at the equilibrium

position of the center of gravity of the vehicle as shown. Similar

assumptions as made in the analysis of a vehicle in the u-channel apply.
Further, it is apparent that motion in the x-z plane should be similar
to that encountered with the u-channel guideway and will not be dis-
cussed further. However, i1t is also apparent that the fundamental
difference between the motions of the two guideways is the inherent
coupling between the translational and rotational motion in the y-z
plane. Thus, the ymzvplane motion is that analyzed here. The forces
in Fig. 13 are referred to as F

N

they produce both 1ift and guidance ccmponents.

1 and FNE’ i.e., normal forces, since
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Since a fairly detailed derivation of the equations of
E ' motion for a vehicle in the u-channel was given earlier and since the
geometrical details become quite involved with even this simple

geometry, the derivation of the linearized equations of motion is

omitted. The resulting equations of motion are

Ye #11 O Ay Yo
'z‘c = 0 &8ss 0 Z, , (46)
] 3 0 a <)
31 - 33
S N I
where
Yor 2, = V-2 plane coordinates of the center of gravity
@ = angle of rotation about the center of gravity
(clockwise positive)
and
oF
2 2 n 2 2 h
aH —HCOS eo Sh —acos GOFn
a =2—icose (Asin6 +Bcos6 )
13 m™n o o o
2 .2 . h
Bop = g S O, T

=£~icos6 [Asin6 +Bcoso ]
834 T 7 n o o o}

cm
2 h . PN \

8y = —I——Fn (A 31n90+Bcos90) + mgB -~ mgAcotGO .
cm

Icm = moment of inertia about an axis through the center

of mass.
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Thus, the vertical translational motion is seen to be totally decoupled

from the horizontal translation and rotation. This vertical motion is

oscillatory and undamped with a frequency of oscillation of‘vfza22 5
is seen to approach the frequency of a magnet levitated over a plane
as 90 - ﬂ/2. Analyzing the coupled Voo & motions using Laplace

Transform techniques shows the square of the roots of the characteristic

equation to be

(a +a,7)2
S0 = g2 ““/ M- (g e a) (1)
For parameter values of interest, S1’22 are always negative, implying
undamped-oscillatory natural modes for 6(%) and yc(t). Further
analysis 1s nearly impossible without choosing vehicle dimensions and
a value for 90. Assuming values as shown in Fig. 1l as well as a
uniformly distribubed mass, it can be shown that the responses yc(t)
andle(t) resulting from any initial perturbations yc(O), 6(0) are

given by
yc(t) = W yC(O)cos(5.9 t) + .6 yc(O)cos(.562 t)

+ 2.21 6(0)cos (5.9 t) - 2.24 6(0)cos (362 t) (48)
and | |

6(t) = .109 yc(O) cos (5.9 t) = .109 yc(O) cos (.362 %)
+ 6 0(0)cos (5.9 t) + 4 6(0)cos (362 t) . (49)

Thus, the respcnses have components at . Hz which are in phase and
J .

at 058 Hz which are out of phase. These two fundamental components



can be represented as motions of the Hype showa in Fig. 15. Buch
coupling betwzen modes is certzinly undesirsble for the vehicle
dynemics. Control strategies could pe formulated to damp the motion
and decouple the modes, but these would require sensing angles and
rates of rotation. Furthermore, simple non-interacting controllers

for the individvel magnets would not be sufiicient. Thus, there is
apparently li%tle to be gained in choosing & guideway geometry

with which 1ift and guidance forces can be obtained from the levitation
magnets, since such guldewsys will always contain undesirable coupling

between dynamic modes.

CONCLUSIONS

The response of a magnetically levitated venicle subjected
to random guiceway irregularities was studied by analyzing the power
speetral density cof the vertical vehicle zccelerations inﬁucedvby a
typical guideway irregularity power spectrum. It was found that the
control current should contein terms proportional to the absolute
vertical velocity of the vehicle and the relative vehicle to track
clearance to obtain acceptable ride quality. High clesarance levitation
schemes (clearance ~ 10") can obtain good ride quality over a roadbed
equivalent to a fair highway with conirol currents oi the order of
16% of-the levitstion current. However, a low cleavance system
would be limited to a very accurate track when considering constraints
of ride quality and clearance. The vertical acceleration power spectral

. . . ok .
density specified for the urban tracked air cushion vehicle ' was used
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as a basis for judging the ride quality. While this psd specification
may be somewhat open to question, it was cleér from the analyses that
absolute vertical velocity feedback as opposed to vehicle-track relative
velocity feedback must be used to obtain an acceptable ride for any
reasonable ride quality specification. Minor improvements in the ride
quality can be achieved with the addition of acceleration feedback,
but the required increase in control current is not worth the gain.

The dynamics of alternative guideways for supplying lateral
guidance as. well as 1ift forces were analyzed. It was seen that a
guideway configuration which provides orthogonal surfaces for guidance
and levitation leads to an inherently more stable vehicle and allows
the use of simplie independent control strategies on all 1ift and guidance
magnets. On the other hand, the dynamic mode coupling present with any
guideway configuration in which both l1ift and guidance forzces are ob-
tained with a single magnet would necessitate complicated interactive
control schemes as well as sensors to measure vehicle roll angles.
'Thus, a u-channel or box beam type of guideway is recommended for
magnetic levitation systems. However, it should be noted that the
vehicle was treated as a rigid body in this analysis and that a flexible
 vehicle might regquire the implementation of a more complicated interactive

control scheme.
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APPENDIY I

For the case of relative position/relative velocity damping,
the power spectral densities of the vertical acceleration and control

current are

l;
}-l- 2 2\
W (& + o B)P%H(w)
Po- .. (w) = o > (I¢1)
€ e A 2\2 2.2
W, ~w ) +tw g
(o]
2 2. 2
u&(ke + W k1 )PHH(w)
P, . (w) = (1.2)
i i A2 2.2 2 2 \
c e (wo -0 )"+ W B

where k1 and k2 are the feedback gains defined by

1,(6) = kg (3(8) - B(8)) - Ky(a(t) -n-n(8)) .
For the case of relative position/absolute velocity/absolute

acceleration control, the power spectral densities of the acceleration,

change in clearance, and control current are

L
( u}-go PHH(w) ( )
Paoa [{)] = i > I05
~ P
o (o +F %) 2 (w) -
Prepe(®) = =555 ' (1.1)
(ub -0 ) +w B
and ~ o) 5 2
Sl (¢ 1y )+ (s, 00, 67
P; 5 (0) = 7 25 5.LD ' (1.5)
cte (1+Bk5/k1)[ 0, —w )"+ w BT

where @% and B are as defined after (11) in the paper, and
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& 2
i SN | (1.6)
1+Bk5/k1
F-—2 . (1.7)
1+Bk3/k1

The control current in this case has the form

ic(t) = 1«:1 z(t) - kz(z(t) ~h-H(t)) + 1%:74'(‘5) .
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APPEIDIX IT

i e o et i i et

Hullender, Wormley, and Richardson13 determined the optimal

g suspension which would minimize a performance index 1 where
2
. .2 2
I =(A27) + p(ac) (11.1)
where A% = absolute vertical acceleration induced by track
. irregularity
5 and Ac = change in relative clearance between vehicle and track
from equilibrium.
p = variable parameter--relative influence between terms

in the performance index.

The coordinates of the vehicle and track are defined as follows:

Vehicle Roadbed

T Surface
i / Zp " 2o T 24
Zo
_ A22 - Azo = AC
Absolute i
Referencs

PTIITT T I I
The transfer function G(S) relating the change in force
g
AF(S) to the change in vehicle--roadbed clearance, i.e., Ac(8), was

found in {13] to be (Note that this depends on the assumed track psd. )

~

et
AF(S) = a(S)re = — 225 Ac. (11.2)

(s+,/2a)
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Tt was stated that thic transfer function is the same as that for the

following series spring-dsmper combination:

, I Azg
tBb
1 i oo,
G'(s) _
k
Reference ] Az

N

ST T T

if we choose k = ma2 and b =ma/,/2 .
We proceed to show the following,
(1) The transfer function G (S) has the form of G(S).
(ii) The change in force, AF, resulting from track irregu-
iarities when using this series spring dzmper is
equivalent to reiative position and absolute
velocity feedback.

Assigning an intermediate variable /_\7;1, as shown, the equation of motion

of m can be written as the following two egquations:

AF =mAE, = - b(Aze—Az,l) (IT.3a)

and
- 5 A5 ) -k - .
0 b(Az,2 Az, ) L(Az1 Azo) . (T1.3b)
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TLet us assume that the solutions for Az1 and Az2 are of the form

>
N
1
>
N
o
,

2 2

. o pt
Then A.z1 —~pAzJl € ='0AZ1
and A22 =pAz2 .

Assuming this, (II.3b) becomes

0= prz2 - prz1 - k;Az1 + kAzo
or

(bp+k)AZ1 =DbpAz, + kKAZ

k AZo
az, = — L nz, e ° . . (TT.4)
(p+%/b) (p+k/b) -
Substituting (II.4) into (II.3a),
pAz, + (k/’o)Azo
AF=-prz2+bp[ -
(p+k/b)
or
- -kp(/_\.z2—Azo)
(p+%k/b) ?
so that
AR = :-Eé_.cz__ o 7 (11.5)

If the laplace Transform technique was used~-p would he
replaced by S and everything eise would be the same. Thus, the
series spring-damper does represent the transfer funcition obtained

in reference 13.
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But now
1w/
ap o mdpAe oy ao [prk/b -k/b]
p+Xk/b p+k/b

and

AF = -« kAC [:1___13/_1_)__:‘

p-kk/b
and
k2 yaye '
A-F:'—'—kAC’f‘—g—'-—“:}————— . (1106)
(p +k/b)
But AF = mAZ, = mp2Az2, which from (II.5) implies
- kpAc

nphizy DT K/b
or

nk k2 Ac

—.b—pA22 = - -5—- . ———————— . . (IIOT)

(p+k/b)
Substituting (II.7) for the secord term in (II.6) gives
] 1k

AF = -« XAC - -—B——PAZZ

or
mk ®
OF = - kAc -5 D2, . (11.8)

Thus, the force is cobtained as a linear combination of
2

relative position change and absolute velocity.

It is interesting to note that this is also equivalent to

the following spring and damper combination:

§ o7,

]// ’;‘/‘,/ /..I {"



Figure 1.

Figure 2.

Figure 3.

Figure k.

Figure 5.

Figure 6.

Figure 7.

Figure 8.

Figure 9.
Figure 10.

Figure 11.

FIGURE CAPTIONS

A ragnetically levitated coil over a conducting plane with
its image coil.

Definition of variables for analyzing the perturbed motion
of a coil.

Typical power spectral density measurements for varicus
surfaces.

Vertical acceleration pover spectrum for a vehicle with
relative position/relative velocity control.

(A =5x% 10‘6

ft, v = 300 mph).

Vertical acceleration power spectrum for a2 vehicle with
absolute vertical velocity feedback. (A =5 X 10_6 i,
v = 300 mph).

Vertical acceleration power spectrum for vehicle with
relative position/absolute velocity control.

6 ft, v = 300 mph).

(A =5 x 10"
Vertical acceleration power spectrum for vehicle with
relative position/acceleration feedback control.

6 £, v = 300 mph).

(A =5x 10"
Vertical acceleration power spectrun for vehicle with

back

jaN

S

(¢

relati&e position/absolute velocity/acceleration
controi. (A =5 X 10“6 ft, v = 300 mph).
Alternative guideway configurations.

A typical vehicle in a u-channel guideway.

Vehicle perturbed from steady motion in longitudinal plane.



Figure

Figure

Figure

Figure

12

e

13.
4.

1.

Vertical velocity component used in independent maxnet
control.

A typical vehicle over an inverted vee guldeway.
Dimensions assumed for dynamic calculations of vehicle
over an inverted vee guideway.

Fundamental modes in transverse plane for & vehicle over

an inverted vee guidewsy.
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APPFIDIX ¥

PASSIVE DAMPING

A. Conducting Plate

Let us examine the effects of a conducting plate placed betwesn
the levitation megnet and the guideway. The rlate is attached to the
vehicle, moving rigidly with the magnet. For steady motion, the plate
has no effect. For oscillatory motion in the vertical direction (in
addition %o steady motion down the guideway ) eddy currents are induced in
the plate which damp the cscillations. Also, the eddy currents flowing
in the plate produce a change in the guideway currents which provides
additional damping.

Consider the high-speed 1init. The guideway éurrents produce
a magnetic field equivalent to that of the image of the levitation magnet
(and of the eddy currents in the plate which will bs considered later).
As the vehicle oscillates in the vertical direction, the image oscillates
in the opposite sense. The relative motion of the image and the plate
induces eddy currents. The appropriate coordinate system is shown in
Fig..Foﬂ.

Let zo(t) be the height of the levitation magnet zbove the
guideway, and zp(t) the height of the plate. At equilibrium 2, = h,

z, = n’, we let z(t) = zo(t) + zp(t) be the distance between the image
and the plate. If the vehicle is cscillatery in the vertical direction,

then-zo is of the form

zo(t) =h+ h, sinyt . (1)

1
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Fig. Fe1o The use of a conducting plate for damping
vehicle oscillation.
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This implies that

zp(t) =h’+ h, sinyt (2)

1
and that

z(t) =h+h’ + 2h, sinyt . (3)

We assume that h, << h’, h, << h.

1 1
In the x-z frame of reference (rigidly attached to the plate,
z pointing downward) the image moves in the vertical (z) direction
according to (3). Sincz the motion in the x-z freme is purely vertical,
the aspect ratio of the magnet dces not play a dominant role. Hence, a
calculation of the force cn a long wire is relevant. Corrections for
~more realistic image magnets are given later. We also assume that the
plate is thin so that the thin-plate model can be applied. The thick-

ness of the plate is Tp and the conductivity is gp. From Eqs. (2.12) -

(2.16) of Davis and Wilkie15, we have

FooF =0 : )

x 'y
and
2 2
},LOI WP;.LOI =3} . N o
¥, = W EY - T JO dr [z(t) + Wyt + z(t - )] (5)
where W, = 2/“00@35 . (6)

The current in the long wire is I.

Now we write z(t -T) as (see Eg. (3))

z(t -1) = z(t) + Alt,T) (7)




where
Alt,T) = '2h1 (siny(t ~7) - sinyt] , . (8a)
= 2h, [sinyt (cosyr-1) - cosytsinyr] . (8p)
1
Assuming thzt h‘l is small, we expand the integrand of (5) in powers
of A(t,T):
2

.
I J-“’ dr A(t,7)

I (9)
o [2z(t) + wp"r]

To determine the damping forces, we need to retain only the terms
proportional to velocty (i.e., < cosvyt) in A(t,+). Thus, to first

order iu h ’

m [
F o=-2y " °n drsiny 1 > (10)
o [2(h+h')+wp7]

o T Yok 1cosy’c

It is straightforward to show that

2
p I
Fo= o z(t) 2(h+h )y )
z lm(h+h ) o I< > (1)
I(x) =1 -xf(x) , : (12)

where [Handbook of Mathematical Fu.nctions]'r

f(x) = Ci(x)sinx - si(x)cosx . (13)

Fz is the damping force on the image in the x-z frame (z points
downward). To find the damping force on the plate in a frame of
reference where the guideway is stationary and a positive force points

upward, we apply Newton's third law, giving one minus sign, and then

TWalter Gautachi and William F. Cahili, in Handbeook of Mathematl }.

Functions, edited by M. Abramowitz and J. A. Stegun (Netl. Bur. Std.
Washington, D. C., 1964), AppL Math. Sci. 55, p. 231.
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' we have another change of sign due to the difference in direction of a
positive force. Hence, the force on the plate is given by (11). The
total force on the vehicle is twice that given in (11), however, since the

image of the plate in the guideway interacting with the levitation

magnet gives (in the high-speed limit) a contribution identical to that
of (11). Denoting the damping component of the 1ift by FLd, we have
(for a long wire as the levitation magnet)

WIo 2 (%) ,
F & o o I<2(h:;h )j}(_) ) (1)
D

T(h+h’) Yp

[Note that we have written (14) in terms of éo(t) = vh, cosyt, see

Eq. (1).]

1

Next we make corrections to (14) for more realistic levi-
tation magnets than a long wire. From Eq. (6.21a) of Davis and
Wilkie15, it can be shown that for |2(t)| << W, or 2(h4—h')y/wp << 1

the damping force cn the image of any levitation magnet is

P - - zét)
b

F. (2(h+1n’)) | (15)

where FI is the force on the levitation magnet due tc its image a dis-

tance 2(h+h’) away. We can see that the long wire oteys the relsticn-

ship by noting that I(x) —» 1 as x - 0 and (for a long wire)

2
p‘oI : -
) FI = - _— . (10)
km(h+n')
E' . | Since we have not been able to find FZ for a realistic magnet for

arbitrary z(t), we postulate that
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L4 le A '
Foo z(t) <3<hf_ﬁ_)_Y_> , (17)
z W W
p .
[4
which reduces to (15) for gﬁhiéh—llﬁ << 1 and is identical to (4L) for
b
a leng wire. Thus,
Lz (t)
%F== P(2@+h )) T( 2(h+ h)Y) . (18)
P p

A damping time 7 can be defined by

%’E - —F. (2(n+n’ )I(E“”) ) (19)

'D

-

- where m is the mass supported by one ievitabion magne’ at equilibrium.

Now, in the high-speed limit
ng = FI(2h) . (20)

Substituting (20) into (19) gives

rd I\
FI(?HHJ?/);[<EQ§ﬂﬁLX> . (21)
fI(Eh) | wb

1
T ) .

o

For fixed vy, h and h', 1/¢ can be maximized with respect to wb. We

rewrite (21) as

’ g FI(Z(h+h'))
T r_(2n) ERCE - @)
T y(h+h’) T x = 2(h+n’) vy

= ___7§;_M__

The maximm of xI(x) is Olh1, occuring at x = 1.7. Hence

F_(2(h+n’))

1 _ OJi1g IV ’ -
?)UHX - 7 . (EJ)

v(h+h') FI(eh)
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and

W Jpas = 2B RDV/T ‘ (2k)
For a long wire, (23) becomes (y = 27f)
T = hr.gnf(h+h’)2/hg . (25)

For a 1 X 2m coil with h = 0.3m and h’ = 0.2m,

FI(Q(h+h'))/FI(2h) = 0.38 (26)
so that
T =21 seec X (f/1 Hz) . (27)

B. Tuned Coil
In place of the conducting plate, consider now a coil
connected to a capacitor, C. Let Ld be the inductance of the coil,

and Rd the resistance. The current induced in the coil is Ii' The

height; zc(t), of this damping coil above the guideway is
z2,(t) =h' +z.(8) | (1)

vwhere ]z1(t)! << h’. Since the damping coil and +the levitation ccil

move rigidly together, the height, zo(t), of the levitation coil is
z (£) =h+ z, () . (2)
o} 1
The image of the levitation coil is a distance

z(t) = h + b’ + 2z, (%) (3)

below the damping coil.
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The current I1 satisfies

dQI a1

1 =
a-z thwm ez ()

where & is the flux through the damping coil due to the image of the
levitation magnet. Let Md(z(t)) be the mutual inductance between

these two coils, so that (I = current in the levitation coil)

g =M (z(6))T | )
de
- ! — -1 LI 2R ]
Md(h4-h )I o+ = 221(t)I } (6)
5, 1s evaluated at z = h + h’. Therefore,
2

dgé de d Z,

> " L=z v (7)
at dt

Substituting (7) into (4) gives

d211 ar, I, - am, d2z3

The dynamical motion of the mass m (mass supported at
equilibrium by one levitation coil) is given by

2

4z
1 2 aM _
5= tmowz = 2T 1 5ot F(t) |, (9)

m
at 1 1 4d

where W, is the natural frequency (determined by the levitation coil
interacting with its image) and F(t) is a perturbing force.

If F(t) is of the form

F(t) = F Jut (10)
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then it is straightforward to show that

iwt

z1(t) =z,4¢ 5
where
2 2
. _Fo[wz > Koy o ]‘1
10 m (%o 7Y T .
Wy - +1u)/’re
. hIg <de>2
- 2 dz ’
dewo
w2 1
- ¥ J
e LdC
- and
Te = Ld/Rd .
ror @ = W, = Wy we have
iF
A = -— ._.—..9__.
10 3 '
mku)o Te
Defining a damping time by
N
- = >
T 2mu)o
we find
2
TEmp
ko T

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)



APPEXDIX G

DYNAMIC RESPONSE AT aN EXPANSION JOINT IN THE TRACK

When the train coil passes over a cut in the track (such as
might be encountered at an expansion joint), the coil will experience
a momentary reduction in 1ift which will perturb its moticn. Assuming
no electrical conducticn across the cub, calculations show that the
1ift on the coil is reduced about LO percént when the coil is directly
over the cut. R

The vertical response of the coil is given by
[T} * 2
2+ Bz +u z= F(t) (G.1)

where F(t) is the perturbing force (change in 1ift force) per unit

mass as a function of time. The Fourier transform z(w) is thus given by

z(w) = 5 f(g) (G.2)
(wo ~w )+ iBw
where
(o) = .e%j P(t)e T gy | (G.3)

If we determine F(t) from calculations of 1ift on a coil near the edge

of a semi-infinite sheet, we obtain

2.2
F(t) = Ohge 2" TOVS

(Gk)
where v is in meters/sec, t in seconds, g is the acceleration due to

gravity, and t = O corresponds to the coil being symmetrically located

above the joirt. f(w) is found to be

2 : .
flo) = Ae™PY (G.5)

-

I3

where A = (O.Qg),/(2.78ﬂv2) and B = 1/(11.16v2).
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Now z(%) is given by

2:27 2
© - gt '
, AeBw , |
2(t) = [ 282 do (6.6)
- (@ -0 )+iBw
[l
2
-Buy,
e ~ 1 over most of the speed range. It is also noted that we
Bof

overerpphasize the response if we take e~ = 1 in the integral.

If we do this we may evaluate (G.6) by contour integration and obtain

z(t) = - ?—gé- e-—Bt/E sin u)o'b ’ (G°7>
O

wvhere we have assumed the damping small enough that J W, - 82/4 ~ W

We note that the amplitude is independernt of B.
If we have %o levitation coils separated by the length of

the vehicle, the coils receive their impulse at different times:

na  BE-%0/2 .
z(t) = - o [e ° sing(t -3 )
-B(t+t_)/2
-e o sinwo(t~to)] . (G.8)

o ) o '
If w, = 54 sec (see Sec. 3.4) and 2to/v corresponds to ~ 0.9

(length of revenue vedicle), then the amplitude of z(%) is:

0.33 em at v = 300 mph
1.0 cm at v = 130 wph
1.0 em at v = 100 mph

0.8t em at v 50 nph .
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MAGNET CALCULATIONS

1« The {ield near a conductor bundle is

N o=
-
L]
B

B =

>

2.5 cm and I = 3 X 107 amperes is

which for r

B

2L, 000 gauss.

2. Wire diemeter required for a critical field of 48,000
gauss, 300 ampere (safety factor of 2). From Airco's wire chart
size: critical current density in 50 kG range is ~,105 amperes/cm?.
Thus for _

Copper/Superconductor cross-section = 2/1:

diameter = 0.875 ma (~ 0.035 in).

3. If the inner cdewar is uniformly loaded from the super-

conducting wire then, assuming the dewar acts as a simple beam

between any two supports, the maximum deflection becomes

5
y = _?_W_L = 0.014.5”
384 EI
where W = total load = 6,250 1b. (50% overload)

length between supports (LO inches)

1S
]

E = elastic modulus (26 X 106 psi)

1

- o — 3 _n D
I = moment of cross-section = s (b1h1 b, Yo

k. Maximum stress in this inner dewar occurs midway between
the centers of the beam at the top or bottom and is

e W
I 8 I
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where ¢ is the half height of the beanm. ,(Evaluating this stress for
both stainless steel and aluminum (dimensions of aluminum beam

2.75 in X 4.00 in)

= 13,400 psi

Q
l

6,020 psi .

The fatigue strengths at 1.2% for these materials are given in the
g
Cryogenic Materials Data Handbook>” as 165,000 psi (S.5.) and 47,000

psi (AL).

5. Imner G-10 Epoxy Fiberglass Column (Maximum Load). Since

these tubes are in compression the buckling stress is
s’ = 0.3 Et/r = 109,000 psi

where E is the mcdulus (2 X 106 psi), t the wall thickness (0.2"), and
r the mean radius (1.1"). Since this value is significantly higher
than the fatigue strength of 20,000 psi (107 cycles) the fatigue
.strength will be used to calculate the maximum load.

6,250 1b.

S =
1.76 in2

= 3,550 psi

o =

where the value of W is taken to be 1.5 times the equilibrium welght.

This value thus provides a significant safety factor. § is (1/5.6)

times the fatigue strength (107 cycles).
gg. ' 6. The all important heat leak down the inner column from

77°K o 1.29%K is calculated to be
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qQ = KéZST - 0.267 Btu/hr

which corresponds to a helium boil-off rate of 0.116 z/hr at 4.2%.

7. Web thickness for stainless steel hinge. At 4.2°K the
fatigue strength for 304 stainless steel is 150,000 psi so that the
minimum thickness of the web, for an axial load of 6,250 1b. and a

length of 2 inches is

& - 6,250

£ = . 1 .
= W X ) 0.021 inches

However, there will also be a lateral load that will degrade this
performance. For this reason we will consider a web of 0.080 thickness

until the additional design features of the hinge are considered.

8. DNow the maximum moment which should be permitted while

still maintaining elastic behavior of the hinge web is

where for our case, o is the fatigue strength 150,000 psi, 4 is the

length of the web (2 inches) and t is one half the web thickness:

M = 520 lb-—'in‘
Hei 56 shows that the maximum angle that the hinge can be actuated while

still observing elastic behavior is

2 2
S = P00 (5) 5 (3)



where V= P01eson‘
E =
Ir =

web.radius

‘,,*d<£>
Ol

Evaluating this expression for the above hinge we obtain, for r = 0.25"

émax = 0.0236 radians (15-50) .

However, even this value needs to be reduced by the factor (1 -P/2dtcy)
which accounts for the axial force, P, that must be transmitted. This
factor is 0.7% for the 6,250 1b. load on the hinge just described,
reducing the maximum angle to 10.10. This value is less than that
obtained by the shrinkage of the inner dewar, 15.30, but presumably

-4
this could be corrected by lengthening the column or narrowing the

-
*

hlngeizeg or relocatlon of the support columns--all acceptable from
#*
‘ )
.-the pzasent design considerations.
4
b .
. *‘%‘ 9. Radiation loss through superinsulation. The radiation

through‘the supefinsulation can be characterized by an effective K
A .

in the eguation é = KAAT bubt penetration of the superinsulation by

the support columns, f£ill lines, and current leads will degrade this

value. Nevertheless

Q = 430 mv/dewar (0.68 £He/hr/dewar) .




