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PREFACE

This report discusses the Oberretl three-dimensional model
of linear induction motors and its application to the analysis
of the high-speed propulsion characteristics of linear induction
motors. It comprises the first in a three part series devoted
to a review of current LIM theories and the presentation
of computer programs based on these theories. The remaining
reports of this study will treat the theoretical approaches
adapted by S. Yamamura and H. Mosebach in their linear induction
motor analyses. Fach report has as its primary objective the
comparison of the relative propulsion characteristics predicted
by each theory and an examination of their differences as they

relate to the models used in each theory.

The author is pleased to acknowledge the following
individuals for numerous discussions and helpful information:
Mr. Matthew Guarino, Jr. of the U.S. Federal Railroad
Administration, Dr. Clem Skalski of MITRE Corporation, Dr. David
G. Elliott of the Jet Propulsion Laboratory, and Professor
James Melcher of the Massachusetts Institute of Technology.
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SYMBOL

Secondary thickness

Flux density

Half-width of primary (stator)

Thrust (along x direction)

Thrust harmonic

Airgap separating primary and secondary

Distance beyond primary edge defining effective decay
distance of primary mmf.

Stator coil current per phase
Primary current density

Index defining phase number
Fundamental wavenumber components in x, z directions

vth harmonic of (longitudinal) winding factor
Length of periodic cell in longitudinal (x) direction
Width of periodic cell in transverse (z) direction
Longitudinal mmf gap length

Motor length

Number of primary phases

Transverse harmonic order

Turns per coil

Number of LIM poles

Number of coils in coil group (phase belt)

Slip

Effective slip of vth mmf harmonic wave

Motor speed

Longitudinal (thrust) direction



Normaj direction to Primary surface

Transverse direction

Slot pitch ip radians

Permeability of free space
Permeability of Secondary

Longitudinal harmonic order

Index defining Coil gToup in gjiyep phase
Secondary conductivity

Angular frequency
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1., INTRODUCTION

Recent interest in linear induction motor applications for
high-speed ground transportation has stimulated a number of
theoretical investigations of single- and double-sided linear
induction motors (LIMs). As a result of these investigations,
different mathematical LIM models have been developed which are
useful in estimating the performance characteristics of actual
LIMs. Computers are required, in most cases, to effectively
implement these studies, due to the magnitude of the calculations
involved in such studies. One principal objective of the FRA
electrical propulsion program is the investigation of various LIM
models using computer programs specifically developed for this
purpose and based on theories representative of each model.

The most promising mathematical models presently available
for consideration are those developed by K.Oberretl (Brown-Boveri
Co, Zurich, Switzerland), S. Yamamura (University of Tokyo, Tokyo,
Japan), and H. Mosebach (University of Braunschwieg, Braunschweig,
West Germany). All these models describe a LIM with finite primary
current excitation, i.e., a primary with finite length and width.
The Mosebach model has the additional refinement of a finite
ferromagnetic primary region. A comparison of the LIM
reaction forces predicted by each of the above models will provide
information on boundary related effects (edge-effects, end-
effects) and their influence on LIM performance as predicted
by each model.

Each of the above mathematical models will be examined and
discussed separately in individual reports. The first model to
be examined is the Oberretl model(l) as it relates to a double-
sided LIM with constant current excitation. This report, which is
devoted to a study of the Oberretl theory, discusses different
aspects of the theory in separate sections. Section 2.1.1
examines the criteria for choosing the mmf gap in the LIM
periodic cell, Section 2.1.2 the expression for the stator



winding factor as derived by Oberretl, Section 2.1.3 the amplitude
spectrum of the primary current, Section 2.1.4 the amplitude
Spectrum of the thrust harmonics, and Section 2.1.5 the predicted
airgap flux density along the transverse axis of the LIM. 1p the
second part of the report, a summary is given of the computed
reaction forces (thrust, normal forces) for the tracked levitated
research vehicile (TLRV) and the linear induction motor research
vehicle (LIMRV) motors. Whenever possible, a Comparison is
bpresented between the forces predicted by the Oberretl model and
those predicted by D, Elliott.(z) The finail part of the



2. TECHNICAL DISCUSSION

2.1 THE OBERRETL MODEL

The Oberretl treatment of linear induction motors begins by
replacing the actual LIM with a three-dimensional model, combining
a two-dimensional Fourier mmf-distribution with an exact solution
of the diffusion equation along the direction normal to the
primary surface. The mmf is developed by superimposing mmf
contributions from an infinite afray of adjacent primary elements
lying in the plane of the stator. This leads to a Fourier series
representation for the total mmf equal to the sum of an infinite
number of (mmf) harmonics, each defined by its respective harmonic-
order along the longitudinal and transverse wave vector directions.
To 1imit the time required for numerical computations, a limit is
imposed on the maximum number characterizing the series. The choice
of the values of maximum harmonic number represents a compromise
between excessive computing time and sufficient harmonics required
to describe adequately the mmf-distribution. The airgap flux
density, which is also expressed in a Fourier Series, is derived
from the magnetic vector potential with suitable prescribed
boundary conditions. LIM thrust and normal forces are determined
by integrating the Maxwell Stress Tensor over the region bounded
on one side by the secondary.

The Oberretl model is based on the following assumptions:
a. Current densities normal to the primary and secondary
members are zero. Current flow in the primary and secondary ele-
ments lies in a plane parallel to the primary.

b. The permeability of the primary is infinite.

c. Edge-effects associated with the primary ferromagnetic
region are neglected; i.e., magnetic end-effects are absent. Only
end-effects associated with finite "winding current" distributions
are included in the analysis.



d. The active primary current density is constant along the
transverse direction within the confines of the primary (stator)
and decays to zero at a distance, h, beyond the primary edge
according to 1 - sin LE%%ll, where z is the transverse distance
relative to the primary midplane and c is the half-width of the
primary element. As pointed out by Oberretl, other current
density functions could be substituted for the above, provided
they relate correctly to measured field distributions.

e. The mmf and flux density distributions are periodic
functions of distance along the longitudinal and transverse direc-
tions of the motor. To develop this periodicity, mmf gaps are
inserted at periodic positions along the longitudinal and trans-

verse axes of the motor.

2.1.1 Criteria for Choosing Longitudinal mmf Gap

The Oberretl theory inserts an mmf gap adjacent to the pri-
mary in order to develop an mmf-distribution function which is
periodic along the longitudinal (and transverse) axis of the motor.
The choice of longitudinal gap length is critical in that too
small a gap length causes unrealistic oscillations in the thrust-
frequency characteristic while too large a gap length results in
an unreasonably long computation time. The criteria adopted in
choosing the gap length is that the length be sufficiently long to
allow the end-effect wave to decay to a small value. A choice of
gap length equal to twice the decay length of the end-effect wave
appears to be a reasonable compromise.

The decay length of the principal end-effect wave is given
approximately by the reciprocal of the following quantity,(s)

7
Vv U V\ 4wy
0 1 6] . o
REAL | 75 7J(_°sg " g (1)
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for LIMs having a pole gap separation g, secondary surface resis-
tivity pg» stator excitation frequency w, and motor speed V
relative to the secondary rail. For the TLRV LIM operating at
300 mph and a frequency of 165 Hz, the computed decay length was



11 meters; for the LIMRV operating at 250 mph and a frequency of
165 Hz, the computed decay length was 7.3 meters. See page

2 for a summary of motor parameters describing the respective
motors. In the computer studies of the TLRV and LIMRV motors, the
respective gap lengths chosen were 33.212 and 11.096 meters.

2.1.2 Primary Winding Factor

Oberretl expresses the primary mmf, 6(x,t), in terms of the
sum of mmfs of each coil described by

v
2N11/7 kw

j(wt-vx+vR+m/m
Ty € ) (2)

b(x,t) = j

ka is the winding factor associated with the vth harmonic, g is
the phase angle of the harmonic, m is the number of phases in the
winding, and N is the number of turns in each coil. The deriva-
tion of vkw follows from summing the mmf contributions of each

coil described by

NI/Zsinv(mq-e)a ej[wt'vx’(k'l)ZE + V(K-Do
= 5 m

™ 2

Y

+ v(p-l)mqa+v(k-1)2qa] (3)
Here o is the slot pitch in radians, k denotes the phase
number, q denotes the particular coil in a given phase group, and
€ is the reduction in width of the coils (coil pitch) in units of
slots. For a double-layer winding with half-filled end slots,

there exist

1, 2,004 k....m phases
1, 2,..... K....q coils in each coil group
1, 2,..... p....p* coil groups per phase

—
Note that Oberretl uses p to denote pole pairs.



The values of k, K, and p are illustrated below for the "forward-
connected" coils for a stator winding having two coils/phase, three
phases, two poles (one pole pair), and a two-thirds pole pitch.

The corresponding parameters for the '"reverse-connected" coils are
not shown, but are easily obtained from Equation 3 and the defini-

tion of the parameters.
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The series summation of coils in a phase group leads to

sin q=5 j(q-l)\’—%ﬁ

sinz%
The series summation of phase groups associated with the m phases
of the primary yields

sin_m(vqa-n/m) j(mrl)(vqu-ﬂ/m)

sin (vqa-m/m)

The series summation of the coil groups of a given phase gives

. P vmqa P-1\mvqo
ir,:’___ej<7)
sin vmqo
Finally, the ''reverse-connected" coil groups are related to the
"forward-connected'" coil groups by the factor

1 - expj(vmqa-n) = 2j sinv?qa

since the '"reverse-connected" coil groups are both spatially and
electrically 180 degrees out-of-phase relative to the "forward-
connected" coil groups. Combining the above factors into a single
expression, Oberretl obtains (Ref. 1, p. 7)
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S1NZVMA% ginuvmqa . sinqva/2 . sinvmq-¢ . sinm(vqa—ﬂ/m)(a)

w _ sinvmqa 2 sinva/2 2 sin(vqa-m/m)

Yk

The above equation is not valid for a LIM with odd numbers of poles

since it gives infinitely large ka values when vmqaer.

An alternate expression for the winding factor which is valid
for both even and odd numbers of motor poles can be derived by
summing the mmf contributions first within a pole pitch and next
over the number of half-wavelength contributions comprising the
motor. Thus summing the coil groups within a pole pitch gives

fi ej['(k'l)%+v(k-l)qa] ) 5in%(vqa-ﬂ/m). ej(m%l)<vqa-%)
k=1

sin(vga;n?m)

and summing the respective pole-pitch contributions over the entire

length of the motor yields

. DVIMQo-T ) (vmga-ﬂ
L [vernmaur (p-yn]  SPT3 3 (P2 )
e =Sin \)mg%-‘rr°e
p=1

This leads to the following expression for the winding factor

. pVMQo-T . vqo-m/m
sinP . = . 51nm—9—z—i—
Vi = 2 . sinqva/2 | sinvmg-€

: 5)
W . VmQo - sinva/2 2 . vqo-7/m (
sin 5 51n——9—7———

Equation 5 was used instead of Equation 4 to compute the primary
mmf in the Oberretl computer program developed as part of this
study.

2.1.3 Primary Harmonic Current Distribution

The Oberretl model substitutes for the actual primary current
distribution in the stator, an effective current density (sheet),

az(x,z), given by



j(wt-vxgg + E)
az(x,z) = 2{ :z J(v,n) cosg%£ e i (6)
n v

where J(v,n) is the amplitude of the Fourier current harmonic for
transverse (z-directed) currents, £ and L are the length and width
repsectively of the "unit periodic cell", and v and n and the
respective harmonic orders along the longitudinal are transverse
wave vector directions. The harmonic amplitude, J(v,n), is given
explicitly by

16 NI.v2Z Yk n
Jvn) = LT e Ty (7)

Here vkw is the winding factor for the vth harmonic, N I1 the
ampere-turns in a single stator slot, and ny the amplitude of the
transverse dependence of the mmf-distribution.

A.  J(v,n) dependence on longitudinal harmonic order, wv.

The variation of J(v,n) with longitudinal harmonic order is
presented in Figure 1 (solid curve) using the motor parameters
listed in Section 2.2.1 For the purpose of calculation, the trans-
verse harmonic order, n, was Set equal to 1. For the choice of gap
length, £, 33.212 meters, the peak Fourier harmonic at v, = 108,

5
(197.5) and the effective 7th Fourier harmonic at Vo = 277 (276.5).

harmonic wave,

in((k - k)&
J(k) = 3, ik(ﬁ; © 5) (8)
(o]

Rs is the distributed length of the current density wave, k the
independent wave Propagation number equivalent to vmqa/T_ in the
Oberretl model, and kO the propagation number of the wave equal
to w/Tp. Setting ko equal to the wave number of maximum J(v,n)
in Figure 1 and 25 equal to the effective length of the TLRV
stator (25=Prp), the dashed curve shown in Figure 1 is obtained
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for the harmonic current distribution. Jl in Equation 8 was
normalized to the peak amplitude computed from Equation 7. Figure
1 shows that the harmonic spectrum derived from a single-harmonic
wave represents a fair approximation to J(v,1) in the spectrunm
region of the principal harmonic contribution, i.e., 10<v<790.
Since the contribution of the higher-order harmonics to the LIM
reaction forces is comparatively small, the stress tensor compon-
ents evaluated using the single harmonic transformation (Equation
8) should not be significantly different from those evaluated
using the multi-harmonic transform function (Equation 7). Since
Yamamura and Oberretl use Equations 8 and 7 respectively to
describe the primary harmonic current spectrum, a comparison of
the reaction forces computed using the two methods should indicate

whether the above conclusion is valid.

B. J(v,n) dependence on _transverse harmonic order, n.

The Oberretl model assumes the primary current density to
vary with transverse displacement as shown in the sketch below.
For z-positions within the confines of the primary, i.e., -c<z<c,
the primary current density is constant. Beyond the primary edge,
the current density decays to zero in a distance h according to
1 - sin(z-c)n and remains zero in the regions defined by

“2h :

c+h<|z|<L/2. Oberretl indicates this choice of z-functional
dependence for the primary current is somewhat arbitrary and other
functional dependences should be used in its place, provided they
are consistent with results of field measurements.

) 72

-(c+h) -c 0

(g]
[¢]
+
=

\

N — — — —
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c=0.095 m
h=0.1 m.
L=0.508 m.

o
o
o

TRANSVERSE DISPLACEMENT -z, meters

Figure 2. Relative Current Density Amplitude Along
Transverse Direction

Oberretl expresses the above current distribution in terms of

the Fourier Series

L
_ 4 (TH) lsinmn(c+h) _ 2h cosmnc |\cosnmz
8(z) w5 Yo Sty _n[a S A r (9
7 \(35)

where the term in brackets {} corresponds to "y in Equation 7.
Figure 2 shows a sketch of 6(z) as a function of the transverse
displacement along the z axis for increasing values of maximum

max’ for the TLRV LIM. The larger the value of
the better the approximation to the '"ideal' current distribu-

harmonic order, n

n ’
max

tion function corresponding to n o, Large n however,

max max’
results in excessive computing time and a compromise is necessary
between computational costs and the relative "accuracy'" of the

current distribution function. In the TLRV and LIMRV LIM calcula-

tions described later in the report, no.x was chosen equal to the

11



value used by Oberretl in his LIM calculations, namely, nmax=5'

The use of a two-dimensional Fourier representation to de-
scribe the primary current causes the propagation vector in the
secondary along the normal direction to be a function of both
longitudinal and transverse wave numbers. This appears to be the
basis for the Oberretl claim to a three-dimensional model. It
leads to a reduction in the dependence of computed thrust on the
longitudinal harmonic number only, which in the case of the
Yamamura theory (Ref. 3, P. 98) results in oscillatory- type
behavior in the thrust-versus Sllp characteristics of high speed
LIMs near small motor slips.

2.1.4 Thrust Harmonic Amplitude Distribution

The LIM thrust in the Oberretl model is found by summing
harmonic thrust contributions over the longitudinal (v) and
transverse (n) harmonic wave orders. If F(v,n) is the amplitude
of the v, nth thrust harmonic, the LIM thrust is given by

> > F,m
V n

where
2 2
L2 37 (v,n) Im(Cy ;)
F(Vyn) = B1v ) (103.)
|sinhig+ C;, coshig]
2 . Y
AT+jwu,0, s
R 2%2 2 im0V . b
Cqp = _W_ tanh(JA tjuwu,o, s 7) (10b)

A is the wave number in the airgap along the normal direction, o,
is the conductivity in the secondary, “2 is the permeability of
the secondary equal to Ho=H oMy and Vs is the harmonic slip given

by Vs=1- v(l-s)mqa/m.

12



Figure 3 presents a plot of Equation 10 as a function of
longitudinal order (v) for the TLRV LIM at line frequencies of 150,
175, and 200 Hz. For purposes of calculation, the transverse
harmonic order was set equal to unity. Motor speed was fixed at
300 mph and line current at 530 amperes corresponding to conditions
assumed in the later TLRV LIM calculations. The remaining TLRV
parameters used to compute F(v,n) are given in Table 1. The figure
illustrates several features of the harmonic thrust function.(4)
First, F(v,n) is large only within a limited range of longitudinal
harmonic orders centering on the principal harmonic order Vo
associated with the fundamental wave number. In this example of
the TLRV LIM, the principal harmonic order voz40 corresponds to
the peak current density as shown in Figure 1. Second, F(v,n) is
zero at periodic values of longitudinal harmonic order since
J(v,n) = 0 for v = vo(l + 2m/P), (m=1,2,3,..). Third, F(v,n) shows
a rapid change at the singular point v = vo/(l - slip). Special
care must be exercised in the numerical integration of F(v,n) in
the region of the singularity, particularly at frequencies near
zero motor slip. Iwamoto(4) suggests the use of finite difference
methods for improving the accuracy of the numerical integration in

the region of the singularity.

2.1.5 Airgap Flux Density

The LIM flux density distribution in the Oberretl theory is
described by an infinite Fourier series of spatial harmonics along
the longitudinal and transverse axes of the motor. The components
of flux density at the surface of the secondary can be written in

the form
-j(k_x-wt)
B = Z z B, (v,n) Cp, coskz e X (11)
v n
' A -j(kxx-wt)
B =
y J.ji :E E; Bo(v,n) coskzz e (12)
Vv n
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(13)

where

v
16N 11/7 kw ny
o) nﬁs(sinhkg + Clzcoshkg)

B, (v,n) =

and Kx’ kz are the wave number components along the x,z axes re-
spectively, i.e., kx=v2n/£,kz=nw/L. C12 is defined in Equation 10b.

The flux density components‘defined by Equations 11 through
13 determine the stress tensor components evaluated at the surface
of the secondary. Therefore, the correctness with which these
equations describe the flux density in an actual LIM is critical
to an accurate calculation of LIM forces. A comparison of the
computed flux density components with that obtained from flux
mapping in the motor airgap offers a check on the effectiveness
of the LIM model to represent an actual LIM.

Figure 4 gives the airgap flux density computed as a function
of displacement distance along the transverse axis using parameters
appropriate to the TLRV LIM. Motor speed was taken as 300 mph and
line frequency as 200 Hz. Three curves are presented corresponding
to three different values of maximum transverse harmonic number

n The curves show that the flux density tends to peak inside

max’

the primary region with increasing n with the position of

’
maximum flux density occurring near ?i: inside edges of the pri-
mary. For n =17, the flux distribution approaches the form
predicted by Bolton(s) for DLIMs with symmetric secondaries. The
additional peak in flux density which occurs outside the region

of the primary is disturbing, since in actual LIMs the flux
density tends to decay monotonically with distance from the stator
edges. The exact reason for the second peak in the computed flux
distribution is not known, but it might be associated with the
assumption of a continuous ferromagnetic region in the primary.

Its existence raises questions regarding the ability of the
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Oberretl model to describe accurately effects related to the
finite width of the motor.

The ratio of thrust for increasing noax values normalized to

the thrust for nmax=25 is shown in tabular form in Figure 4. The
table shows an increase in computed thrust with increase in noox
for this LIM example; at nmax=7’ the thrust is 95 percent of the
value computed for nmax=25' In view of the irregular behavior of
the flux density distribution along the transverse axis and
dependence on N it is not clear whether the thrust is computed
with greater accuracy when noax is larger as compared with noax of
a smaller specified value. The additional peak in flux density
which occurs outside the region of the primary is disturbing,
since in actual LIMs the flux density tends to decay monotonically
with distance from the stator edges. The origin of the second
peak might be associated with the Oberretl assumption of a con-
tinuous ferromagnetic primary, which tends to enhance the flux
density in the regions outside the stator edges. It is of some
interest that the phase computed for the second peak is approxi-
mately 180 degrees different from that computed for the first
peak, a result which is consistent with the relative phases anti-
cipated for flux produced by secondary edge currents in the
absence of magnetic edge effects. The large discrepancy between
computed and actual flux densities in the regions outside the
primary raises questions regarding the effectiveness of the
Oberretl model to predict effects arising from the finite LIM

width.
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2.2 COMPUTER STUDY OF TLRv AND LIMRV LIMs USING OBERRETL MODEL

The following sections Summarize results of computer Studies
of TLRV and LIMRV motors, using a computer Program based op the
Oberretl model. A1l Computations were performed using the PDP-19¢

basis for the two-dimensional pPeriodic array are shown in Figure

respectively at 33.212 angd 0.199 meters, Longitudinal (v) harmon-
iCs were summed over the range -120<v<120, Transverse (n) harmon-
ics were summed from p = 1, 5, i.e., n = 1, 3, and 5.

TLRV Motor Parameters

Turns per Coil (N) = 4

Pole Pitch (Tp) = .448 nm,

Core Width (2c) = .1905 m,

Poles (P) =5

Core Length (25) = 2.56 m,

Air Gap (g) = -0171 m.

Phases (m) = 3

Slots per Phase (q) = 5

End Half-filiegq Slots (e) = 5

Secondary Thickness (b) = .0066 m.

Secondary Resistivity (0) .416x10"7 ohm-m,
Coil Overhang (h) = .01 m,
Longitudinal mmp Gap (25)
Transverse MMF Gap = .199 m,

33.212 nm.

18
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k]

Longitudinal Periodic ‘Wavelength = 35.772 m.
Transverse Peiodic Half-wavelength (L) = 54 m.
Motor Speed (V) = 134.1 m/s

2.2.2 TLRV Thrust-Frequency Characteristics

The TLRV thrust computed for frequencies in the range of-155
to 200 Hz is shown in Figure 6. The corresponding thrust predicted
by Elliott(z) is also presented for comparison. The thrusts com-
buted using the Oberretl model are about one-third larger than those
computed by Elliott. The choice of longitudinal mmf gap length was
sufficiently long to insure effective damping of the end-effect
wave inside the periodic length defined by the "unit cell" of the
motor.

It is interesting to speculate on the reasons for the diver-
gent thrust predictions. The computer analysis of Elliott includes
current and magnetic end-effects and assumes finite lengths for
both the mmf and primary ferromagnetic regions. In contrast, the
Oberretl analysis neglects ferromagnetic end-effects; however, as
Yamamura (Ref. 2, p. 67) points out, this should have a Telatively
small effect on the value of computed thrust. 1In the Fourier
series representation of primary mmf, only three harmonic terms
were included in the summation of transverse wave numbers, i.e.,
n=1, 3, 5, in the Oberretl computer program. If additional
harmonic terms had been included in the summation, it is likely
that the thrust predicted by Oberretl would increase slightly
since thrust is directly proportional to (ny)2 or the square of
the transverse harmonic amplitude defined by Equation 2. This,
however, would cause the Orberretl-Elliott thrust predictions to
diverge even more than indicated in Figure 6.

2.2.3 TLRV Normal Force-Frequency Characteristic

The corresponding normal forces computed as a function of
frequency are shown in Figure 7 for the TLRV. Elliott's results
computed for the same conditions are indicated by the dashed
curve. Both results predict a zero force crossover frequency near
190 Hz. Oberretl's theory gives considerably larger normal forces

20
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than does Elliott's at frequencies below the crossover point.

Such a large discrepancy in predicted forces is believed associated
with the failure of the Oberretl theory ("infinite iron") to in-
clude the effect of finite primary ferromagnetic region in the LIM
model. This causes the Oberretl theory to overestimate the

normal attractive force component as a result of overestimating

the trailing end-effect wave and edge-effect flux along the sides
of the motor.

It is helpful in understanding the origin of the large normal
forces to attempt a rough calculation of the attractive component
of normal force at zero slip where it is maximum and the predomin-
ant component of normal force. The magnetic force can be expressed
in terms of the normal component of flux density, By (Ref. 6, p.55)

o1 2 2
Fy niy (By) ave Newtons/meter (14)

The airgap flux density is given approximately by

u NI,vVZ .
< s | 3 j (wt-kx)

B = ———— -5 1.11 e 15

y Z qQ - 3 (15)
If one assumes the airgap flux density to be reduced by the end-
effect by a factor of two when averaged over the length of the
motor, then Equation 14 gives for the normal attractive force,

Fn = 11.7 kN (attractive) (16)
This compares closely with the value of attractive normal force
computed by Elliott for a frequency of 165 Hz equal to 9.35 kilo-
newtons. The Oberretl theory yields a considerably larger value
of normal (predominantly attractive) force near zero slip equal to
approximately 26 kilonewtons, or 2-1/2 times that of Elliott.
This latter is explicable if one assumes the end-effect wave in
the mmf gap region contributes a normal force component equal to
that contributed by the active motor region.
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2.2.4 LIMRV Linear Induction Motor

The LIMRV thrust and normal forces were computed for a fixed
input line current of 2400 amps and motor speed of 250 mph (112
m/s). The relevant motor parameters used in the calculations are
listed below. The dimensions defining the motor 'unit cell'- are
given in Figure 8. The longitudinal and transverse mmf gap lengths
were chosen respectively equal to 11.096 and 0.150 meters. The
longitudinal gap length was equal to about 1-1/2 times the esti-
mated decay length at 16§ Hz computed using Equation 1. Longi-
tudinal harmonics were summed over the range -50<v<50. Transverse
harmonics were summed from n = 1, 5, or n = 1, 3, and 5. The
choice of maximum longitudinal harmonic number of 50 was adequate
to include the significant components of Fourier current harmonic
since the main current harmonics centered closely about v = 2]
(20.9).

LIMRV MOTOR PARAMETERS

Turns per Coil (N) =1
Pole Pitch (1.) = .355 m.

Core Width (2¢c) = .254 m.

Poles (P) = 19

Core Length (2.) = 3.81 m.

Air Gap (g) = .024 m.

Phases (m) = 3

Slots per Phase (q) = 5

End Half-filled Slots (e) = 5
Secondary Thickness (b) = .0071 m.
0.416x10"7 ohm-m.

Secondary Resistivity (p)
Coil Overhang (h) = .01

Longitudinal MMF Gap (Kﬁ)
Transverse MMF Gap = .150 m.

11.096 m.

It

Longitudinail Periodic Wavelength = 14.906 m,
Transverse Periodic Half-wavelength (L) = .534 m.
Motor Speed (V) = 112 m/s

24
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sponding thrust Prediction by Elliott for the case of the 47.6 mm
pole gap Séparation., A single point indicating the thrust pre-

Separation equal to 47,6 mn. When compared with the corresponding
results for the TLRV thrust (Figure 6), the Predicted thrusts are
in considerable better agreement for the LIMRV than for the TLRV

two factors, If end-effectsg can be neglected (which they cannot
in the pPresent case), then the thrust must increase With reduced
gap S€paration, since the airgap flux density must increase with
smaller gap Seéparations whije holding Primary Current fixed. The
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2.2.6 LIMRV Normal Force-Frequency Characteristic

The corresponding normal forces computed for the LIMRV are
shown in Figure 10 for the Oberretl model (solid curces) and the
Elliott model (dashed curve). As for the case of the normal forces
computed for the TLRV linear induction motor, the Oberretl theory
yields force values at low slips equal to about twice those pre-
dicted by Elliott. The conclusions derived from the study of the
TLRV force characteristics apply here as well; namely, the
Oberretl theory over-estimates the normal forces at low slip
frequencies (below the zero force crossover frequency) due to its

neglect of magnetic end-effects.

A calculation of the attractive component of normal force,
similar to that undertaken for the TLRV, is also appropriate here
in order to estimate its magnitude near zero slip. Using Equation
14 and assuming a line current of 2400 amps, pole gap separation
distance of 47.6 mm, the estimated attractive component of normal
force at zero slip is 6.2 kilonewtons. This compares closely with
the value of attractive force (component) computed by Elliott equal
to 6.2 kilonewtons at 165 Hz.

2.2.7 LIMRV SLIM

The forces which the LIMRV develops when operated in a single-
sided mode will now be examined. The secondary will be assumed to
have iron backing of infinite permeability, with the backing con-
tinuous over the complete back surface of the secondary. The
solution of the magnetic diffusion equation for this SLIM model
then becomes identical to the DLIM if in the diffusion equations,
the thickness of the secondary is replaced by twice the actual
thickness of the secondary. This becomes apparent if one con-
siders the boundary conditions at the mid-plane of the DLIM and the
corresponding boundary conditions at the secondary-iron backing
interface of the SLIM.

Wang (Ref. 6, p. 53) has derived expressions for SLIM reaction
forces with back iron present. The form of his solutions suggests
that SLIM thrust varies inversely with secondary thickness when
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the thickness is small compared with the wave propagation number
in the secondary. Since the latter condition is compatible with
the assumptions made in the Oberretl analysis, one would antici-
pate the same functional dependence on secondary thickness to

result with the Oberretl program.

2.2.8 LIMRV SLIM Thrust-Frequency Characteristic

The computed SLIM thrust for the LIMRV operating with a phase
current of 1200 amps and motor speed of 250 mph (112 m/a) is
shown in Figure 11. The airgap distance was chosen nominally at
24 mm. The peak thrust of 4300 newtons, or approximately 1 kilo-
pound, occurs near 175 Hz. The reduction in thrust of the single-
sided motor as compared with the double-sided version can be seen
by referring to Figure 10 for the case of the 47.6 mm gap. One can
conclude that in order to develop SLIM thrusts comparable to DLIM
thrusts, it will be necessary to reduce the thickness of the
secondary element. This assumes, of course, that all other con-

ditions remain fixed in the process.

2.2.9 LIMRV SLIM Normal Force-Frequency Characteristic

The corresponding normal forces computed for the LIMRV in
the SLIM mode are shown in Figure 12. The curve indicates that
the zero-force-crossover-frequency is lowered when the LIMRV is
operated in the SLIM mode as compared with the DLIM mode. The
conclusions appropriate to the previous calculations of LIM normal
forces also apply here.

2.3 THRUST DEPENDENCE ON SECONDARY THICKNESS AND ELECTRICAL
CONDUCTIVITY

Oberretl expresses the total LIM thrust as the summation of
harmonic thrusts, defined by Equation 10, over the respective
longitudinal and transverse wave numbers characterizing the two-
dimensional array. The dependence of thrust of secondary thickness,
b, and electrical conductivity, Ty is contained in the C12 term
which enters in both numerator and denominator of the thrust
harmonic expression. In the thin-sheet approximation in which
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2.3.1 LIM Thrust-Versus-Secondary Thickness

Consider the example of the TLRV linear induction motor. The
thrust computed according to the Oberretl theory, using Equation
13, is given in Figure 6. For the motor speed of 300 mph, maximum
thrust occurs at 185 Hz or a slip frequency of 35 Hz. The sub-
stitution of this value of slip frequency in Equation 13 shows
that the frequency-dependent term in the denominator of the bracket
dominates the frequency-independent term for wave harmonics lying
in the region of the fundamental wave harmonic. In this case,
Equation 13 predicts that thrust will increase inversely with

secondary thickness.

The peak thrust must ultimately decrease (to zero) as the
secondary thickness approaches zero, so that maximum thrust must
obtain for a certain value of b. The critical thickness for maxi-

mum peak thrust is given by

b & 2 xtanh) g

uovswcz
For a typical high-speed LIM with nominal secondary thickness
value, the thrust in the region of maximum thrust can be expected
to increase with a decrease in secondary thickness. Whether this
increase in thrust can be realized in practice depends on practi-
cal considerations involving power dissipation and structural
strength of the secondary element. Laboratory tests on the effect
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2.3.2 LIM Thrust-Versus-Secondarz Electrical Conductivitz .

The dependence of LIM thrust on secondary electrical conduc-
high-speed linear induction motor operating near peak thrust, the
conductivity-dependent—term in the denominator dominates the
remaining terms. Theory predicts,‘therefore, that the peak thrust
should increase With decrease in secondary electrical conductivity,
until the condition is reached whereby the conductivity-dependent-
term in the denominator has a magnitude €qual to that of the re-

maining term in the denominator, Further decreases in conductivity
should reduce the peak thrust of the LIM.
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3, CONCLUSIONS

A computer program was written to calculate the thrust and
normal forces in a constant current-driven linear induction motor
using the theoretical treatment of Oberretl. The program was
applied to evaluate the forces in the TLRV & LIMRV motors and the
results compared with similar calculations performed by D. Elliott

(JPL) using a different computer program model,

The Oberretl computer program gave thrust values which were
in good agreement with Elliott's values for the LIMRV motor but
about 20 percent greater than Elliott's predictions for the TLRV.
The variation in computed thrust characteristics given by the
different programs is partly related to end-effects and the manner
in which they are taken into account in the numerical analyses.
Since the TLRV operates at higher speeds, has fewer pole numbers,
and smaller length, end-effects would be expected to have more
effect than with the LIMRV.

The normal forces computed with the Oberretl program were
consistently greater than Elliott's predicted forces at frequen-
cies below the zero-force-crossover frequency. Estimates of the
normal force at zero slip proved more consistent with Elliott's
predictions than with Oberretl's. Since the Elliott computer
program used a LIM model having a finite primary ferromagnetic
length and width, his program would be expected to yield more

accurate reaction force predictions than those obtained using the
Oberretl program. This would apply particularly to the calculation
of normal forces in which the Oberretl assumption of continuous
primary ferromagnetic region leads to excessively large (attrac-

tive) normal forces near zero slip.

The Oberretl analysis makes no allowance for the finite
length of the primary ferromagnetic region. It therefore neglects
magnetic end-effects and treats only end-effects related to a
finite primary current distribution. A similar approach is under-
taken by Yamamura(s) using a Fourier transform method instead of
the Fourier Series representation of Oberretl. Yamamura sums the
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stress tensor (or JxB) component, evaluated at the primary surface,
over the length of the primary while Oberretl sums the stress
tensor components, evaluated at the secondary surface, over the
length of the motor unit cell. Both methods should, in principle,
give equivalent results. In considering the effect of finite LIM
width, Yamamura uses the results of Bolton's treatment of edge-
effects(s) to correct his answer for finite width of the primary
current excitation. The Oberretl approach is different in that
edge-effects are brought into the treatment in the same manner as
are end-effects: namely, by describing the current and field
spatial distributions in terms of a series of two-dimensional
spatial harmonics. It is seen that the Oberretl method leads to
unreasonable predictions for the flux densities in the regions
outside of the edges of the motor for the LIM example examined in
this report. The Oberretl treatment of edge-effects bears closer
scrutiny in order to assess its implications in the evaluation of

LIM reaction forces.

The Oberretl treatment is limited to LIMs with even numbers
of poles. This limitation can be traced to the winding distribu-
tion factor, which has been derived for even pole numbers. An
alternate expression for the winding factor is given in this
report, which is believed to correctly describe the mmf distribu-

tion of primaries comprising both even and odd numbers of poles.
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