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PREFACE 
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Transportation, Association of American Railroads, General 

Motors Corp. (Electro-Motive Division), and Illinois Institute 

of Technology under Contract Number DOT-OS-40l03 • 

The Program of work is being conducted in the Department of 

Mechanics, Mechanical and Aerospace Engineering at lIT, with 

Dr. Sudhir Kumar, Department Chairman, as Project Director. 

Three technical areas of Rail Transportation are being investi­

gated in this research program, and these are: 

1) Freight Damage 

2) Wheel/rail Friction 

3) Diesel Engine Noise 

This report is a Technical Report on a part of the work 

completed on Freight Damage in this project. 
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lIT, during the summer of 1974. Gratitude is also due to Mr. R. 
Bullock, Senior project Engineer of Standard Car Truck Co. of 
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1. INTRODUCTION TO FREIGHT DAMAGE ASPECTS 

Freight loss and damage faced by the rail transportation has 

been a very serious problem in the United States. For the year 

1973, a total of $232,576,501 was claimed for L & D (I-I). This 

amount, being 0.8% less than that reported in 1972, was still 

very sizable compared with the earnings of the rail transporta­

tion of freight. 

Increasingly, attempts have been made to identify the causes 

and to solve the principal freight damage problems. In the 

recent years, extra emphasis has been placed on the aspect of 

careful freight handling, by the manufacturers and the railroad 

shippers. Proper loading methods for different freight in a 

railroad car are recommended by the Freight Loading and Container 

Section of the Association of American Railroads (1-2). Defec­

tive or unfit equipment in railroad cars will render the freight 

more susceptable to damages. Shippers are urged to replace such 

equipment when necessary. Moreover, the dynamics of the car and 

that of the freight/package system contribute significantly to 

much of the direct or indirect causes of freight damage. 

The dynamics of the car are primarily of two kinds--longitu­

dinal shocks and over-the-road type of vibrations. Longitudinal 

shocks on the cars due to coupling and humping actions in classi­

fication yards give rise to high acceleration level impulse type 

of excitations to the freight within the car. Most of today's 

package design criteria are aimed at protecting freight elements 

from such shocks and usually drop tests are used to study and 

subsequently to choose certain cushioning materials as for pack­

aging a particular kind of freight. Over-the-road vibrations, 

although usually do not give rise to high amplitudes of excita­

tion, may have a prolonged effect on the freight elements. 

Moreover, package materials designed to protect the freight 

primarily from shocks may turn out to be providing bad dynamic 

environments to the products within, (1-3) while the train is 

running over the tracks. If a resonant frequency of the freight 

and cushioning material combination is encountered, the cushion­

ing material may in effect magnify the input vibration levels to 



the freight and cause damage instead of protecting it. Vibra­

tions, on the other hand, may not necessarily be the direct 

2 

cause of freight damages. Prolonged vibrations can shake loose 

the freight elements from their initial loading positions. This 

loosening effect, which is called rattle, allows free motion of 

the freight element. This, coupled with the longitudinal shocks 

during run-ins and run-outs (depending on the type of terrain 

that.the train is running through) can cause tumbling and falling 

of freight elements and subsequently damage them. It can be 

seen then that a severe vibration environment may contribute 

very much to freight damage both directly and indirectly. The 

indirect contribution is made when vibrations establish a 

damage-prone situation. Thus it becomes clear that for preven­

tion of freight damage it is necessary to fully understand the 

vibration environment in a typical rail car and then isolate the 

freight from such vibrations as much as economically possible. 

In the past years, tremendous emphasis has been given to 

the handling aspects by shippers and the rail industry. It is 

evidently very important now to study the dynamics of the car 

together with that of the freight/package systems. This study 

can enable better future design of packaging materials for the 

dynamic requirements of freight in a, railroad car. Furthermore, 

a study as such may yield better design criteria for the rail­

road truck suspension, damping sxstems and track requirements 

for a smoother ride for the freight. At this stage of research, 

it is our primary interest to study the freight environment in 

a typical railroad car. 

One effective way to study the freight environment in a 

rail car which allows the option of modifying and redesigning 

fairly easily the various parameters such as suspension and 

damping systems, etc., is by the mathematical model study 

approach. Several mathematical models have been developed in 

this field and used in simulation studies of various aspects of 

the freight car dynamics (1-4, 1-5, 1-6, 1-7, 1-8, 1-9, 1-10, 

1-11, 1-12). Each has made contributions toward solutions of 

dynamic problems in the field. Industry models and detailed 
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information on them is not freely available because of propria­

tory rights. Other models, while good for individual tasks for 

which they were developed were not deemed suitable for determina­

tion of the three dimensional coupled car-freight element dyna­

mics problem being addressed here. 

A comprehensive study of freight dynamics necessitates a 

simulation of truck, car and freight components, all in one 

mathematical model, so that the interactions between these various 

components can be properly represented. The various mathematical 

models set up by the Stucki Company (1-10), Patel/Martin (1-11) 

and Tse/Martin .(1-12) address the dynamics of rail car as a 

complete unit, but each is directed towards a specific goal. 

For example, the Stucki Company analysis attempts to establish 

the damping requirements to control vertical and roll motions of 

rail cars, and does not incorporate effects of these motions on 

freight elements. The model developed by Patel/Martin is rela­

tively simple and explores a basic method of approach to computer 

simulations of rail cars. The Tse/Martin model was only recently 

developed, and was an independent parallel study conducted at the 

Association of American Railroads, under the Track Train Dynamics 

Program. It describes the rail car and truck using a 20-degree 

of freedom model and simulates the car·body as a flexible (2 

mass) system. The model was specifically developed for use in 

parametric studies on the dynamic characteristics of rail cars. 

The IIT simulation developed in the present study includes the 

coupling of freight elements, car body, truck motions and track 

characteristics in one mathematical model. 

The mathematical-computer model developed here at IIT is 

the first known solution incorporating the dynamics of the 

freight car truck, the bolsters, the car body and the freight 

element into one comprehensive analysis. It has been developed 

from a very basic and simple model, through several iterations of 

the design cycle, up to the current configuration, which has 

been shown from a dynamics point of view, to be a good represent­

ation of a real freight car system. 

The report given here is to describe the work conducted in 



developing this mathematical model, and to describe the details 

of the model. 
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2. SELECTION OF A CAR AND DETERMINATION OF ITS CHARACTERISTICS 

The dynamics of the car and that of the freight/package 

system may be studied by mathematically modeling the system and 

performing simulations on the model. For maximum value of such 

5 

a study to the American Railroad Industry, the model shoul:d be, 

based on a car and its truck that is widely used in North America. 

The majority of commodities shipped by rail today are 

carried inside closed cars (2-1). The dynamic environment in 

these cars then can be considered as representative of the ser­

vice environment encountered by freight packages. In a recent 

"over the road" test program (for determining the acceleration 

levels and forces in various parts of a box car under service 

conditions) performed by A.A.R. (2-2), a 70-ton box car with a 

typical truck was selected as a representative vehicle, to run 

the test over 5000 miles on different railroads. Based on this 

information, a 70-ton box car with a typical truck is chosen here 

for the basis of the mathematical model. It is highly represent­

ative of the North American railcars. In addition, future corre­

lation studies with the 5000 Mile Road Test data maybe conducted, 

and the 'ground work' for this has now been completed. 

After selection of a car and truck, work was conducted to 

identify the significant components of the car/truck system and 

to determine their characteristics. As originally proposed, the 

approach adopted here has been to model the car as simple as 

possible for the initial analysis, and only when this model is 

properly functioning, and its simula,tion possibilities fully 

explored, then the additional complexities involved in improving 

simulation have been added in a stepwise manner. Initially then, 

the car had to be regarded as a five mass system, with linear 

springs and dampers. Nonlinear effects (spring bottoming, 

clearances, etc.) have subsequently been added. At the present 

time, the development of the mathematical model components is as 

follows. 

2.1 The Car Body 

As shown by the Freight Car System tests of Nasa-Martin 

Marietta Corp., a rigid car is a good representation of a current 
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typical u.s. box car, that is, the flexibility of the box car 

body may be considered negligible. In such a case, the mathema­

tical representation may be made as a rigid body, with its mass 

concentrated at the center of gravity. It is, therefore, appro­

priate in the present model to assume a single lumped mass for 

the car body. This requires that the following parameters be 

determined: mass and mass moments of inertia about the three 

principal axes, location of the center of gravity of the car 

body, width of the car and other geometric parameters determined 

from referenced literature and/or railroad publications (for 

details refer to Appendix C) • 

2.2 The Genter Plates 

These are locations for support of the car body weight on 

the truck bolsters. They are the circular plates of diameters 

13-14 inches about which the car body swivels. Lubrication pads 

are introduced between the center plates to reduce friction. 

Relative vertical motions between the car body and truck bolsters 

may cause center plate separation. Severe car roll motion may 

r~sult in only partial contacts of the center plates. For all 

practical purposes, then, center plates may be modeled as two 

stiff vertical springs. 

2. 3 The Side Bearings 

These are the stoppers located on the upper surface of the 

truck bolsters. Some of them may be spring loaded and some are 

just rollers. Their function is to inhibit the car from rolling 

about its longitudinal axis indefinitely. If the weight of the 

car body plus that of the freight is fairly evenly distributed, 

all side bearing clearances statically are of the order of 1/4 

inch. When the car rolls severely, this clearance may vanish 

and the car load is shared by the center plate and the side bear­

ings. This nonlinear effect is modeled into the computer 

simUlation. 

2.4 The Center plate Extension Pads (G-PEPPads) 

On more recent designs of bolsters by some railcar manu­

facturers, a new feature called the C-PEP Pads is incorporated 

at a location between the center plate and the side bearings. 



CE
NT

ER
PL

AT
E 

c=
-)

 

(5
) 

.-
~
-
-
I
L
 lj

 

FI
G.

 2
-1

. 
A

 TY
PIC

AL
 F

RE
IG

HT
 C

AR
 T

RU
CK

 
-.

J 



8 

These pads are made of a certain elastomeric material that pro­

vides horizontal rotational control in addition to complementing 

the vertical damping. 

In order not to further complicate the mathematical model at 

this time, this effect is reserved as an option for further modi­

fications on the model. At present, bolsters without this fea­

ture constitute the more conventional designs which are still 

widely used in the rail industry of today. 

2.5 The Axle, Wheel Set and Sideframes 

These are all rigid masses and have been assumed to be equiv­

alent to one lumped mass, located at the center of gravity of the 

truck. Geometric dimensions of each have been determined. 

2.6 Suspension Springs 

The typical truck with 3 11/16 inch travel linear springs 

are studied from mechanical drawings and their stiffnesses 

determined. (For details see Appendix C.) 

2.7 The Friction Shoe and Spring-Steel Wear Plate 

Together these form a typical damping system, and the 

friction shoe can be spring loaded to give variable force depend­

ing on the loading and the direction of the damping stroke. From 

some railroad company experimental studies, it was found that the 

frictional force developed on the wear plate for the upward 

stroke was different from that for the downward stroke. The 

energy dissipated by the upward stroke is 65% of the complete 

cycle. This information was made use of in later deriving the 

equivalent viscous damping coefficient (see Appendix C) . 

It became apparent that the modeling of truck damping 

systems is possible as both Coulomb and/or viscous, and that 

perhaps an equivalent viscous damping approach would be fruitful, 

allowing this model to be compared with both existing (Coulomb) 

damping systems, and at the same time, used for future design 

and evaluation of hydraulic dampers. Consequently, a new analy­

tical method for incorporating freight car truck damping effects 

into the mathematical model has been developed, based on an 

equivalent viscous damping concept. The computer model now has 

the capability of either Coulomb, viscous or equivalent viscous 

dampings. 



2.8 Rail 'Profile a'nd Subgrade structures 

Noting that these are not rigid structures, the elasticity 

of the subgrade has to be considered (2-3), and is modeled into 
this' cOll)puter program as a vertical and lateral road bed stiff­

ness. 

2.9 Couplers 

9 

The car is subjected to longitudinal coupler inputs depend~ 

ing on the type of truck, track condition, terrain, coupler 

design, etc. 

Note: Details of numerical values on spring stiffness, 

equivalent viscous damping coefficient, and descriptive data for 

a 70-ton box car are reported in Appendix C. 
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3. THE MATHEMATICAL MODEL 

3.1 General Description 

In the mathematical modeling of the freight car, a 27-degree 

of freedom nonlinear model has been developed. This simulates a 

70-ton box car as 6 lumped masses connected by spring damper 

groups, and each mass has several degrees of freedom. The 6 

masses respectively represent the car body, the front and rear 

bolsters, the front and rear side frame/axle sets (trucks), and 

an element of freight. 

The degrees of freedom mOdeled for the various masses are 

shown in the table below. 

Table 1. Degrees of Freedom 

Freight car Degree of Freedom 
element Translational Rotational About: 

Vert. Lat. Long. Vert. Lat. Long. 
(yaw) (pitch) (roll) 

Car body X X X X X X 
Front bolster X - - X X X 
Rear bolster X - - X X X 
Front truck X X - X X X 
Rear truck X X - X X X 
Freight .element X X X - - -

3.2 Car Body and Truck Bolsters Interface 

3.2.1 Center Plates. These are modeled here as four verti­

cal springs, each with a very high stiffness. This allows for 

relative vertical motions between the car and the truck bolsters. 

At this time, relative lateral motions between the car body and 

the two truck bolsters are assumed constrained to be zero. 

3.2.2 Sidebearings. The sidebearing reaction is modeled 

as a spring with a clearance between the car body underframe and 

the spring. It does not have any stiffness until there is no 

clearance. 
3.3 Truck Bolsters and Sideframes Interface 

3.3.1 Suspension Springs. A total of four vertical springs 

is modeled per truck, with two springs on each side. In order to 



~
 

CA
R 

BO
DY

 

TR
UC

K 
s 

FR
EI

G
H

 

CO
UP

LE
R 

IN
PU

T 
....

.,..
 

I'
 

' 
, 
~
~
 

, 
t 

RA
IL

 
IN

PU
TS

 

s 
s 

s 
s 

1 
t 

t 
FI

G.
 3

-1
A

. 
TH

E 
lIT

 M
AT

HE
MA

TIC
AL

 M
OD

EL
 O

F 
A

 FR
EIG

HT
 C

AR
 W

ITH
 A

 FR
EIG

HT
 E

LE
ME

NT
 t 

.....
 

N
 



V
ER

TI
CA

L 
-

z 
< 

8 

LO
N

G
IT

U
D

IN
A

L 
-

y 
PI

TC
H

 
-

<p
 

RO
LL

 
-

1jJ
 

TR
AN

SL
AT

IO
N 

RO
TA

TI
ON

 

4 
LA

TE
RA

LS
 

5 
PI

TC
H

IN
r, 

2 
LO

N
G

IT
U

D
IN

A
LS

 
5 

RO
LL

IN
r, 

6 
V

ER
TI

CA
LS

 
5 

YA
W

IN
G 

TO
TA

L 
DE

GR
EE

 
OF

 
FR

EE
DO

M
: 

27
 

FI
G.

 3
-1

B
. 

DE
GR

EE
S 

OF
 F

RE
ED

OM
 O

F 
TH

E 
lIT

 M
AT

HE
MA

TIC
AL

 M
OD

EL
 

.;.
.J

 



14 

incorporate the bending effect of the bolsters, an analysis was 

made to estimate the bending stiffness of the bolster (see 

Appendix C). Consequently, the values of the stiffness used for 

suspension springs are the effective spring stiffness of the 

suspension group in series with the bending stiffness of the 

truck bolster. Two additional nonlinear springs are used to 

model the effect of spring bottoming, which happens at severe 

bounce situations. 

Although the actual suspension springs are in the vertical 

plane, when the truck bolster moves laterally relative to the 

sideframe, certain lateral elastic constraint is introduced into 

the system. These spring actions are accounted for in this 

mathematical model by four lateral springs per truck. 

3.3.2 Friction Plates. These are the energy dissipation 

elements used in the truck for damping down the amplitudes of 

the vibratory motions of the truck. In this mathematical model 

the friction plates are represented as either an equivalent 

viscous damping (see Appendix C) or Coulomb's friction damping. 

Incorporating viscous type damping models into the computer 

simulation at this time is considered advantageous since it both 

simplifies the mathematics and in addition leaves the way open 

for future investigations of modified damper designs. The 

Computer Program developed here (see section on Computer Program) 

allows the option of running the computer simulation with either 

dry or the equivalent viscous damping. Consequently, it has not 

lost the reality of dry friction type damping, used on the 

majority of today's trucks. 

3.3.3 Gib Clearance. This is the lateral clearance 

between the bolster and the sideframe. A nonlinear spring with 

a very high stiffness is used for modeling the gib effect. 

3.4 Rail Profile and SUbgrade 

Depending on the quality of the subgrade under the rails, 

and the dynamics of the railcar, up to several inches of rail 

depressions have been observed when a train passes over it. 

This effect is modeled as eight track springs in each of the 

vertical and lateral directions, located at the contact points 
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between the wheels and the rails. The North American Continent 

rail tracks are usually half-staggered (i.e., the rail joints 
on one side of the track is at mid-length of the rail on the 
opposite track) and depressions at the rail joints can conser­
vatively be estimated to be of the order of 3/4 inch. Previous 
studies, made by other railroad researchers (2-3) showed that 

the profiles of some of the revenue tracks actually look like 

"rectified sine waves". From this, the rail profile used in 

this simulation is that of a rectified sine wave, with an ampli­

tude of 3/4 inch vertically, and 3/8 inch laterally, in phase 

(Figure C-3c). 

3.5 Coupler Forces 
When trains are moving over hilly areas, run-ins and run­

outs can create a very significant shock and vibratory environ­
ment inside the car. Longitudinal coupler inputs can be modeled 

as if they act at the car body center of gravity by introducing 
an equivalent force and couple combination at the center of gravity. 
The spring-damper model used here for this purpose is excited by 
the equivalent force only, in order to verify that the model 
functions properly. Rotational responses due to couples at the 
center of gravity are checked out when the model is excited in 

the roll or the bounce modes, and so does not need to be input 
for this purpose at this point. Other severe coupler shock forces 

are also developed in service, due to the freight yard humping 
action. This depends, among other things, on the speeds at which 

the cars are coupled together (3-1). At this stage of the 
research, only the vibratory coupler inputs are being considered. 
3.6 Car and Freight Element Interface 

A linear spring-damper system is again assumed. The dynamic 

damping characteristics have been obtained experimentally as 
part of this total project here at Illinois Institute of 
Technology. This part of the program will be reported in a 
separate Project Technical Report. 

It can be seen from the discussion given above, that the 
mathematical model developed here is nonlinear, as in the actual 
rail car. Gib clearances, sidebearing clearances and the spring 

bottoming effects are some of the non1inearities in the system. 
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These are simulated by the system of equations developed, which 

are then solved on the digital computer, yielding displacements, 

velocities and accelerations at any point(s) in the freight car. 

Dynamic loadings at the center plates, truck bolster lateral 

reactions and wheel loads, wheel lifts, suspension spring 

deflections plus all the forces and reactions in the system can 

be studied in the present model. 

• 
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4. EQUATIONS OF MOTION AND METHOD OF SOLUTION 

4.1 Equations of Motion 

After setting up the mathematical model, equations of motion 

have to be derived and solved for accelerations, velocities and 

displacements (both rotational and translational). 

For a simple spring-mass-damper system in which the body is 

under excitation from an external force p, the equation of 

motion is 

mX + cx + kx = p, 

where m - mass of the body 

c - viscous damping coefficient 

k - spring stiffness. 

(4-1) 

If m, c, k, p, x and x initial are prescribed, the acceler­

ation x can be computed. 
For more complicated spring-mass-damper systems such as the 

one representing the 70-ton box car with the typical truck 

a systematic way of writing the equation~ of motion step by step 

without much complication is the Lagrange's Equation of motion 

which can have the form 

ClE + aVClD aq; Clq. +~. = Qi , 
~ ~ oq. 

~ 

where E - kinetic energy of the system 

V - potential energy of the system 

D - Rayleigh's dissipation function of the system 

Q. - generalized forces, and 
~ 

(4_2 ) 

qi - generalized coordinates i = 1, 2, •.• , 27 (xl' Yl' 

zl' lP l , <PI' aI' z2' lP2' <P2' a2, z3' lP 3 , <P3' a3 , 

x4' z4' lP4' <P4' a4 , x s ' zS' lPS' <PS' as' x 6 ' Y6' z6) 
With 27 generalized coordinates, there are 27 equations of 

motion similar to the one in eq. (4-1). Details of the deriva­

tion of these equations are listed in Appendix A Equations of 

Motion. 
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Some of the equations derived are coupled with one another 

and they are grouped into 5 different matrices. All the equa­

tions, both coupled and uncoupled are programmed (in Fortran 

language) and then solved for 27 accelerations simultaneously. 
Integrating these accelerations twice leads to the corresponding 

velocities and displacements. 
4.2 Solution by Computer Tter'ative' Method 

For dynamic simulation on the computer model, an iterative 

method has been developed, which uses the UNIVAC 1108 computer 

(on campus). Rail surface variations as well as coupler inputs 

are" sources of excitation. Simulation is started at time equals 
zero, with the system at static equilibrium. Excitation is 

applied to the model and the resulting accelerations computed. 

The coupled accelerations are solved by a subroutine LSIMEO 

(which is currently available in the Math Pak at the Information 

Processing Center of Illinois Institute of Technology, and the 

listing of which is given in Appendix B Computer Program 
Listings). All accelerations are then numerically integrated by 

the Runge-Kutta Integration technique to obtain velocities and 

displacements at the center of gravity of the masses in the 

model. These new velocities and displacements, together with 
the excitation, are the values based upon which the acceleratin 

of the second time step are computed. This process is repeated 

for each time step and new values are computed on old ones. An 

iteration method of this nature enables us to study the dynamic 

responses of the system up to any desired period of simulation. 
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5. COMPUTER PROGRAM 

A computer program has been developed for solving the equa­

tions and simulating the dynamic responses of the box car/freight 

system. This program consists of a Main program and nine subrou­

tines. The function and philosophy of each is discussed below. 

5.1 MAIN program 

This program functions as the coordinator for the subrou­

tines. It calls the subroutines ACCELN and RUNG to obtain values 

of acceleration, velocities and displacements at centers of 

gravity of the masses in the model. Geometric parameters such 

as truck center distance, length of the various components of 

the car and truck, spring stiffnesses, and moments of inertia, 

etc., are entered in this portion of the program. 

5.2 Subroutine DELGAP 

At each time step, this subroutine computes all four of the 

sidebearing clearances between the body bolsters and the truck 

bolsters. If a sidebearing is touching the body bolster, there 

is an additional reaction at the point of contact other than 

those at the center plate locations. This reaction is accommo­
dated by adding, at this time step, an additional spring in 

parallel with the center plate vertical springs. This additional 

spring will remain in effect for as long as there is no sidebear­

ing clearance. 

5.3 Subroutine DELGIB 

Between the truck bolster and the column of the sideframe, 

there is a small clearance (of the order of 3/4 inch) laterally. 

This is the gib clearance. When the box car is running on the 

rails, lateral motions exist such that the truck bolster may be 

hitting the column. This zero gib clearance effect is modeled 

here by adding a gib spring in parallel with the lateral springs 

whenever such condition exists. This is done by first checking 

the gib clearance. A coefficient denoted by the symbol a is 

utilized to facilitate the modeling of the spring nonlinearity. 

A value of 1 or 0 is correspondingly assigned to ato bring in 

the gib spring action or remove it. A total of 4 gib springs is 

used to model the gib effect on the two truck bolsters. 
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5.4 Subroutine SPRING 

During severe conditions of the bouncing mode, especially 

with heavily loaded cars, spring bottoming phenomenon is not un­

common. In order that the computer model can simulate and predict 

the suspension spring bottoming effect, a SPRING subroutine is 

developed for this purpose. At every time step, the vertical 

motions of the truck bolsters relative to those of the sideframe 

are checked against the allowable travel length of the spring as 

specified by designers and manufacturers. If it is found that 

any suspension spring group reaches its solid length, a compara­

tively high stiffness spring is introduced in the vertical model 

to stop the truck bolster from compressing on the suspension 

springs very much further. This high stiffness spring will be 

removed by the subroutine if spring bottoming does not exist. 

5 • 5 Subrou tine ACCELN , 

The function of this subroutine is to compute the accelera­

tion values at each iteration. First, it calls the subroutines 

DELGAP, DELGIB and SPRING to update the total number of springs 

suitable for use at each iteration time step. For example, if 

after calling the three subroutines it is found that two of the 

four sidebearing clearances reduce to zero and two suspension 

groups bottom out but the truck bolsters are not hitting the 

column of the sideframe, then two additional sidebearing springs 

and two bottoming springs but no gib springs will be included in 

the current iteration to calculate the new acceleration values. 

Sixteen of the acceleration variables are coupled (e.g. 

those of the rotational coordinates) and they are grouped into 

five matrices. This grouping into smaller matrices, rather than 

retaining all the coupled equations in one big matrix, signific­

cantly helps to speed up the solving process by LSIMEO. The 

rest of the acceleration variables are computed independently. 

ACCELN also calls other subroutines CPLATE, CAL and T5000, 
the functions of which.will be discussed in their own sections 

later in this report. 

5.6 Subroutine RUNG 

After accelerations are computed by ACCLN, their values are 



21 

transferred back to the main program. Then MAIN calls subroutine 

RUNG to integrate numerically the accelerations twice yielding 

the corresponding velocities and displacements. 

Subroutine RUNG is a standard program available in most 

computer-aided numerical analysis books. The one used here is a 

fourth order Runge-Kutta method which predicts the value of Yi+l 

from the value of Yi at time ti based on the formula: 

where KI, K2 , Kg and K~ are weighted averages as follows: 

KI = f(Yi' t. ) 
~ 

K2 fCy. h t. + h) = + '2" KI , 
~ ~ "2 

Kg f(y. + h t. + h) = "2 K2, 
~ ~ "2 

K~ = f(y. + h Kg, t. + h) 
~ ~ 

and h is the step size. Note: The fourth order Runge-Kutta 

technique gives as accurate value of Yi+l as a fcurth order 
Taylor series. The choice of the step size h has to depend on 

the response frequency of the system studied. The following 

exercise serves as an example on estimating the ~tep size. 

Estimation on the time step for using Runge-Kutta technique 

based on the natural frequency of the bolster: 

Total lateral spring stiffness = 4(4425 + 666000)lb/in. 

= 2,681,700 Ib/in. 

1150 Mass of the bolster = --g-

~ Natural frequency fn = J~ 

= j2,6~l,700 x 386.~ Hz 
1150 

= 950 Hz 

. d' t' 1 1 00105 Per~o ~c ~e = r- = ~ sec. = • 
n 

sec. 

Rule of thumb: 8 iterations is minimum per response cycle for. 

using Runge-Kutta 
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.00105 sec. Time step = 8 

= 0.00013 sec. 

This analysis can be considered as a rough guide to estimate 

the order of the step size. Howev-3r, the optimum value still 

needs to be obtained through experience and trial and error. 

5.7 Subroutine CPLATE 

This subroutine computes the vertical reaction of the front 

and rear center plates. 

5.8 Subroutine CAL 

Each time this subroutine is called it computes the front 

bolster lateral reaction as well as all the wheel loads. This 

subroutine gives valuable information as to the loading on the 

column of the sideframe and the phenomenon of wheel-lifts, the 

severe cases of which may cause derailments. 

5.9 Subroutine TSOOO 

This subroutine computes various accelerations at selected 

locations within the dynamic system, based on the accelerations 

of the rigid body masses and the geometry of the rigid bodies. 

In the analysis performed so far, the vertical and lateral 

accelerations on the roof and the floor of the box car at the 

front and rear ends of the car have been computed. These speci­

fic locations have been chosen to yield data for later comparison 

with field data obtained by the 5000 MILE BOX CAR VIBRATION TEST. 

5.10 Subroutine SGNFUN 

A special feature introduced in this computer program is 

the option of simulating the suspension damping system either as 

an equivalent viscous damping or as Coulomb's damping. If the 

latter is preferred, one statement is added in the subroutine 

ACCLN to calIon SGNFUN. 

Subroutine SGNFUN computes, at every time step, the relative 

velocities, both vertical and lateral, between the bolsters and 

sideframe columns. It then assigns a positive or a negative sign 

to the constant damping force such that the damping force always 

opposes the motion. 

with such an option, two simUlations can be run on the 
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computer using the Coulomb's friction or equivalent viscous 

damping without any major modifications on the program at all. 

This is of great value in both development of new suspension 

damping systems or in evaluation studies of existing systems. 
Hence, this method of modeling the damping system of the typical 
truck as an equivalent viscous damping can readily be justifi~d. 

5.11 Nonlinear Modeling 

It can be seen that in this computer simulation a great 

number of nonlinear springs can now be introduced by DELGAP, 

DELGIB and SPRING subroutines. These effects have been added to 

the model in a stepwise manner, and this has added a considerable 

amount of complexity to the computer program. It is felt, 

however, that the nonlinear model so developed is now a close 

simulation of a railcar dynamic system, and the complexity is 

justified. The correlation of this model with other data which 

has been verified by tests is discussed later in this report, and 

this nonlinear modeling of the railcar is shown to be validated. 

5.12 Computer Program for Frequency Analysis 

The main program and the nine subroutines discussed so far 

give as output data on acceleration, velocity and displacement at 

any point(s) in the car and the truck, in addition to the dynamic 

loadings on the car structure. These output data are given as a 

function of time. However, road test data often express acceler­

ation levels (g) in the frequency domain. The frequency analysis 

on excitation levels becomes more meaningful to designers of 

freight cushioning and packaging materials, and also useful to 

the rail car and truck designers. With this in mind, the program 

FREQ was developed. 

From our computer simulation results based on the rectified 

sine wave vertical rail inputs as well as the stucki Company's 

data, we observed that the accelerations of the car body and 

those of the freight are quite periodic. In order to study the 

frequency contributions of these acceleration responses, one 

convenient method is to apply the Fourier analysis. Any periodic 

motion (including those which are complex) can be represented by 
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a series of sines and cosines which are harmonically related. 

For example, if x(t) is a periodic function of the period T, it 

can be represented by the Fourier series 

where WI = 2TI/T is the fundamental frequency and the coefficients 

ao, aI, a2, •.• , an and bl, b21 •.. , bn completely define the 

harmonic contribution of the period wave. With some manipulation 

of algebra, the coefficients can be obtained by hand calculation. 

In order to minimize the computational time, the digital computer 

is again used. 

A program has been developed by the Information Processing 

Center at Illinois Institute of Technology to specifically com­

pute the coefficients for the Fourier series. This we incorpor­
ate as a subroutine in our Frequency Analysis program, FREQ, and 

have it compute the amplitudes of contribution at each of the 

harmonics. Then the Fourier spectrum of the wave form can be 

plotted. Since some of the road test data from the 5000 Mile 

Box Car Vibration Test will eventually be presented as PSD 

(Power Spectral Density) functions, the computer program developed 

here in this project can output data suitable for PSD analysis. 

This will be useful in later correlation studies. 

At present, FREQ is an independent computer program from the 

MAIN and its nine subroutines. Future work is planned to incor­

porate FREQ as an additional subroutine to MAIN so that we can 

run rail car freight dynamic simulations on our model with output 

acceleration levels in the time and/or frequency domain(s) . 

Note: All program listings are in Appendix B Computer 

Program Listings. 
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6. COMPUTER MODEL VALIDATION 

The computer programs have been thoroughly debugged to give 

the correct logic and mathematical solutions. However, in order 

to show that the computer model properly simulates a real rail 

car dynamic system, it is necessary at this stage to validate 

the computer model. This ensures that any future dynamic analy­

sis based on this model for design purposes will be meaningful. 

6.1 Methods of Validation 

Validation can be done in two ways. First, other computer 

model outputs can be checked against this model. One such 

computer model in the rail industry now is the model that stucki 

Company developed (1-10) to study the damping requirements to 

control vertical and roll motions of freight cars. This A. 

stucki model has been validated against test data. The model is 

proprietary to the Stucki Company and is not freely available. 

However, some output data based on this model has been published 

(1-10) and can be of value to other workers for validation pur­

poses. Recently, the Association of American Railroads, as part 

of the Track Train Dynamics Programs, have developed a computer 

model (1-11) in which the box car body is modeled as two lumped 

masses joined by torsional springs to incorporate flexibility. 

These models, among numerous others, can be used to help esta­

blish validity for the model developed here, even though many 

significant differences in these various models exist. 

As a second method of validation, the computer model simula­

tion outputs can be correlated with field test data generated by 

other researchers. The most recent and extensive piece of road 

test data on shock and vibration service conditions was completed 

by the Research and Test Department of the Association of 

American Railroads (2-2). In this test, a 70-ton box car with 

a typical truck was placed in actual revenue trains on a 
number of railroads. Data so collected will reflect a wide range 

in speed, track characteristics and operating terrain. Since the 

type of car and track for this test is the same as modeled here, 

it will be very beneficial to try to correlate with such test 

data when it is available. Currently, data from this test pro-
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gram is being prepared by AAR fer spectral and RMS analysis, and 

it is intended to. further validate the lIT mathematical medel 

with this data when it has been reduced to. the apprepriate ferm. 

6.2 Cemparisenef TIT Medel with Other' Mode'ls 

Befere cemparing the lIT cemputer simulatien eutputs with 

ethers, it is desirable to. censider the fellewing table, which 

briefly summarizes the similarities and differences between this 

medel and seme ethers. 

Table 2. Cemparisen ef lIT, AAR and Stucki Medels 

AAR STUCKI TIT -- -
Degrees ef freedem 20 27 27 

Rigid car bedy 2 masses 1 mass 1 mass 

Damping medel Frictien Frictien and Frictien er 
Visceus Equivalent Visceus 

Freight Element - - Lat, Vert, Leng 
Medel 

Track input type Vert, Lat Vert Vert, Lat 

optiens: 
Center plate - - Yes 
extensien pads 

Leng it.udinal input - - . At. .car. body 

Fer all simulatiens en the lIT cemputer model, a rectified 

sine wave has been used as vertical input displacements en the 

wheels with maximum rail surface variatien equal to. 3/4 inch. 

At this time, the lateral rail input is assumed to. exist on ene 

track enly with maximum variatien equal to. half ef that ef the 

vertical. Details ef track input equatiens are feund in 

Appendix C. 

6.3 Validation ef lIT Medel 
To. study the dynamic respenses ef the bex car/freight 

system fer the recking mede, the cenventienally half-staggered 

rail jeints are adepted in the simulatien. Different car speeds 

were simulated to. identify the critical speed, which is 17.5 mph 
fer eur system, cempared with 15 mph fer the stucki medel system. 
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The following output data were plotted and compared with 

A. Stucki Company data on a 100-ton hopper car for purposes of 

comparison of the wave shapes of the dynamic responses for the 

two systems modeled. 

(a) Car body roll angle (Fig. 6-1) 

(b) Front center plate vertical reaction (Fig. 6-2a) 

(c) Wheel loads (Fig. 6-2b) 

(d) Front bolster lateral reaction (Fig. 6-3) 

The following table lists the comparisons of results of 

computer simulations for the rocking mode. 

Table 3. Comparison of Results with Stucki's - Rocking Mode 

1. Max. roll angle P-P 

2. Time occurred (from 
beginning of 
simulation) 

3. Max. front center 
plate loading 

4. First occupance of 
center plate 
separation 

5. Max. front bolster 
lateral reaction 

6. Max. wheel loads 
-2 wheels (left 
front) 

7. First occurrence 0 f 
wheel lift (left 
front) 

8. Duration of wheel 
.1 ift (left f'ron t) 

STUCKI 

(lOO-ton hopper car) 

11.5 0 (15 mph) 

9.4 sec 

160 K Ib 

5.2 sec 

40 K 

145 K lb 

6.0 sec 

0.3-0.5 sec 

lIT 

(70-ton box car) 

11.4 0 (17.5 mph) 

8.6 sec 

105 K Ib 

5.0 sec 

45 K* 

138 K lb 

5.4 sec 

0.2-0.4 sec 

*Lateral bolster loadings for lIT model result from both 
vertical and lateral rail excitations. This value is slightly 
higher than that of the Stucki's which is based on vertical 
input only. 
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To further correlate with the Stucki data, the lIT model is 

simulated in a bounce mode in which the car first runs over 2 

bumps of amplitude 1 1/2 inch at 60 mph on both tracks and then 

runs on smooth tracks. 

Figures 6-4 and 6-5 show the corresponding loadings on the 

front and rear center plates respectively as compared to the 

Stucki data. The general response patterns of the two models are 

very similar although the maximum center plate loadings on the 

Stucki model are higher due to a heavier car. 

The suspension spring group compressions on such a simula­

tion are represented in Figures 6-6 and 6-7. The corresponding 

data from the Stucki model was also presented for purpose of 

comparison. Both models show springs solid, which is a pheno­

menon actually observed in cases of severe bumps on the rail. 

Both center plate loadings and suspension spring compressions 

on the lIT model are quite similar in amplitudes for the front and 

rear. This can be explained by the fact that the truck center 

distance used in the lIT model is 39.5 ft, almost the same as the 

length of rail joints (39 ft). However, in the case of the 

Stucki model, a distance of 45 ft was used and this accounts for 

the general dissimilarities between responses on its front and 

rear plots. 

Table 4 summarizes the comparisons of results between the 

lIT model and the Stucki modelon the bounce mode. 

The comparisons show that the two sets of computer output 

data concerning roll angle, various loadings at the car and truck 

and spring compressions are extremely close. The Stucki data, 

however, has been validated against field test data performed on 

the L & N Railroad Co. rocking test track at Frankfort, Kentucky, 

on June 24, 1969 (1-10). These comparisons, therefore, show that 

the current lIT computer model is valid, and based on this, 

further refinement and development of the mathematical model can 

continue with confidence. Unfortunately, no test data for 

freight element response (which may be considered as correspond­

ing to the Stucki data) is currently available to allow total 

correlation of the motion of a freight element in a box car. 
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This effect has to be deduced from the accurate modeling of the 

freight dynamic environment in the box car, and then from 

laboratory simulation of this environment for individual freight 

elements. The net response of the Freight Element in the box 

car is the composite motion derived from these two effects. 

Table 4. Comparison of Results with stucki's - Bounce Mode 

STUCKI TIT -
(lOO-ton hopper car) (70-ton box car) 

I. Center plate loadings 

a. Maximum - front 290 K lb 215 K lb 

b. Maximum - rear 320 K lb 205 K lb 

c. No. of response 
cycles - front 6 6 

- rear 6 6 

II. Suspension spring 
compressions 

a. Spring bottoming 
occurrence 
- right front 2 2 

- right rear 2 2 

b. Interval between 
spring bottomings 
- right front 0.45 sec 0.5 sec 

- right rear 0.45 sec 0.5 s,e,c 
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7. DYNAMICS OF A SINGLE FREIGHT ELEMENT 

7 • 1 Freight Dynamic's Study by Computer Model' Simulation 

Computer models developed by Track Train Dynamics groups 

throughout the nation and other railroad researchers are primarily 

designed for studying the dynamics of the car and the truck. As 

far as these aspects are concerned, we have already been able to 

generate information from our present computer model. However, 

our main attention is given to simUlate the type of dynamic 

environment that revenue trains generate in freight cars. Know­

ing this freight environment as part of a mathematical model, 

valuable information on the dynamics of the freight can readily 

be predicted. 

Other researchers have made some attempts to study the 

responses of a freight element under the impact-shock type of 

excitation (7-1, 1-3). However, the study of the freight dynamics 

in a 70-ton box car with a typical truck on the road type of 

environment by computer simulation is believed to be first of its 

kind. 

A freight element located at different places of the box car 

is likely to be experiencing different acceleration levels. 

Hence, attempts were made here to consider a fragile freight 

element (in this case a 150-lb refrigerator) packaged in some 

cushion material at different locations of the box car and to 

study the responses of the freight. Some severe over-the-road 

conditions like the rocking mode and bounce mode were used to 

excite the model moving at resonant speeds. Study as such will 

give guidelines to the more severe environment freight responses 

that the usual revenue train may ex~erience. 

7.2 Case Studies 

The following cases were simulated for illustration purposes 

on the freight dynamics: 

Case (1) -'Rocking mode (17.5 mph), freig;ht elementhe'ar 

roof of the boxcar. The 150-lb freight element is placed at a -
point 4 ft above the center of gravity of the car body. The 

lateral accelerations on the freight were plotted as a function 

of time (Fig. 7-la). A maximum peak to peak acceleration level 
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of 1.5 g is encountered after 8.5 sec of simulation. These 

accelerations of the freight were compared with the lateral 

acceleration at the car body center of gravity (Fig. 7-lb) which 

has a maximum peak to peak value of 1 g. This demonstrates that 

freight element at locations other than the center of gravity 

of the car body will sometimes experience more severe levels of 

accelerations during the rocking mode which is inherited with 

the conventionally half-staggered rail joint system in North 

America. 

Based on these accelerations, a frequency analysis was made 

using the program FREQ to identify the most significant freight 

element vibration frequency, the corresponding Power Spectral 

Density (PSD) was computed and results plotted in Figures 7-2a 

and7-2b. The frequency associated with the highest level of 

accelerations (.314 g) is around 0.64 Hz at which the PSD value. 

is also a maximum. 

Case (2) - Rocking mode (50 mph), freiqht elemen'tnear roof 

of the box car. This is defined as rocking mode simply because 

of the 1/2 stagger used in the rail joints. The freight element 

lateral and vertical accelerations versus time are plotted in 
Figures 7-3a and 7-3b. The lateral peak to peak accelerations 

on the freight is 0.2 g at a frequency of 2 Hz. The vertical 

peak to peak accelerations is 0.1 g at 1.25 Hz (Fig. 7-3b). 

Case (3) - Bounce mode (50 mph), freight element at front 

end of the box car (near floor). The freight element is 

placed at the front end of the car body. Due to the severe 

pitching motions of the car in the bounce mode, at which the 

rail joints on opposite tracks are in phase, the accelerations 

that the freight element is experiencing is higher at this loca­

tion than that at the center of gravity of the car. Computer 

simulations were made and the freight vertical accelerations 

plotted against time in Figure 7-4a. The frequency analysis 

(Fig. 7-5a) shows that the frequency associated with the highest 

level of accelerations on the freight (.424 g) is 2 Hz. The PSD 

plot (Fig. 7-5b) also indicates that most of the vibratory 

energy is around this particular frequency. 
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FIG. 7-4A, VERTICAL ACCELERATION (g) OF FREIGHT ELEMENT AT FRONT 
END OF CAR) BOUNCE MODE - 50 MPH 
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FIG. 7-4B. VERTICAL ACCELERATION (9) OF FR[IGHT ELEMENT AT 
CENTER OF GRAVITY OF CAR BODY; BOUNCE MODE - 50 MPH 
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Case (4) - Bounce mode ('50: mph)· ,fr:e:ight :at: 'c:ent'e:rof. 

gravity of thedarbod~.Figure 7-4b shows the freight element 

vertical accelerations at center of gravity of the car at 50 mph 

in the bounce mode. A maximum peak to peak accelerations of 

1.3 g is predicted as compared to 1.75 g when the freight is at 

the front end of the car. 
The above examples of freight dynamics simulation illustrates 

some of the bounds on the freight responses when moving over the 

railroads. Detail study on freight dynamics will be part of the 

next phase of work. 
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8. CONCLUSIONS AND RESULTS 

1. A mathematical model of the dynamics of a railroad box 

car carrying a freight element has been developed. 

2. It has been shown by comparison with test data, that 

this model, which represents the car body, freight element, truck 

bolsters, wheelsets and sideframes, suspension systems and track 

elasticity and pro£ile as a twenty-seven degree of freedom system, 

can satisf~ctorily simulate the dynamics of the typical U.S. box 

car and freight traveling on tangent track at various operating 

speeds. 

3. Using the computer simulation developed here, it is 

possible to determine the accelerations, velocities displacements 

and forces experienced by a freight element, or by the various 

components of a box car/truck, due to excitation from the rail 

and/or coupler forces. 

4. The output values may be expressed in either the time 

domain or in the frequency domain, at the option of the user. 

5. This study has shown that Coulomb friction damping in a 

railcar suspension system can be satisfactorily modeled as equiv­

alent viscous damping. 

6. This new method facilitates development of new truck 

designs by making it easier for the designer to investigate the 

effects of a wide range of configurations and specifications of 

both friction and hydraulic dampers. 

7. When compared to data published by the A. Stucki Company, 

the simulation developed here shows excellent results for pre­

diction of the box car motions in the Rocking Mode and the 

vertical Boupce Mode. 

8. The dynamic response of a typical freight element sub­

jected to the vibration environment in a box car under operating 

conditions can now be predicted by this model. 

9. Further pursuit of this freight response study will lead 

to a thorough understanding of the dynamic response of the freight 

element. This will indicate possible design modifications in 

packaging systems, freight car and truck characteristics, etc., 

which will minimize freight damage due to vibrations. 
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The motion of a rigid body in space can be described by 

rotations and translations. Rotations can be referenced from any 

inertial coordinates or body axes. However, the angular velocity 

components about the body axes (which rotates with the body) 

cannot be integrated to obtain angular displacements about these 

axes (Chapter 4 Rigid Body Dynamics, Methods of Analytical 

Dynamics, Leonard Meirovitch). Therefore, it will be unsatis­

factory to describe the orientation of a rigid body in space by 

the body angular velocity components. 

One set of independent coordinates which can carry out the 

transformation from one Cartesian system of axes to another is 

the Euler's angles. The reason for using Euler's angles is that 

the three components of the body angular velocity can be expressed 

in terms of Euler's angles and their time derivatives. Thus, in 

this analysis, the Euler's angles method is a~apted for descrip­

tion of rotations. 

The translational coordinates used are inertial coordinates 

fixed in space, with the coordinate origins at the center of 

gravity of the various masses when the springs are not extended 

or compressed, i.e. masses sitting at the free length of the 

springs. All displacements, velocities and accelerations in 

translation are referenced from these coordinate origins. 

The translation coordinates, together with the Euler's angles 

constitute the generalized coordinates of the system. In the 

present model analysis, there are 27 such generalized coordinates. 

Once the generalized coordinates are set up, equations of 

motion can be written for the system by using the method of 

Lagrange's equation. The Lagrange's equation is an equation of 

motion in each of the generalized coordinates. It sums up the 

forces acting on a mass due to the kinetic energy, both rotational 

and translational, the potential energy associated with spring 

and gravity, the dissipation energy from damping system and the 

generalized forces. Details of derivation of each of the energies 

are discussed later in this section of the appendix. 



Figure A-1a shows how Euler's angles provide a description 
of the body orientation in space. The transformation of body 
axes x, y, z to one set of inertial Cartesian coordinates X, Y, 
Z is carried out by three successive rotations: 

(1) rotate about x axis through an angle ¢ brings x, y, z 
into x, y', z' 

(2) rotate about y' axis through an angle ~ brings x, y', 
z' into x', y', Z 

(3) rotate about Z axis through an angle a brings x', y', 
z in to X, Y, Z. 

Since x, y' and Z are the axes of rotation, the body angular 
velocity components ~, ~ and ~ are directed along these axes 
respectively. 

Denoting the inertial angular components about X, Y, Z axes 
as WI, W2 and W3 respectively, it can readily be seen; from 
Figure A-lb, that the following ~e1~tions~ips are true by resolv­
ing the body angular velocities ¢, ~ and a along: 

... 
(1) axis, · • 

X Wl = ¢ cos ~ cos a + ~ sin a, 

(2) • • 
Y axis, W2 = ~ cos a - ¢ cos ~ sin a, and 

· (3) Z axis, W3 = ~ sin W + a 

Similarly, \,Vriting the above relationships w· . for the five 
masses, where i = I, 5 and·j = I, 2, 3: ~J ... , 
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a) For the car body: 

· · W 11 = <PI cos 1/Jl cos al + 1/Jl sin al 

· • W12 = WI cos al - <PI cos 1/JI sin al 

· WI3 = <PI sin WI + al 

b) For the front bolster: 

• · W21 = <P2 cos W2 cos a2 + 1/J2 sin a2 

· · W22 = 1/J2 cos a2 - <P2 cos 1/J2 sin a2 

· W23 = <P2 sin 1/J2 + a2 

c) For the rear bolster: 

· • W3 I = <P3 cos 1/J3 cos a3 + 1/J3 sin a3 

· · Wg 2 = 1jJ3 cos a3 - </>3 cos 1jJ3 sin a3 

· W 33 = </>3 sin 1jJ3 + a3 

d) For the front axle-wheel set-sideframe assembly: 

· · W41 = <P4 cos 1jJ4 cos a4 + 1/J4 sin a4 

· · W42 = 1jJ4 cos a4 - <P4 cos 1jJ4 sin a4 
• 

W 43 = <P4 sin 1/J4 + a4 

e) For the rear axle-wheel set-sideframe assembly: 

· · Ws 1 = <Ps cos 1/Js cos as + 1/Js sin as 
• · Ws 2 = 1/Js cos as - <Ps cos 1/Js sin as 

· WS3 = <1>5 sin 1/Js + as 

where <p--angle of pitch, 1/J--angle of roll and a--angle of 
yaw. Note: The freight element at this stage is assumed to 
have only translational degrees of freedom and hence no 
rotational angles associated with it. 

Kinetic Ener9:::l of the S::lstem 

The total kinetic energy is the sum of the rotational 
kinetic energy and translational kinetic energy. 



Kinetic Energy of the Car Body. Assuming all rotations 
about the principal axes allowed for the car body 

l( 2 2 2 
K.E"rotational = 2 IXIW ll + IylW12 + I ZI W13 ) 
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where 
about 

I XI ' I 1 and I ZI are the principal moments 
xl, YlYand ZI axes of the car body" 

of inertia 

Assuming the car body can translate in the three principal 
directions 

1 "2 "2 "2 K E = -2 ml (Xl + Y 1 + Z 1) . "translational 

where ml = mass of the car body. 

substituting the Euler's angles for 
have, for kinetic energy of the car body 

1 
EI = 2 IXI (~l cos 1}Jl cos (Xl + ~l sin al) 2 

1· " 
+ 2 IYl (1}Jl cos al - ~l cos 

+ ~ I z 1 (¢ 1 sin 1}J 1 + ~ 1) 2 + 

1}J 1 sin a I) 2 

1 "2 " 2 2 mi (x 1 + Y 1 

and 

Kinetic Energy for the 

1 (2 2 E2 = 2 I X2 W21 + I y2 W22 

Front Bolster. Similarly, 

+ I w2 ) + ! m (i 2 + y"2 + Z2 23 2 2 2 2 

Since we assume the lateral displacements of the bolsters con­
strained to that of the car body, we have, see Figure A-2, 

X2 = Xl - rl sin 1}Jl - dl sin al 

X2 = Xl - rl cos 1}Jl~1 - d l cos al~l 

substituting W2l, and i 2 , we have 

I 
E2 = 2 I (~2 cos X2 1);2 cos 

+ !. 
2 
1 

+ 2 

cos a2 " 
- ~2 cos 1);2 sin a2)2 

1 " 2 " 2 m2 (Xl - 2xlrl " cos 1);11);1 

we 

+ rI cos 2 1}Jl~I - 2dlXl cos alaI + 2rldl cos 1);1 cos al~l~l 

d 21 2"2) 1 "2 1 "2 + cos alaI + 2 m2Y2 + 2 m2Z2 
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~ 
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FIG. A-2. BOLSTER LATERAL CONSTRAINT 



Kinetic Energy of the Rear Bolster. 

E3 = ! IX3 (~3 cos ~3 cos a3 + ~3 sin a3)2 

+! Iy3(~3 cos a3 - ¢3 cos ~3 sin a3)2 
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. 1· . 2 1 ·2 • 
+ '2 I Z 3 (<p 3 S in ~ 3 + a 3 ) + '2 m 3 (x 1 - 2 r 1 x 1 cos ~l~l 

+ r2 cos 2 
1 

+ d 2 cos 2 
1 

·2 • 
~1~1 + 2d l XI cos 

·2 1 ·2 
alaI) + '2 m3Y3 + 

alaI - 2rld l cos ~l~l cos alaI 

1 ·2 
'2 m3 z 3 

Kinetic Energy of the Front Axle-Wheel Set-Sideframe Assembly. 

1 I (~4 
. 2 

E4 = '2 cos ~4 cos a4 + ~4 sin a4) X4 
1 

IY4 (~4 · a4) 2 + 2" cos a4 - <P4 cos ~4 sin 

1 
IZ4 (~4 • 2 1 . + y2 Z2) + '2 sin ~4 + Ci.4) + - m (x 2 + 2 4 4 4 4 

Kinetic Energy of the Rear Axle-Wheel Set-Sideframe Assembly. 

1 
Ix 5 (¢ 5 

. 
sin as)2 Es = '2 cos ~s cos as + ~s 

1 . · as) 2 + 2" Iys (~s cos as - <Ps cos ~s sin 

1 I z 5 (¢ 5 sin ~s ~s ) 2 + 1 ·2 + 
• 2 

+ Z2) + '2 + '2 ms (x s Ys 5 

Kinetic Energy of the Freight Element. 

1 ·2 ·2 ·2 
E6 = '2 m6 (x 6 + y 6 + Z 6) 

Therefore, the total kinetic energy of the system is 

E = EI + E2 + E3 + E4 + Es + E6 

Potential Energy of the System 

The total potential energy is the sum of the spring potential 
energy and the gravitational potential energy of the entire system. 

In our present mathematical model there are six masses con­
nected by springs 'and dampers. The corresponding potential energy 
associated with each group of springs is derived as follows. 

Spring Potential Energy Between the Car Body and the Front 
Truck Bolster. When a spring is displaced distance x units, the 
spring potential energy is simply 1/2 Kx2 , where K is the stiff­
ness of the spring. 

Referring to Figure A-3, the spring potential energy asso­
ciated with the vertical springs with stiffness Kl and K2, 
respectively are 
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VI 1 Kl (Z 1 e(sin 1);1 sin 1);2) + dl sin <pd 2 = "2 - Z2 - -

V2 1 K2 (Z 1 + e(sin 1);1 sin 1);2) + dl sin <pd 2 = "2 - Z2 -

For the two springs modelling the side bearings, i. e. Ks 
and K6, we have 

where o 1 = 1 when 

(Z1 - Z2 - gl (sin 1);1 - sin 1);2) + d 1 sin <PI + GAP) < 0 

and o 1 = 0 when 

(z 1 - Z2 - g 1 (sin 1/!1 - sin 1/!2) + dl sin <PI + GAP) > 0 

1 (Z 1 V6 = "2 K602 - Z2 + g 1 (sin 1/!1 - sin 1/! 1 ) + dl sin <PI + GAP) 2 

Similarly, 02 = 1 when 

(z 1 - Z2 + gl (sin 1/!1 - sin 1);2) + d 1 sin <PI + GAP) < 0 

and 02 = 0 when 

(z I - Z2 + gl (sin 1/!1 - sin 1);2) + dl sin (PI + GAP) > 0 -
The function of 01 and 

clearance between the car body 
ance exists, the corresponding 
and K2. 

02 is to check the side bearing 
and truck bolster and if no clear­
spring is added in parallel to Kl 

S:ering Potential Energy Between the Car Body and the Rear 
Truck Bolster. Similarly we can write 

V7 1 K7 (Z 1 e(sin 1);1 sin 1); 3 ) dl sin <pd 2 = 2" - Z3 - - -

Va 1 Ka (Z 1 + e(sin 1/!1 sin 1); 3 ) dl sin <pr)2 = 2" - Z3 

VII 
1 KII03 (Zl Z3 g 1 (sin 1/!1 sin 1/1 3 ) dl sin <PI + GAP) 2 = - - -
2 

V12 
1 = "2 K1204(Zl - Z3 + gl (sin 1/!1 - sin 1/! 3 ) d l sin <P I + GAP) 2 

Spring Potential Energy for the Front Truck Suspension 
S:erings. Refer to Figure A-4, we have 

V13= 
1 K13 (z 2 h2(sin 1/!2 2" - Z4 -

+ d2 sin <P2 - d4 sin (h) 2 

V14= 1 K14(Z2 2" - Z4 + h2(sin 1/!2 - sin 1/14) 

+ d2 sin <P2 - d4 sin <P 4) 2 



VIS = ; KIS(Z2 - Z4 - h 2 (sin ~2 - sin ~4) 

- ( d 2 sin cP 2 - d 4 sin cP 4 ) ) 2 

V16 = ! K16(Z2 - Z4 + h2(sin ~2 - sin ~4) 

- (d 2 sin cP 2 - d 4 sin cP 4 ) ) 2 

VBOM9 1 = 2" KBOM09(Z2 - Z4 - h2(sin W2 - sin ~4) + TL)2 

VBOMIo = ~ KBOMo I o(Z2 - Z4 + h2(sin ~2 - sin ~4) + TL)2 
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where 09, 010= 1 or 0 depending on whether suspension springs 
bottom out or not. 

S12rin9: Potential Ener9:J::: for the Rear Truck Sus12ension 
S12ring s • 

VI 7 1 KI7(Z3 h3 (sin ~3 sin ~ s) = "2 - Zs - -

+ d 3 sin cP3 - d s sin cP S ) 2 

VI 8 
1 K18 (Z3 + h3 (sin ~3 sin ~ s) = 2" - Z5 -

+ d 3 sin cP3 - d s sin cPs) 2 

VI 9 
1 K19(Z3 h3 (sin ~3 sin ~ s) = 2" - Zs - -

- (d 3 sin cP3 - d s sin cPS»2 

V20 
1 K2 a (Z 3 + h3 (sin ~3 sin ~ s) = 2" - Z5 -

VBOMII 1 = "2 KBOM 0 1 1 (Z 3 - Zs - h3 (sin ~3 - sin ~s) + TL)2 

VBOMl2 1 = 2" KBOMo 1 2 (Z 3 - Zs + h3 (sin ~3 - sin ~s) + TL)2 

where 011, 012 = 1 or 0 depending on whether rear suspension 
groups bottom out or not. 

S12rin9: Potential Ener9:J::: for Lateral S12rings Between Front 
Bolster and Sideframe. Refer to Figure A-5, 

V13L 1 K1 3L (Xl = 2" - r1 sin ~l - d 1 sin 0'.1 - X4 - (d 2 sin 0'.2 

- d 4 sin 0'.4) - (r2 sin W2 + r4 sin ~ 4) ) 2 

Vl4L 1 K14L(XI = "2 - r1 sin ~1 - d1 sin 0'.1 - X4 - (d2 sin 0'.2 

- d 4 sin a. 4 ) - (r2 sin W2 + r4 sin ~ 4) ) 2 
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BOLSTER 

TRUCK CENTER LINE 

FIG. A-4, VERTICAL SPRINGS AT BOLSTER AND TRUCK INTERFACE 

BOLSTER 

TRUCK 

FIG, A-5, LATERAL SPRINGS BETWEEN FRONT BOLSTER AND TRUCK 
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VIsL 1 KISL(XI = '2 - rl sin 't}il - dl sin al - X4 + d 2 sin a2 

- d4 sin a4 - (r2 sin 't}i2 + r4 sin 't}i 4) ) 2 

V16 L 1 K16 L (Xl rl sin 't}il d l sin + d 2 sin = '2 - - al - X4 a2 

d4 sin a4 - (r2 sin 't}i2 + r4 sin 't}i 4) ) 2 

VGIB s 
1 sin 't}il d l sin GIB)2 = '2 KGIBo 5 (Xl - rl - al - X4 -

VG1B 6 1 = '2 KGIBo 6 (Xl - rl sin 't}il - dl sin al - X4 + GIB)2 

where 05 and 06 are 1 or 0 depending on the GIB clearance 
between the bolster and the column of the sideframe. 

Potential Ener9:Y for the Lateral SErings Between Rear 
Bolster and Sideframe. 

V17L = 1 Kl7L (Xl 2" - rl sin ~) I + dl sin al - Xs - (d3 sin as 

- ds sin as) - (r3 sin 't}i3 + rs sin 't}i s ) ) 2 

V IsL 1 
K I sL (X I = 2" - rl .sin 't}il + d l sin al - Xs - (d 3 sin as 

- d s sin as) - (r 3 .sin 't}i3 + rs sin 't}i 5) ) 2 

Vl9L 1 KI 9L (x I sin 't}il = 2" - rl + d 1 sin al - Xs + (d 3 sin a3 

- ds sin as) - (r 3 sin 't}i3 + rs sin 't}i s) ) 2 

V20L 1 K2 oL (Xl = 2" - rl sin 't}il + d l sin al - Xs + d 3 sin a3 

- ds sin as - (r s sin 't}is + rs sin 't}i s ) ) 2 

VG1B 7 1 = 2" KGIBo 7 (x I - rl sin 't}il + d l sin al - Xs - GIB)2 

VGIB s 
1 .s.in 't}il + d l sin + GIB)2 = '2 KGIBos(XI - rl al - Xs 

potential Energy for the Track SErings. Refer to Figure A-6 
(for front 

V21 = 

V22 = 

V23 = 

V2'+ = 

truck) , 

Vertical SErings. 

1 K2 I (Z4 H sin 't}i4 + D sin tP4 Vd 2 
'2 - -
1 K22(Z4 + H sin 't}i4 + D sin CP4 - V 2) 2 '2 
1 K23 (Z,+ H sin 't}i'+ D sin CP4 V s) 2 '2 - - -
1 K2'+ (z,+ + H sin 't}i'+ - D sin tP'+ V,+) 2 '2 -

Lateral SErings. 

1 = 2" K2IL(x,+ - D sin a,+ - R sin 't}i'+ + R9)2 
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1 sin sin Rl 0) 2 V22L = '2 K22 L (X4 - D c/'4 - R 'l/J4 -
1 sin sin Rl 1) 2 V23 L = '2 K23 L (X4 + D c/'4 - R 'l/J4 + 
1 sin sin 'l/J4 R 12) 2 V24L = '2 K2 4L (X4 + D c/'4 - R -

Similarly, for rear truck, 

1 sin 'l/Js sin V 5) 2 V2S = '2 K2S(ZS - H + D <PS -
1 sin 'l/Js + D sin V 6) 2 V26 = '2 K26(ZS + H <PS -
1 sin sin <Ps V,) 2 V2' = '2 K2'(ZS - H 'l/Js - D -
1 sin sin <Ps V 8) 2 V28 = '2 K28(ZS + H 'l/Js D -

V2 sL 1 K2S L (XS - D sin R sin 'l/Js + Rl 3) 2 = '2 c/,s -
V26L 1 K26 L (XS - D sin R sin 'l/Js Rl 4) 2 = '2 c/'s -

1 sin sin 'l/Js Rl S) 2 V2,L = '2 K2 ,L(Xs + D c/,s - R + 
1 sin sin 'l/Js Rl 6 ) 2 V2 sL = '2 K2 sL (x s + D c/,s - R 

Potential Energy for the Torsional and Pitching Springs. 

1 c/, 4) 2 VT24 = '2 KT24 (c/'2 -

VT3 S 
1 KT 35 (c/, 3 c/, S ) 2 = '2 -
1 <P 4) 2 VP24 = '2 KP24 (<P2 -
1 <P 5 ) 2 VP 3 S = '2 KP 3 s(<P3 -

Potential Energy for Springs Between Freight Element and the 
C.G. of Car Body. 

V F = ! KF (x 6 - Xl) 2 + .!KF (y 6 - Y 1 ) 2 + ! KF (z 6 - Z 1 ) 2 

Gravitational Potential Energy of the System. 
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Total Potential Energy of the System. 

+ VP24 + VP3S + VF + VG 

Dissipation Energy 

Energy is dissipated through the various dampers of the 
system. If treated as viscous dampers, the damping force is pro­
portional to the velocity of the damping action, i.e. of the form 
cx and the energy dissipated is of the form 1/2 cx2 • The 
dissipation energy of the system is 

D = ~ C13 (22 - 24 - h 2 (cos ~2~2 - cos ~4~4} + d 2 cos ~2~2 
• 7: 1 • . - d 4 cos CP4<P4) +'2 CI4 (Z2 - Z4 

+ d2 cos CP2~2 - d 4 cos cp4~4) 2 + 
. 

- cos ~4~4) - (d 2 
. 

cos <P2<P2 - d 4 

+ h2 (cos · ~2~2 -
1 • • 

+ 2" C I 7 (z 3 - Z 5 

• 2 - ds cos <P 5 cp 5) 

cos ~4~4) - (d 2 

1 • • 
+ '2C18(Z3 - Zs 

• 2 - d 5 cos cp 5 cp 5 ) + 

+ h 2 (cos 
. 

~4~4} ~2~2 - cos 
1 . 
2"C IS (Z2 - . 

Z4 - h 2 (cos 
. 

~2~2 

• 2 1 • . 
cos <P4<P4» + 2"C I6 (Z2 - Z4 

cos <P2~2 - d 4 cos • 2 
<p4~4) ) 

+ h3 (cos ~3~3 - cos ~5~S) 
1 •• • 
2" C I 9 (z 3 - Z 5 - h 3 (cos ~ 3 ~ 3 

• 2 co s <P 5 cj> S ) ) + 
1 • • 
2"C20(Z3 - Zs 

+ h 3 (co s ~ 3 ~ 3 - cos ~s~s) - (d 3 cos <P3~3 - d s cos CPS¢s»2 

+ ~(CI3L + C14L) (Xl - rl cos ~l~l - dl cos c/'lc/'l - X4 
. . . • 2 - (d2 cos c/'2c/'2 - d 4 cos c/'4c/'4) - (r2 cos ~2~2 + r4 cos ~4~4» 

1 . . 
d l 

. . 
+ '2(CIsL + CI6L) (Xl - rl cos ~l~l - cos c/'lc/'l - X4 

(d 2 
. 

c/'4~4) (r2 
. • 2 + cos c/'2c/'2 - d 4 cos - cos ~2~2 + r4 cos ~4~4» 

1 +ClsL)(Xl 
. 

d 1 
. . 

+ '2(C 1 7 L - rl cos ~l~l + cos c/'1c/'1 - Xs 



62 

• - (da cos ~a~a - d5 • • • 2 COS ~5~5) - (ra COS ~3~a + r5 COS ~5~5» 

1 • 
+ 2"(CI9L + C2 oL) (Xl - rl COS ~l~l + dl COS ~lal - X5 

+ 1 • • 2 1 • • 2 2" CF(xs - Xl) + 2" CF(ys - YI) + 

Lagrange's equation can have the form 

~(~) _ ~ + av + ~ = Q. 
dt ~. aq. aq.~· ~ oq. ~ ~ oq. 

~ ~ 

COS ~a~a 

1 • '2 CF(zs 

• 2 + r 5 COS ~ 5 ~ 5 ) ) 

• 2 - zd 

After some algebraic manipulation on each of the generalized 
coordinates and making the following substitutions, we can then 
write 27 equations of motion. 

SAA = Zl - Z2 

SAB = sin ~l - sin ~2 

SAC = Zl - Za 

SAD = sin ~l - sin ~a 

SAF = Xl - rl sin ~l - d 1 sin ~l - X4 

SAl = dl sin </>1 

SAM = Z2 - Z4 
. · SAN = Z2 - Z4 

SAO = sin ~2 - sin ~4 
• • SAP = cos ~2~2 - cos ~4~4 

SAQ = d2 sin <1>2 - d 4 sin <1>4 . • SAR = d 2 cos <1>2<1>2 - d 4 cos <1>4<1>4 

SAU = Xl - rl sin ~l + d l sin ~l 

SBA = Za - Zs 

SBB = sin ~a - sin ~5 

SBC = da sin <I> a - d s sin <1>5 . · SBD = Z3 - Z5 . • SBE = cos ~a~a - cos ~5~S 
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. . 
SBF = dg cos </lgcpg - ds cos CPsCPs 

SBM = h4 sin 1jJ4 

SBN = D sin <1>4 

SBO = D sin a4 

SBP = R sin a4 

SBQ = hs sin 1jJs 

SBR = D sin cps 

SBS = D sin as 

SBT = R sin 1jJs 

• · • SCA = Xl - rl cos 1jJ11jJI - dl cos alaI - X4 - (d2 cos a2a2 

· · · - d4 cos a4(4) - (r2 cos 1jJ21jJ2 + r4 cos 1jJ 41jJ 4 ) 

· · • SCB = Xl - rl cos 1jJ11jJI - dl cos alaI - X4 + (d2 cos a2a2 

· · · - d4 cos a4(4) - (r2 cos 1jJ21jJ2 + r4 cos 1jJ4VJ4) . · · · scc = Xl - rl cos 1jJ11jJI + dl cos alaI - Xs - (d3 cos a3a3 

· · · - d s cos a sa s) - (r g cos 1jJg1jJg + rs cos 1jJ s1jJ s ) 

· • • SCD = Xl - rl cos 1jJ11jJI + d l cos alaI - Xs + (d g cos agag 

· · · - ds cos asas) - (r g cos VJ31jJ3 + rs cos 1jJ s1jJ s ) 

SCE = Xl - rl sin 1jJI - dl sin al - X4 - (d2 sin a2 

- d4 sin (4) - (r2 sin 1jJ2 + r4 sin 1jJ4) 

SCF = Xl - rl sin 1jJI - d l sin al - X4 + (d 2 sin a2 

- d .. sin (4) - (r 2 sin 1jJ2 + r4 sin 1jJ 4 ) 

SCG = Xl - rl sin 1jJI + dl sin al - Xs - (d3 sin a3 

- d s sin as) - (r3 sin 1jJ3 + rs sin 1jJ s ) 

SCH = Xl - rl sin 1jJl + d 1 sin al - Xs + (d 3 sin a3 

- d s sin as) - (r3 sin 1jJ3 + rs sin VJ s ) 

These are the 27 equations of motion in the generalized coor-
dinate of the system: 
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For 91 = Xl 

·2 (ml + 2m2)i l + 2m2rl sin ~l~l - 2m2rl cos ~l~l + (K13L + K14L)SCE 

+ (KISL + KI6L)SCF + (KI7L + KlaL)SCH + (KI~L + K20L)SCH + (CI3L 

+ CI 4L) SCA + (ClsL + C16L) SCB + (CI7L + CIaL) SCC + (CI9L + C2 oL) SCD 

- CF(X6 - Xl) + KGIBos(SAF - GIB) + KGIBo6 (SAF + GIB) + 

KGIBo7(SAU - GIB) + KGIBoa (SAU + GIB) - KF(X6 - Xl) = 0 

For 92'= YI 

mlYI + KC(YI - Ys ) + CC(YI - Ys ) = 0 

For 93 = Zl 

mlZl + Kl (SAA - SAB + SAl) + K2 (SAA + SAB + SAl) + KSOI (SAA 

+ glSAB + SAl + GAP) + K602(SAA + glSAB + SAl + GAP) + K7(SAC 

- eSAD - SAl) + Ka(SAC + eSAD - SAl) + KIlOS (SAC - glSAD - SAl 

+ GAP) + K I 20 1+ (SAC + g I SAD - SAl + GAP) + mIg - KF (z 6 - Z I ) 

- CF(z6 - ZI) = 0 

For q4 = ~l 

(-2m2rl)x + (I sin2 al + I + 2m2rn~1 + (I - I )sin al¢1 I Xl yl Xl YI 

+ IXI cos al~l (¢l cos 'l/JI cos al + ~l sin all 

+ I sin al (- ~l cos al sin 'l/JI~1 - ~l cos 'l/JI sin alaI Xl 

+ ~l cos al~l) - I sin al~l(~l cos al - ~l cos 'l/JI sin all 
YI 

+ I cos al (- ~l sin al~l + ~l sin al sin 'l/JI~1 
YI 

- ¢l cos 'l/JI cos al~l) + I ~l cos al sin 'l/JI (<PI cos 'l/JI cos al Xl 

+ ~l sin all - I ~l sin al sin 'l/JI(~1 cos al - ~l cos 'l/JI sin all 
YI 

- I ~l cos 'l/JI(¢1 sin 'l/JI + ~l) - Kle cos 'l/JI (SAA - eSAB + SAl) + 
Zl 

K2e cos 'l/JI (SAA + eSAB + SAl) - KsOlg1 cos 'l/JI (SAA - glSAB + SAl 

+ GAP) + K602g1 cos 'l/JI (SAA + glSAB + SAl + GAP) - K7e cos 'l/JI (SAC 

- eSAD - SAl) + Kae cos 'l/Jl (SAC + eSAD - SAl) - Kllo3g1 cos 'l/Jl (SAC 

- glSAD - SAl + GAP) + Kl204g1 cos 'l/JI (SAC + glSAD - SAl + GAP) 
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- (K 13 L + KlltL)rl cos lhSCE - (Kl sL + K16L)rl cos 1/JlSCF - (K17L 

+ KleL)rl cos 1/JISCG - (K 19L + K20L)rl cos 1/J l SCH 

- KGlBosrl cos 1/J 1 (SAF - GlB) - KGIBo6rl COS 1/J 1 (SAF + GIB) 

- KGIBo7rl COS 1/J 1 (SAU - GIB) - KGIBoerl COS 1/J I (SAU + GIB) 

- (C I 3L + ClltL)rl COS 1/JlSCA - (ClsL + C16L)rl COS 1/J 1SCB 

- (C I7L + C18L)rl COS lhSCC - (CI9 L + C2oL)rl COS 1/JlSCD = 0 

For qs = ~I .. 
(IXI - Iyl)sin al\jJl + (I + Xl I yl sin 2 al + I ZI sin2 1/Jl)<Pl 

. 
\jJlal \jJl~l (¢l + I sin - I COS al sin cos 1/JI cos al + 1/JI sin ad Zl Xl . . . 

- I Xl COS \jJ1 sin alai (<PI COs \jJ1 COS al + 1/Jl sin a 1 ) + 

+ I Xl COS \jJ1 COS a 1 (- ~l cos al \jJl~l 
. 

sin - <PI cos \jJ1 sin alai 

+ ~l cos al~l) + I sin al sin 1/Jl~l (~l cos al - ¢l cos 1/Jl sin al) yl 

- I yl cos 1/JI cos al~l (~l cos al - ¢l cos 1/Jl sin ad 

- I cos 1/Jl sin al (- ~l sin al~l + ¢l sin al sin 1/Jl~l yl 

- ¢l cos 1/JI cos al~d + IZI cos 1/Jl~l (¢l sin \jJ1 + ~d 

+ IZI sin \jJI¢1 cos \jJl~l + Kidl cos <PI (SAA - eSAB + SAl) 

+ K2dl cos <PI (SAA + eSAB + SAl) + KSOld l cos <PI (SAA - glSAB + SAl 

+ GAP) + K602dl cos <PI (SAA + glSAB + SAl + GAP) - K7dl cos <PI (SAC 

- eSAD - dl sin <PI) - Kedl cos <PI (SAC + eSAD - SAl) 

- KII03dl cos <PI (SAC - glSAD - SAl + GAP) - Kl20ltdi cos <PI (SAC 

+ glSAD - SAl + GAP) - 0 

For q6 = al 

I sin \jJ ¢ + I + 2m2dy cos 2 al + I cos 1/JI¢l~1 Zl 1 I Zl Zl 

4m2 d y 
• 2 . • - cos al sin alai - I (- <PI cos \jJ1 sin al + 1/JI cos 

Xl 

(¢ 1 
. 

~l 
. 

cos \jJ1 cos al + 1/JI sin ad I (- sin al - <PI cos 
Yl . . 

2m2dY ·2 
(1/JI cos al - <PI cos 1/JI sin ad + cos al sin alaI -
+ K1ltL)dl cos alSCE - (K1SL + K16L)dl cos alSCF + (K I7L + 

+ K~sL)dl cos alSCG + (K I9L + K~oL)dl cos alSCH - (C13L 

ad 

1/JI cos 

(K1 3L 

al) 
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+ ClsL)dl cos alSCC + (C19L + C2oL)dl cos alSCD 

- KGlBosdl cos al (SAF - GlB) - KGlBo6dI cos al (SAF + GlB) 

+ KGlBo7dl cos al (SAU - GlB) + KGlBoadl cos al (SAU + GlB) = 0 

For g7 = Z2 

m2Z2 - Kl (SAA - eSAB + SAl) - K2 (SAA + eSAB + SAl) - KsOI (SAA 

- glSAB + SAl + GAP) - K602 (SAA + glSAB + SAl + GAP) + KI3 (SAM 

- h2SAO + SAQ) + KI4(SAM + h 2SAO + SAQ) + KI5 (SAM - h 2SAO - SAQ) 

+ KI6(SAM + h 2SAO - SAQ) + m2g + CI3 (SAN - h 2SAP + SAR) + CI4(SAN 

+ h2SAP + SAR) + CIS (SAN - h 2SAP - SAR) + CI6 (SAN + h 2SAP - SAR) 

+ KBOMo9 (SAM - h2SAO + TL) + KBOMoIO (SAM + h 2SAO + TL) = 0 

For ga = 1J!2 

(I sin2 a2 + I );~2 + (I - I )sin a2~2 + lX2 cos a2a2 X2 y2 0/ X2 yz ~ 

(¢2 cos 1JJ2 cos a2 + ¢2 sin a2) + lX2 sin a2 (- ¢2 cos a2 sin 1JJ2¢2 

- ~2 cos 1JJ2 sin a2~2 + ¢2 cos a2~2) - I sin a2~2 (¢2 cos a2 y2 

- ~2 cos ~2 sin a2) + ly2 cos a2 (- ¢2 sin a2U2 + ¢2 sin a2 sin 1JJ2¢2 

- ¢2 cos ~2 cos a2~2) + I sin 1JJ2¢2 cos a2 (¢2 cos 1JJ2 cos a2 X2 

+ ¢2 sin a2) - I ¢2 sin ~2 sin a2(¢2 cos a2 - ¢2 cos 1JJ2 sin a2) 
Y2 

- I ¢2 cos 1JJ2(¢2 sin 1JJ2 + ~2) + KIe(SAA - eSAB + SAl) 
Z2 

- K2e(SAA + eSAB + SAl) + KSOIgI cos 1JJ2 (SAA - glSAB + SAl + GAP) 

- K602gI cos 1JJ2(SAA + glSAB + SAl + GAP) - KI3h2 cos 1JJ2 (SAM 

- h2SAO + SAQ) + KI4h2 cos 1JJ2(SAM + h 2SAO + SAQ) - KISh2 cos 1JJ2(SAM 

- h2SAO - SAQ) + K16h2 cos 1JJ2(SAM + h2SAO - SAQ) - (KI 3 L 

- KBOMogh2 cos 1JJ2 (SAM - h2SAO + TL) + KBOMolOh2 cos 1JJ2 (SAM 

+ hzSAO + TL) - CIshz cos 1JJz(SAN - h2SAP + SAR) + C14h2 cos 1JJ2(SAN 



+ h2SAP + SAR) - Clsh2 cos ~2(SAN - h2SAP - SAR) 

+ Clsh2 COS ~2 (SAN + h2SAP - SAR) - (Cl,s·L + C14L)r2 cos ~2SCA 

- (ClsL + ClsL)r2 cos ~2SCB = 0 

For q9 =4>2 

(IX2 - I y2 )sin CA.2~2 + (IX2 + I y2 sin2 CA.2 + I Z2 sin2 ~2)~2 
• • • 
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+ IZ2 sin ~2Ci2 - I X2 cos CA.2 sin ljJ2~2(4)2 cos ~2 cos CA.2 + ljJ2 sin CA(2) 

• • 
- I cos ~2 sin CA.2CA.2(4)2 X2 

• cos ~2 cos CA.2 + ~2 sin CY.2) 
• • • • + I cos ljJ2 cos CA.2(- 4>2 cos CA.2 sin ~2~2- 4>2 cos ljJ2 sin CA.2CA.2 X2 

+ ~2 cos CA.2a2) + IY2 sin CA.2 sin ~2~2(~2 cos CA.2 - ~2 cos ljJ2 sin CY.2) 

- I cos ~2 cos CA.2a2(~2 cos CA.2 - ~2 cos ~2 sin CY.2) y2 

- I cos W2 sin CA.2(- ~2 sin CA.2a2 + ~2 sin CA.2 sin W2~2 y2 

- ~2 cos W2 cos CY.2a2) + I Z2 cos ljJ2~2(~2 sin ~2 + a2) 
• • 4>2 (SAM - h2SAO + SAQ) + I sin W2¢2 cos ~2W2 + Kl ad2 cos Z2 

+ K14d2 cos 4>2 (SAM + h2SAO + SAQ) - KlSd2 cos 4>2 (SAM - h 2SAO - SAQ) 

- K1Sd2 cos ¢2(SAM + h2SAO - SAQ) + KP24(cI>2 - ¢4) 

+ Cl Sd2 cos ¢2(SAN - h2SAP + SAR) + C 1 4d2 cos c/>2(SAN + h SAP + SAR) 

- C 1 sd2 cos 4>2 (SAN - h2SAP - SAR) - Cl Sd2 cos 4>2 (SAN + h 2SAP 

- SAR) = 0 

For ql0 = CA.2 
.. • • I (- ~2 I Z2 (c/>2 sin W2 + 4>2 cos ~2ljJ2 + Ci 2) - cos W2 sin CY.2 X2 . 

CA(2) (~2 
. 

I (- ~2 sin + ~2 cos cos ~2 cos CA.2 + ljJ2 sin CA(2) - CA.2 y2 
• 

CA(2) (~2 
. 

sin CA(2) (K1 sL - c/>2 cos W2 cos cos CA.2 - cl>2 cos W2 -
+ K14 L)d2 cos CA.2SCE + (K1SL + KlsL)d2 cos CA.2SCF + KT24(CA.2 - CA(4) 

- (ClsL + C14 L)d2 cos CA.2SCA + (ClsL + C1sL)d2 cos CA.2SCB = 0 
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For gIl = Za 

maZa - K7(SAC - eSAD - SAl) - Ks(SAC + eSAD - SAl) - KIIO a (SAC 

- glSAD - SAl + GAP) - KI204(SAC + glSAD + SAl + GAP) + KI7(SBA 

- haSBB + SBC) + KIS(SBA + hgSBB + SBC) + KI9 (SBA - h3SBB - SBC) 

+ K20 (SBA + haSBB - SBC) + mag + KBOMoII (SBA - haSBB + TL) 

+ KBOMol2 (SBA + haSBB + TL) + Cn (SBD - haSBE + SBF) + CIS (SBD 

+ haSBE + SBF) + CI9(SBD - haSBE - SBF) + C20 (SBD + haSBE - SBF) = 0 

For Sl12 = 1jJa 

(lxa sin2 aa + Iya)~a . · + lxs cos aaaa (<Pa cos 

+ lXa sin a a (-

+ I cos a3 (­ys 

lxa (- ~a cos 

· <Pa cos 

- I ya 
· 1)J3 sin 

aa sin 

+ (I sin aa Xa . 
1jJa cos aa + 1)Ja . 
aa sin 1)Js1)Ja -. . 

sin agaa (1jJa cos 
. . 

aga3 + <pa sin 
. 

1jJa)(<pa cos 1jJ3 . 
- I 4>a sin aa ya sin 1jJ 3 (1jJ 3 cos aa - <Pa 

- I sin ag)¢g yg 

sin a a) 

~a 
. 

cos 1)Ja sin asaa . 
aa - <P3 cos 1jJ3 sin a3) 

. . 
aa sin 1)J31)Ja - <P3 cos 1)J3 cos 

. 
cos aa + 1jJ3 sin a 3 ) 

cos 1jJ3 sin a a) 

- I ~a cos 1jJa (4)a sin 1jJa + ~a) + K7e cos 1)Ja (SAC - eSAD - SAl) Za 

aaa.a) 

- Kae cos 1)Ja (SAC + eSAD - SAl) + Klloagl cos 1jJa (SAC - glSAD - SAl 

+ GAP) - K1204g1 cos 1jJa (SAC + glSAD - SAl + GAP) 

- K17hg cos 1)Ja (SBA - haSBB + SBC) + KIsha cos 1jJa (SBA + hgSBB 

+ SBC) - Kl9h a cos 1jJa (SBA - hgSBB - SBC) + K20ha cos 1jJa (SBA 

+ haSBB - SBC) - (Ki7L + KlSL)ra cos 1jJ gSCG - (K19L 

+ K2oL)ra cos 1)JaSCH - KBOMollh g cos 1)Ja (SBA - hgSBB + TL) 

+ KBOMol2hg cos 1jJa (SBA + haSBB + TL) - C1 7h g cos 1jJa (SBD - haSBE 

+ SBF) + Clsha cos 1jJa (SBD + hgSBE + SBF) - C1 9h 3 cos 1)Ja (SBD 

- haSBE - SBF) + C20ha cos 1jJa (SBD + hgSBE - SBF) - (CI7L 

+ ClaL)ra cos 1)JaSCC - (C19L + C2oL)ra cos 1)JaSCD = 0 
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(I - I )sin a3~3 + (I + I sin 2 a3 + I sin 2 1/J g ) ~ g Xs ys Xg y3 Zs 

1/J3 aS 
. . . 

+ I sin - I cos ag sin 1/Jg1/J3 (CP3 cos 1/J3 cos a3 + 1/Js sin a 3) Z3 Xs . . . 
0'.3 ) - I cos 1/J3 sin aSa3 (CP3 cos 1/J3 cos a3 + 1/J3 sin 

X>3 . . . 
+ I cos tJ;3 cos a3 (- CP3 cos a3 sin tJ;31/J3 - cps cos tJ;3 sin a3a3 X3 

+ ~3 cos a3~3) + I sin a3 sin 1/J3~3 (~3 cos a3 - ¢3 cos 1/J3 sin 0'.3) y3 

- I cos tJ;3 cos a3~3 (~3 cos a3 - ¢s cos 1/Js sin as) 
Y3 

- I cos 1/Jg sin as (- ~s sin aSa3 + ¢3 sin as sin 1/JS~3 yg 

- ~s cos tJ;s cos aS~3) + I cos 1/J3~3 (~3 sin 1/Jg + ~s) Zg 

+ I sin 1/Jg¢S cos 1/Jg~3 + K17dg cos cps (SBA - h3SBB + SBC) Z3 

+ K1ad3 cos CP3 (SBA + h3SBB + SBC) - K19d3 cos CPs(SBA - h3SBB - SBC) 

- K20dg cos CPs (SBA + hgSBB - SBC) + KP3S (CP3 - <ps) 

+ C17ds cos <P3 (SBD - hsSBE + SBF) + Clad3 cos <Ps(SBD + h3SBE + SBF) 

- C19d3 cos <P3 (SBD - hgSBE - SBF) - C20dg cos <P3 (SBD + h3SBE 

- SBF) = 0 

For 91'+ = as 

I (~3 sin tJ;3 + ¢s cos 1/Js~3 + (3) - I (- ¢3 cos 1/Jg sin as Zs Xs 

+ ~3 cos as) (¢s cos tJ;3 cos a3 + ~3 sin a3) - I (- ~3 sin a3 y3 

- ~3 cos tJ;3 cos a3) (~3 cos a3 - ¢3 cos 1/J3 sin as) - (K17L 

+ Kl aL) d3 cos a3SCG + (K1 gL + K2 oL) d3 cos as SCH + KT3 S (as - as) 

For 91 S =x,+ 

- KGIBos(SAF + GIB) = 0 
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For gl6 =Z4 

m4Z4 - KIS(SAM - h2SAO + SAQ) - KI4(SAM + h2SAO + SAQ) - KIs(SAM 

- h2SAO - SAQ) - Kl6(SAM + h2SAO - SAQ) + K21 (Z4 - SBM + SBN - VI) 

+ K22(Z4 + h4 sin ~4 + SBN - V2) + K23(ZIt - SBM - SBN - Vs) 

+ K24(Z4 + SBM - SBN - VIt) - KBOMog (SAM - h2SAO + TL) 

- KBOMoIO(SAM + h2SAO + TL) + m4g - CIS (SAN - h2SAP + SAR) 

- CI4(SAN + h2SAP + SAR) - CIS (SAN - h2SAP - SAR) - CIS (SAN 

+ h2SAP - SAR) = 0 

For 9) Z '=~It 

CXIt~4(~4 • CXIt ) Ixi+' cos cos ~It cos CXIt + 1jJ4 sin 

CXIt (¢It 
. . 

+ I sin cos ~It cos CXIt - (1)4 cos CX4 sin 1jJ4~4 Xlt . • 
~4 • • - </>4 cos ~4 sin CX4CX4 + sin CX4 + 1jJ4 cos CX4CX4) 

sin CXIt~4(~4 
. 

+ I cos CX4 - (1)4 cos 1jJ1t sin CX4 ) 
Y4 

CX4(~1t • . 
+ I cos cos CXIt - t/J4 sin CX4CX4 - </>4 cos t/J4 sin 

Yit . • . . 
+ </>It sin CXIt sin ~lt1jJ1t - </>It cos t/J4 cos CX4CXIt) + 

+ I sin t/J4~4 cos CX4(~4 cos t/J4 cos CX4 + ~4 sin CX4) X4 

- I sin 1jJ4~4 sin CXIt(~4 cos CX4 - ~4 cos ~4 sin CXIt) 
Y4 

CX4 

- IZ4~4 cos ~4(~4 sin ~4 + ~4) + KISh2 cos 1jJ4(SAM - h 2SAO + SAQ) 

Kl4h2 cos 1jJ4(SAM + h2SAO + SAQ) + KIsh2 cos 1jJ4 (SAM - h 2SAO 

- SAQ) - KISh2 cos t/J4(SAM + h2SAO - SAQ) - (KISL 

+ Ki4L)r4 cos 1jJ4SCE - (KIsL + KISL)r4 cos t/J4SCF - K2lh4 cos 1jJ4(Z4 

- SBM + SBN - Vl) + K22h4 cos 1jJ4(Z4 + SBM + SBN - V2) 

- K2Sh4 cos 1jJ4(Z4 - SBM - SBN - Vg) + K24h4 cos 1jJ4 (Z4 + SBM - SBN 

- V4) - K2lLR cos t/J4(X4 - SBO - SBP + Rg) - K22LR cos 1jJ4(X4 - SBO 

- SBP - RlO) - K2SLR cos t/J4(X4 + D sin CX4 - R sin t/J4 + RII) 

- K2ltLR cos 1}J4(X4 + D sin CX4 - R sin ~4 - R12) 
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+ h2SAO + TL) + C13h2 cos ~4(SAN - h 2SAP + SAR) - C14h 2 cos ~4(SAN 

+ h2SAP + SAR) + Clsh2 cos ~4(SAN - h 2SAP - SAR) 

- C16h2 cos ~4(SAN + h2SAP - SAR) - (C13L + C14L)r4 cos ~4SCA 

- (ClsL + CIGL)r4 cos ~4SCB = 0 

For g18 =cP4 

- I cos a4 sin ~4~4(;4 cos ~4 cos a4 + ~4 sin a4) 
X4 

- I cos ~4 sin a4~4(;4 cos ~4 cos a4 + ~4 sin a4) 
X4 

+ I cos ~4 cos a4(~4 cos ~4 cos a4 - ;4 cos a4 sin ~4~4 
X4 

- ~4 cos ~4 sin Cl4~4 + ~4 sin Cl4 + ~4 cos Cl4~4) 

+ I 
Y4 

- I cos ~4 cos Cl4~4(~4 cos Cl4 - ~4 cos ~4 sin a4) 
Y4 

- I cos ~4 sin a4(¢4 cos a4 - ~4 sin a4~4 - cP4 cos ~4 sin a4 
Y4 

+ ;4 sin Cl4 sin ~4~4 - ;4 cos ~4 cos a4~4) + I cos ~4~4(~4 sin ~4 Z4 . . 
sin ~4(cP4 sin ~4 + cP4 cos ~4~4 + a4) 

- h2SAO + SAQ) - KI4d4 cos cP4 (SAM + h2SAO + SAQ) + KISd4 cos cP4(SAM 

- h2SAO - SAQ) + K16d4 cos cP4(SAM + h2SAO - SAQ) + K21D cos cP4(Z4 

- V4) - KP24(cP2 - cP4) - CI3d4 cos cP4 (SAN - h2SAP + SAR) 

- CI4d4 cos cP4(SAN + h2SAP + SAR) + CIsd4 cos cP4(SAN - h2SAP - SAR) 

+ CI6d4 cos cP4 (SAN + h2SAP - SAR) = 0 

For gIg = Cl4 

I (~4 sin ~4 + ;4 cos ~4~4 + (4) - I (-;4 cos ~4 sin Cl4 
Z4 X4 

+ ~ 4 co s a 4) (; 4 co s ~ 4 co s a 4 + ~ 4 S in a 4) - I (- ~ 4 S in a 4 
Y4 

- ¢4 cos ~4 cos a4) (~4 cos Cl4 - ;4 cos ~4 sin Cl4) + (KI3 L + 

K14L)d4 cos a4SCE - (K1SL + Ki6L)d4 cos a4SCF - K21LD cos a4(x4 



+ K23LD cos a4(x4 + SBO - SBP + Rll) + K24LD cos a4(x4 + SBO 

- SBP - R12) - KT24(a2 - 0.4) + (CI3L + C14L)d4 COS a4SCA 

For 920 = Xs 

R sin 1jJ s - R 1 4 ) 

- R sin 1jJs - RIG) - KGIBo7(SAU - GIB) - KGIBos(SAU + GIB) 

For 921 = Zs 
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mszs - K17(SBA - hsSBB + SBC) - KlS(SBA + h 3SBB + SBC) - K19(SBA 

- h 3SBB - SBC) - K20(SBA + h3SBB - SBC) + K2S(ZS - SBQ + SBR - Vs) 

+ SBQ - SBR - Va) + msg - KBOMoll (SBA - h3SBB + TL) 

- KBOMoI2(SBA + h3SBB + TL) - CI7(SBD - h3SBE + SBF) - CIa (SBD 

+ hgSBE + SBF) - C19(SBD - h3SBE - SBF) - C20 (SBD + h3SBE - SBF) = 0 

For SIz 2 = )ids 

(Ixs sin2 as + I cos 2 as)~s + ys (I Xs sin as cos 1jJs cos as 

- I cos as cos 1jJs sin as)~s ys + I cos asas (~s Xs cos 1jJs cos as 

+ ~ssin as) + I sin as(- ~s cos as sin 1jJs~s - ¢s cos 1jJs sin asas xs 

+ ~s cos asas) - I sin asaS(~5 cos as - ¢s cos 1jJs sin as) ys 

+ I cos as(- ~s sin asas + ~s sin as sin 1jJs~s - ~s cos 1jJs cos asas) ys 

+ I ¢s cos as sin 1jJs (¢s cos 1jJs cos as + ~s sin as) xs 

I ¢s sin as sin 1jJs (~s cos as - ¢s cos 1jJs sin ~s) ys 

- I ¢s cos 1jJs (¢s sin 1jJs + as) + K17hg cos 1jJs(SBA - hgSBB + SBC) 
ZS 

- KlShs cos 1jJs(SBA + h3SBB + SBC) + K19h3 cos 1jJs (SBA - h3SBB 

- SBC) - K20h3 cos 1jJs (SBA + hsSBB - SBC) - (KI7L + KlaL)rs cos 1jJsSCG 
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- (Kl9L + K20L)rs cos ~sSCH - K2Shs cos ~S(ZS - SBQ + SBR - Vs) 

+ K2Shs cos ~s (Zs + SBQ + SBR - Vs) - K27hs COS ~S(ZS - SBQ - SBR 

- V7) + K2Shs cos ~S (Zs + SBQ - SBR - Vs) - K25LR cos ~s (xs - SBS 

- SBT + Rla) - K26LR COS ~S(X5 - SBS - SBT - R14) - K27LR cos ~5(X5 

+ SBS - SBT + Rls) - K2SLR cos ~s(xs + SBS - SBT - Rl6) 

+ KBOMollh3(SBA - h3SBB + TL) - KBOMha (Za - Zs + haSBB + TL) 

+ Cl7h 3 cos ~s(SBD - haSBE + SBF) - Clsha cos ~s(SBD + h3SBE 

+ SBF) + Cl9h3 cos ~5(SBD - h3SBE - SBF) - C2oh3 cos ~s(SBD 

+ h3SBE - SBF) - (C17L + ClsL)rs cos ~sSCC - (Cl9L 

+ C2oL)rs cos ~sSCD = 0 

For 9:23 = cJ>s 

) sin 
.. 

(I sin2 sin 2 ~s)~s (I - I a.s~s + + I 0.5 + I 
xs ys xs ys Zs . . . 

+ I sin ~sa.s - I cos 0.5 sin ~s~s(cJ>s cos ~s cos 0.5 + ~s sin Zs xs 

a.s~s(¢s 
. 

sin a.s) - I cos ~s sin cos ~s cos a.s + ~s xs 

a.s(- ¢s ~s~s 
. 

+ I cos ~s cos cos a.s sin - <Ps cos ~s sin a.sa.s Xs 

a. s ) 

+ ~s cos a.s~s) + I sin a.s sin ~s~s(~s cos a.s - ¢s cos ws sin 0.5) ys 

- I cos ~s cos a.s~s(~s cos a.s - ¢s cos ~s sin a.s) 
Ys 

- I cos ~s sin a.s(- ~s sin a.sa.s + ¢s sin a.s sin ~s~s ys 

- ¢s cos ~s cos a.s~s) + I cos ~s~s(¢s sin ~s + ~s) Zs 

+ I sin ~s¢s cos ~s~s - K17dS cos <Ps(SBA - h 3SBB + SBC) Zs 

- K1S d s cos <Ps(SBA + h3SBB + SBC) + K19ds cos <ps(SBA - h3SBB 

- SBC) + K20 d s cos <Ps(SBA + h3SBB - SBC) + K2SD cos <ps(zs - SBQ 

+ SBR - Vs) + K2SD cos cJ>s(zs + SBQ + SBR - V6) - K27D cos <Ps(zs 

- SBQ - SBR - V7) - K2aD cos <Ps(zs + SBQ - SBR - Va) - KP3S(<P3 

- <Ps) - C17 d s cos <Ps(SBD - h 3SBE + SBF) - Clads cos <Ps(SBD 

+ h 3SBE + SBF) + C19 d s cos <Ps(SBD - h 3SBE - SBF) 

+ C20 d s cos <Ps(SBD + h 3SBE - SBF) = 0 



For qZ4 = as 

I (~s sin ~s + ¢s cos ~s~s + as) - I (- ¢s cos ~s sin as Zs Xs 

+ ~s cos as) (¢s cos ~s cos as + ~s sin as) - I (- ~s sin as ys 

- ¢s cos ~s cos as) (~s cos as - ¢s cos ~s sin as) 

+ KzsLD cos as(xs + D sin as - R sin ~s - R 1 6) + (KI7L 
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+ KISL)ds cos asSCG - (KI9L + KzoL)d s cos asSCH - KT3S(a3 - as) 

For qzs = X6 

For qZ6 = Y6 

m6Y'6 + KF(Y6 

For qZ7 = Z6 

m6Z6 + KF(z6 

The above 27 equations describe the motion of the system we 
have modelled. Options like centerplate extension pads, lateral 
springs at the centerplates can easily be introduced to the model 
and the corresponding potential and dissipation energy terms can 
be derived by the same method. 
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APPENDIX C 

C-1. EQUIVALENT VISCOUS DAMPING COEFFICIENT 

C-2. DETERMINATION OF SUSPENSION SPRING STIFFNESS FOR A TYPICAL 
TRUCK 

C-3. BENDING STIFFNESS OF A TYPICAL TRUCK BOLSTER 

C-4. DESCRIPTIVE DATA FOR A 70-TON BOX CAR 

C-s. TRACK INPUT EQUATIONS 
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C-1. Equivalent Viscous Damping Coefficient 

An equivalent viscous damping coefficient is derived on the 
principle of equivalent energy dissipation for the coulomb fric­
tion losses and losses by linear viscous damping. 

For a non-linear damper, let the friction force be F(x, x) 
with motion assumed to be x = A sin wt. The energy dissipated 
per cycle in this model then becomes 

ENL = fF(X,x) dx 

= f • dx F(x,x)dt dt 

= rr .. o F(x,x)x dt 

= rr · Aw 0 F(x,x)cos wt dt 

where periodic time = 271' and l' = -w 

A = amplitude of the assumed motion. 

For a linear damper, F = cx, where c is the coefficient of 
the viscous damping system, and the energy dissipated per cycle, 
for this case is given by 

EL = JF dx 

= Jcx dx 

f~ 
dx = c Aw cos wt(dt)dt 

= A2w2cf~ cos 2 wt dt 

= A2
w

2
c t 

= 71'A2wc. 

It is assumed here that both systems, the linear and the nonlinear 
model, have the same amplitude A, and the same periodic time. 
This model assumption is shown to hold good at a later stage, when 
the model is compared with test data. Therefore, for EL = ENL , 
we have 

1 J1' • Cequiv. = TIA a F(x,x)cos wt dt 

Analysis of a Typical Truck Damping System 

Refer to the free body diagram (Fig. C-l) of the 
friction shoes in the upward stroke, 2Fx = 0 gives 

Nl cos e - Fl sin e - N2 = 0 

(1) 

(2 ) 
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y 

..... -~x 

p 

FIG. C-l. FREE BODY DIAGRAM OF A TYPICAL FRICTION SHOE 
DURING UPSTROKE 
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P - F2 - NI sin e - FI cos e = 0 

we have four equations with four unknowns, FI, F2, NI, N2. 

(3) 

(4) 

(5) 

Applying specific values, based on data supplied by a lead­
ing truck manufacturer, where ~1 = 0.5, ~2 = 0.37, e = 35 0 

P = 3220 Ib 

we can solve for Nl and N2, giving 

NI = 2730 Ib 

N2 = 1452 Ib 

So, FI cos e = .5 x 2730 x .819 Ib = 1118 Ib 

and F2 = .37 x 1452 Ib = 537 Ib 

Therefore, the total vertical frictional force exerting on the 
wedge-shaped friction shoe on the upward stroke 

FU = FI + F2 = 1655 Ib 

Based on experimental studies performed by a truck manufacturer 
on a typical truck, it was concluded that the upward damping 
str9ke dissipates 65% of the total energy in the cycle. There­
fore, the total damping force per cycle 

F = 1655/.65 Ib = 2546 Ib 

This is the quantity assumed in the earlier analysis (~quation 
(1) for the equivalent viscous damping) to be F = f(x,x). It is 
seen that in the case of this typical truck, the force F can be 
modeled as a constant in this analysis. 

The coefficient of viscous damping then becomes 

C = 2546 IT wt dt = 10184 
~ 0 cos TIwA 

This model holds good provided that the basic assumptions relating 
the linear and nonlinear motions are not violated. 

putting w = 2TIf, assuming f approximately equal to the 
frequency of excitation, the amplitude of damping oscillation 

A = 1/2 (suspension group travel length + static deflection 
on suspension group) 

= 1/2(3.6875 + 2.29) in ~ 3.0 in 
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So, C = 

C = 
This value of C is the equivalent viscous damping coefficient 

[lb-sec/in] for the typical truck damping system. 

C-2. Determina tionof Suspension Spring S'tiffn'e'ssesfor a 
Typical Truck 

The typical truck considered has three series of suspension 
springs classified by spring travels. The type with 3 11/16 in. 
travel is chosen to conform with the suspension type in the test 
truck of the 5000 Mile Box Car Vibration test. There are two 
suspension groups/truck and each group has the following 
stiffnesses: 

Spring Spring No. of Total Spring 
Desig.nation Rate (ll1>/in) Springs Rate (lb/in) 

Outer D5 2140 7 14980 

Inner D5 1070 3 3210 

Side Spring outer 984 2 1968 
4143-2 

Side Spring Inner 439 2 878 
4143-3 

Total suspension stiffness/group = 21036 

This suspension group stiffness is represented by two springs 
in the mathematical model, and hence each one has the stiffness 
of 10518 Ib/in. When the truck bolster bending stiffness is 
incorporated into these springs in the model, their stiffness 
value will be slightly lower. 

C-3. Bending Stiffness of a Typical Truck Bolster 

Before computing the bending stiffness of a typical 
truck bolster, the area moment of inertia of the bolster has to 
be estimated. Based on the mechanical drawing on the typical 
truck bolster on p. 831, CAR AND LOCOMOTIVE CYCLOPEDIA, 1966, it 
is assumed that sections I, II and III are uniform enough to have 
a constant area moment of inertia of its own (refer to Fig. C-2a). 

The area of moment of inertia about its own centroida1 axis 



is determined for each section and they are respectively 

IY_Y(I) = 501.57 in4 

IY-Y(II) = Bll.3 in4 

IY-Y(III) = 1431.3 in4 

III 

Assume the truck bolster is simple supported with a concen­
trated load in the center as shown, the area moments of inertia 
for each section is plotted in Figure C-2b and the corresponding 
shear and bending moment diagrams plotted in Figures C-2c and 
C-2d. 

Applying 
strain energy 
energy in the 

Castigliano's strain 
due to torsional and 
truck bolster, 

energy method, and neglecting 
axial loading, the total 

U = ! f~ M2 K L 0 2 
EI dx + 2 fo AG dx, 

and so the deflection at P becomes 

au fL M aM fL Q aQ 
6p = ap = 0 EI 3P dx + K 0 AG 3P dx 

To find the deflection at the mid-span of the typical 
truck bolster, the following table is constructed: 

Section I Section II Section III 

Load Type a Load a Load Load 
~p 

Load ap Load 

Bending ~(a-x) 1 2"(a-x) ¥(b-x) 1 2"(b-x) ~(c-x) 

Transverse P- I P- I P-
Shear 2 2" 2 '2 2 

Therefore, deflection 

6p = E~l f~(~(6.75 - Xl)!(6.75 - Xl))dxl 

+ 2 fo(b-a) (P-2 (2B. 75 - x 2)!.2 (2B. 75 - X2) )dx2 EI2 

2 f~C-b) (~(3B.75 1 - X3)) dX3 + EI3 - x3)'2(3B.75 

2K 
f~ ( p-) ( 1 2K f cib - a ) ( ~) ( 

1 
+ AIG 2 2) dx l + A~G '2)dx 2 

2K 
+ AsG 

J ~C-b) ( ~) ( 
1 2) dx s 

a Load . 
ap 

1 2"(c-x) 

I 
2" 
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FIG, C-2A' CROSS-SECTION OF A TYPICAL TRUCK BOLSTER 
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FIG, C-2B' AREA MOMENTS OF INERTIA 

+ 

FIG. C-2c, TRANSVERSE SHEAR 

FIG, C-2D' BENDING MOMENT DIAGRAM 
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Putting a = 6.75", b = 28.75", c = 38.75", AA = 37.3 in2 , 
A2 = 46.0 in2, A3 = 51.8 in2, II = 501.57 in , I~ = 811.3 in4, 
13 = 1431.3 in4 and assuming for steel E = 30xlO b psi, 
G = 12xl06 psi, K = .12 in the last eauation and after some 
evaluation, 

-6 /:, = .3395 x 10 p 
P 

Bending stiffness of the bolster 

K = yEp = 2,945,000 Ib/in. Bol. L.:> 

Bolster Bending Stiffness Added in Series with the Suspension 
Springs 

We have modelled the suspension group per truck as 4 springs 
each with stiffness 10518 Ib/in. Incorporating the bending effect 
of the bolster, the stiffness value for the suspension springs in 
the model becomes 

Kt k = 1/(1/2,945,000) + (1/4xl0518) = 41666.67 Ib/in. ruc 

and the stiffness for each spring, 

K = Ktruck/4 = 10420 Ib/in. 

With the bolster bending stiffness considered, the suspension 
spring stiffness is reduced by approximately 1%. Hence, based 
on this analysis, the bolster bending mode is not too significant 
for this particular truck type. 

C-4. Descriptive Data for a 70-Ton Box Car 

WEIGHTS AND INERTIAS SYMBOLS 

Total car weight on rail 223,050 Ib W 

Loaded car body weight 206,000 Ib WI * 
Bolster weight per truck 1,150 Ib W2 , W3 

Side frame axle and wheel set 7,300 Ib Wq , Ws 
weight per truck 

Freight element weight 150 Ib FM 1 g 

Car body rotational inertia 1,288,800 Ib in 2 I sec 
about longitudinal axis yl 

Car body rotational inertia 16,650,000 Ib in 2 
IXl sec 

about lateral axis 

Car body rotational inertia 16,416,000 Ib in 2 
IZI sec 

about vertical axis 

*W 1 = mlg, where g = 386.4 in/sec
2 



Truck bolster rotational 
about longitudinal axis 

Truck bolster rotational 
about lateral axis 

Truck bolster rotational 
about vertical axis 

Axle-side frame-wheel set 
rotational inertia about 
longitudinal axis 

Axle-side frame-wheel set 
rotational inertia about 
lateral axis 

Axle-side frame-wheel set 
rotational inertia about 
vertical axis 

DIMENSIONS 

Loaded car body center of 
gravity height above rail 

inertia 

inertia 

inertia 

Loaded car body center of 
gravity height above center 
plate 

Center plate radius 

Side bearing spacing from 
car centerline 

Spring group spacing from 
car centerline 

Side bearing clearance (static) 

Spring travel to solid 

Bolster gib clearance 

Truck center distance 

Axle centers in each truck 

Distance between rail surface 
variations 

Rail surface variation, max. 
vertical changes, rocking mode 
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12,000 Ib in 2 I I sec Y2' y3 

2,640 lb in 2 I I sec X2' X3 

12,000 Ib in 2 I I s,ec Z2' Z3 

19,200 Ib in 2 I I sec Y4' ys 

120,000 Ib in 2 I I sec X4' X5 

120,000 Ib in 2 I I sec Z4' zs 

98.5 in 

72.5 in 

7 in E 

25 in G1 

3,9 in H2 to Hs 

1/4 in GAP 

3.69 in TL 

0.375 in GIB 

39.5 ft D 

68 in Bl 

39 ft RL 

3/4 in S 



Height of center plate above 
bolster center of gravity 

Longitudinal distance between 
car body center of gravity 
and centerline of front bolster 

Longitudinal distance between 
bolster center of gravity and 
suspension spring 

Car body center of gravity 
above bolster center of gravity 
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4.5 in 

237 in 

6 in D2 to Ds 

74.4 in B 

STIFFNESSES AND DAMPING CHARACTERISTICS 

Suspension spring vertical 
stiffness 

Suspension spring lateral 
stiffness 

Center plate and side bearing 
stiffness 

Gib spring stiffness 

Bottoming spring stiffness 

Bolster and truck torsIonal 
spring stiffness 

Bolster and truck pitching 
spring stiffness 

Freight cushioning stiffness 

Freight cushion damping 
coefficient 

Track vertical stiffness 

Track lateral stiffness 

C-s. Track Input Equations 

10420lb/in KI3 to K2 0 

666,0001b/in KI, K2, 
K7, Ks 

666,000 lb/in KGIB 

666,000 lb/in KBOM 

6,730,425 lb/rad. KT24, KT3s 

4,200,000 lb/rad. KP24, KP3S 

200 lb/in KF 

18 lb sec/in CF 

105,000 lb/in K2I to K2S 

70,000 lb/in K21L to K2sL 

Two types of track profiles 'are currently being used for the 
computer simulations of rocking and bounce modes. 

For the rocking model a half-staggered I rectified sine wave 
is used as the track profile. The equations which describe the 
track inputs are (refer to Fig. C-3a) as follows: 

(a) For vertical track profiles: 



(a) For vertical track profiles: 116 

VI = Slsin (wt) I 
V2 = Slsin (wt - <PI) I 
V3 = Slsin (wt - (1)2) I 
Vr; = Slsin (wt - CP2 - cpdl 

Vs = Slsin (wt - cp 3 ) I 
V6 = Slsin (wt - cp r; ) I 
V7 = Slsin (wt - cp 5) I 
Va = slsin (wt - cps - cpdl 

where CPI = 7f/2, CP2 = 7f BI/RL, cps = 7fD/RL, cpr; = <Pl + cp S , 

<Ps = <P2 + <ps and, 

w = 7fVEL/RL, 

RL = rail length, 

BI = Distance between axle centers, 

S = Maximum rail surface variations, 

D = Truck center distance 

(b) The corresponding lateral rail profiles adopted pre­
sently are: 

RI S = V 5/2 

For the bounce mode, in order to decouple the responses some~ 
what, the two tracks are zero staggered, i.e. the rail joints on 
the opposite tracks are in phase, the following equations describe 
the track profiles: 

(a) For vertical track profiles (refer to Fig. C-3b): 
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FIG. C-3A. ROCKING MODE VERTICAL TRACK PROFILE - HALF-STAGGERED 

FIG. C-3B. BOUNCE MODE VERTICAL TRACK PROFILE - RAIL -IOPITS IN 
PHASE 

1/2 s 

T ------ ------~ ----- i ------- -----~ -- r 
2H 

1 _____ _ 
FIG. C-3c. LATERAL TRACK PR.OFILE 
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Vl = Slsin (wt) I 
V2 = Vl 

V3 = Slsin (wt - ~2)1 

V,+ = V3 

Vs = Slsin (wt - ~ 3) I 
V6 = Vs 

V7 = Slsin (wt - ~ 5) I 
Va = V7 

(b) The tracks are assumed to be parallel and no lateral 
variations. 
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