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1. INTRODUCTION

Interest in high-speed tube vehicle systems gives increased importance

to the aerodynamics of such vehicles. The restraint of the tube imposes a

different condition than for vehicles in an open environment. The presence

of the tube has two important effects: 1) it restricts the free passage of

air about the vehicle, and 2) it confines the disturbances which originate

at the vehicle from dissipating in three dimensions. Tube vehicle systems

can be classified in many ways. For aerodynamic purposes, the most impor­

tant parameters are the speed and blockage ratio of the vehicle, the tube

length, and the means of propulsion. The importance of speed and blockage

are obvious. If the tube is sufficiently long or the time of travel of the

vehicle is sufficiently short, then the vehicle behavior will not be

influenced by the tube ends. The type of propulsion system which is used

has an important influence on the system design and the system aerodynamics.

Vehicles drawn by a force from the tube wall are the type considered in

this study and will be called externally propelled. It is convenient to

consider the flowfield divided into two regions: 1) a far flowfield which

covers the whole length of the tube excluding the region of the vehicle,

and several tube diameters in front of and behind the vehicle; and 2) a

near flowfield which covers this excluded region. The advantage of this

division is that the far flowfield can be treated as a one-dimensional

unsteady flow and the near flowfield as a steady flow field in vehicle-

fixed coordinates and several space dimensions. For large Lid ratio vehicles,

it will be found that a quasi-one-dimensional approach is adequate for the

near flowfield.

The confinement of the tube walls has important effects upon the near

flowfield. If the flow sufficiently far ahead of and behind the vehicle is

considered, then the confining tube walls required that the mass flux (in

vehicle-fixed coordinates) both ahead of and behind the vehicle are equal. The

velocity or momentum flux relative to the vehicle must be the same, if the flow

is incompressible; or increased behind the body, if the flow is compressible.

A pressure drop across the vehicle is required to provide the drag force on

the vehicle. This situation is identical to steady pipe flow where the drag

of the walls causes the pressure to drop and, in the compressible case, the

flow to accelerate.

-1-



The flow will be accelerated through the narrow annular passages about

the vehicle with the result that it will reach Mach 1 for moderate flow

Mach number ahead of the vehicle. The Mach number ahead of the vehicle,

when choking in the annular passage occurs, is the maximum Mach number

possible in front of the vehicle. When the flow about the vehicle is

choked, then the flow conditions behind the vehicle can no longer influence

those in front of the vehicle. The vehicle drag is no longer directly re­

lated to the vehicle characteristics, but more closely associated with the

tube characteristics. In expanding from the sonic section, the flow may

either accelerate to supersonic velocities and be shocked back to subsonic

or diffuse smoothly to subsonic velocity. The process that actually occurs

depends upon the downstream conditions just as in a convergent-divergent

nozzle.

The near flowfield is coupled to the far flowfield. For the unchoked

case, a pressure drop related to the vehicle drag provides the matching

condition. For the choked case, matching of the relative Mach number is

required. The far flowfield, when coupled to the near flowfield, determines

the relative Mach number ahead of the vehicle for the unchoked case. For

the choked case, the far flowfield determines the pressure ahead of and

behind the vehicle, and the drag.

TI1e far flowfield is caused by the vehicle starting transient. This

transient causes pressure waves that propagate for long distances down the

tube. The tube confines these waves so they cannot dissipate in three

dimensions but are attenuated by heat transfer and friction with the tube

walls. The far flowfield is essentially unsteady, but two simplified

steady solutions (in correctly selected coordinate systems) can be obtained

in both the limit of short and long time after the initiation of the vehicle

motion. Soon after the vehicle has started, heat transfer and friction have

not had time to affect the far flowfield, and the waves have only traveled

a relatively short distance down the tube. The relatively weak waves

caused by a vehicle moving with subsonic velocity are essentially isen­

tropic. The flow across such waves can be described by one-dimensional

steady relations, if a coordinate system moving with the waves is adopted.

In the limit of very long times, the waves are completely dissipated by

-2-



,

friction and heat transfer, and the far flowfield becomes steady in a

vehicle-fixed coordinate system. The pressure gradients in the tube are

balanced by the friction on the tube walls. While these two steady so­

lutions are available for short and long times (References 4 and 5) the

intermediate time solutions are not steady in any coordinate system, and a

solution to a one-dimensional unsteady flow problem with friction and heat

transfer is required. These relations must be solved by numerical methods.

The purpose of this study is to provide such numerical solutions.

The far f10wfield is the mechanism which alleviates the need for all

the fluid to flow through the annulus about the body. The body may push fluid

ahead of it down the tube. If the body has low drag and blockage, then

little fluid is pushed down the tube, and the fluid flows about the ve-

hicle. If the flow is choked about the vehicle, a very severe limitation

is imposed upon the rate of flow past the vehicle and fluid must be pushed

ahead of it. There is no limit on maximum vehicle speed caused by the

choking phenomena. The fluid is pushed ahead of the vehicle, as required,

to cause any required Mach number relative to the vehicle.

The time required for the far flowfield to reach steady flow in a

vehicle coordinate system depends upon the blockage. Consider an externally

propelled vehicle which starts impulsively. A wave will be transmitted

down the tube ahead of the vehicle. The wave reduces the Mach number rel­

ative to the vehicle to any value between the vehicle Mach number (no

reduction) for a vehicle of zero drag and blockage, to zero relative

Mach number for a vehicle which completely blocks the tube. As the ve­

hicle progresses, the distance between the wave and vehicle increases, re­

sulting in a larger amount of air moving with respect to the tube. Friction

forces on this slug of moving air cause the pressure to increase from the

wave front to the vehicle, and heat is transferred to the tube wall. For

the case of a choked vehicle, the Mach number relative to the vehicle is

constant, and the friction and heat transfer weaken the wave; but the

pressure in front of the vehicle increases. This increased pressure causes

an increased mass flow about the vehicle. This process continues until the

mass flow about the vehicle reaches the amount of undisturbed flow swept out

by the vehicle. When this condition is reached, the wave has attenuated to

zero strength, and the amount of mass in the region affected by the far

-3-



flowfield is constant. The time or distance of vehicle travel before the

flowfield becomes essentially constant depends upon the ratio between vehicle

Mach number and relative fluid Mach number. If this ratio is near one, the

time is near zero; but, if the ratio approaches 00, corresponding to a vehicle

completely blocking the tube, the time approaches 00. For this reason, the

asymptotic long-time solution is not useful for fully blocking vehicles.

This process would be somewhat different, but essential features are similar

for a vehicle that did not choke the flow.

The actual tube vehicle problem involves a vehicle in a tube traveling

between two stations near the end of the tube with intermediate stops. The

presence of and location of the ends of the tube, the acceleration and

deceleration rate of the vehicle, and the location and duration of the

intermediate stops all have an influence on the aerodynamics of the flow

and the drag of the vehicle. If the vehicle starts at a station that is

near the closed end of the tube, the pressure behind the vehicle will fall

to a lower value than if the vehicle were not started near the closed end.

All the fluid to fill the space behind the vehicle will have to pass around

the vehicle because of the closed tube end behind. As the vehicle

approaches the closed end of a tube, all the fluid'must escape around

the vehicle. An open end will allow the fluid to escape from the tube

resulting in a different condition. As the vehicle runs down the tube a

f10wfield within the tube is generated. When the vehicle stops in a station,

this flowfield is not immediately dissipated. When the vehicle accelerates

from the station, flow conditions within the tube may not yet be ambient with

the result that the forces on the vehicle may be different from those present

if the conditions in the tube were ambient.

It is the purpose of this study to assess the magnitude and the importance

of these effects. This assessment will be accomplished by considering two

different vehicle configurations, one which results in choked flow at the

speeds considered and one which does not. Three tube-end configurations are

also considered, ends infinitely far from the vehicle in both directions, a

closed end not far behind the vehicle's starting point, and a closed end not

far ahead of the vehicle's stopping point. These cases should give an initial

assessment of the effect of closed tube ends on the conditions in the tube.

-4-



The tube vehicle flowfield prediction program has now reached the

state of development that it can be used to simulate actual tube vehicle

systems performance. For instance, a vehicle traveling from New York to

Washington with intermediate stops at Philadelphia and Baltimore could be

considered. In this way the importance of aerodynamic effects in a real

system could be evaluated. Once the relative importance of these basic

effects are understood, a full exploration of all possible parameters is

probably not justified because of the many possible variations. A better

use of the capability would be to evaluate configurations of use to per­

form a particular mission.

This same capability can be used in other applications than the tube

vehicle systems alone. The problem of a vehicle which normally operates in

the open passing through tunnels at high speed or entering a tunnel under

cities, stopping at a station, and then exiting from the other end of the

tunnel are other applications of importance. A tunnel in which the ve­

hicle proceeds at high speed through the entire tunnel will give somewhat

different results from a tunnel in which the vehicle decelerates and stops

in the middle of the tunnel. The most important aerodynamic effects are

probably the vehicle drag and the pressure pulses caused by the vehicle.

Tunnel contouring and f1airing can be used to minimize the adverse fea­

tures of these effects and minimize tunneling costs. Studies to date

(References I and 2), have shown that these problems are best studied by

a combination of approximate incompressible flow solutions and more exact

compressible solutions. The drag effects are reasonably well predicted by

the incompressible solution while compressible finite wave speed solutions

are needed to give a good picture of the pressure pulses.
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2. NEAR FLOWFIELD

The near flowfield describes the flow about the vehicle and extends

over that distance in front of and behind the body in which the two dimen­

sional nature or the change in cross sectional area of the flow must be taken

into account. In most cases it can be considered to be steady flow with

time varying boundary conditions. The flowfield is best considered in

vehicle fixed coordinates as shown in Figure 1. The flow, relative to the

vehicle, accelerates into the annular space between the vehicle and the

tube. This flow is essentially isentropic and involves an increase in

velocity and Mach number. The area ratio and relative Mach number ahead of

the vehicle are limited to values that give a Mach number in the annular

passage less than one. As the fluid flows throughout the annular passage,

friction with the vehicle and the tube wall and heat transfer with the tube

wall are all important effects. There can be no heat transfer with the

vehicle unless the vehicle contains an energy source or sink. An energy

source is quite possible for some configurations but will not be considered

in this analysis. The combined effect of this heat transfer and friction

is to increase the Mach number. A Mach number equal to one is the maximum

value that can be reached at the exit from the annular passage. The flow

then passes over the rear of the vehicle and eventually fills the entire

tube behind the vehicle. In the ideal situation this flow over the back of

the vehicle could be isentropic. This condition can be approached if a

vehicle with a long pointed tail is used. If a blunt based vehicle is used,

the flow will separate at the base. Under this condition the usual assump­

tion, at least for low sp"eed conditions, is that the base pressure is equal

to the static pressure in the annulus at the base. Lower base pressures

might be expected at higher vehicle Mach numbers.

If the flow through the annulus at the rear of the vehicle is at Mach

number one, then the flow may expand supersonically into the base area and

return to subsonic speeds through a variety of shock and mixing layer con­

figurations. Under these conditions it is the downstream pressure and not

the vehicle geometry that fixes the flow configuration. The base pressure

-7- Preceding page blank
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may be considerably reduced from the value at the annulus exit resulting in a

higher vehicle drag. When the flow through the annulus has reached Mach number

one at the exit, the choking condition, the relative Mach number in front of the

vehicle is also fixed but the drag can have any value above a fixed minimum. When

the flow in the annulus is subsonic, the vehicle drag is chiefly a function of the

vehicle shape and the relative Mach number in front of the vehicle can vary to fit

the required conditions. When the flow is sonic at the exit of the annulus, the

relative Mach number is fixed by the vehicle geometry but the vehicle drag can

adjust to accommodate the required conditions. The purpose of the near flowfield

calculation then is to predict the drag as a function of relative Mach number for

the unchoked conditions and the relative Mach number in front of the vehicle which

causes choking.

The flow configuration behind the vehicle that occurs when the flow in

the annulus is choked is a subject of some interest that will now be con­

sidered further. The important point to realize is that the pressure be­

hind the vehicle after the flow has once again filled the tube and become

uniform is set by downstream far flowfield and the local shock configuration

has the flexibility to adjust to give these conditions. The actual flow

configuration will depend very much on the trailing edge shape of the body

but it is not necessary to determine it. In Reference 3, the assumption

has been made that a normal shock exist along this tail of the body which

would seem to require a body with a long pointed tail, (Figure 2). Although

knowledge of shock wave boundary interactions shows that this is not a

possible flow configuration except for a shock at low Mach number, it is of

some use as a means of visualizing how a shock wave can adjust to match a

required dovmstream condition. The assumption probably does not affect the

accuracy of the solution for most conditions since the range of conditions

that can be accommodated by allowing the normal shock wave to adjust over

the available area ratios is quite large. However, there is no need to

define the flow configuration in the base region and to do so complicates

the prob lem.

2.1 EFFECT OF HEAT TRANSFER fu~D FLUID VELOCITY

While the drag coefficient of the vehicle is chiefly a function of the

-9-
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Figure 2. Supersonic Vehicle Base Flow Configurations
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relative Mach number, the temperature of the fluid in front of the vehicle

and the velocity of the fluid relative to the tube wall would both be ex­

pected to have some effect on the vehicle drag. It is shown in Appendix A

that, if the flow is steady in vehicle fixed coordinates, the stagnation

temperature of the fluid at which there is zero energy exchange with the

tube wall is the stagnation temperature of fluid at wall temperature and

velocity. If the vehicle is adiabatic, there is no energy transfer with

the vehicle in the coordinate system fixed with the vehicle and the fluid

flowing through the annular passage about the vehicle will approach the

temperature in equilibrium with the wall. The temperature of the fluid

ahead of the body will be higher than this equilibrium temperature if it

has been heated by isentropic compression waves or shock waves so cooling

will take place through the annular passage about the vehicle. The effect

of the cooling is to reduce the velocity and Mach number and thereby the

friction and drag.

If the fluid has a velocity with respect to the tube wall ahead of the

vehicle, there is also an effect on the friction in the annular passage.

In vehicle fixed coordinates, if the relative Mach number of the fluid with

respect to the vehicle is constant, the effect of a velocity of the fluid

with respect to the wall is to change the velocity of the tube wall with

respect to the vehicle. If the fluid ahead of the vehicle has a component

of velocity with respect to the tube in the direction of vehicle motion, as

may be expected in most cases, then, in vehicle fixed coordinates, the

velocity of the tube with respect to the vehicle is increased. The velocity

difference between the tube wall and the fluid in the annular passage is

decreased so that the friction on the tube wall is decreased resulting in

a decrease in vehicle drag and increase in the relative Mach number which will

cause choking.

2.2 MOMENTUM LOSS AND DRAG

The momentum loss by the fluid in flowing about the vehicle and the

drag of the vehicle are not precisely the same quantity. The difference is

the shear force on the tube wall along the annular passage about the vehi~

cleo In general the momentum loss by the fluid will be somewhat larger

than the drag of the body, but is possible to have the other situation

when the average velocity of the fluid in the annular passage is in the

same direction, with respect to the tube wall, as the direction of vehicle

-11-



travel. The friction on the tube wall has an influence on the drag of the

vehicle by affecting the pressure drop through the annular passage, but the

direct force on the tube wall contributes to the momentum loss of the fluid

but not to the drag of the vehicle. The momentum loss to the fluid is the

important quantity for determining the flowfield caused by the vehicle.

Once the flowfield has been established, the drag of the vehicle can be

determined directly from these flowfield parameters.

2.3 SOLUTIONS FOR THE NEAR FLOWFIELD

Calculations for the momentum loss and drag coefficients for vehicles

of several blockage ratios and lengths are shown in Figures 3 through 6.

These cases are all for conditions of zero fluid velocity and equilibrium

temperature. For all these cases, the momentum loss coefficient is

slightly larger than the drag coefficient. The character of the two curves

is similar. As the Mach number increases from zero, they are relatively

flat until the Mach number reaches an appreciable part of the choking Mach

number. At that point, the momentum loss or drag coefficient starts to

rise relatively rapidly and becomes vertical when it reaches the choking

~·1ach number. At the choking Mach number, the coefficients can have any

value above the minimum specified by these curves •. However, the drag

coefficient must always be less than the momentum loss coefficient by the

same amount as at the choking ~fuch number.

These curves show the sensitivity of these coefficients and the choking

Mach number to the value of the blockage ratio and friction. For high blockage

ratio vehicles, th~ flow chokes at a relatively low relative Mach number, and

the drag and momentum loss coefficients of the vehicle are quite high. Since

some of the fluid is pushed down the tube ahead of the vehicle, the relative

Mach number is not as high as the vehicle Mach number and the vehicle can

proceed at speeds higher than the choking Mach number. Because of the

reduced relative Mach number, the vehicle drag is not as high as the high

drag coefficients might at first indicate. The various cases present in

these figures are shown summarized in Table 1. The actual parameter that

enters the calculation is the quantity

2 C
f

L

(1 - d)
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Table 1

Conditions for Near F1owfie1d Solutions

Figure S A
L Cfd

3 0.5 1 50 0.005

0.1 10 0.0025

4 0.6 1 40 0.005

0.1 8 0.0025

5 0.7 1 30 0.005

0.1 6 0.0025

6 0.8 1 20 0.005

0.25 5 0.005

0.1 4 0.0025
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and the drag for any combination of friction coefficient and vehicle

length that gives this value of A is described by the curves presented in

Figures 3 through 6. Table I also contains typical values of friction

coefficient and vehicle length for which these values of A would be

appropriate.

Figure 7 shows the effect of changes in temperature and induced fluid

velocity on the momentum and drag loss coefficient. The range of the

variables are probably twice as large as expected with a vehicle of this

blockage ratio. For short vehicles, the effect is small, but it increases

with increased vehicle length. The variation in the momentum loss coef­

ficient and drag coefficient with changes in induced flow velocity and

temperature was not considered for the vehicle used in this study since

these effects are small and do not change the character of the results.

However, these effects can easily be included and should be considered for

longer vehicles where the effect would be of greater importance. The effect

of temperature change and induced fluid velocity of the change in choking

Mach number has not been investigated but might be expected to be of the same

order.

-14-



,

A = 1

18

16

u

14

12

10

8L..-_----

A = 0.1

6

4

CMT

2~===============::::::::::::::::::::~C;D~

0.300.250.200.15
M...

0.100.05

01..-...__---L ---I- ..J.... ..1.- ---I

o

Figure 3. Near Flow Field Drag and Momentum Loss Coefficients, B - 0.5

-15-



40

A = 1

35

30

25

20

u

15 ~__-

10

A = 0.1

5

OL.--__.....l- ----JL.- -'-- --I.__-----'

o 0.05 0.1

M
00

0.15 0.2 0.25

Figure 4. Near Flow Field Drag and Momentum Loss Coefficients, S = 0.6

-16-



u

80

70

60

50

40

30

20

,

A =

A :: 0.1

o
o 0.025 0.05 0.075

M
00

0.10 0.125 0.15

Figure 5. Near Flow Field Drag and Momentum Loss Coefficients, 8 0.7

-17-



,

200

180 A = 1

160

u

140

120

100

A = 0.25

A = 0.1

80

60

40 6 =====""""-

20

0.150.1250.100.0750.050.025

01--__---1 ---1.. --1- ...1- ..1.-__----1

o
M

00

Figure 6. Near Flow Field Drag and Momentum Loss Coefficients, e = 0.8

-18-



3.0 .­..... - 6

-
-~-__ }CMT---2.5 -- -_

r---__ JCD --- -----

A = 0.4­
READ
++

5

C

~-------__ fCMT(
2.0~--_----_:::''::JCD fl- 4

REA{)
++

A = 0.1

C

1.5 f-

1.0 .-

0.5 -

TIT = 1.0
co

-- TIT = 1.1
co

- 3

- 2

- 1

0.25

o ---.__--I-1 ....L1 ....J1L....- .L--'__--'

o 0 •05 O. 10 O. 15 0•20

Figure 7. Effect of Stagnation Temperature and Induced Velocity
on Near Flow Field Drag and Momentum Loss Coefficients.
M = 0.2 a = 0.5

co

-19-





3. FAR FLOWFIELD

The far flowfield is that part of the flowfield which lies sufficiently

far from the vehicle that it may be considered one dimensional. In the far

flowfield the unsteady effects must be taken into account, but by consider­

ing regions away from the immediate vicinity of the body, two dimensional or

area change effects may. be neglected. The solution required is for one space

dimensional unsteady flow including friction and heat transfer. This so­

lution involves the integration of a partial differential equation in x and

t and must be accomplished by numerical means. This integration can be per­

formed by different means but the method used here is the integration along

characteristic directions. An examination of the characteristic of the par­

tial differential equations shows that there are certain special character­

istic directions, those moving with the speed of sound with respect to the

fluid and at fluid velocity, and that the integration of the partial dif­

ferential equations can be reduced to the integration of total differential

equations along these characteristic directions. A difficulty with this

method is that the characteristic directions depend on the fluid properties

so that the solution involves an iterative procedure in which a first est­

imate of the characteristic directions are determined, the solution for the

fluid properties obtained, the characteristic direction redetermined, and

the process continued until it converges.

Friction and heat transfer effects can be readily incorporated in this

method without changing the form of the solution if it is assumed that the

friction and heat transfer are determined only by the local values of the

fluid properties themselves. This assumption is equivalent to assuming

that the friction and heat transfer are the same as they would be in a

steady flow with the same fluid properties and that the unsteady effects

have no influences on these properties. For slow enough changes, these

assumptions will be correct. A study of these unsteady effects was made in

Reference 8 in connection with the tube vehicle problem. Using these

results the conclusion is that the changes over most of the region of

interest for the tube vehicle aerodynamics are slow enough so that the

steady state assumption for determining the friction and heat transfer are

adequate.

Over most of the range of interest the flow in the far flowfield will

be turbulent. However, at the very low induced velocities which may exist

-21~
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very far from the vehicle the flow will be laminar. The relation for the

turbulent heat transfer coefficients give a finite Stanton number at zero

velocity which would give zero heat transfer. This is because the heat

conduction of the fluid is ignored and only the heat transferred by turbulent

eddies is considered. Since the correct solution to the flow behind the train

after a long enough time is that the temperature of the fluid be equal to the

temperature of the tube wall, it is necessary to include the effects of laminar

heat conduction to insure that this condition is actually achieved.

The thermal properties of the tube wall will have an effect on the heat

transfer process within the tube. A complete solution to this problem would

have to include an analysis of the heat transfer in the tube wall. However,

if the tube wall is a very good conductor and heat sink, then its temperature

will remain constant and if it is a very poor conductor and heat sink, the

amount of heat transferred to the tube wall can be neglected. In Reference 5

an order of magnitude analysis of the tube wall heat transfer conditions was

performed and the conclusion was reached that the tube wall would remain at

an essentially constant temperature. Therefore, it is not necessary to analyze

the tube wall heat transfer in detail and the fluid solution can be performed

using the condition of constant tube wall temperature. A more detailed

description of the method and equations used for the far flowfield solution

is contained in Appendix B.

3.1 FAR FLOWFIELD RESULTS

The results of the various far flowfield calculations which have been

performed are summarized in Table 2 and presented in Figures 8 through 33.

The far flowfield is sufficiently complex and depends on such a variety of

parameters that it is hard to present the results in a simple manner using

a reasonable number of figures. These results can be used for two different

purposes; first, to provide enough data so that a reasonable assessment can

be made of the aerodynamic characteristics of different configurations and

secondly to provide a better understanding of these characteristics to aid

in the design of tube vehicle aerodynamic experiments. The cases selected

for computation have been chosen to fit these two criterion and in addition

Cases 3 and 7 which were specifically selected in conjunction with MITRE

Corporation to provide comparisons between calculations to be performed by

MITRE and the present calculations.
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Cases 1 and 4 were selected in order. to assess the aerodynamic effects of

both a high and low blockage ratio vehicle starting and traveling through a tube

which is long enough so that there is no effect from the ends of the tube within

the region affected by the vehicle. The blockage ratios were selected so that

choking would not occur for the low blockage ratio vehicle and would occur for the

high blockage ratio vehicle. The results presented here for the choked and

unchoked flow configurations should be characteristic of these configurations,

but calculations of a greater number of cases would be needed to confirm this

expectation. The first and most obvious conclusion is that the high blockage

ratio vehicle causes a much larger far flowfield effect than the low blockage

ratio vehicle. As the blockage ratio and momentum loss coefficient of the

vehicle decrease, the far flowfield effects are decreased and for sufficiently

low blockage ratio the momentum loss coefficient and drag are too small to cause

a far flowfield. Previous results, Reference 4 and 5, had shown that two simple

solutions could be obtained to the far flowfield problem which were applicable

soon after the start of vehicle travel and after a long time of vehicle travel

at constant speed in a long tube. For high blockage ratio vehicles, the drag

force on the vehicle is considerably larger for the long time solution than for the

short time solution. One of the purposes of Cases 1 and 4 is to determine how

long a distance of vehicle travel and how long a tube is required to approach

these long time solutions. It is important to determine whether this is likely

to occur in tube lengths of practical interest since the flowfield will then

become steady and additional steady flow calculations will not have to be made

for longer two lengths, and to use the asymptotic long time solutions as check

cases against which to validate the numerical calculations. Both the short and

the long time solutions can be used to check the numerical calculations, but the

long time solutions are considered to provide a more rigorous criterion. The

equations used in the numerical solution are very similar to those used in

obtaining the short time solutions, namely, the one dimensional unsteady

inviscid wave equations. In the numerical solutions, the viscous terms are

also included but these are sufficiently small so that they will not have a

significant effect over short times and distances. The long time solutions are

dominated by the viscous terms. For the numerical solutions to approach these

long time solutions the integrated effects of the viscous terms must be correctly

included.
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Figures 8 and 9 show the position and velocity of the vehicle within

the tube as a function of time for all cases. The location of the ends of

the tube is also specified in Figure 8. Figure 10 shows the relative Mach

number and Figure 11 the drag coefficient, drag, and momentum loss

coefficient for Case 1 as the vehicle travels along the tube. The asymptotic

value for the momentum loss coefficient from the long time solutions is

also shown. For Case 1 the relative Mach number is always below the choking

value. Figures 12 through 14 show the velocity, entropy, and pressure both

directly ahead of and behind the vehicle. The significance of the velocity

and pressure is obvious, but the significance of the entropy is possibly

more obscure. The changes in entropy show the effects of the irreversible

friction and heat transfer processes. If these processes were not included

in the calculation, then the entropy would be constant. Friction alone

would only increase the entropy while heat transfer can have either effect.

Heat flow to the walls will cause a decrease in entropy while heat addition

to the fluid will cause an increase in entropy. Ahead of the vehicle the

entropy decreases because of the heat flow to the walls from the fluid

which has been heated by compression. The entropy increases in flowing

about the vehicle because of the friction and separation losses. The

entropy of the fluid which was originally behind the vehicle is increased

both because of the friction from the walls and heat addition to cool ex­

panded fluid. The fact that the entropy decreases in front of the vehicle

shows that the heat transfer effect is more important than the friction and

demonstrates the importance of including the heat transfer term. The

velocity and pressure shown in Figures 12 and 14 appear to be approaching

the asymptotic limits but have not yet reached them. The asymptotic long

time solution gives the rather surprising result that there is no dis­

turbance behind the vehicle. Another condition of the asymptotic solution

is that the flow is steady in vehicle fixed coordinates and the mass

flowing past the vehicle must be equal to the rate at which mass would be

swept out by the vehicle moving into the undisturbed fluid. This result

is shown in Figure 15. Initially, the mass flux past the vehicle, m, is con­

siderably less than that being swept out by the vehicle, m, but it increases
00

so that by 1000 seconds the two values are approaching each other.
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The velocity and pressure along the tube after the vehicle has tra­

veled for a time of 1000 seconds are shown in Figure 16 along with the

predictions of the asymptotic solutions. The condition for the asymp­

totic solutions to be valid is that the waves have propagated a sufficient

distance so that they have been attenuated by friction and heat transfer

and have become of negligible strength. The frictional compression in

front of the vehicle should not have a distinct front but be asymptotic

to the undisturbed conditions at infinity. Figure 16 shows that these

wave fronts have not yet dissipated completely and have not propagated

far enough ahead to establish the asymptotic solutions. Behind the vehicle,

the conditions are also considerably different. The disturbance introduced

by the passage of the train has not yet had time to attenuate to the asymp­

totic solution. The calculations have not been carried out to larger values

of time because of the time and cost of doing so and because the tube lengths

involved are considerably beyond those considered to be of practical interest.

The conclusion based on this comparison of the numerical and asymptotic

solutions is that the numerical solutions show a definite tendancy to

approach the values given by the asymptotic solutions. However, whether

they will reach precisely these values cannot be determined without carrying

out the calculations further. The agreement shown so far indicates a

reasonable assurance of the accuracy of the numerical calculations, but

not enough to give a precise evaluation of the error that may have been

introduced in the numerical integration process.

Figures 8 through 10, 15, and 17 through 22 shm'n similar results

for the large blockage ratio configuration. In this case, the magnitude

of the far f10wfield disturbance is much larger; the induced velocity in

front of the vehicle is greater than half the velocity of the vehicle

itself. The relative Mach number reaches the choking value during the

acceleration of the vehicle and is constant after that. Because of the

greater strength of the waves created by this vehicle, they do not attenuate

to as small a value as those caused by the lower blockage ratio vehicle and

conditions do not approach as near to those given by the asymptotic

solution in the time available. The velocity behind the vehicle has

actually somewhat overshot the asymptotic value and gone negative.

Without actually carrying out the calculations to much larger values of
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time it is impossible to predict that the velocity will return to zero.

However, considering the larger positive values of velocities that exist

further behind the lower blockage ratio vehicle shown in Figure 16 it is

not unreasonable that they will do so.

Case 2 and 5 are similar to 1 and 4 except that a closed end has been

placed behind the starting position of the vehicle at a distance of 2000

feet. The results for these cases are also shown in Figures 8 through 22.

This closed end causes a reduction in the velocity and pressure behind the

vehicle. Both the drag coefficient, the drag of the vehicle and momentum

loss coefficient are increased. However, the increase in drag is much

larger for the choked vehicle. Another obvious difference between the

choked and unchoked vehicle is that the closed tube end placed behind the

choked vehicle has no effect on the flow in front of the vehicle which is

exactly the same as it was for the previous case in which there was no

closed end behind the vehicle. The increase1 drag is caused by the lower

pressure behind the vehicle. For the unchoked vehicle, the changes in

conditions behind the vehicle cause corresponding changes in front of the

vehicle. Because the vehicle drag coefficient is only dependent on the

relative Mach number of the fluid in front of the vehtcle, the pressure

difference across the vehicle must remain approximately constant and the

reduced pressures behind the vehicle cause a corresponding reduction in the

pressure in front of the vehicle. This reduced pressure in front of the

vehicle does cause some increase in relative Mach number which causes some

increase in the drag coefficient but not nearly as much as for the choked

vehicle. The discontinuous nature of the conditions behind the vehicle

and at the tube end is caused by the waves generated by the initial

acceleration of the vehicle reflecting between the tube end and the vehicle.

These waves are attenuated by their reflections from the vehicle and by

friction and heat transfer. One might expect that as the vehicle travels

further from the closed tube end, the effect of this end would be reduced

and that the results for these cases would approach those of the previous

case and the long time asymptotic solutions. This does appear to be the case

but at the maximum time calculated the two solutions are different. These

calculations cover a distance of about 50 miles of vehicle travel and about

200 miles of wave travel in both directions from the initial vehicle

position if not reflected by a tube end.
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Case 6 is similar to Case 5 except that a closed end has been placed in the

tube at 232,000 feet from the vehicle starting point. The vehicle is decelerated

to stop 2000 feet from the end of the tube giving a vehicle travel of 230,000 feet

or 43.6 miles. The solution is identical to Case 5 up to 215 seconds when the

waves first reach the far end of the tube. However, these waves must be reflected

and travel back to the vehicle before there can be any change in conditions at the

vehicle. These first waves are relatively weak having been attenuated by their

travel through the tube and it is not until about 500 seconds when the vehicle has

traveled for 140,000 feet that conditions on the front of the vehicle begin to

change noticeably from the previous case. However, as the vehicle continues to

approach the end of the tube, the pressure between the vehicle and the end of the

tube rises rapidly as well as the vehicle drag coefficient, drag, and momentum

loss coefficient. The fluid which has been pushed ahead of the vehicle as it

traveled down the tube is now trapped between the vehicle and the tube end and

must escape around the vehicle. There is still a high pressure in front of the

vehicle even after it has cOme to a stop. The fluid in front of the vehicle is

now flowing towards the vehicle and around it to escape to the low pressure regions

behind the train. The pressure is still large enough even at the time the vehicle

has stopped so that the flow about the vehicle is still choked and the relative

Mach number is still at the critical value. While the calculation has not been

continued, this situation should not last more than 5 or 10 seconds since the

length of this high pressure region is only 2000 feet. For a high blockage vehicle

of this type, the high pressure cushion formed between the vehicle and the end of

the tube is an effective braking means which should prevent the vehicle from running

into the end of the tube but which could lead to very high decelerations.

Cases 3 and 7 are for shorter tube lengths and were calculated particularly

to provide check cases to be compared with similar cases being calculated by

MITRE. These two cases are for a high and low blockage ratio vehicle in a

50,000 foot tube which starts and stops 5000 feet from the ends of the tube.

The calculation already discussed for long tubes show that for a tube of this

length the viscous force never becomes dominant and the flowfield chiefly depends

on inviscid effects. The results are shown in Figures 23 through 33. For the
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low blockage ratio, Case 3, the flow never chokes and the pressure between

the end of the tube and the vehicle never becomes particularly high. By the

time the vehicle is brought to rest, the pressure difference across the vehicle

has become quite small. For the high blockage ratio, Case 7, the flow is

choked over much of the trajectory and remains choked up until the time at

which the vehicle has been brought to rest. In this case the pressure in

front of the vehicle becomes quite high as it approaches the far end of the

tube. Plots of velocity, entropy, and pressure are shown along the tube at

several values of time corresponding to the end of vehicle acceleration, near

the middle of vehicle travel, at the beginning of vehicle deceleration, and

at the time the vehicle has been brought to rest. These plots are shown in

Figures 28 through 33.

~n all cases, the vehicle drag has been shown for a vehicle in a 10 foot

diameter tube and an initial pressure of one atmosphere. These results can be

relatively easily applied to different tube diameters and initial pressures.

In addition to the drag, the quantity
D

2 A
00

is also shown. This quantity should be approximately the same for tubes of

different size or initial pressure and can be used to calculate these different

conditions.

Case 3 and Case 7 were selected in conjunction with the MITRE Corp. in

order to compare the two sets of calculations. These calculations are made

using the same basic equations and boundary conditions but integrating these

equations using a different method. The present method integrates the partial

differential equations along the characteristic directions. MITRE performs the

integration by the method of characteristics only in the region near the vehicle

and uses a fixed mesh integration in the region far from the vehicle. Both

methods of integrating these equations are accepted ones and should give correct

results.

A comparison of the near flow field for Case 3 has been made and MITRE's

results are in agreement with those presented in Figure 3. The near flow field

results for Case 7 have not been compared in detail but Figure 23 shows a higher

choking Mach number for the MITRE result. The inclusion of the relative motion

between the vehicle and the wall in the MITRE solution would be expected to cause

an increased choking Mach number, although this has not been verified in detail.
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Comparisons of far flow field results are shown in Figures 23 through 27

between the present c~lculations and those obtained by MITRE for Cases 3 and 7,

References 10 and 11. The results near the end of the run differ because the

MITRE vehicle does not decelerate to a stop before the end of the tube. The

results for Case 3 are in fairly good agreement. For the unchoked conditions the

current data shows small scale variations with time not evident in the MITRE

results. The MITRE solution might show similar results if a smaller mesh spacing

were used. The results for choked conditions (Case 7) show a greater difference.

The differences occur after choking conditions have been reached and continue to

increase with time of vehicle travel.

For choked flow, Case 7, small discontinuities which occur in the MITRE

solutions at the choking point would not be expected in the actual flow and can

probably be disregarded in the comparison. MITRE's results show a lower induced

velocity ahead of the vehicle which is consistent with the higher choking Mach

number; however, they show a higher drag and pressure in front of the vehicle

which is inconsistent with the higher choking Mach number. Consistent with the

higher pressure and lower induced velocity, MITRE's results also give a higher

temperature and entropy in front of the vehicle. A comparison of entropy provides

an insight into the viscous effects predicted by the two methods since, if the

flow were inviscid, the entropy change would be zero everywhere. The MITRE

results show a small increase in entropy in front of the vehicle while present

results show a decrease. The effect of heat transfer to the wall dominates the

friction effect resulting in the decrease in entropy. The increase in temperature

is smaller than would occur in the isentropic case. This result is thought to be

correct since it is consistent with the asymptotic solutions.

These differences are demonstrated by comparing properties in front of the

vehicle after the vehicle has traveled for 136 seconds at which time the vehicle

in the present study begins to decelerate.

T - T
00

S - S
00

D
P A

00

lbs/ft
2
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MITRE Result

4245

210

+ 0.004

1.985

Present Study

3363

38

- 0.0486

1.792



The main differences are in the temperature and entropy with smaller differences

in the pressure and drag. From the results at 136 seconds it is difficult to

assess the magnitude of these differences at long vehicle travel times (e.g.

1000 seconds). The differences in temperature show that the heat transfer to

the wall in the present calculation is considerably larger than in the MITRE

calculation. The pressure and drag in the MITRE calculation are higher than

the present calcuation which correspond to the higher temperature and entropy

but is opposite to what would be expected from the higher critical Mach number.

In summary, the initial effects are primarily inviscid. Although there is

a slight variation in critical Mach number for the choked condition, the

comparisons show good agreement after a short time of travel for both choked

and vnchoked flow. As the time of travel increases viscous effects become more

dominant particularly for the choked flow case. The differences in viscous

effects are more pronounced for temperature and entropy than for pressure and

drag.
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4. CONCLUSIONS

The conclusions resulting from the study can be summarized as follows:

1. If the flow about a vehicle is choked, changes behind the vehicle do not

influence conditions in front of the vehicle and a qualitatively different

flow field from the unchoked condition is created.

2. The locations of the ends of the tube have a pronounced influence on the

flow field conditions within the tube. This effect is most pronounced for

high blockage vehicles which cause a strong far flow field.

3. When the vehicle is approaching a closed tube end located in front of the

vehicle the flow field effects are more pronounced than when it is leaving

a closed tube end located behind the vehicle.

4. The distance of vehicle travel required to reach the steady state asymptotic

conditions are in excess of 2(104) tube diameters (45 miles in a 10 foot

diameter tube) for the cases calculated. Since the flow mechanisms and the

relative importance of the viscous and inviscid terms is continuously

changing as the vehicle travels along the tube, calculations and experiments

in short tubes are not adequate to determine flow conditions in long tubes.

5. The analytic, long time, asymptotic flow solutions (References 4 and 5)

provides an upper limit of the drag for the cases calculated. The actual

vehicle drag has approached to within 10% of this value for a distance of

vehicle travel of 10.7 miles for the low blockage vehicle of Case 1 and for

a distance of vehicle travel of 43.5 miles for the higher blockage vehicle of

Case 4. The relative Mach numbers and drag coefficients approach their

asymptotic values more quickly but the pressure and vehicle drag lags behind.

6. The time and distance of vehicle travel required to approach the steady

asymptotic values increases with vehicle blockage ratio. This result was

predicted in Reference 4 and 5 and is born out by two cases presented in

this calculation.

7. The viscous effects become increasingly more important as the distance of

vehicle travel increases and do not reach their full magnitude until the

conditions approach their asymptotic values.

8. Comparisons of results from the present study and a similar study of MITRE

(References 10 and 11) show good agreement for unchoked flow about the vehicle

(Case 3). However, for choked flow about the model (Case 7) differences occur
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which increase with distance of vehicle travel. These differences appear to

be caused by variations in the critical Mach n~ber and the magnitude of the

viscous effects predicted by the two methods.
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APPENDIX A

NEAR FLOWFIELD

1. FRICTION FLOW IN PASSAGE WITH MOVING WALL

The steady flow of fluid through a passage with heat transfer and

friction is a classic problem in gas dynamics. If friction alone is acting,

the conditions in the fluid follow the Fanno line and if heat addition alone

is acting, the conditions follow a Rayleigh line. In the problem of a ve­

hicle moving through a tube, the situation is complicated by having the

surfaces of the vehicle moving with respect to the tube, so that we must

consider at least one of these walls to be nonstationary in whatever coor­

dinate system is chosen in which to formulate the problem. Since the tube

is very long with respect to the vehicle, it is reasonable to expect at

least a quasi-steady flow in the vicinity of the vehicle in a coordinate

system fixed with the vehicle if the vehicle's motion is reasonably steady.

It has also been shown (Reference 5) that the motion everywhere in the tube

is steady in a vehicle fixed coordinate system if the tube is very long and

the vehicle has been traveling for a long time at constant velocity. There­

fore, the problem of the steady flow of a fluid in an annulus in which one

wall is stationary and one moving with respect to the coordinate system is

one which is important to the flow about a tube vehicle.

If the compressible flow equations are written in a coordinated system

fixed with the vehicle, the results are as follows:

Continuity

Momentum
dA dA

dn 1 Ww 1 vw dv a
.=:.. + T - -- + T - -- + pv - =
dx ww A dx vw A dx dx

A-I

A-2

Energy

State

(
2)v

dT d 2
C - + --. pv

p dx dx ( T U + q )ww s w

p = pRT
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A and A are the tube and vehicle wall surface area and A is the flow
ww vw

cross sectional area. The assumption will be made that there is no heat

transfer to the vehicle, q = 0, since, for steady flow conditions, the vehicle
v .

cannot act as a heat source or sink. This condition would have to be modi-

fied for a vehicle that dissipated power directly as heat. The friction

force on the vehicle does not enter the energy equation A-3, since this

friction force is acting on a surface that is stationary with respect to the

coordinate system and therefore does no work. The friction force and heat

transfer can both be expressed in coefficient form by the relations

1
ululcf

T = '2 P A-5ww

1
v/vlcf

T = '2 P A-6vw

qw = pi ul C (T - T ) C
H A-7p w aw

where
2

T T
u= +"2C A-8aw

p

The heat transfer coefficient is related to the friction coefficient by

Reynold's analogy.

1 dAvw---=
A dx

For circular vehicle and tube the relations for A and A are
ww vw

1 dAww 4
A~ = -d-:-(1-'----S-:-)

± Sl/2
d (1 - S)
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The energy Equation(A-3) can now be written in the form

[pululus - £ u
2

lui + plulc (T - T)]2 p w A-l2

By introducing

T T V
2

A-13= +IC0
P

and

2
u A-l4T T s

= +2"Cow w p

the energy equation can be written in the form

A-lS

A simple solution to this equation is T • T which is a constant. This
o ow

solution is the correct one if the initial conditions in front of the ve-

hicle are such that the stagnation temperature of the air is the value it

would have if it were at wall temperature and moving at wall velocity.

Far from the vehicle where the fluid is undisturbed by the vehicle,

the temperature of the fluid in the tube is equal to the temperature

of the tube wall and the condition given by Equation A-lS is satisfied

so that there is no net energy transfer with the tube wall. The con­

dition is not that the heat transfer with the wall is zero, but that

the heat transfer with the wall is enough to balance the energy trans­

fer caused by the frictional shear force acting on the moving tube

wall. The tube wall will be warmed by this heat transfer but, for values

of gas densities equal to one atmosphere or less and reasonable esti­

mates of tube wall heat capacities, there would not be an appreciable
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change in wall temperature. If the steady flow solution holds from far

ahead of the body to the vicinity of the body, then the stagnation tem­

perature of the gas in the vehicle fixed coordinate system would be a con­

stant. For the isentropic expansion of the flow into the annular passage

about the vehicle, the stagnation temperature would remain constant, and

for the flow through the annulus with friction and heat transfer the stag­

nation temperature would continue to be constant, if there is no energy

exchange with the vehicle. Since the vehicle is stationary in this coor­

dinate system, the drag force of the vehicle is not an energy input to the

flow. For this condition, the entire flow within the tube follows the con­

stant stagnation temperature Fanno line conditions. The assumption of con­

stant stagnation temperature about the vehicle, which one might have assu'f,ed l.y

neglecting energy transfer with the walls, is indeed justified if this

energy transfer is considered.

The long time steady flow condition in front of the body need not hold

for all conditions. Soon after the initiation of motion, the conditions in

front of the vehicle would be expected to be isentropic and continue to be

so until the waves generated by the vehicle have penetrated a long way down

the tube and friction and heat transfer with the walls have become important.

Unsteady isentropic waves that are moving with respect to the coordinate

system will cause a change in stagnation temperature. Equation A-IS shows

that if the stagnation temperature in the flow is different than its un­

disturbed value, then there will be a net energy transfer with the tube wall

and the stagnation temperature through the annular passage will not be

constant.

The steady flow of a fluid in a tube or annulus with one wall in motion

and friction and heat transfer has several interesting features. While all

of these features are not of direct practical importance to the tube vehicle

problem, it is of interest to consider them briefly. With a moving wall,

the friction force may act either in the direction of flow or against the

direction of flow. Under these conditions there are two families of con­

stant stagnation temperature flows. The usual one in which the friction

force is against the direction of motion occurs in the annulus about the

vehicle and causes the flow to accelerate. The solution which is of interest

in the flow ahead of the vehicle is the one for which the friction force is
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in the direction of the flow velocity and the fluid decelerates. Far ahead

of the vehicle the fluid is at rest with respect to the tube. This at rest

condition is unstable in the sense that a small perturbation will grow as

one moves along the tube. If the flow velocity is slowed down slightly with

respect to the tube, then the fluid velocity will continue to decrease in a

downstream direction. If the fluid velocity is increased with respect to

the tube, then the sign of the friction term will be reversed and the fluid

will continue to accelerate in the downstream direction.

2. VEHICLE DRAG AND MOMENTUM LOSS

If the flow about the vehicle is adiabatic, then the stagnation en­

thalpy or temperature of the flow is a constant in vehicle fixed coordi­

nates and the solution to the energy equation is quite simple. The only

complications exist in the momentum equation. The fluid exerts a drag force

on the vehicle which is balanced by a thrust which is applied to the vehicle.

The fluid incurs a momentum loss in flowing about the vehicle which is

caused by the drag exerted on the vehicle and on the tube wall. The friction

force on the tube wall affects the vehicle drag by causing an increase in

the pressure drop along the annular passage. This increased pressure drop

causes a lower pressure on the base of the vehicle and consequently an in­

crease in the drag of the vehicle. The direct friction force on the tube

wall does not affect the vehicle drag except as it acts through the pressure

effect. The momentum loss of the fluid in flowing around the vehicle is

affected by both the force that the vehicle exerts on the fluid, its drag,

and the force that the wall exerts on the fluid. The momentum loss of the

fluid and the drag on the vehicle differ by the amount of the friction

force on the tube wall. This tube wall friction force is different than

would occur in the same length of tube without the presence of the vehicle,

since the fluid velocities in the annular passage about the vehicle are

different than in the tube without the vehicle. For the calculation of

fluid dynamic properties in the tube, the total momentum loss which occurs

as the fluid flows around the vehicle is important. The drag on the ve­

hicle is also important since it must be balanced by a thrust.

3. NOSE AND TAIL LOSSES

Any loss in stagnation pressure taking place either about the nose or
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the tail of the body would increase the'momentum loss and vehicle drag. In

this study no nose loss has been assumed and the tail loss has been calcu­

lated by assuming the base pressure to be equal to the pressure in the

annular passage at the base of the vehicle which is appropriate for a

blunt base vehicle.

The possibility of a loss at the nose of the body has been considered

in several of the experimental studies of near flowfield tube vehicle aero­

dynamics. In the studies performed by Gouse et al at MIT and Carnegie­

Mellon Institute (Reference 9), the presence of a loss in stagnation

pressure at the nose was not measured or considered. In the later work at

GASL, (Reference 6), a nose loss coefficient was interpreted from the

measured pressure distributions. This same approach was used in the ex­

periments run at JPL (Reference 7). In the JPL results, the nose loss was

sometimes found to be a gain. Under this condition it was not considered

to represent a change in stagnation pressure but a departure from the one

dimensional flow assumption that was used in reducing the data. However,

experience with orifices has shown that with a small amount of rounding of

the inlet, separation can be avoided and an essentially loss free entrance

accomplished. The available experimental data for tube vehicles does not

appear to justify a change in this result especial1y,since there does not

seem to be any plausible reason for such a change.

A base pressure equal to the pressure in the annulus at the base of the

vehicle seems to have been the assumption used in reducing all of the ex­

perimental studies referenced. The experimental studies, however, do not

appear to be good enough to confirm the validity of this assumption. This

assumption is the one which is classically used in low speed incompressible

flow and is used in deriving the Borda-Carnot loss for a sudden expansion.

This same condition appears to be valid for all subsonic annulus exit speeds.

When sonic velocity is reached at the exit of the annulus, the flow can

expand supersonically into the base region resulting in a reduced base

pressure. This is the mechanism that can lead to the increase in drag

coefficient that takes place for the choked flow condition. As has been

discussed elsewhere, the base flow is then determined by the conditions set

by the far flowfield and cannot be determined by near flowfield

considerations.
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SOLUTION OF THE NEAR FLOWFIELD

The solution of the near f10wfie1d is accomplished by first calcu­

lating the conditions at the entrance to the annulus by an isentropic ex­

pansion from the cross sectional area of the tube to the area of the an­

nulus. The flow equations with friction and heat transfer are then inte­

grated through the annulus to the base. If the Mach number at the base has

not yet reached one, the momentum loss coefficient and drag coefficient can

then be calculated. These coefficients are calculated by taking the dif­

ference of the momentum flux at the base of the body from that at the nose

of the vehicle for the momentum loss and subtracting the friction on the

tube wall from the momentum loss to obtain the drag. Increased relative

Mach number, increased blockage ratio, or increased friction along the

annulus will cause an increase in exit Mach number. The choking Mach num­

ber is obtained by finding the value of relative Mach number for which Mach

number one occurs at the exit. Calculations should not be made for higher

values of relative Mach number since Mach number equal to one will be

reached before the base of the vehicle and the integration of the equations

cannot be continued beyond this point.

If the flow quantities are nondimensiona1ized by the ambient conditions

in the tube, equations A-1 through A-1S can be combined to give

Y!.. iE!:
p* dv*

A-16

1 dv*
v* F= T* 1 1

v*2 M2 -
00

-67-

A-17



where
u

v*
v

u*
u

M
s

p* L= =
u

,
u 00

JYRT Poos s w

The conditions at the entrance to the annulus can now be found for any par­

ticular set of conditions just ahead of the vehicle by the isentropic flow

relations between these two points. These conditions are then used as the

initial conditions from which to integrate equations A-16 and A-17. The

momentum loss coefficient can then be calculated by the relation

c =. MT

Pe 2
[(1 + y M )(1 - s) + s]

P1 e

The frictional effects are all contained in the parameter

so that a family of vehicles of different length and friction coefficient all

have the same value of A and the properties of all these vehicles can be

obtained from this one calculation.
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APPENDIX B

FAR FLOWFIELD SOLUTION

1. FLGtV"FIELD EQUATIONS

The equations that describe the far flowfield are those of one di­

mensional unsteady compressible flow. The equations can be written as

follows:

Continuity

Momentum

Energy

State

2£. + u 1.£. - C2 (2£. + u 2£.) = (y - 1) p (q + uF)at ax at ax

p = pRT

B-1

B-2

B-3

B-4

Friction F = ulul B-S

Heat Transfer
4C

H
q =-d Cp IuI (T - T )w aw

B-6

These equations have the property that, along special directions in the

x, t plane called characteristic direction, they can be written in the form of

total differential equations and integrations of these total differential

equations carried out along these directions. There are three character­

istic directions.
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The first two directions
are given by:

And the third direction by:

dx
dt = u ± c

dx-= u
dt

B-7

B-8

The first two directions are those taken by disturbances that travel

with the speed of sound to either left or right. The third characteristic

direction is that of a particle path. Pressure waves follow the character­

istics which move with the speed of sound while entropy effects follow the

particle paths. The equations that determine the changes in fluid pro­

perties along these characteristic directions are as follows:

du = + 2
y - 1

B-9

along the first two characteristics and

uF + q (dt)
T path

B-lO

along the third characteristic.

These equations can be solved by calculating the direction of the

characteristics and the changes that take place along the characteristics.

Since the direction of the characteristics depend upon the fluid flow

conditions and the changes along the characteristics depend upon the lo­

cations of the characteristic mesh points, these solutions are mutually

dependent and must be carried out in an iterative fashion.

In the present analysis the assumption is made that the local heat

transfer and skin friction depend only on the mean flow properties in the

tube and that they are independent of the time rate of change of these

properties.
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This assumption appears to be justified for the rate of change of pro­

perties experienced in this problem. However, there is really not yet

enough data on the effects of unsteady flow on heat transfer and friction

to properly assess this assumption. The friction coefficient is determined

by first calculating the Reynolds number and then determining the skin

friction coefficient by the relation

for a laminar flow condition and

Red < 2500 B-ll

Red> 2500 B-12

for a turbulent flow condition. The friction coefficient as a function of

Red is shown in Figure B-1. The heat transfer coefficient is then

determined by Reynold's analogy which gives

C
fC =­

H 2
B-13

While the amount of friction and heat transfer, which takes place when flow is

laminar is small, the laminar flow relations are important to a proper solution

of the problem. Since the actual heat transfer rate is given by equation B-6,

the heat transfer will go to zero as the velocity goes to zero unless the

laminar flow heat transfer relation is used which gives an infinite heat

transfer coefficient at zero flow velocity. This condition insures that

the fluid will eventually ~eturn to the temperature of the tube wall which

it obviously must in the real problem.

2. SOLUTION FOR CONDITIONS ABOUT THE VEHICLE

An appropriate set of boundary conditions must be placed on the far

f10wfie1d which are compatible with the near flowfield solution for flow

about the vehicle. For purposes of the far flowfield solution the
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only input needed from the near flowfield solution is the momentum loss as

a function of the relative Mach number (and other appropriate flowfield

conditions) and the choking Mach number. An analytical relation is fitted

to the momentum loss coefficient Mach number curve to describe this infor­

mation to the far flowfield solution. The solution to the fluid properties

about the vehicle must then be obtained in two ways depending on whether the

relative Mach number is at or below the critical value. First consider the

case for which the relative Mach number is below the choking value. Since

the flow is considered to be steady about the body, the equations for the

fluid properties are as follows:

Continuity

Energy

P2
(u2 - us)

PI
- u )-2 = -2 (ul s

a
2

al

2
(u

2
2 2

(u - u )2a
2 - u ) a

ls + 1 s+ =Y - 1 2 Y - 1 2

B-14

B-15

Momentum 2
- u )

s

YP2
- - (u

2 2
a2

2 D
- u) =-

s A B-16

The point at the front of the vehicle must also lie on a left running far

flowfield characteristic and that at the back of the vehicle on a right

running characteristic (Figure B-2). The relations along these character­

istics are given by equations B-9. This set of equations together with the

relation between drag and Mach number obtained from the near flowfield

solution forms a complete set for determining the properties about the

vehicle. The equations do not allow an explicit solution. An iterative

method has been adopted for their solution. A value of the relative Mach

number in front of the vehicle is assumed based on the relative Mach number

at the last point calculated. The conditions in front of the body are then

determined using equation B-9 along the left running characteristic from a
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known point (3) and equation B-lO along the particle path. Knowing the

conditions in front of the vehicle, the conditions behind the vehicle can

then be determined using equation B-14 through B-16. The momentum loss

coefficient is determined from the relation derived from the near flowfield

if the Mach number is less than the critical value. The conditions behind

the vehicle are then checked for compatability with the previously deter­

mined conditions behind the body point (4) using relation B-9 along a right

running characteristic. If this condition is not compatible, a new value

of Mach number is selected and iteration continued until agreement is

reached. This process is valid as long as the relative Mach number in front

of the vehicle is less than the choking value. In the iterative process of

determining the relative Mach number in front of the vehicle, the Mach

number should never be set equal to a value larger than the choking Mach

number. Hhen the relative Mach number is equal to the choking value, any

value of the momentum loss coefficient greater than the minimum value at

the choking Mach number is acceptable. The Mach number is kept at the

choking value and a value of the momentum loss coefficient larger than the

minimum value at the choking Mach number is selected. Conditions behind

the vehicle are then calculated as before and checked for compatibility.

The value of the momentum loss coefficient is iterated until a compatible

result is obtained.

3. METHOD OF SOLUTION

The method by which the solution is accomplished is designed to pro­

vide the flexibility required to handle a wide range of tube train problems.

The method is designed to allow a close mesh spacing of points in the

regions where there are rapid changes in flow conditions and a broader

spacing in the regions in which conditions are changing only slowly and

such close spacing is not required. The advantage of this variable spacing

is that it allows a more accurate answer to be obtained with a given

expenditure of funds for computing. The method also allows a run to be

terminated after a specified duration of vehicle travel and the results

examined. The run can then be continued if so desired. This capability

allows the runs to be made in short sections so that the results can be

examined during the run and large amounts of computing time are not wasted

on abortive runs. It also allows different conditions to be used to
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complete the same initial run with the result that the effects of different

end conditions can be determined based on the same initial results without

recomputing. For example, a vehicle can be started and accelerated up to

cruising speed and travel a specified distance down the tube in one run.

During this period the disturbance generated by the vehicle will reach a

limited distance down the tube. This run can then be continued in several

different ways. A tube end may be located at any position beyond the limit

of the initial region of influence, and the vehicle may be continued at

cruise velocity for any specified distance before being decelerated.

Figure B-3 further illustrates this means of making calculations.

The starting point for all tube vehicle calculations is the vehicle at

rest in the tube. For the initial run of the vehicle, the fluid throughout

the tube should be at rest and at uniform ambient conditions. The vehicle

is then started and follows some velocity trajectory. In this calculation,

it was chosen to specify the velocity instead of the propulsive force or

power since this method gives a simpler calculation and it appeared easier

to specify rational velocity trajectories beforehand. Other means of

specifying the vehicle trajectory could be used if and when these became

desirable. The region in which the fluid in the tube can be influenced by

the motion of the vehicle lies between the up and downstream characteristics

which originate from the vehicle at the start of the vehicle motion

(Figure B-3). For ambient tube conditions, conditions along these charac­

teristics are specified as ambient and the spacing of points along these

characteristics is specified. A maximum time of vehicle travel is speci­

fied. The computer program now calculates the fluid and vehicle conditions

between the two initial characteristics up to the maximum time specified.

This result can be printed in digital form, plotted, and also is recorded

on tape. During the initial acceleration phase of the vehicle travel,

relatively strong disturbances are developed which are transmitted out

along the characteristics. A relatively close mesh spacing is needed in

this region to accurately predict the fluid disturbances. If a constant

cruise speed follows this region of acceleration, the new disturbances

caused are much weaker and a coarser mesh may be used without loss in

accuracy. A computer run can be made up to some maximum time using an

appropriately selected mesh spacing. This run is ,then terminated and the

results examined. This run can then be continued in any of several ways.
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Tube ends can be located at any point outside of the region which has been

influenced. For instance, tube ends can be located at the boundaries of the

region of influence. The calculation can then be restarted and continued

without supplying any additional information on fluid conditions in the

tube. The vehicle velocity history should be specified up to the maximum

time for which the calculation is desired. Another possible way to con­

tinue the calculation would be not to specify any tube ends but continue

the data out along the initial characteristics to some new maximum time.

The calculation would then be for the case in which the ends of the tube

are beyond the region influenced at the new maximum time. In the next step

the calculation can be carried on even further, again with the option of

locating ends within the new expanded region of influence or not as de­

sirable. Another possible option is to continue a run using different

vehicle velocity histories. In this way it is possible to examine the

changes caused by tube ends and different velocity histories without making

entirely new runs.
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APPENDIX C

EFFECT OF HEAT TRANSFER

The importance of including the heat transfer term is probably intui­

tively less obvious than the effect of the friction term. The friction term

enters in both the momentum and the energy equations while the heat transfer

term enters only in the energy equation. Judging from the fact that the

entropy is negative in front of the vehicle, the heat transfer effect

would appear to be the more important one. For a choked vehicle it can be

shown that the pressure in front of the body for the asymptotic long time

solution depends on the entropy. Using the relation for entropy

T p
s - s = C In - - R In -

~ v Too Poo

The continuity equation

C-I

pV C-2

and the equation of state, the pressure in front of the vehicle for which the

flow is choked can be expressed directly in terms of the entropy and the

ratio of the vehicle to choking Mach numbers. The result is

s -R SOO ]y-l _
y + 1 C-3

If heat transfer with the wall did not take place, the entropy in front of

the body has to be larger than the initial value in the tube. There appears

to be no simple way for estimating how much larger, but the initial value

is certainly a minimum. Therefore, a minimum value of the long time asymp­

totic pressure for the Case 4 without heat transfer would be

-79-



while the value with heat transfer is

L = 2.55
p

00

This increase in pressure by 15% or more should cause a corresponding in­

crease in drag.

The heat transfer is also important for predicting the long time con­

ditions behind the vehicle. Heat transfer is essential if the final tem­

perature and pressure in the tube are to return to the initial values.

The relative magnitude of the heat transfer and friction effects in

the energy equation can be easily compared. The energy supplied to the

flow by the friction effect is tU and that by heat transfer is q. The
s

ratio of these two effects can be compared using Reynold's analogy.

C (T - T)
-SL.. = p aw
tU u us s

For a vehicle velocity of 293 ft./second, and an induced velocity of

100 ft./second, the effect of heat transfer exceeds the friction for a

temperature difference of

T - Taw
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