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1. a Sill!l'1ARY

The work described here was performed as part of the Track-Train Dynamics program by the Analytical

Nechanics group, llartin j'larietta Corporation, Denver Division.

The objective of this study was to develop and verify a methodology for describing a mathematical

model of an SO-ton open hopper railcar system suitable for characterizing its dynamic properties.

The objective was divided into three parts:

1) Hodeling and verification of the car body.

2) ifodeling and verification of the truck.

3) Verification of the carbody/truck system model.

State-of-the art, finite-element modeling techniques were used to model the car body and vibration

testing was conducted to obtain data to verify that model. Both an unloaded (empty) and a loaded (with

coal) hopper body were subjected to analysis and test. The unloaded configuration analysis predicted

consistently higher frequencies than observed in tests. This discrepancy was attributed to the manner

in which the car was built as compared to the drawings that were used as a basis for the finite

element model. Two significant factors were noted: 1) Lack of planarity of the side walls (the bow

in the middle amounted to 2 inches), and 2) Lack of continuous welds connecting the sill beam to

the car (a continuous weld was assumed in the analysis). In spite of the frequency discrepancy,

analytical mode shapes agreed well with test. Therefore, test frequencies were used along with

analytical mode shapes to represent the verified unloaded car body model in subsequent car body/truck

system analyses.

Analytical stiffness of the loaded car body was scaled up to reflect the unloaded config

uration test results, but no stiffness adjustment was made to reflect the addition of the coal.

Thus, the loaded configuration consisted, in essence, of the test-verified unloaded configuration

with the addition of the coal mass. This model predicted I01<er frequencies than test in the first

two modes, but higher than test in the third mode. This discrepancy ,vas attributed to an evident

contribution of stiffness by the coal lading. Again, analytical mode shapes showed good correlation

with test results. Therefore, the anticipated difficulties associated with improvement of the coal

modeling were avoided by using test frequencies along with analytical mode shapes to represent the

verified loaded car body model in subsequent car body/truck system analyses. It was concluded that

state-of-the art, finite-element modeling is a satisfactory Inethodology for characterizing railcar

mode shapes. However, frequency description will generally require some simple vibration test

because of the effects of lading and/or wear on stiffness.

The first attempt at truck modeling was to define a mathematical analog of each joint, i.e.

axle to sideframe or bolster to sideframe, and describe potential and dissipated energy at each

joint in terms of rigid-body motion of truck members, i.e., sideframes, axles, and bolster, and the cen

ters of gravity eCG). Kinetic energy was to be described in terms of these cg velocities. Application

of Lagrange's equation to these energy terms would then provide the equations of motion, or mOdel,

of the truck. This modeling effort revealed that individual joint modeling is not practical.

Consequently, an alternate approach was taken whereby principal deflection shapes of the truck were

assumed and subsequently verified by test. Kinetic energy was described in terms of these shapes and

a mathematical analog was defined to describe potential and dissipated energy in terms of these

shapes. Finally, an iterative approach was used to find the values of the analog parameters that

best represented the test results. These analog parameters were used to represent the verified truck

model in all subsequent analyses of carbody/truck system.

It "as concluded that the analog develop~d provides a satisfactory methodology for characterizing

truck dynamic properties. However, due to their highly nonlinear nature, the parameters of the

analog can be determined only by test.
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The last subobjective, verification of the car body/truck system model, required development of the

mathe~~tical description ot wheel-rail interaction forces to allow model excitation similar to that

occurring under operational conditions. This addition introduced forward velocity as a parameter

of the model. Two approaches to this verifieation were taken.

1) A description of rail irregularities, reflecting statistically reduced operational test data

was applied, through the wheel-rail interaction description, to the coupled car body/truck models in

the time domain. Resulting analytical transients were compared to corresponding operational test

data. Because of the statistical handling of test data, direct time correlation of results is not

possible. However, the envelopes of model and test results were of the same order of magnitude.

Additional test response data in power spectral data (PSD) and standard deviation form is required to

improve the quality of this verification step.

2) The coupled car body/truck models were used to predict hunting speeds to compare with

observed operational hunting speeds. A linearized version of the model, as well as the full nonlinear

car body/truck/wheel-rail interaction model, were used in the hunting study. Initial displacements

were imposed on the nonlinear model at various forward speeds. The resulting transient response

increased in amplitude from zero to some constant value at all speeds analyzed. This phenomenon,

sometimes called limit cycling, indicates potential of the model to hunt at all speeds. Complex

eigensolutions for the linearized model were calculate~ at several speeds. Negative closed-loop

damping resulted in some modes at almost all speeds, again indicating the potential of the model

to hunt at all speeds.

2



2.0 INTRODUCTION

2.1 OBJECTIVE AND APPROACH

The objective of this study was to synthesize high~fidelitymath models of an SO-ton open top hop

per railcar "system" and to verify the models by conducting carefully eontrolled tests.

A sequential building-block approach, beginning with tractable "subsystems" and culminating with

the complete nonlinear railcar system, was chosen to obtain comparative/corrective test and analytical

model data. The natural physical separation of the carbody and trucks facilitated this approach. More

importantly, the distinct behaviorial differences between these components, i.e., the linear nature of

the car and the clearly nonlinear nature of the trucks required different testing and analysis techni

ques. Finally, assembling these components (literally and mathematically) and experimentally verifying

the system model necessitated additional considerations for both test and analysis.

2.2 ORGANIZATION OF ~1ATERIAL

The text is intentionally written to aid analysts unfamiliar with the techniques of dynamic model

synthesis. To this end, introductory discussion of what constitutes a "math model", the tradeoffs of

model complexity and performance objectives with operational constraints, and the role of test data in

model building and verification, is provided in Section 3. After emphasizing the importance of assump

tions the analyst must consciously make, focus turns to a general discussion of finite element modeling

along with a brief description of normal modes, and their advantages in reducing computation costs.

In Section 4, the specific steps taken to construct the car body finite element model and to arrive

at the corresponding linear model natural modes are described. Vibration test data used to verify

these modes are presented and compared with analytical results. Similarly, all analytical steps taken

to arrive at the truck model are described in Section 4, along with corresponding tests performed to

identify numerical values of the model parameters.

Section 5 develops linear expressions for relative velocity induced creep and gravity induced

wheel-rail interaction forces. These force terms are then transformed to the truck coordinate system

allowing the formulation of the total track train system model.

In Section 6, steps taken to evaluate the track train syst~a model are discussed, while use of the

track train system model to predict hunting stability is demonstrated in Section 7. Finally, conclu

sions and recommendation are presented in Section 8.
3.0 MODELING CONCEPTS

The purpose of this section is to discuss the significant concepts of mathematical models to set

the stage for the remainder of this report. This general introduction to math modeling is intended

to give perspective to those uninitiated analysts lacking hands-on experience with this tool of engi

neering analysis.

3.1 GENERAL CONSIDERATIONS

Virtually every physical system confronted by engineering analysts contains interactive processes

that defy exact mathematical representation, either because the interdependence of the process vari

ables is not completely understood, or because the available techniques are not sufficiently powerful

to describe all system states. Hence, engineering analysis requires that many subjective assumptions

be made to permit the mathematical expressions approximating the system process to be written and

solved. The selection of analytical technique also lies with the analyst. His choice must be consis

tent with the range of application of the technique. Simply stated then, a math model may be defined

as:

a. A set of assumptions, plus

b. A set of equations consistent with the assumptions.

These two ingredients comprise the mathematical approx~ation to the real situation.

3
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Several important considerations must be recognized by the analyst before he begins the modeling

process. First, he must clearly understand the eventual use of the model in satisfying the objectives

of the study. Too often "the model" is taken to be the end-item of his labors, rather than properly

applying the information derived by exercising it. A major part of the analyst's job is to translate

the results of his analysis using the math model into practical design or corrective information to

benefit the physical system hardware in terms of cost or improved performance. To this end, the degree

of model complexity that the analyst chooses must be compatible with the accuracy required to meet

these goals. The model should be adequate to satisfy these requirements, but model complexity beyond

that can be counterproductive and should be avoided.

The complexity required to obtain adequate performance from the model will be limited by the compu

tational resources available to the analyst. Complexity must also be traded off with the time and bud

get allocated for the analysis. The analyst must choose between the various digital, analog or hybrid

(combination digital and analog) computers at his disposal, and must structure the model accordingly.

Each of these types of computational schemes has inherent advantages, disadvantages, and operational

constraints to be weighed. For instance, large-scale digital computers allow the mathematical model

complexity to increase almost without bound, but it does not follow that bigger is better because the

understanding gained by the analyst does not necessarily increase with model complexity.

3.2 BUILDING BLOCK APPROACH

Having reconciled these often conflicting elements of model complexity, performance objectives,

schedule, and cost, the analyst must then layout an approach to formulating the mathematical model of

the system under study. A "building-block" approach is typically employed whereby the system is broken

down into a group of subsystems. The subdivisions, although arbitrary, are usually made on the basis

of mathematical expediency and generally follow the "natural" separation of the physical system into

its identifiable components. Each of these subsystems can then be handled efficiently by making assum

ptions about the internal workings of the components and deriving the governing equations that express

the assumed interdependence of component variables. Allowance must be made to permit the eventual in

tegration of the subsystem model during this process.

The advantage of this approach is that an interactive hardware test program can be conducted in

parallel with modeling activity. Test data are a key ingredient in the mathematical characterization

of the physical system being modeled, enhancing the analysts understanding of how system components

work, and verifying the adequacy of assumptions and the validity of the mathematical statements that

the analyst has made. It should be emphasized that maximum benefit is obtained by integrating the

test and analysis activity. Pretest analyses provide insight for designing and conducting the proper

tests, and the resultant test data either verifies or modifies the analytical approach.

The building block interactive test analysis approach just described was implemented on this pro

gram. Appropriate analytical models and railcar component hardware were used, beginning with two

"simple" subsystems and culminating with the complete nonlinear railcar system and its math model ana

logue. The natural separation of the railcar body and trucks directly facilitated this approach. Most

importantly, however, the differences between the linear carbody and the nonlinear trucks clearly re

quired different testing and analysis techniques. The flowchart shown in Figure 3-1 depicts the over

all structure of the experimental and analytical sequence used on the program. Each activity is dis

cussed in the following sections.
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Figure 3-1 Rail Vehicle charaotex-iearion Analysis/Test Flow Chart

3.3 ELEMENTS OF A DYNANIC MODEL

Energy methods by which dynamic models are generated are well kno_vn1 • A broad overview of dynamic

modeling techniques is presented here to lay ground work for later development.

In general, a finite element dynamic model is a collection of mathematical simulations of component

or subcomponent parts of the structure being considered (i.e., building blocks). Hereafter, these

parts will be referred to as elements. The initial step in the simulation is to define the kinetic and

potential energy in each of the elements. The general form of these expressions are:

Kinetic Energy, (K.E.),
J

Potential Energy, (P.E.),
J

where

(3-1)

(3-2)

T,
J

dV

p

v

c

E

the volume of jth structural element

a differential volume

mass density of the differential volume

the velocity of the differential volume

- the ~train in the differential volume

Young's modulus of the differential volume.

ISee References, p. 48.

5



Exact evaluation of these integrals is seldom, if ever, possible. Usually, they are approximated

by assuming constant or linearly varying material properties and by defining velocity and strain

throughout the volume, 'j' as functions of a discrete global coordinate system, {h}.

thFor example, if the j-- element were a rod of length lj' the velocity might be defined as a liuear

func tion be tween points a and b on the rod. Then

which can be represented in matrix form as

(3-3a)

Vex) (3-3b)

where x is the variable of integration, along the rod. If the crossection area of the rod is Aj (x),

the kinetic energy experssion in terms of the global coordinates becomes

(KE)j = 1/2 {h}T[ p~:j {Tv(X)}j Aj(X){Tv(X)}~dX] {h}

1/2 {h}T[m
j]

{h} (3-4)

The corresponding potential energy expression might be developed by defining the strain, €j' as

constant between points a and b. Then

1
Q,.

J

(3-Sa)

and the potential energy in the global coordinates becomes

(PE) .
J

Q,.

1/2 {h}T{~}j(~oJ EjAj(X)dX) {~}~{h} (3-6a)

(3-6b)

When all elements of the model possess similar linear characteristics, the energy expressions for the

total structure are obtained by addition of the element contributions. That is

(K.E·\otal

(P.E·)total

where

{hl( ~ [k ~h} _ {hl [K] {h}
j=l J I'

(3-7)

(3-8)

n the total number of elements

[M] the model mass matrix

[K] the model stiffness matrix

6



Application of Lagrange's equation1 may now be used to form the homogeneous equations of motion for the

structure as,

[M] {h} + [K] {h} {O} (3-9)

simulated by linear approximations. Usually, when

energy term that reflects this situation. Dissipated

This term will be discussed at the end of this sec-

UnfortunatelY, not all structures can be well

nonlinearities are important, it is the potential

energy, or damping, also reflects nonlinearities.

tion.

For example if the ~ element is a loose joint, such as the axle/side frame connection of a rail

truck, the forces required to strain the element may be a nonlinear function of that strain. Figure

3-2 presents an example of this situation. The potential energy of -such an element is equivalent to

the work done by the force, F(E), moving with the local coordinate, E. That is,

(FE)
y

(WI<)
y

I F (E)dE
Y

K (E) = d F(E)
Y dE

(3-10)

Figure 3-2 Nonlinear Force-Deflection CUrVe

This term could be cast in a form similar to equation 3-6b and included in the potential summation

of equation 3-8. There would be little advantage to doing so since the resulting [K] coefficients

would be all constants. A more manageable approach is to use a strain transformation, similar to

equation 3-Sb, to convert the nonlinear work expression from local to global coordinates as,

(Wk) = IF (£){~}~{dh}
Y Y

Differentiating with respect to {h},

(3-11)

d(Wk)
Y
~

{1ji} F (E),
Y Y

(3-12)

gives the displacement dependent forces applied to the global coordinate system. The collection of all

nonlinear displacement dependent forces can be written

7



(3-13)

Now, the general equation of motion, 3-9, can be modified to reflect both linear and nonlinear

structure by,

[M){h} + [K){h} (3-14)

This equation must be solved simultaneously with the force displacement relationship depicted in Figure

3-2, as expressed in global coordinates. That is,

{F (s)} _ [k (s)][~]{h} (3-15)

A more specific description of this approach as applied to the hopper car model can be obtained

from equation 3-14 by identifying the car coordinates, {h
T},

as subsets of {h}, That is,

{h} - {~~}

Then, if we further specify that n=a+b in the energy summations of equations 3-7 and 3-8,

(3-16)

a
{h}T( z [m

J
. ]){h} _

,1=1
(3-l7a)

a
{h}T( l: [k.]){h} _

j=l J
b

{h}T( l: Im.]){h}_
j=a+l J

b
{h}T( l: [k.]){h} _ 0

j=a+1 J

we can rewrite equation 3-14 as,

(3-l7b)

(3-l7c)

(3-l7d)

(3-18)

That is: a) The only coupling between car and trucks is due to the nonlinear interface forces,

[~~J jFr(s)}, between them, b) the car body model is completely linear, and c) the only restoring

Tforces (excluding wheel/rail forces) on the truck model are the nonlinear, [~T]{FT(s)}. It will be

shown in Section 4 that the number of coordinates required to describe the car model is large.

3.4 NORMAL MODES

To minimize computer costs, the car'body was transformed to modal coordinates using the homogenous

equations of motion from the first-row partition of equation 3-18. The advantage of normal modes, as

will be shown, is that they transform the model into a set of uncoupled coordinates. Each coordinate

is associated with a modal frequency. Therefore, transient analysis can often be conducted using only

those coordinates in the frequency range of interest.
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One may define the transformation from discrete to normal mode coordinates as,

{hc} ~ rc] {qc} (3-19)

where

:~ c] the rnatrix of car model eigenvec tors

{qc} the normal modes coordinate vector of the car.

The i
t h

column, {9c}i' of matrix ~cJ is obtained as the solution of the eigenproblem,

(3-20)tWc~~lCJ + [KJ) {9c}i ~ {o}

There are several methods (1)(2)(3)(4) b hf h h . th d' 1 2 d'Y w 1C t e 1-- rna e elgenva ue, w
c

. ' an elgenvector,
1

{9C}i' can be calculated from equation 3-20. Any method that produces a valid solution for the

considered system may be used. All valid solutions produce a set of eigenvectors that are orthogonal

with respect to both the mass and stiffness matrices of the system. That is,

(3-21)

and

when [
i~k

ilk (3-22)

where ~leq is often called the generalized mass of the i t h mode. Substitution of equations 3-19 for
c.

1

(3-23)

(3-24)

give equation 3-23 the form,

Thus, the equations of motion in modal]specifies a diagonal matrix.

The orthogonality relationships of equations 3-21 and 3-22

[Heq
c] {q} + [!leq

c] [w~J {q} ~ [9T~~cJ {Fr(E)}
where the symbol r
coordinates are uncoupled.

An eigenvector defines the shape, or relative motion, that the discrete coordinate system of the

model will display when vibrating free+y in a normal mode. The absolute values of the individual

numbers in the vector is arbitrary, providing the shape is retained. This attribute allows one to

renormalize any eigenvector such that the generalized mass of that mode has a particular value.

In the remaining discussions, all model eigenvectors must be thought of as having been normalized

so that all generalized mass values are unity. This normalization makes the "modal stiffness"

equal to the eigenvalue.

~ ~J, the unity matrix,

That is, when

(3-25)

it follows from equations 3-21 and 3-23 that,

(3-26)

Therefore, substituting equation 3-24 for the first row partition in equation 3-17 gives,

[~] ~; +[~] (3-27)

9



(3-28)

(3-29)

3.5 THE UNFORCED EQUATION OF MOTION

Velocity dependent or damping terms must be added to complete the unforced equations of motion.

rfuthematical approach to the expression of damping is highly nebulous. For linear systems, damping

can be expressed as a linear function of the modal velocity, 2~wq, where the ratio, ~, of actual

damping to critical damping, is preferably obtained from test. These are the same tests as those

required to verify analytical mode shapes. For nonlinear systems, damping can be obtained only from

test. A typical example of nonlinear damping data is depicted by Figure 3-3. The integral

E

Figure 3-3 NonZineap FOPce-VeZocity Curve

of the area under the curve in this figure is the power dissipated by the friction force, F~), moving

with velocity ~.

(Power)y = JFy {E)dE
This term can be expressed in terms of the global coordinate sys~em, as was the work expression of

equation 3-11. Differentiating the resulting power with respect to the global velocities {h}
d (Power ) } ()----,---,c---'-y = {1jJ YFY~

d {h}
gives the velocity dependent forces applied to the global coordinate system. The collection of all

nonlinear velocity dependent forces can be written

f=l {~}y Fy(E) =[1jJ]T {Fy(E)} (3-30)
which is identical in form to equation 3-13.

Now, the final form of the unforced equations can be written by incorporating the linear and

nonlinear damping terms into equation 3-27.

and

ThFW{:Jffi {~}+m{::}
-[~~T1jJ~c ( fFI(E){ +{FI(~)l)

1jJIT 1jJi ( FT(E)} FT(E)J
which must be solved simultaneously with the corresponding,

{F(E)} =[K/E)] [1jJ] {h}

[K/~)J [1jJ] {h}
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Specific forms and difficulties encountered in developing equations 3-31 will be identified

in the following discussions of the model "blocks". Wheel/rail interface forces that drive the

equations of motion w'ill be described in detail in Secti.on 5 of this report.

4.0 MODELING THE BUILDING BLOCKS

4.1 LINEAR CARBODY MODEL

4.1.1 Description of Hardware

A typical SO-ton open hopper car is shown in Figure 4-1. The structure is composed of four

stiffened walls, the bottom hopper structure, and a centers ill that runs the length of the bottom of

the car. The structure is roughly symmetric about midlength. A combination of welded and riveted

steel construction is used to fabricate the car. Coal or grain is generally hauled in this type

of car.

Ei.quxe 4-1 30-Ton Hopper Car

4.1.2 Preliminary Conceptualization

A preliminary engineering approach to analyze the dynamic characteristics of the carbody is simple

beam theory. If we assume a uniform free-free (or unconstrained) beam for the carbody the fundamental

bending frequency can be estimated by the following formula:

~

f . = 69 I~
bend~ng ~ w~4

(4-1)

where E

w

I

Young's modulus

weight per unit length

average moment of inertia about the body plane

~ length of the beam.

We can idealize the carbody, as sho~vn in Figure 4-2, to arrive at the equivalent beam properties.

This results in a fundamental frequency of 71 Hz for the first vertical bending mode. It will be
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shown later that testing of the carbody results in a first vertical bending mode of 29.6 Hz.

Obviously, the approximation is too crude for a complex structure

u = Channel Section

w = 35,000 1b

I = 179.6 x 10 3 in4

FigUl'e 4-2 Carbody as IdeaUzed Beam

T
120"

1
~

520"

like the carbody. Therefore, we must turn to the more sophisticated (and more expensive) finite

element technique to arrive at an accurate engineering mod~l of the carbody.

The symmetry of the carbody about midlength permitted modeling of one-half of the car. The

total model was obtained by reflecting the one-half car model about midlength and coupling the two

halves together (can be thought of as continuing to add element potential and kinetic energies

together) .

The centersill beam runs the length of the car and is the primary structure to carry bending

loads. Therefore, each half of this beam was modeled in detail with 115 quadrilateral plate elements,

spaced at appropriate intervals to allow subsequent- attachment of other structural elements, and

sized to comply with accepted finite element modeling techniques. Figure 4-3 shows a computer

generated front view of this beam. The finite element representation of this beam was compared with

closed-form overall beam properties to assure that this important structural member was properly

represented.

x

B-End Partial Center Sill Beam(HAFSIL2) Y-Stations 203. to 384.0

Center of Eyes Location

x = o.
Y - 5.20000000E+02
Z = 9.0.375000E+00

Run No. = Tria12

View Point Location

x = O.
Y = 2.93500000E+02
Z = 9.09375000E+00

Date = 14JN74

Roll Angle = O. Deg
Cone Angle = 20.0 Deg
Eye to Eye = 2.0 In

Figu:l'e 4-3 Finite EZement ModeZ CenterZine View

lfuny of the structural members used in the construction of this hopper car were standard

strucLural 3tcQl shapes. Tabulated properties (from the AISC Steel Manual) were used for these

items in the finite element modeling formulation. Structural properties were computed and input
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for all the nonstandard items, including the centersill filler/centerplate and coupler striker

castings. Five finite element types were used in the model generation: planar quadrilateral

and triangular plates, axial beams, uniform section bars, and tapered section bars. The bar elements

were used to represent members carrying combined axial, bilateral bending shear, and torsion loads.

The resultant detailed stiffness model of one-half car was represented by 355 finite elements

interconnecting 252 joints, with 6 degrees of freedom. Figures 4-4 and 4-5 are side view and top

view computer-generated plots of this position of~he model (steroscopic plots are generated but

only right-eye views are presented) :

I:,. ![T1ll
i: I

. I

Complete B-End Carbody (X=203. to 461.5)HAFCARB Data File (CY=l)

Center of Eyes Location
X = 3.31250000E+02
Y ~ -1.00000000E+02
Z = 5.00000000E+Ol

Run No. ~ HAFCRB

View Point Location
X = 3.31250000E+02
Y = O.
Z = 1.58750000E+01

Date ~ 165E74

Roll Angle ~ 180.0 Deg
Cone Angle - 20.0 Deg
Eye to Eye = 2.0 Deg

FigUY'e 4-4 Finite Element Model Bide View

/1

~Vr--m--'A

If-~~~L~1T-~

~1 _~L+-< f,

i: I '\ IIi

,-_.~-- --~-~~

Complete 8-End Carbody(X=203. to 461-S)I~FCARD Data File(CY=l)

C~nter of Eyes Location
Z 3.50000000E+02
y ~ 3.00000000[+01
Z = 1.GOGOCOOOE+03

Run :'0. = HAFCRB

View Point I.ocation
A = 3.50000000[+02
Y = 3.00000000[+01
Z ~ 1.58750000E+Ol

Date = 165E74

Roll Angle
Cone Angle
Eye to Eye

O. Jleg
20.0 iJeg
2.0 In

Figuroe 4-5 Finite Element Model Top View
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4.1.3 Finite Element Mass and Stiffness

4.1.3.1 Capbody Stiffness - The initial finite element stiffness model consisted of approximately

3000 degrees of freedom. This size model is too large for economical subsequent calculations. From

the analysis standpoint, we are interested in the two or three elastic modes below 10 Hz*. Therefore,

in order to achieve a final model with an economic number of degrees of freedom we applied a technique

known as Guyan or static reduction. This technique is based on the premise that, over the frequency

range of interest, the kinetic energy contribution of many of the degrees of freedom are small. Hence,

the motion of these degrees of freedom can be written as a linear combination of a set of retained

degrees of freedom. This implies that the reduced or collapsed degrees of freedom are not independent

and (:~:=t ;~~1T:~f :Y

l
;rnal

fo rces , Guyan •s method pendt s us to wr Lt.e , (4-2)

where the subscripts c and r denote the degrees of freedom of the carbody that are collapsed and

retained, respectively.

Equation 4-2 can be partitioned into two sets of equations,

to} = [Kcc] {hJ + [KcrJ {hr} (4-3)

{F}= [Kr c] {hc} + [Kr r] {hr} (4-4)

The reduced deflections hc' can be solved for algebraically from equation 4~3. Hence, we have what

is commonly called the reduction transformation,

~ Substituting the expression for h
c

into equation 4-4 we obtain the following results

{F} = -rrc ] [Kccl
l

-[Kcr ]{hr} + [Kr r] {hr} (4-6)

or

{F} = [i ]{hJ (4-7)

wher~[K] = [-Kr c] [KccJ-1 [KcrJ + [KrrJ, the reduced stiffness matrix.

The retained degrees of freedom for the reduced ha1f-carbody model include half-body interface

degrees of freedom and elected noninterface degrees of freedom suitable for subsequent generation

of the carbody mass matrix. The two halves of the carbody were then coupled, i.e., the potential

energy of the two halves was added at common interface degrees of freedom. This resulted in a 270

degree-of-freedom stiffness model. Further static reduction was performed on this model, resulting

in a 98 degree-of-freedom stiffness model.

4.1.3.2 Carbodu Mass - A consistent mass matrix, Le., the kinetic energy in each finite e Lerae n t , '. C"S

represented by an approximate velocity distribution consistent with the approximate strain distribution

used in the corresponding potential energy, was generated for the ha1f-carbody model. At this point,

the mass matrix could have been transformed to the reduced size by use of the combined reduction

transformation obtained in the two-stage stiffness reduction. If we write the kinetic energy of

the model as

KE 1/2 f~:n~ f~:} (4-8)

*Hunting frequencies have been shown to occur at approximately 3 Hz for this type of car.
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triple product to obtain the kinetic energy

KE _1/2hl{kJ~ [Ko,J]T [Mo

we see that after substituting equation 4-5 for h , we are required to perform
c

expression in terms of the reduced

M, JlhJ~ [Ka
] j{h,I

the following large

coordinate set,

(4-9)

This triple product was estimated to require excessive computer costs. Therefore, to avoid this cost,

a 270 degree-of-freedom total carbody mass matrix was formed directly as a 270 degree-of-freedom

finite element representation. The implication here is that while the correct geometry was retained,

the definition of the inertia distribution is less precise than could be obtained by the more

expensive "consistent" modeling approach.

This mass matrix corresponds to the 270 degree-of-freedom total carbody stiffness matrix described

above. lfuss contributions of the nonstructural couplers and draft gears were then added. At this

point, with the conformable mass and stiffness matrix, the 270 x 98 Guyan reduction transformation was

applied to obtain a mass matrix with 98 degrees of freedom corresponding to those retained for the

detailed stiffness model discussed earlier.

In addition to the analysis of the empty car as defined by the mass and stiffness properties

described above, there was the requirement to analyze the loaded car. To do this, it was necessary

to modify the mass properties to account for the lading. Stiffness effects of the coal were assumed

negligible. (The model survey of the loaded car, performed after the analysis, indicated this was

an erroneous assumption. This point is discussed further at the end of Section 4.1).

The coal (lading) mass was added to the 98 degree-of-freedom mass model through application

of a least square technique in which the total coal mass was broken into several discrete lumps,

each lump having an assumed six degrees of freedom. To implement the least squares fit technique, we

wrote the center of mass motion for each lump in terms of the motion of several adjacent points,

where

(4-10)

{hA}
{hCg}j

[ TCg]j

motion of adjacent degrees of freedom

motion of center of mass of jth lump

; rigid body transformation which relates jth cg motion to motion of adjacent points.

(4-11)

(4-12)

The transformation, [T
Cg]'

is rectangular with more rows than columns (there are more degrees

of freedom associated with the adjacent points than there are to describe the center of mass motion

of the lump cg). A solution for the cg velocities is accommodated by the following operation on

equation 4-11,

. [TCg]; {hA}; [TCg]; [TCg]j {hCgt

WhiC{hhlea}dS_ t(o [:he]~ea[:t Jsq)u::eS[TSO]l~tj:n} _ [1: ] {h }

c g j cg j c g j c g j l A L j A

thfor the j-- lump

n
KE = ~;l 1/2

J

c{: mO};i[O:' ]NOW{hthe}

c g j c g j cg j

total kinetic energy of n lumps of lading is

(4-13)
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(4-15)

The mass matrix, [MAJ' expresses the lading mass in terms of the degrees of freedom defined for the

empty car.

4.1.3.3 Rigid Body Checks - The nature of finite element modeling is such that there is a great

deal of data to be processed and there are only a few "on line" checks available to insure correctness

of the results. Two such checking techniques are: Calculation of the structure's total mass

properties about some reference point; and for ungrounded structures, obtaining zero strains upon

application of rigid body displacements to the stiffness matrix. Both techniques require a rigid

body transformation of the model. This transformation relates the displacement for each degree of

freedom of the structure to the rigid body displacements of a reference point. This is equivalent to

saying each degree of freedom is rigidly linked to the reference point. Symbolically this can be

expressed as

{hs} = [TRB]{hr ef}

displacements of structure,

rigid body displacements of reference point, and

rigid body transformation.

We can use this transformation to obtain the kinetic energy of the structure with respect to the

reference point. This will provide us with the mass properties of the structure about the reference

point. Recalling the kinetic energy expansion of the car as,

KE = 1/2 {h}T [M] {h} (4-16)

We can substitute equation 4-15 for the velocities of the structure to arrive at the kinetic energy

of the structure with respect to the reference point.

(4-17)

This resulting 6 x 6 matrix can be checked against the known mass properties of the car to ascertain

the accuracy of the model.

To check that we have not accidentally grounded the structure and it is truly free-free,

a rigid body displacement of the structure should result in no internal strains of the finite elements

representing the model.

A method of applying these rigid displacements to all the degrees of freedom of the structure

is obtained through the use of the rigid body transformation. We want

[K] {h
s

} = 0 (4-1.8)
But, the structural displacements h

s
can be written in terms of the motions of the reference point

via equation 4-15. Therefore,

[K] [TRB] {hr ef} = 0

Generally, unity displacement of each reference point is assumed, therefore, the product

(4-19)

need only be formed and checked.

4.1.4 Concept of Modal Coordinates

The carbody mass and stiffness models, which have been discussed previously, contain 98 degrees

of freedom each. These models, as a result of the reductions, are almost completely coupled,

i.e., almost all terms of the matrices are nonzero. Time domain or frequency domain analysis is

cumbersome with the model in this form. Furthermore, no explicit frequency information is available

to compare to the known frequency regimes of hunting.
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Transformation of the carbody model into the normal modes of vibration will produce an uncoupled

set of equations in terms of frequencies (eigenvalues) and normal mode shapes (eigenvectors) of the

carbody. These mode shapes can be thought of as the spatial distribution of the amplitudes of motion

at a natural resonance of the structure. An illustration of this is shown in Figure 4-6. Here we

have a tight string that has been plucked in two ways. Application of an initial displacement at the

center of the string excites the first resonance. Likewise, by applying equal but opposite displace

ments at the string's quarter points we are able to excite the second mode or resonant condition.

Generally, the excitation is such that several modes are excited simultaneously and the resulting

motion is the superposition of all modal amplitudes.

- -

a) First Natural Mode
Mode Shapes

~.--.--
b) Second Natural Mode

Figure 4-6 IUustl'ation of Natural. Modes of Vibl'ation

The technique to obtain these normal modes requires the solution of the conservative homogeneous

equations of motion for the carbody, as described in Section 3.4.

In addition to computational advantages of analytical modes cited above and in Section 3.4,

verification of the model and its imposed assumptions can be obtained by comparing it with a set of

test-measured normal modes of vibration of the actual hardware. The analytical model can then be

adjusted if discrepancies exist. The test procedure, called a modal survey test, and the model

adjustment techniques are discussed next.

4.1.5 Model Correlation of Modal Survey Data

A modal survey test is designed to determine the fundamental modes of vibration of a structure.

Recalling the discussion of Figure 4-6 in the preceding section, we saw that by judicious choice of

location and phase, i.e., relative signs, of excitation applied to a particular structure (in the

case of Figure 4-6, a string) we were able to excite the fundamental vibration modes. This is the

underlying principal of a modal survey. The procedure is summarized as follows:

1. The structure is placed on a suitable support, one that is indicative of its service

environment. The carbody was placed on air springs at the truck interface. This simulates the car

resting atop the truck bolster in normal operation.

2. A preliminary set of excitation forces are selected to excite a particular mode. The forces,

applied by electrodynamic shakers, vary both in amplitude and phase with respect to each other. The

initial force vectors selected to excite the first torsion, lateral, and vertical bending modes are

shown in Figure 4-7.
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1~~~~~~:~~~]
~ First Lateral Bending ~

I

First Vertical Bending

Figure 4-7
Preliminary Force Vector Selected to Excite the
First Three rundamentat Modes of the Carbody

3. The electrodynamic shakers are driven sinusoidally over a range of frequencies. This frequency

sweep is selected to encompass the natural frequencies of the structure derived from the analytical

model.

4. Response, in the form of accelerometer output, is measured. Transfer functions of the

accelerometer output to force input are calculated and plotted versus frequency. Additionally, the

phase relationship of the accelerometer outputs to the force inputs are determined and plotted. A

structural resonant frequency is indicated by the accelerometer output being 90 0 out of phase

(quadratune) with respect to the exciting force. Furthermore, a peak is observed in the imaginary

component of the transfer function at the resonant frequency. Figure 4-8 shows this transfer function

for the empty carbody 17.64 Hz lateral bending mode.

5. Once the frequency sweep has been completed, the suspected modes are retuned. A frequency

dwell is performed at a bandwidth around the suspected modal frequency. The force vector and

frequency are adjusted until all responses being measured are 90 0 out of phase with respect to the

force vector.

6. The "purity" of the mode is ascertained by removing the excitation and permitting the

response to decay. Beating occurring during decay indicates the presence of other modes. Figure

4-9 presents the decay traces for the lateral bending mode. As can be seen, there is an absence of

beating indicating a "pure" mode.

7. Finally, the "pure" mode amplitudes are obtained from the imaginary components of the

transfer functions.

The results of the modal survey of the empty and full carbody are shown in Table 4-1. The modes

of the carbody moving as a rigid body on the air springs are not used in the hunting analysis but

are included here for completeness.

18



.·~.JJn w.-II
.

lao.. ..A. '....... r... · ,.
I -...~ ..:.n. ~. I... ~ 1

.. " ...._.It • -.. .. -:- • -' .i.. ':.. 1# ~•• \

:
.. ...~"

"'

.002

o

-.002
o. Freq 50.

Trk Train 10-24-74 Run 27 1oI1l me-.2 Hz

AVl/F8

Figure 4-8 Test Transfer Function Indicating LateraZ Bending Mode

Fa\~~.~, ~,~ ~ ~ ~ ~.~----+-------+--~:.._-
vVV'iVVVVV ~"'l

! ~ ~'. ,~ i~ t. I',.~.• :~.' r: I~ r: ~! i~, i~ I~ ~I ~, f I~ rl r: fi f ~.!~ !!~ I~! i~ !~ f\ :~ ..i~ I~.I\ ~\. ~\ i~ i~ ~~ :~llt\ ~ .W ~ !fl~I\I.~ ~ !. ItI
i i!~ \i ~ J i ~ i ~I i ~ ~ ~ i~ i ~ ~ i ~ i ~ i ~ ~ ~ ~I \~ ~ ~ J ~ ~ i J11 ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ iii ~ ~ ~ ~

I Ii 17.64 HZ ,.,'" I

Figure 4-9 Decay Traces of Lateral: Bending Mode
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Tab le 4-1 Carbody tioda l: SUl'vey ResuUs

Empty Full
Frequency

Comment Frequency Comment(Hz) (Hz)-

3.45 Rigid Carbody on Air Springs (Roll) 2.15 Rigid Carbody on Air Springs
(Vertical)

6.75 First Torsion Hode 3.3 Rigid Carbody on Air Springs (Roll)

17.64 First Lateral Bending Mode 6.3 First Torsion Mode

29.57 First Vertical Bending Mode 8.85 First Lateral Bending Mode

14.55 First Vertical Bending Mode

The first torsion mode frequency resides near the suspension frequencies, therefore, it can be

expected that significant strain energy of the air springs is reflected in this mode. We desire to

have the torsion mode as a true free-free mode and must remove the effects of the air springs. We

can write the total stiffness as the sum of the carbody stiffness and air spring stiffness. Thus,

[KJ = [KairJ + [Kcar J (4-20)

If we perform a triple product with the test first torsion mode shape we obtain the following

{~TV[KJ {~T}={~T}T[[KairJ+[Kcar]J{~T}={~TY [Kai r] {~T}+{~T}T [KcarJ{~T} (4-21)

Furthermore, recalling the definition of generalized stiffness, the above can be written as

From this we can obtain the free-free carbody natural frequency. Hence,

freq
car = ~1T ~ (21Tf test)2 - w~ir (4-23)

This technique was used with the test modal data. The empty and full free-free torsion frequencies

became 5.32 and 4.89 Hz, respectively.

The adjusted test modal data was compared with the analytical results. Table 4-2 shows a

comparison of the test and analytical frequencies for the empty car. The analysis is consistently

higher in frequency than the test results. However, as shown in Figure 4-10, test and analysis mode

shapes compare very well.

Table 4-2 Comparison of Empty Carbody Modal SUl'vey to Analysis

Test (Hz) Analysis (Hz)

f = 5.32 Torsion f = 6.89 Torsion

f = 17.64 Lateral Bending f = 21.23 Lateral Bending

f = 29.57 Vertical Bending f = 40.13 Vertical Bending

The frequency discrepancy amounts to approximately 22% for all three modes. This is attributed,

in general, to the manner in which the car was built as compared to the drawings which were used

as a basis for the finite element model. Two significant factors were noted: (1) lack of planarity

of the side wails (the bow in the middle amounted to 2 in.), and (2) lack of continuous welds connecting

the sill beam to the car (a continuous weld was assumed in the analysis).
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Figure 4-10
comparieon of AnaZytieaZ and ExperimentaZ
Mode Shapes - Empty Car

The analysis data was scaled to more closely match the test results. Referring again to the

definition of generalized stiffness, we have for the analysis and test,

(4-24)

(4-25)

Taking the ratio of the analysis to test and rearranging we obtain

2

{~AV [KJ{~A} W~ = W~
wA

The analysis stiffness matrix is scaled by the ratio of the test to analysis natural frequencies.

Since the error was somewhat uniform, it was decided to use the average of the frequency ratios for

the scale factor, i.e.,

scale factor = ~ ~ (fT/fA)~ = 0.6084.
i=l

The results of application of this scale factor to the carbody analysis stiffness matrix are

shown in Table 4-3.

Tabl.e 4-3 Compaz-ieon of Scal-ed AnaZytieaZ and Bcipevimenial. Modal. Prequenoiee (Hz)

Empty Gar

Mode Analysis Test

(Scaled) (Not Scaled)

Torsion 5.37 6.89 5.32

Lateral Bending 16.56 21.23 17.64

Vertical Bending 31.30 40.13 29.57

The modal survey test results of the loaded carbody were compared to the analysis of the

loaded carbody model. Frequency differences again existed between the test and analysis, as

indicated in Table 4-4. The analytical model of the full carbody included the·adjustments of the
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stiffness matrix to mateh the empty carbody test results. Therefore, it was concluded that the fre

quency discrepancies could be attributed to the stiffening effects of the coal. The analysis

modeled the mass of the coal but assumed the coal added no stiffness. Obtaining an accurate

analytical model of the coal would be difficult and require additional empirical data. Although the

frequencies of the analysis did not match the test frequencies, the analytical mode shapes showed

good correlation to the test mode shapes. Adjustments of the stiffness matrix to match the test

results would result in little change to the analytical mode shapes. Therefore, the test frequencies

were used along with the analytically derived mode shapes as the model of the full carbody.

Table 4-4 Comparison of Loaded Carbody Modal Survey Frequencies to Analysis Frequencies (Hz)

Hode Test Frequency Analysis Frequency

1 4.89 2.81

2 8.80 6.95

3 14.55 16.55

The previous discussions indicate the complexity and difficulty in arriving at a linear model

of the structural system. The mating of analysis and test results is required to obtain an

accurate engineering model of structure. This test verified analysis approach is further emphasized

in the following section on the truck model.

4.2 TRUCK HODEL

4.2.1 Description of Hardware

A typical freight-type is composed of two side frames, two wheel sets, and the bolster connecting

the side frames. The carbody weight is supported on a bearing surface of the bolster called the

centerplate. Figure 4-11 shows an overview of a typical truck. Structurally, the truck consists of

five very stiff members connected with nonlinear joints. There are two basic types of joints:

Bolster-side frame and axle-side frame. ASF side control truck joints are shown in Figure 4-12.

Figure 4-11 Typical Freight Truck
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Side Frame

Friction \.,Tedge

Bolster/Side Frame Interface

Side Frame

Axle

Side Frame/Axle Interface

Figure 4-12 ASF Ride Control Truck Joints

The bolster sideframe joints contain two spring groups. The coil spring group supports and

and isolates the carbody in vertical and roll type motions. The friction wedge group is a set of

springs parallel to the coil group providing preload for the friction wedges. The friction wedges

in turn constrain the bolster-side frame relative lateral motions. These joint designs account for

the primary differences between truck designs. A comparison of the bolster-side frame designs for

ASF and Barber trucks is shown in Figure 4-13. The Barber and ASF designs differ in the manner in

which friction is controlled. The force, Fv' (Figure 4-13) is constant for the ASF design and a

function of relative vertical displacement between bolster and side frame for the Barber design.

Side Frame

Barber Design

Side Frame

ASF Design

Figure 4-13 Barber and ASF Bol.ete» Side Prame Joint Designs

The axle-side frame joints consist of a bearing adapter that connects the roller bearing to the

side frame. The side frame merely rests on top of the bearing adapter. The current designs incorporate

tapered bearings that develop frictional forces to oppose the relative lateral, longitudinal, and

rotational motions of the axle with respect to the side frame. This design develops high lateral

friction forces (-lSOOOlb) between the bearings and axles, resulting in a very small lateral displace-

ments of the axles relative to the side frames. Early designs used journal bearings that permitted

greater free play in the lateral directions. It will be shown later that the current design aggravated

the hunting problem due to this reduced lateral free play.

4.2.2 Preliminary Conceptualization of Truck Model

The preliminary truck model was derived in an analog sense from the physical description of the

hardware. The model consisted of five rigid masses connected by massless stiffeners and damping devices

at the joints. These model components are sketched in Figure 4-14. The following assumptions were

used to arrive at this model:
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1. Bolster, sideframes, and axles are rigid, i.e., elastic deflections of these members are

small compared to joint motions.

2. There is complete symmetry in the truck, no manufacturing irregularities are considered.

3. Displacements are small enough that geometry changes are negligible, small angle assumptions,

etc., apply.

4. Friction in joints is constant coulomb damping, i.e., independent of displacement and its

derivatives.

5. There is no coupling between degrees of freedom within a joint, i.e., relative velocity or

displacement in one direction of the joint does not result in loads in any other direction of the

joint.

6. Motions are small enough so that the bearing adapters remain compressed (vertical motion of

the axles relative to the side frames can be neglected).

Joint Parameters:

K - Initial Stiffness
o

K
1

= Hard Stop

K
f

= Friction Stiffness

f ~ coulomb Friction

;:;. = Free Play

This Data
Required for K
Each Joint" 0

Strain Defined '-------

Analog

'----,f--+--I'--_Deflection e

Rigid Components

Figure 4-14 Schematic of ModeZing Procedure

Strain energy in the joints ~las first expressed in terms of six rigid body degrees of freedom

(dof) at each of two side frames, two axles, and the bolster. This resulted in a 30 degree-of

freedom model of the truck.

The general form of the truck equations of motion was defined by the second row partition of

equations 3-31. Application of these equations to the truck model requires development of specific

jth joint transformation, ~ j' to describe the strain in the springs of the Figure 4-14 analog

in terms of center of gravity motions of the rigid-body masses. Figure 4-15 illustrates the coordin

ates required for this description at a typical joint.
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y- eCG

Front Axle

Side Frame

FiJUl.'2 4-15
Gu- Coor.ii.nat:e SL' S t 2 I'1S (TypicaZ for Five Rigid Bodies)

The joint displacements expressed in terms of the left side frame cg displacement vector is
~ --->0 ~ ~

h, = hLSF + 3LSF x RF (4-26a)
J LSF

where h includes X, Y, Z, 8X' 8y ' 8
Z

and 8 includes 8X' 3y ' 8
Z

The vector equation, 4-26a, can be expressed in matrix notation as

Xl 1 ° L
Z

-L y qY

:~1
1 -L

Z LX

1 LX -LX OXj -
[TJjLSF {h}LSF - {hL

LSF1 8y

8Z .
1

8
Z1

J LSF LSF

(4-26b)

where LX' Ly and L
z

are the respective X, y, and Z distances from the side frame cg to the joint.

A similar transformation can be developed to express the joint displacements in terms of the front

(4-26d)

(4-26c)

axle cg displaceoent. That is

{h II, = [TJ-. {h I
I
FAJ FA J FA

Therefore, the strains, {sl.,
{

I J

{ 2 (J' = h). - {h jl • =
J LSF J FA

[rTJ::5:":0[T]::51~;:;F [']J H
where [0Jj represents [TJjLSF and [TJjFA assembled into a matrix that is conformable with the 30 x 1

total truck model displacement vector, 1hi· A similar strain transformation, [~JJ' can be developed

for every joint. NOll the strain dependent forces in each spring of the Jth joint can be expressed

consistent vith equation 3-3lb, as

!F(E)i j lKO+g(E)KlJ [~lih! (4-27a)

where

_ [0. [-6>2>+6.
geE) - 1 when -6.<s<+6

The force in one direction, from equation 4-27, is shown graphically by Figure 4-16.

forces at each sliding surface of the Jth joint can be expressed as,

1d~, dE)! j = Lg(~, dE)] !fl
j

(4-27b)

The friction

(4-28)

25



where g(~, dE) is most easily described as the program logic required to track a typical friction

force deflection curve as shown in Figure 4-17, rather than as any specific mathematical function.

Figure 4-17 depicts a positive constant sliding friction force as long as the time rate of change. of

joint strain, ~, is positive. When the joint comes to rest, that is E = 0, the force is descreased

linearly by -KfdE. KfdE simulates the static friction force decrease and build up in the reverse

direction as the direction of motion reverses. Note that the .shape of the curve varies with the

operational range of E. Superposition. of Figures 4-16 and 4-17 results in the required total

force ieflection as described earlier in Figure 4-14.

-----..".~~rtC-~--~... Deflection, E

Figure 4-16 Forae DefZeation Curve for Bottoming-Out-Type springs

Force, KE

El>oOf-.
( ~

K
f

f- I 4
~<o ~ .....

E

dE

Eiaure 4-17 Foi-ae DeFl.ectrion Curve for Sliding Pri.otrion

All joint spring forces !F(E)! j and joint friction forces !F(~, dE) lj are transformed to

rigid component cg coordinates by the transpose of their corresponding strain transformation

as described earlier in equation 3-30.

4.2.3 Truck Nodal Coordinates

the 30

[~J~

The precerling

body components.

discussion defined the truck model in terms of 30 cg coordinates of the rigid

No restriction regarding the type of motion was made. Information supplied by

Messers. Cooperrider and Law, and the AAR, indicates that significant motions of the truck can be

26



defined by six principal deflection shapes. Figure 4-18 describes these shapes. (~furtin ~furietta

Corporation test results verify these shapes, as will be discussed in Section 4.2.4). The first

two shapes are true rigid-body modes which do not work any of the truck joints. A combination of

the third through sixth elastic shape describe all the significant joint motions. Because of the

nonlinear joints, normal frequency is meaningless. Therefore, one cannot properly refer to the

elastic shapes as modes in the usual sense of the word. However, for ease of writing we will use

quotations to refer to the deflection shapes as "modes" in the following development. At this

point we should note that these six "modes" do not define any vertical motion of axles or sideframes.

Thus, 12 cg coordinates, Z, eX and ey for both axles and sideframes, can be deleted (set equal to

zero, actually) without imposing any serious constraint on the model. However, weight effects along

the Z axis must be considered as will be clarified in the test discussion. Four other coordinates of

the original set of 30, i.e., X dof of the bolster and two axles, and By of the bolster, also can be

deleted because they contribute neither significant potential nor kinetic energy in these truck

"modes". Therefore, only 14 of the original 30 cg coordinates of the rigid body truck components

need be transformed into the "modal" set.

(
YAR

Front Axle A
~

r
\

\
\

l
I
\

e \
Z I

(
AR-- -

\..--

Truck Yaw
Truck Translation

"- ~....-----_.../
Rigid Body Motion

[J-
Truck Relative to
Bolster: Lateral

ra--"\ I

I \

\ \
\
\ \ G
\ \ W
\

Truck Harp

..

Truck Relative to
Bolster; Vertical

Truck Relative to
Bois ter: Roll

Elastic "Modes rl

Figure 4-18 Pi-inci.pal: Truck: Deflection "Mode" Shapes

Overall, the truck model size was reduced by a factor of five by transforming from the 30 cg

coordinates to the six "modal" coordinates described above. The transformation we selected takes

the cg of the rear axle as the reference point. Thus, the absolute motion of the remaining 14 cg

coordinates was transformed into the absolute motion of the rear axle cg as expressed by the two

rigid-body modes, plus motion relative to the rear axle as expressed by the four elastic modes.
I IReferring to Figure 4-18, the transformation from the discrete truck coordinates, IhI T' to "modal"

k d I I I .truc coor ~nates, I qlT' was wr~tten as,
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lizL 1
1

1

{i:L
lLX LX 1 y

AR1 6ZAR1

~ ex
1 Lx Lx [$TJ !qTI)~ l ew

- (4-29)
1 1

{ 6Z~RSF
-Ly Y

1 LX LX Z
~~ \ 1 1

l,zLF 1 2LX 2LX
1

jy }
l8z AF

where the superscript refers to motion relative to the rear axle cg reference.

Equation 4-29 was then substituted into the second row position of equation 3-31a which was

subsequently premultiplied by rTJT. If we define the resultant triple matrix product on the truck

mass matrix as,

( 4-30)

the unforced car/truck equations of motion, 3-3la, transform to,

l MEOI] l:~1+ l"W' oJlt~1 {; 0Jl:~le -~i :~:J [;~ ;~J(f:::::l + 1:::::1) (4-31.)

As discussed in Section 3, the equations of motion must be solved simultaneously with the nonlinear

force equations, 3-3lb and 3-3lc. These equations also can be transformed to the truck "mode"

coordinates. That is,
I I LKy< e8 [~J hj IqT1IF(e)\

( I
and

\ . I
[KY<~8 [~J I¢T]

lq I/F(e)1 => I TI

(4-31b)

(4-31c)

(4-32)

4.2.4 Measurement of Truck Model Parameters

The form of equations 4-31 implies that stiffness data, k (e), and friction data, k (~), need be
thdefined for each y-- element of the model. Tests to do so would be difficult to devise. The

difficulty was avoided by defining "modal" stiffness and friction parameters to replace the individ

ual joint parameters. These new parameters, equivalent to the discrete forces in equation 4-31,

were defined as follows:

Let the work done by the discrete stiffness forces be given by,

_ I IT I I
Wk(e) - le~ IF(e)\

Substituting equations 4-26d, 4-29 and 4-3lb into 4-32 gives the work as,

Now,

(4-33)

~Wh.. _ IIF (qT)lja ,qT1
I I
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From equation <,-34 we see. that the generalized forces on the truck "modes" in equation 4-3la

and finally to modal coordinate forces(F 1,,·1, I \·T)\

the last form of 4-34, the explicit modal forces

are merely successive transformations of the joint spring

f o IF ·,1orces, I CG (qTI \ '

equation 4-29 into

£orces~ 11\ (qTl! ' to discrete coordinate

By substituting [epT]T from

can be identified as,

AR Bolster RSF LSF AF

8J
FYAR \. tg'd-bOdY fo rces

X 8z 8x y Z 8z X y 8
Z X y 8z Y Fe

ZAR
Bolster Plate

1 1 1 1 , Friction.L

1 LX 1 Ly LX 1 -Ly LX 1 2LX 1

{FCgCq)}

FeX, Bolster Roll Moment

1 Few, Truck Warping Forces
LX LX 1 LX 1 2LX FY, Bolster Lateral
1 Translation Forces

1 FZ, Bolster Vertical
Translation Forces

Because the truck components are rigid, it is unimportant how the forces are applied provided the

resultant forces are as defined above.

For example, any set of forces that result in truck warping will suffice for Few. The result

ant Few can be thought of as the integrated effect of all joint forces associated with the warping

mode. Consequently, a good measurement of Few could be obtained by the test configuration described

by Figure 4-19 if there were no friction forces.

Digressing slightly, recall that the development from equations 4-32 through 4-34 considers

stiffness forces only. A similar development, with similar results, can be made for friction forces.

Therefore, we may define test loads required to overcome both stiffness and friction forces as,

+ IF f.' )1)I cg \qT i (4-35)

Figure 4~19 Phase Six Setup - Lozenge Mode Racking Loading
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A plot of F(q) for the warping (Lozenge) "mode" test data for the loaded car appears as the

hysteresis curve shown, along with other examples, in Figure 4-20. As explained earlier, in the

discussion of Figures 4-16 and 4-17, the total force deflection relationship, or hysteresis curve,

can be synthesized by the superposition of the spring and friction force curves. Inversely, the

spring and friction force vs. deflection curves can be synthesized from the measured hysteresis

curve. Thus, the analog parameters for the truck "modes", identical in 'form to Ko' K
l,

Kf, f and

L defined in Figure 4-14 for the joint analog, are empirically derived from test data. Using this

analog notation, equation 4-35 can be written as:

(4-36)

f m, and qT
m)

when the direction of velocity is given by qT
m

imposing test forces and boundary conditions on the analytical model, as previously defined, and

numerically integrating to determine an analytical truck hysteresis curve. The modal parameters

were varied until analytical results correlated with test data. This correlation also is shown in

Figure 4-20 for three caSeS. Table 4-5 lists all of the analog parameters for all truck "modes".

Analog parameters for the car-truck interface at the bolster plate also are shown.

i'lst l . Vor t t ca l
;,olsler Rc Lat i ve to
x Idc Fr-ame

Test

Analysis

Def l ec t i ,~n- I nc he s

io.oco

r(,,;t 2. l.a t e ra I
boLs t e r Re La t Lve t.c

r:<"'"
\

-,1 0,

Dc f l cc t i on - Inches
,1

10,00
Test 6.
warping

- ,04 0 ,04
De f l ec t i cn ~ Lnche s

Figure 4- 2U
Comparison of Analytical and Experimental Hysteresis Results
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Table 4-5 Tpuok Analog P~ameteps

Location K Ib/in 1 K1
Ib/in 1 Kf Ib/in 1 f Ib 1 11 in 1

0

lateral 0 (10) 6 4. (10) 5 2.5(10)4 .125
Car-truck
interface

N/A 4. (10)6 5.(10)4yaw 0 00

Bolster: roll 6,52(10)7 6.52 N/A 4.(10)8 2.73(10)5 00

Bolster: vertical 4.5(10)4 N/A 4. (10)6 7. (10) 3 co

Bolster: lateral 2.77(10)4 (10) 6 4.2(10)5 6. (10) 3 .5

Truck Wrap 3.43(10)7 7.(10)7 2.574(10)8 1.4(10)5 .00218

(1) See Figures 4-14. 4-16, and 4-17
(2) N/A - Not Applicable

Continuing with the warping (Lozenge) "mode" example, Figure 4-19 shows the test setup devised to

measure the total of stiffness and friction force in that "mode". In order to measure Coulomb friction

in the joints accurately, the load was applied cyclically while displacement data was recorded con

tinuously. Loading rates of 2 and 4 seconds per cycle were used to determine the relationship, if

any, between the measured parameters and velocity. None was detected. Three constant values of

vertical bolster load, 20,000, 50,000 and 100,000 pounds, were applied and the warping "mode" test

was repeated three times. Thus, three sets of parameters were determined to cover the variations

from empty to full loading conditions. Approximately 20 channels of deflection data were recorded.

Additional test information can be found in Reference 6.

5.0 THE FORCING FUNCTIONS

Preceding sections discussed the general mathematical concepts, the selection of specific

coordinate systems, and the testing required to develop a dynamic model of the unrestrained carl

truck system. This section develops mathematical descriptions of the wheel rail interaction forces.

It also defines an approach for simulating statistically defined track displacements in time domain

analyses, as required for nonlinear system evaluation.

5.1 h~EEL-RAIL INTERACTION FORCES

Figure 5-1 illustrates the wheel set geometry and definitions for the following development of

creep forces.

The key to the stability and response characteristics of rail vehicles is the definition of the

creep forces acting between the wheel and the rail. These forces are difficult to define, however,

a considerable insight to the mathematical problem of stability and response may be gained by a

linear treatment of these forces.
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·WZ
A y...1 B

r
0

Lyj
Looking Forward Looking Down

Ly • Distance of Contact Point to Wheel Set Center of Mass

N • Normal Force on Wheel Surface

r
o

= Nominal -Rolling Radius

T = Tangential Force on Wheel Surface

V Forward Velocity

y Lateral Displacement on Wheel Set

Conicity or Wheel Taper r

6
Z

• Rotation of Wheel Set About Vertical Axis

(5-1)

velocity between the wheel

velocity. V. That is~

FAX VAX

FAY VAY

FBX fc
VBX

FBy V VBy
C

Figure 5-1 Geometry of Wheel/RaUIInteraation

In this linear context, the creep forces, {F}c' are defined to be proportional to the relative

and rail at the contact point and inversely proportional to the forward

The constant of proportionality, f , is the so-called "Creep coefficient". He assume the creep
c

coefficient is independent of direction and ignore the spin creep terms. VAX is the X velocity of

wheel A relative to the rail and FAX is the corresponding wheel rail force. The other forces and

velocities have similar meanings.

The following development of relative velocity expressions assumes small motions and hence

ignores geometry changes due to these motions.

From Figure 5-1,

gives the absolute X velocity of wheel A. The radius, r, can be expressed in terms of the nominal

rolling radius, r o' the conicity, ~, and the lateral displacement, Y. That is, since

+ fir ( fir)r = r c r o l-r
o0

and

fir c Y
A tan ~ ~ YA~

(5-3)

(5-4)

where Y
A

Y - Y is the difference between lateral axle displacement, Y, and lateral displacement of
t
A
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the rail under wheel A, Y Then
t A

(
aYA)V = 21Tr e I--

AX 0 Y r
o

If we define the forward velocity as,

The X velocity of wheel A relative to the rail becomes,

(5-5)

(5-6)

A similar development for wheel B gives

(5-7)

VBY = V ~o (Y - Y
t B)

+ Ly 8Z

The Y velocity of "heel A relative to rail A is simply

VAY
= Y - VSin e

Z
~ Y - vez

but,

Y = Y Y
t A

y - ve
Zt A

So,

(5-8)

(5-9)

(5-10)

(5-11)

Similarly,

V =y-v(eBY Z

Now equations 5-7,

giving,

+ eZt B)

5-3, 5-11 and 5-12 can be written in matrix form and substituted into 5-1,

(5-12)

t;;l -:{[~~ j 1;,1 + [: -11~z} + [:: -v -~: J{f±})

-'0 [~: Jlq -~o l ~~l [i,l- '0 [*0 -1 ;: J{;~:1 (5-13)

(5-14)

Equation 5-13 applies to both the front and rear axles of a truck. However, our model does not contain

coordinates of each wheel at which to apply the wheel rail creep forces as developed.

Also, the axle cg coordinates have been transiEormed to the truck "modes" as described in equation

4-29. To remedy these situations we can write the first two rows (corresponding to the rear axle)

and last two rows (corresponding to the front axle) of equation 4-29 as,

{ i ~+J [: :Lx 2LJ f::·lIzd
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Equation 5-14 can "be used to generate dof at all wheels on which to apply the wheel rail forces by,

tyl ty- I
1 I 1

Ly I

~-L-1 t::1
Ly

fAAJ
1 I 1 6

ZAR-- -r--- ----- (5-15)
I -ty l2X2X e -ty

6I 1 1 w 1 2L
X

2L
X w

I Ly tyI 1
I 1 2L

X
2L

XI

Now equations 5-13, 5-14, and 5-15 can be used to write the work done by the wheel-rail creep

forces in the truck mode coordinates. The partial derivative of that work expression with respect

to the truck "mode" coordinates yields the forces moving in those coordinates.

That is, the creep forces {F}c' are

-CI

r
o

-1

c

CI

r
o

-1
CI

r
o

-1
CI

r
0

-1

-LX
-CI

rJ
r

6Zt A1 0

Ly

t ~{lj+
-1

YtB
1 CI

+ fe, 1
fc r

6Zt B AR0V -ty 2LX -1
1 1 CI

rJ
Ly r 6Zt A0

1 -1 YtB
a

6Zt B AFr
0

-1

= - fC] !qT} - ~c] {qT} - ~KTC] {hT} (5-16)

These forces are developed for both trucks. Note that only three of the truck modes, YAR'

6 ZAR' and 6 w' "feel" these wheel-rail forces. Also, creep forces contribute stiffness (displacement

dependent terms) and damping (velocity dependent terms) to the affected "modes". These are the terms

which determine the "hunting" stability of the system.

In addition to the above creep forces, gravity and wheel conicity combine to produce a lateral

force. Figure 5-2 illustrates the wheel set geometry and basic equations for the wheel-rail gravity

forces. The force and displacement are expressed, in Figure 5-2, in an axle cg coordinate system.

Again, the force and displacement must be transformed from the axle e.g. to the truck "modal"

coordinates. This is done by using rows one and three of Equation 5-14 in conjunction with the

equation for Fy in Figure 5-2 to develop the work expression, and subsequentially taking the partial
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derivative with respect to the "modal" coordinates as before, to obtain the modal forces. That is,
the gravity forces, I I

IFl G' are

IFAR }

Fyl ;L~J fAR { rLX
2Lx

'LX JrARJ
t:~AP' [i 2LX] ;:AR '

F 4LX2

:~~: ~:AR +Gl IqTInet
(5-17)

2L
X

2L
X 1y 2L

X 4LX2
L.

These gravity forces also are developed for both trucks.

y

tancx= t:,z

y

F
Z=wCOS6X

F;=fn(FzSi n6x)

"fnFze
x

tan8 =26z1-2L
x y

Llz=a y LIz aY
ex = L = L

y y

where f lateral wheel friction coefficient
n

F
n

= f n W, maximum lateral friction reaction to weight (total 2 wheel reaction)

FigUY'e 5-2 Geometry for Gravity Spring

5.2 GENEMTION OF RAIL DISPLACEI1ENT THill HISTORY

In the preceding paragraphs rail displacement dependent forces were defined (Equation 5-13).

The development assumed that rail irregularities are known as a function of distance along the

track. \fOen such is the case, rail irregularities as a function of time can be determined for

a given train speed.

However, rail irregularity data, although measured as a function of time and/or distance traveled,

generally are cast in statistical form to facilitate interpretation and storage. That is, condition

of a length of track can be evaluated by comparing the measured deviation of rail irregularity from

a zero mean with some acceptable deviation value. An example of statistical track data is shown

in Figure 5-3 in the form of a probability distribution chart for measured track centerline

irregularities. Figure 5-3 also illustrates how the distribution chart is generated from the

measured time or spatial data. For clarity, the illustration depicts a very short length of track,

but the power of the distribution chart to summarize and store many miles of track data is evident.

Unfortunately, probability distribution data is not unique. It does not describe the frequency

content of the track. Spectral analysis is required to determine this track characteristic. The

result of spectral analysis is Power Spectral Density (PSD), which is the intensity of rail

irregularities described as a function of frequency. An example of power spectral density data is

shown in Figure 5-4. 11easured track centerline irregularities, the same as used to obtain the
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probability density chart in Figure 5-3, were analyzed to obtain this spectrum. The example data,

show~ in terms of spatial frequency, can be converted to cycles per unit time as would be experienced

at a given speed. The integral of the PSD over the frequency range is equivalent to the variance

obtained from the probability distribution approach to data summarization. Thus, the square root of

this integral, called the root mean squared (rms) value, is equal to the deviation.
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Figure 5-4 Spectral Summax-i zaii on of Data

If the truck could be represented by a linear mathematical model, the PSD of rail irregularity

data would be sufficient to calculate PSD of a car-truck analytical model response. Integration of

this response PSD over the frequency range would yield an-analytical rms response value. This could

be compared with the rms of measured response data obtained during testing on the same length of

track over which the rail irregularities were measured. Such a comparison would establish the validity

of the linear mathematical model.

However, when model nonlinearities are significant, only time domain response analyses will

suffice. That is, a time history (or a spatial distribution) of measured rail irregularities must

be applied to force the model. At first glance, this would imply that corresponding time histories

of measured response data must be available with which to compare experimental and theoretical

results. This approach is not viable because rail irregularities and vehicle responses were not

measured simultaneously. lie avoid this dilemma by generating a time history of rail irregularities

consistent with available rail probability distribution and PSD data. The calculated responses

from the synthesized rail description is then spectrally analyzed, as described above for a linear

analysis, to obtain rms numbers to compare with the rms from the PSD of measured data from model

verification. (Or, a comparison of statistically summarized test and analysis results could be

used.)

Our approach to obtain the desired time history is to generate a Fourier Series where the Fourier

coefficients, An and B
n,

are obtained from rail irregularity PSD data and the phase, en' between

each term is randomly selected. That is,

yet) = ~ fA sin w t + B cos w t)
n=l ~ n n n n

(5-18)
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WherE>

A = ./pSD 'XlIw sin e
n " n n n

and,

(S-19)

B = ...lpSD 'XlIw cos e (S-20)
n" n n n

A specific result for centerline irregularities is shown in Figure S-S. This spatial distri

bution was generated by selecting PSD values from Figure 5-4 at .002 intervals on the abscissa, or

spatial frequency scale. 800 terms were input to 'the series of equation 5-18 in this manner. A

random number generator was used to select numbers between 0 and 1 to determine

e = 2~ R where O<R <1
n n - n-

(S-21)
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A statistical analysis of the generated centerline irregularities was conducted to determine

the deviation, or PJlli value. The curve was then scaled by the ratio of the test deviation value

(Figure S-3a) over our calculated value. Figure S-5 reflects this scaling. (Note that the standard

deviation shown in Figure 5-5 is .088 inches whereas Figure 5-3a shows a .0129 inch standard

deviation. .088 inches is the correct value for centerline alignment as identified on page 5

of reference 7.) A spectral analysis of Figure 5-5 result was conducted to assure that the test

frequency content was retained.

90. 180. 270. 380. 450.
Distance Traveled (ft)

?iguPe 5-5 Track Centerline Displacement vs Track Distance

6.0 COUPLED SYSTEl1 EVALUATION

The general equations of motion were developed in Section 3. These equations were transformed

to specific modal coordinates of the carbody and truck in Section 4. Then, wheel-rail interactions

were developed and transformed to the modal coordinates in Section 5. In this section, the coupled

modal equations of motion are restated with explicit statement of all coupling and excitation forces.

An example of nonlinear system response to simulated track irregularities is presented.
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6.1 COUPLED EQUATIONS OF MOTION

When the notations of equations 4-11, 5-13, and 5-17 are adopted, the coupled carbody-truck

equations of motion and nonlinear force equations appear as,

IF I =
I TI

(6-la)

(6-lb)

(6-lc)

(6-ld)

Equations 6-lb through 6-ld exist for both trucks. The bolster terms, k
B

and f B, have been

explicitly identified in Equation 6-1 to emphasize the coupling that exists between the car modas,

qc' and truck "modes", qT' This coupling was alluded to in the definition of bolster plate analog

parameters given in Table 1. The modeling assumption in this area is that the carbody and bolster

plate remain in contact at all times.

An approach toward verification of the system model, as described by equation 6-1, was required.

Rail geometric irregularities were measured on some length of operational track and the response of

the 80-ton hopper car rolling on that track was measured. These rail irregularities were applied

to the model and the analytical responses were compared with test data. The following paragraphs

describe this verification effort.

6.2 RESPONSE TO RAIL IRREGULARITIES

A considerable amount of operational testing with the 80-ton Hopper Car has been completed.

Both rail irregularities and car responses have been recorded. 11easured centerline irregularity data

was analytically simulated, as discussed in Section 5, and used as the h
T

vector in equation 6-ld

to excite the nonlinear model. The spatial distribution of centerline irregularity, Figure 5-5,

was multiplied by a forward velocity to obtain the required time history. Three forward velocities

were analyzed: 60 fps (40.9 mph), 80 fps (54.5 mph), and 100 fps (68 mph). Each analysis was run

for eight seconds. The motion of all model coordinates was predicted by these analyses. Lateral

wheel/rail forces and motion relative to the rail at the front axle of the front truck also were

predicted by these analyses and are presented in Figures 6-1 through 6-6. RMS values over the

eight-second sample were calculated for each result. These are included in the respective figures.

Figure 6-7 presents measured front truck cg lateral displacements relative to the rail, as a function

of time, for three freight car dynamics field test conditions. These conditions were chosen

because they correspond closely to the three analyzed conditions identified above. As mentioned

in Section 5-2, no direct time comparison is possible because the time relationship is lost in the

statistical methods of handling test data. However, quantitative comparisons can be made between

analysis and test by superimposing peak and m~ values from analysis on the test data. Figure 6-7

provides this form of analytical results. Although the extent of this comparison is limited, these

results show that the model predicts motions within the order of magnitude observed in test. Two

further steps can be taken to improve the quality of comparison:
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1. Obtain ill1S of test response data for comparison of analytical ill1S.

2. Obtain PSD of test response data and calculate PSD of analytical responses for comparison

of frequency content.

We are requesting test data in the required ill1S and PSD form to make these comparisons.
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7.0 HUNTING STABILITY ANALYSES

It was stated earlier (Section 5) that wheel rail creep forces determine the model's hunting

stability. These creep force terms were developed as Equation 5-16. It is intuitively clear that,

if hunting can occur on perfectly regular track, the term [KTC] Ihtl in Equation 5-16, cannot influ-

ence stability. That is, lhtl = lot for perfectly regular track. Consequently, this term may be

deleted from Equation 6-ld when predicting hunting stability. It is known that hunting occurs only

at specific speeds. Therefore, the forward velocity, V, which controls the coefficients [DC] in

Equations 5-16 and 6-lc, is the parameter that must be varied in the analysis of hunting stability
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of a given vehicle configuration. The other obvious parameter is wheel conicity, a. However,

our idealization of the creep forces is restricted to conical wheels. The more subtle wheel shape

changes that result from wear were not considered in this study. Therefore, the nominal wheel

conicity, 1:20, was used in all stability analyses.

Two approaches to the analysis of hunting stability were taken. First, the nonlinear model

(Equation 6-1 with lht\ = \0\) was given a set of initial displacements which exercise model non

linearities, at some forward velocity, and a numerical integration scheme was used to obtain a time

history of the response. A decaying response indicates stability. This analysis was repeated at

forward velocities of 60fps (40.9mph), 80fps (54.4mph), and 100fps (68mph). Figures 7-1 through 7-12

present predicted responses of all carbody and ASF truck modes (front and rear) due to a 0.005

degree initial displacement of the front truck yaw mode while moving forward at 60fps (40.9mph).

It can be seen that several modes build in amplitude from zero to some constant value. Similar

results are obtained at the higher velocities, amplitude buildup increases somewhat with velocity.

This phenomenon is sometimes called limit cycling. This incipient instability at low amplitude,

i.e., amplitude at which the model parameters are linear, indicates the existance of negative system

damping at that frequency. That is, at small amplitudes in the linear range, the determinant of the

system equations contains complex roots, A, at least one of which has a positive real part.

Mathematically, for the root

A = n ± iw

the response, R, has the form

R (t, w) = A (iw) e
nt

where

w = system natural frequency in radians/s,

i =~,

A(iw) = the complex amplitude of response.

If n is positive

lim R( t, w)--

(7-1)

(7-2)

(7-3)

(7--4)

For a linear system, a standard complex eigensolution will yield all the system roots, thereby

allowing assessment of stability. Therefore, our second approach was to linearize the car/truck

model to allow the eigensolution. By restricting all motions to be less than ~ (see Figures 4-14

and -16), all spring rates, k(q), in Equation 6-lb become linear. By replacing all coulomb dampers

with equivalent viscous dampers, all damping terms, f (qT)' in Equation 6-lc become linear.

The equivalent viscous damper is obtained by equating the energy dissipated per cycle by coulomb

friction to the energy dissipated per cycle by a viscous damper.

The dissipated energy (D.E.) is given by,

D.E. = -/Power dt = -/(force x velocity) dt

For coulomb damping the force, f, is a constant so,

D.E. 1 b = -f/qdtcou om

For viscous damping the force is the product of the damping coefficient, C, times velocity, so,

D.E. _ = -C/q 2dt
V1SCOUS

(7-5)

(7-6)

Figure 7-13 depicts a sinusoidal response as would be the case in the linear range, (i.e.,

-~~q~~) and defines the required integration for one-half cycle. Since the energy dissipated in

one-half cycle is half the energy, we may equate Equations 7-5 and 7-6, substitute the values of the
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integrals from Figure 7-13, and solve for the equivalent damping coefficient, c, as,

L,f
C =~ (7-7)

Equation 7-7 implies that as ~ +0, c +00. However, we have seen from response of the nonlinear

system that limit cycling occurs at amplitudes greater than the clearance,~. We conclude, then,

that the lowest values of c, consistent with measure values of ~ are reasonable values for the linear

model. The radial frequency, w, is determined from the eigensolution of a model with zero structural

damping, Le., with all c = e ,

dt .. cos wt .. -2~

.:
f~L

wt
32!:.

4

q .. cos

q .. ~sin wt

1-- 7" .. period

Figure 7-13 Equivalent Damping Integrals

Figure 7-14 presents the full car/ASF truck/rail system closed loop damping ratios obtained for

the linearized model from complex eigenso1utions calculated at several forward velocities. System

frequencies v& forward velocity also are shown. Each frequency is associated with a system natural

mode. Figures 7-15 and 7-16 present examples of these modes. Note that negative damping, and there

fore hunting, is predicted over a broad range of speed, becoming progressively worse at higher

speeds. However, these results cannot be interpreted as predicting complete instability since the

missing nonlinear affects could result in a limit cycle at any speed, as was observed at 41 mph in

the nonlinear analysis results •
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Figure 7-14 Nominal Linear Model Hunting
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Full Car/Linear Trucks Hunting Model HF "" 424.4 Model (6) - 1.25 Hz

Center of Eyes Location
X = 1. 20000000E+03
y = O.
Z = 7. 00000000E+01

Run No. ... PLOTHM

View Point Location
X = 2. 03000000E+02
y • -0.
Z • -0.

Date '" OBOe75

Roll Angle - 180.0 Deg
Cone Angle eo 2.0 Deg
Eye to Eye" 3. a In.

Figure 7-15 Roll Mode

Full Car/Linear Trucks Hunting Model MF· 287.0 Model (9) = 3.76 liz

Center of ~yes Location
X = 1.50000000E+03
Y = 7.00000000E+02
Z = 2.00000000£+02

Run No. = PLOTIIM

View Point Location
X = 2.03000000E+02
Y = -0.
Z = -0.

Date = 080C75

Roll Angle = 180.0 Deg
Cone Angle = 20.0 Deg
Eye to Eye = 3. a In.

Figure 7-16 Torsion Mode

8.0 CONCLUS IONS AND REC01:ltfENDATIONS

The objective of this study was to develop and verify a methodology for describing a mathematical

model of an SO-ton open-hopper railcar system.

The objective was pursued as three subobjectives:

1) Hod e.l Lng and verification of the car body.

2) l10deling and verification of the truck.

3) Verification of the car body/truck system.

It was concluded that state-of-the-art finite element modeling is a satisfactory methodology

for characterizing unloaded railcar mode shapes, provided that careful attention is given to such

details as weld continuity and eccentric sidewall loading. Also, a least squares distribution of

lading mass allows calculation of good mode shapes for the loaded car. However, frequency description

will generally require some minimal vibration test because of lading effects and/or wear on stiffness

properties.

Truck modeling efforts led to the conclusion that modeling of individual truck joints is not

practirR]. Rather, the mathematical analog of the principal deflection shapes of the truck, which

has been described, provides a satisfactory methodology for truck modeling. Also, it was concluded
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that test conduct and instrumentation, and the analytical model definition is greatly simplified by

the measurement of truck "mode" data. However, due to their highly nonlinear nature, the parameters

of the analog can be determined only by test.

The last objective (verification of the carbody/truck system model) was pursued by comparing

analytical time-domain response of the model to rail irregularities with operational responses,

and by comparing hunting speeds predicted by the model with operational hunting speeds. It was

concluded that time domain analyses using a linearized version of the car body/truck model could not

be used to predict response to rail irregularities because the effects of the linearizing restraints

on response cannot be estimated. Although further comparison with other statistical forms of opera

tional test data are continuing, results to date lead us to conclude that the nonlinear model

provides a satisfactory methodology for predicting order-of-magnitude values of responses to rail

irregularities. However, theoretical/experimental correlation is not complete at this time. Thus,

conclusions regarding the suitability of the model for use in hunting studies will be withheld until

completion of the theoretical/experimental correlation studies.

In any event, only the nonlinear model is adequate for predicting order-of-magnitude limit cycle

amplitudes occurring during hunting.

It is recommended that power spectral and statistical forms of measured data be obtained for

comparison to corresponding forms of the analytical data. It is also recommended that a followup

study of the carbody/truck model developed here be initiated with the objective of identifying the

parameter interaction that causes the hunting so that this phenomenon can be minimized.
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