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ABSTRACT

Cost functions for railroad firms are an important element of management 

decision-making. They are also a principal basis for regulatory policy.

Standard ICC cost-finding procedures which are based on a number of untenable 

assumptions regarding, the allocation of common and joint costs, are inadequate. 

Furthermore, traditional econometric attempts at rail cost estimation generally 

have suffered from extensive aggregation of firms, insufficient disaggregation

of output, and inadequate representation of the physical process of producing 

services. This paper presents the results of estimating a rail cost function 

using a new technique based on incorporation of engineering models of the pro­

duction process into the econometric estimation process. The data base is a 

time series comprising nine years of monthly data from a single railroad, in­

cluding detailed information on both operations and financial transactions.

The major contribution of this work is the explicit incorporation 

of engineering performance models in the analysis. This allows the inclusion 

of a measure of service quality, average speed of shipment, as a character­

istic of the firm's output. This inclusion provides a significant first step 

in allowing management to better understand the cost implications of improving 

service quality. The basic structure developed in this paper is flexible enough 

to allow other measures of service quality, such as trip time reliability and 

loss-and-damage, to be included.



1 . 0  I n t r o d u c t i o n

An u n d e r s t a n d i n g  o f  t h e  n a t u r e  o f  c o s t s  o f  p r o d u c t i o n  i s  i m p o r t a n t  i n  e v e r y  

r e g u l a t e d  i n d u s t r y ,  both f o r  i n d i v i d u a l  f i r m s  and t h e i r  r e g u l a t o r s .  A t  t h e  most 

b a s ic  l e v e l  a f i r m  w i l l  r e q u i r e  c o s t  data f o r  c o r p o r a t e  p l a n n i n g .  F o r  exampl e,  

a f i r m  may wish t o  know what s i z e  p l a n t  t o  b u i l d ,  whet her t o  upgrade t h e  q u a l i t y  

o f  p l a n t  o r  w h e t h e r ,  a t  an e x i s t i n g  t a r i f f ,  t h e  reve nu es  f o r  a s e r v i c e  c o ve r t h e  

i nc re men ta l  c o s t  o f  p r o v i d i n g  t h e  s e r v i c e .  Co st  d a t a  may be used t o  argue f o r  a 

change i n  t a r i f f s ,  A f i r m  may want t o  know how a change i n  t h e  l e v e l  o f  o u t p u t  

o f  one s e r v i c e  a f f e c t s  t h e  c o s t s  o f  p r o v i d i n g  a n o t h e r  s e r v i c e ,  and i t  may r e l y  

i n  p a r t  on c os t s  d at a  t o  d et er mi ne whether i t  would be p r o f i t a b l e  t o  d i s c o n t i n u e  

a s e r v i c e ,  i n t r o d u c e  a new s e r v i c e ,  o r  a t t e m p t  t o  merge w i t h  a n o t h e r  f i r m .

R e g u l a t o r s  and o t h e r  p o l i c y  makers a l s o  have many reasons t o  seek improved 

i n f o r m a t i o n  abou t c o s t s .  When examined c o r r e c t l y ,  c o s t  da ta  can be used t o  de­

t e r m i n e  whether t h e r e  a r e  i n  f a c t  economies o f  s c a l e  i n  p r o d u c t i o n ,  and whether 

r e g u l a t i o n  i s  a n e c e ss a ry  t o o l  o f  s oc ial  c o n t r o l  i n  a g i v e n  i n d u s t r y .  R e g u l a t o r s  

o f t e n  ask whether a s e r v i c e  i s  being s u b s i d i z e d  by o t h e r  s e r v i c e s  o f  a m u l t i p r o ­

d uc t f i r m ,  i s  s u b s i d i z i n g  o t h e r  s e r v i c e s ,  and whet her t h e  p r o v i s i o n  o f  s e r v i c e  

by one mode w i l l  e l i m i n a t e  a n o t h e r  mode o v e r  a g i v e n  r o u t e .  I f  r e g u l a t o r s  a re  

i n t e r e s t e d  i n  s e t t i n g  t a r i f f s  t h a t  a l l o c a t e  economic r e so u r c e s  e f f i c i e n t l y ,  t h e y  

w i l l  r e q u i r e  i n f o r m a t i o n  abou t c o s t s .  G e n e r a l l y  s p e a k i n g ,  t h e n ,  r e g u l a t o r s  need 

c o s t  i n f o r m a t i o n  t o  d e te r mi ne  how t h e i r  p o l i c i e s  w i l l  a f f e c t  market s t r u c t u r e  and 

economic p er fo r ma nc e .  These comments a p p l y  w i t h o u t  e x c e p t i o n  t o  t h e  r a i l r o a d  

i n d u s t r y .

1 . 1  O t h e r  R a i l r o a d  C ost  E s t i m a t e s

A number o f  s t u d i e s  have examined c os t s  i n  t h e  r a i l r o a d  i n d u s t r y .  The e a r l y  

work i n  t h i s  area a tt emp ted t o  c h a r a c t e r i z e  t h e  o u t p u t  o f  r a i l r o a d s  as a s i n g l e  

p r o d u c t ,  u s u a l l y  t o n - m i l e s .  These s t u d i e s  t y p i c a l l y  have examined a c r os s  s e c t i o n
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o f  Cl ass  I r a i l r o a d s ,  u s in g  ICC d a t a ,  t o  t e s t  whet her t h e r e  a r e  economies o f  

s c a l e  i n  r a i l  t r a n s p o r t .  The r e s u l t s  have g e n e r a l l y  been m i x e d .  F o r  e xa mp l e,  

K l e i n  [ 9 ]  used 1936 d at a  t o  f i n d  economies o f  s c a l e  t h a t  were s t a t i s t i c a l l y  

s i g n i f i c a n t ,  though modest.  On t he o t h e r  hand,  e s t i m a t e s  by B o r t s  [ 2 ]  and 

G r i l i c h e s  [ 6  ]  have suggested t h a t ,  w h i l e  t h e r e  may be economies o f  s c a l e  f o r  

s m a l l e r  r a i l r o a d s ,  s c a l e  economies a re  n o t  p r e v a l e n t  f o r  l a r g e r  Cl a ss  I r a i l r o a d s .

S ev er al  a s pe ct s  o f  thes e s t u d i e s  have s er v ed  t o  l i m i t  t h e  In fer en ces ,  t h a t  

can be drawn.  T hey r e l y  on da t a from t he ICC a co u nt s  r a t h e r  th a n on raw da t a 

from the f i r m s .  T hey t y p i c a l l y  s p e c i f y  a r e l a t i v e l y  si mp le f u n c t i o n a l  form f o r  

c o s t s ,  and a s s e r t  t h a t  t h e  f orm i s  a p p r o p r i a t e  w i t h o u t  a t e s t  o f  t h a t  a s s e r t i o n .  

The do n o t  a d j u s t  f o r  q u a l i t y  o f  s e r v i c e ,  and more i m p o r t a n t l y ,  t h e y  do n o t  a c ­

c ou n t f o r  t he m u l t i p r o d u c t  n a t u r e  o f  v i r t u a l l y  e v e r y  r a i l  f i r m .  A n d ,  t h e y  do 

n o t  a t t e m p t  t o  a d j u s t  f o r  t he f a c t  t h a t  some r a i l r o a d s  o p e r a t e  w i t h  a more com­

p l i c a t e d  n etwork tha n o t h e r s .

More r e c e n t l y ,  Hasenkamp [ 7 ]  and K e e l e r  [ 8 ]  have a t t em p t ed  t o  r e c o g n i z e  

t h e  m u l t i  p r o d u c t  a s pe ct s  o f  r a i l r o a d  a c t i v i t i e s  by d i s t i n g u i s h i n g  between f r e i g h t  

and p assenger s e r v i c e .  A g a i n ,  these s t u d i e s  use c r o s s - s e c t i o n  ICC d a t a ,  and d e s ­

p i t e  the l i m i t a t i o n s  imposed by thes e c o n s t r a i n t s  r e p r e s e n t  i m p o r t a n t  advances 

i n  o u r  u n d e r s t a n d i n g  o f  c o s t s .

1 . 2  A Time S e r i e s  E s t i m a t e  o f  a H y b r i d  Cost F u n c t i o n

Our own r e se a r c h  on r a i l r o a d  t r a n s p o r t  c o s t s  r e p r e s e n t s  a s t r i k i n g l y  d i f ­

f e r e n t  approach t o  t h e  problem f o r  a number o f  r e a s o n s .

1 )  Our a n a l y s i s  begi ns a t  t h e  l e v e l  o f  an i n d i v i d u a l  f i r m ,  and uses c o s t  

and p r o d u c t i o n  da t a o b t a i n e d  d i r e c t l y  f rom t h e  f i r m  r a t h e r  than from 

t h e  I C C .  T h i s  has a number o f  i m p o r t a n t ^ a d v a n t a g e s ,  i n c l u d i n g  t he 

a v oi dan ce o f  a r b i t r a r y  c o s t  a l l o c a t i o n s  o f  t h e  s o r t  o f t e n  found i n  

t h e  ICC a c c o u n t s .  ( F o r  a d i s c u s s i o n  o f  t h e  k i n ds  o f  problems a r i s i n g
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from t he use . o f  ICC d a t a ,  s e e ,  f o r  e xa mp le,  F r i e d l a e n d e r  [ 4  ] ,  A pp en di x

A . )  We employ a t i me  s e r i e s  a n a l y s i s  f o r  a s i n g l e  f i r m  r a t h e r  than a 

c r o ss  s e c t i o n a l  a n a l y s i s  f o r  a p a r t i c u l a r  y e a r .

2 )  The m u l t i p r o d u c t  n a t u r e  o f  t he f i r m  i s  i n c o r p o r a t e d  i n t o  t h e  a n a l y s i s .  

O u t p u t  w i l l  be c h a r a c t e r i z e d  both by t h e  volume o f  f r e i g h t  hauled and by 

t he avera ge speed o f  a shipment thr oug h t h e  s ys tem.  We e x p l i c i t l y  r e ­

c o g n i z e  t h a t  speed o f  s e r v i c e  i s  an i m p o r t a n t  d e t e r m i n a n t  o f  r a i l  c o s t s ,  

and i n c l u d e  t h i s  i n  o u r  e s t i m a t e s .

3) We use i n f q r m a t i o n  a bo u t t he u n d e r l y i n g  t e c h n o l o g i c a l  p r o d u c t i o n  p r o c e s s ,  

deve lop ed t h r o ug h e n g i n e e r i n g  process f u n c t i o n s ,  t o  b e t t e r  s p e c i f y  t h e  

n a t u r e  o f  t e c h n o l o g y  and t o  improve t he e f f i c i e n c y  o f  our e s t i m a t e s .

In s ev e r a l  r e s p e c t s  t h e  l a s t  p o i n t  i s  p a r t i c u l a r l y  n o v e l .  H i s t o r i c a l l y ,  

most econometri c e s t i m a t e s  o f  c o s t  f u n c t i o n s  have i g n o r e d  v a l u a b l e  i n f o r m a t i o n  

g en er at e d from an a n a l y s i s  o f  e n g i n e e r i n g  process f u n c t i o n s  t o  p r o v i d e  o b s e r ­

v a t i o n s  o f  s e r v i c e  r e l a t e d  v a r i a b l e s .  We have l a b e l e d  t h i s  a " h y b r i d "  approach 

f o r  t h a t  r e a s o n ,  and we b e l i e v e  t h a t  i m p o r t a n t  new i n s i g h t s  can be gai ned from 

a p p l i c a t i o n s  o f  t h i s  t e c h n i q u e  t o  o t h e r  modes, as w e l l  as i n  r a i l  t r a n s p o r t .

2 . 0  Proposed Co st  F u n c t i o n  F o r m u l a t i o n

2 . 1  O v e r v ie w

As i n d i c a t e d  a b o v e ,  we have developed and e s t i m a t e d  a model o f  r a i l r o a d  c os t s  

t h a t  i n c o r p o r a t e s  e n g i n e e r i n g  models o f  o p e r a t i o n s  and a v o i d s  t h e  problem o f  r e ­

l y i n g  upon da ta  f rom r a i l r o a d s  o f  v a r y i n g  s i z e  and d e s c r i p t i o n .  T h u s ,  o u r model

i s  e s t i m a t e d  u s i n g  t i m e - s e r i e s ,  data from a s i n g l e  f i r m .  The purpose o f  t h i s  

s e c t i o n  i s  t o  o u t l i n e  how t h e  e n g i n e e r i n g  a s pe ct s  o f  t h e  problem a re  i n t r o d u c e d  

i n t o  t h e  o v e r a l l  model f o r m u l a t i o n ,  and t o  b r i e f l y  examine the n a t u r e  o f  t he data 

used i n  t h e  m od e l.
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2 . 2  The Use o f  E n g i n e e r i n g  Models

In g e n e r a l ,  economic t h e o r y  s t i p u l a t e s  t h a t  a l o n g - r u n  c o s t  f u n c t i o n  s hould 

c o n t a i n  as i ndependent v a r i a b l e s  t h e  q u a n t i t i e s  o f  o u t p u t ( s )  produced and t h e  

p r i c e s  o f  i n p u t  f a c t o r s  u t i l i z e d .  The t e c h n i c a l  b a s is  f o r  such a s p e c i f i c a t i o n  

i s  d i sc u ss ed  somewhat more f u l l y  i n  t h e  A p p e n d i x .  F u r t h e r m o r e ,  i f  one o r  more 

i n p u t  f a c t o r s  are h e l d  f i x e d ,  so t h a t  a s h o r t - r u n  c o s t  f u n c t i o n  i s  o b t a i n e d ,  

t h e  l e v e l s  o f  t h e s e  f i x e d  f a c t o r s  w i l l  a l s o  appear as i nde p en de nt  v a r i a b l e s .  

H ow ev er ,  w h i l e  economic t h e o r y  t hu s d i c t a t e s  some elements o f  t h e  f or m o f  c o s t  

f u n c t i o n s ,  a good deal o f  t h e  success t o  be a c hi ev ed i n  e s t i m a t i n g  such f u n c t i o n s  

r e l i e s  upon t h e  accuracy w i t h  which t he i n p u t s  and o u t p u t s  o f  t h e  p r o d u c t i o n  

process are s p e c i f i e d .  I t  i s  i n  t h i s  r e s p e c t  t h a t  e n g i n e e r i n g  a n a l y s i s  o f  t h e  

f i r m ' s  o p e r a t i o n s  can be e x t r e m e l y  u s e f u l .

One o f  the c r u c i a l  elements o f  t h e  o u t p u t  o f  a r a i l r o a d  ( o r  o t h e r  t r a n s ­

p o r t a t i o n  f i r m )  i s  t h e  q u a l i t y  o f  s e r v i c e  p r o v i d e d .  I t  i s  n o t  s i m p l y  t h e  number 

o f  c a r l o a d s  moved,  b u t  a l s o  t h e  a s s o c i a t e d  s e r v i c e  c h a r a c t e r i s t i c s  which are 

i m p o r t a n t .  These s e r v i c e  c h a r a c t e r i s t i c s  might i n c l u d e  a v er ag e speed o f  s h i p ­

m en t ,  measures o f  s e r v i c e  r e l i a b i l i t y ,  and l o s s - a n d - d a m a g e ,  f o r  exampl e.  S in c e 

t h e  cos ts  o f  p r o v i d i n g  v a r y i n g  l e v e l s  o f  s e r v i c e  c o u l d  be s u b s t a n t i a l l y  d i f ­

f e r e n t ,  i t  i s  i m p o r t a n t  t o  c a p t u r e  s e r v i c e  q u a l i t y  measures i n  t h e  d e f i n i t i o n  

o f  t he f i r m ' s  o u t p u t .  To do s o ,  howev er ,  r e q u i r e s  d e t a i l e d  d a t a  on t he n a t u r e  

o f  o p e r a t i o n s .  S i n c e  such d at a  are n o t  n o r m a l l y  c o l l e c t e d  on a r e g u l a r  b a s is  

by t h e  ICC o r  o t h e r  p u b l i c  a g e n c y ,  p r e v i o u s  c o s t  s t u d i e s  have t ended t o  i g n o r e  

s e r v i c e  q u a l i t y  measures.  The work i n  t h i s  s t u d y ,  h o w e v e r ,  demonstr ates t h a t  

s e r v i c e  q u a l i t y  measures a re i m p o r t a n t ,  and t h a t  thor ou gh u n d e r s t a n d i n g  o f  c os t s 

r e q u i r e s  r e c o g n i t i o n  o f  t h e s e  elements o f  o u t p u t .

One e f f e c t i v e  way o f  r e f l e c t i n g  s e r v i c e  q u a l i t y  measures i s  thr o ug h t h e  use 

o f  e n g i n e e r i n g  models o f  network o p e r a t i o n s .  T h i s  i s  t h e  approach t a ke n h e r e ,
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and t h e  models used i n c l u d e  r e p r e s e n t a t i o n  o f  l i n e h a u l  t r a i n  movement and 

c l a s s i f i c a t i o n  y a r d  o p e r a t i o n s .  The o b j e c t i v e  o f  th es e e n g i n e e r i n g  models i s  

t o  r e f l e c t  avera ge speed o f  shipment as a f u n c t i o n  o f  volume moved,  and the 

m o t i v e  power and p h y s i c a l  f a c i l i t i e s  a v a i l a b l e .  F o r  t he p r e s e n t ,  avera ge speed 

o f  shipment i s  t h e  o n l y  s e r v i c e  measure u t i l i z e d ,  b u t  t h i s  s hould be viewed as 

a f i r s t  s t ep  toward more comprehensive models i n c o r p o r a t i n g  o t h e r  measures as w e l l .

2 . 2 . 1  The L i n e h a u l  Model

The purpose o f  t h e  l i n e h a u l  model i s  to r e f l e c t  f i r s t ,  t h e  r e l a t i o n s h i p  be­

tween l o c o m o t i v e  h or se pow er ,  t r a i l i n g  load and v e l o c i t y  f o r  a t r a i n ;  and sec on d,  

t h e  d el a y s  e n r o u t e  due t o  i n t e r a c t i o n s  among t r a i n s  ( m e e t s ,  o v e r t a k e s ,  e t c . ) .

T h i s  model a l l o w s  us t o  r e p r e s e n t  the way i n which s ev e r a l  o f  t he m a jo r  i n p u t  

f a c t o r s  f o r  t he r a i l r o a d  ( l o c o m o t i v e s ,  f i x e d  p l a n t  o f  v a r y i n g  q u a l i t y ,  e t c . )  a re  

used i n  a major element o f  t h e  p r o d u c t i o n  process - -  t h e  movement o f  t r a i n s .

The f i r s t  component o f  t h i s  model i s  an e q u a t i o n  which r e f l e c t s  t h e  r e l a t i o n ­

s h i p  between p ow er ,  t r a i l i n g  l oad and v e l o c i t y  f o r  a t r a i n ,  g i v e n  c h a r a c t e r i s t i c s  

o f  t h e  f i x e d  p l a n t  o v e r  which i t  o p e r a t e s .  T h i s  e q u a t i o n  can be s o l v e d  t o  f i n d  

t h e  t h e o r e t i c a l l y  a t t a i n a b l e  v e l o c i t y  o f  the t r a i n .  H ow ev er ,  s i n c e  i n  many cases 

t h i s  v e l o c i t y  w i l l  exceed speed l i m i t s  imposed by t r a c k  q u a l i t y  o r  o t h e r  f a c t o r s ,  

t h e  a c t u a l  v e l o c i t y  w i l l  be l i m i t e d  by the speed l i m i t  i n  e f f e c t .  A d d i t i o n a l  de­

t a i l  on t he d e r i v a t i o n  o f  t h i s  model i s  p r o v i d ed  i n  [ 1 4  ] .

T h i s  f i r s t  component model d e s c r i b e s  the l i n e h a u l  v e l o c i t y  which c ou ld  be 

a t t a i n e d  i f  t h e r e  were no i n t e r a c t i o n s  among t r a i n s .  H ow ev er ,  t r a i n s  a r e o f t e n
a

del a ye d e n r o u t e  due t o  p as s in g  o r  being passed by o t h e r  t r a i n s  g oi ng i n  t he same 

d i r e c t i o n ,  o r  on s i n g l e  t r a c k  l i n e ,  meeting t r a i n s  g oi ng i n  t he o p p o s i t e  d i r e c ­

t i o n .  D e t a i l e d  s i m u l a t i o n  models are o f t e n  used by r a i l r o a d s  t o  e v a l u a t e  t r a i n  

c o n g e s t i o n  ( s e e ,  f o r  e xa mp le,  Lach and S ke l to n [  1 0 ] ) .  H ow ev er ,  f o r  t h e  purposes 

o f  t h i s  s t u d y ,  i t  i s  d e s i r a b l e  t o  have a s i m p l e r ,  a n a l y t i c  model which can be i n ­

c o r p o r a t e d  more r e a d i l y  i n t o  t h e  s p e c i f i c a t i o n  o f  a p r o d u c t i o n  f u n c t i o n  f o r  c o s t
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e s t i m a t i o n .  The model used here draws h e a v i l y  on work done by P e t e r s e n [  1 1 ] .

In o r d e r  t o  u t i l i z e  t h i s  m od e l,  t h e  expected number o f  en co u nt er s between 

t r a i n s  must be ex pr essed i n  terms o f  q u a n t i t i e s  a v a i l a b l e .  These i n c l u d e  t r a f f i c  

d e n s i t y  o f  t r a i n s  o f  d i f f e r e n t  c l a s e s ,  t h e i r  speeds and d i s p a t c h i n g  p o l i c i e s  

t h r o u g h  t i m e .  Examples o f  t h e  d e r i v a t i o n  o f  t h e  expected number o f  encounters 

under d i f f e r e n t  s e t s  o f  c o n d i t i o n s  a re p r o v i d e d  i n  [  1 4 ] .  These r e s u l t s  r e p r e ­

s e n t  s i g n i f i c a n t  e x t e n s i o n s  o f  P e t e r s e n ' s  e a r l i e r  w o r k .  T o g e t h e r  w i t h  t he model 

o f  t r a i n  movement di scus sed p r e v i o u s l y ,  t h e  d e l a y  model a l l o w s  d e t e r m i n a t i o n  o f  

o v e r a l l  l i n e h a u l  v e l o c i t y  f o r  a shi pme nt.

2 . 2 . 2  C l a s s i f i c a t i o n  Yard A c t i v i t i e s

A c c o r d i n g  t o  data g a ther ed by Reebie A s s o c i a t e s  [ 12]  t h e  avera ge r a i l  c a r  

spends o n l y  16% o f  i t s  ti me a c t u a l l y  moving i n  t r a i n s .  An a d d i t i o n a l  56% i s  

s pen t i n  c l a s s i f i c a t i o n  y a r d s .  T h i s  underscores t h e  i mp ortance o f  r e p r e s e n t i n g  

c l a s s i f i c a t i o n  y a r d  a c t i v i t i e s  i f  we a re t o  r e f l e c t  r a i l r o a d  o p e r a t i o n s  w i t h  

any r e a s o n a b l e  degree o f  a c c u r a c y .

W hi le  i n  a r a i l y a r d ,  a c a r  undergoes f o u r  b a s ic  o p e r a t i o n s :  1 )  inbound

i n s p e c t i o n ;  2) c l a s s i f i c a t i o n ;  3) assembly i n t o  outbound t r a i n ;  and 4) outbound 

i n s p e c t i o n .  I t  i s  q u i t e  n a t u r a l  t o  t h i n k  o f  t hes e a c t i v i t i e s  as a s e r i e s  o f  

queues t h r o u g h  which t h e  r a i l  c a r  p a s s e s ,  and a model d ev el op ed on t h i s  premise 

p r e d i c t s  average ti me i n  t h e  y a r d  as t h e  sum o f  t h e  a ver ag e t i me s f o r  t he f o u r  

o p e r a t i o n s .  Inbound and outbound i n s p e c t i o n s  consume a r e l a t i v e l y  small amount 

o f  ti me f o r  each c a r ,  and t he amounts o f  ti me r e q u i r e d  a r e  n o t  h i g h l y  v a r i a b l e .  

F o r  t h e s e  r e a s o n s ,  t h e y  are r e p r e s e n t e d  by c o n s t a n t  s t a n d a r d  t i m e s .  E x p l i c i t  

queuing models have been c o n s t r u c t e d  f o r  the re ma in in g e l e m e n t s ,  c l a s s i f i c a t i o n  

and a ss embl y.

The c l a s s i f i c a i t o n  process i s  one i n  which r a i l c a r s  a r r i v e  i n  batches 

( t r a i n s ) .  Thus a batch a r r i v a l  queuing model i s  a p p r o p r i a t e .  The n a t u r e  o f  

t h e  s e r v i c e  process depends upon t he t y p e  o f  y a r d  i n v o l v e d .  Hump y a r d s  can
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g e n e r a l l y  be r e p r e s e n t e d  by d e t e r m i n i s t i c  s e r v i c e  t i m e s ,  b u t  f l a t  y a r d s  o f t e n  

r e q u i r e  more complex s e r v i c e  ti me models based on d i s t r i b u t i o n s  o f  c ars  per 

inbound c u t ,  r e l a t i v e  l i k e l i h o o d  o f  v a r i o u s  outbound b l o c k s ,  and t h e  time 

r e q u i r e d  p e r  s w i t c h .  G iv en  t h e  mean and v a r i a n c e  o f  inbound b a t c h  s i z e s ,  and 

a mean and v a r i a n c e  f o r  t he s e r v i c e  t ime d i s t r i b u t i o n ,  a ver ag e c l a s s i f i c a t i o n  

d e l a y  can be computed u sing a f or m u l a  developed by G a ve r  [  5 ] .

D e l a y  due t o  assembly i n t o  outbound t r a i n s  i n c l u d e s  two m a jo r  components:  

c o n n e c t i o n  d e l a y  w a i t i n g  f o r  t he n e x t  scheduled outbound d i s p a t c h ,  and t he 

t i me  r e q u i r e d  f o r  t he a c t ua l  assembly process i t s e l f .  F o r m u l a t e d  as a queuing 

m od e l ,  t h e  assembly process i s  one i n  which c ars  a r r i v e  i n d i v i d u a l l y  ( fr om 

c l a s s i f i c a t i o n )  and w a i t  u n t i l  t h e  " s e r v e r "  (an outbound t r a i n )  i s  r e a d y  t o  a c ­

c e p t  a b at ch o f  c ars  (a t r a i n )  t o  l e a v e  t he y a r d .  In t h e o r y ,  t h e  d e l a y  ti me to 

c a r s depends upon the i n t e r a r r i v a l  ti me d i s t r i b u t i o n  o f  c a r s f r om  c l a s s i f i c a t i o n ,  

t h e  d i s t r i b u t i o n  o f  times between s uc ce s si v e d i s p a t c h e s  o f  outbound t r a i n s ,  and 

t he maximum t r a i n  l e n g t h  t h a t  can be accommodated on outbound t r a i n s .  From a 

p r a c t i c a l  p e r s p e c t i v e ,  t he most i m p o r t a n t  f a c t o r  i s  t h e  d i s t r i b u t i o n  o f  t i mes 

between s u cc e s s i v e  d i s pa t ch e s o f  outbound t r a i n s .

Combining t h e  c l a s s i f i c a t i o n  queuing model and t he assembly q ueuing m od e l,  

we can p r e d i c t  t o t a l  average ti me i n  y a r d  f o r  c a r s .  The p r i n c i p l e  adv ant ag e o f  

u si ng  t h i s  queuing approach i s  t h a t  i t  p r o v i d e s  an e x p l i c i t  l i n k  between volumes 

moved,  i n p u t  r e so u rc es  p r o v i d e d  and t he q u a l i t y  o f  s e r v i c e  r e s u l t i n g  i n  t h e  y a r d .

In t h i s  w a y ,  we have an analogous component model which can be l i n k e d  w i t h  the 

•l inehaul  model t o  p r e d i c t  o v e r a l l  q u a l i t y  o f  s e r v i c e  i n  terms o f  speed o f  shipment.

2 . 3  S p e c i f i c a t i o n  o f  t he "Economic" V a r i a b l e s

The e n g i n e e r i n g  a n a l y s i s  p r o v i d e s  a procedure f o r  d e v e l o p i n g  o u t p u t  measures 

o f  system p er f or man ce :  i n  t he case a t  hand we have c o n c e n t r a t e d  on t h e  o v e r a l l  

speed o f  a shipment thr o ug h t h e  s ystem.  The model a l s o  uses t h e  f o l l o w i n g  economic



-8-

v a r i a b l e s :

1 .  Volume: 1 oaded c a r - m i l e s ;

2 .  I n p u t s :  a)  p r i c e s  o f  c a r s ,  l o c o m o t i v e s ,  f u e l ,  c r e w s ,  n on -c rew

l a b o r ,  r a i l ;

b) f i x e d  f a c t o r :  q u a l i t y  o f  p l a n t ;

3 .  C o s t :  o p e r a t i n g  c o s t s  p l u s  charges f o r  c a r  and l o c o m o t i v e  us e.

T hey w i l l  be b r i e f l y  d e s cr i b ed  i n  t u r n .

2 . 3 . 1  Volume

Our model c o n s i d e r s  two t y p e s  o f  o u t p u t :  speed and v ol ume.  The p r e v i o u s  

s u b s e c t i o n  has d e s c r i b e d  t h e  speed v a r i a b l e ;  here we w i l l  c o n c e n t r a t e  on v ol ume.

S h i p p e r s  a r e viewed as buyi ng  loaded c a r - m i l e s  o f  p r o d u c t  t r a n s p o r t e d .

T h u s ,  e m p t y - c a r  m i l e s  a re n o t  an o u t p u t  so much as an i n t e r m e d i a t e  p r o d u c t  n eces ­

s a r y  t o  produce loaded c a r - m i l e s .  We have c o n c e n t r a t e d  on u si ng  c a r - m i l e s  r a t h e r  

tha n t o n - m i l e s  f o r  two r e a s o ns .  F i r s t ,  i t  i s  t h e  c a r  c a p a c i t y  t h a t  i s  g e n e r a l l y  

p u r c h a s e d ;  s h i p p e r s  do n ot  s i m p l y  s h ip  a ton o f  a good.  S e c o n d l y ,  t h i s  a l l o w s  

us t o  t i e  t h i s  u n i t  o f  o u t p u t  t o  t h e  e n g i n e e r i n g  process models o f  t h e  y a r d .

D e t a i l e d  r e co r ds  o f  the f i r m  a l l o w  us t o  c a l c u l a t e  c a r l o a d s  o f  v a r i o u s  com­

m o d i t i e s  ( b y  STCC code i f  d e s i r e d )  on a mon thl y b a s i s .  The model t o  be p r e s e n ­

t e d  has a g gr eg a te d a l l  commodities i n t o  one volume v a r i a b l e  ( Y )  so as t o  focus 

o u r d i s c u s s i o n  on t h e  h y b r i d  n a t u r e  o f  t h e  model ( i . e .  t h e  i n t r o d u c t i o n  o f  speed 

( V )  i n t o  t h e  m o d e l ) .  In g e n e r a l ,  howev er ,  t h e  degree o f  d i s a g g r e g a t i o n  o f  Y 

i n t o  v a r i o u s  commodity c a t e g o r i e s  i s  o n l y  l i m i t e d  by problems o f  s t a t i s t i c a l  

s i g n i f i c a n c e .

2 . 3 . 2  I n p u t s

As d i sc u s s e d  i n  t he Appendi-X,  t he model i n c l u d e s  b ot h v a r i a b l e  and f i x e d  

i n p u t s .  V a r i a b l e  i n p u t s  a re r e p r e s e n t e d  by t h e i r  p r i c e s .  T h e r e  a r e  s i x  p r i c e s  

i n  t h e  m o d e l ,  c o n s t r u c t e d  as f o l l o w s :

1 .  PCAR: m o n t h l y  r e n t a l  p r i c e  o f  c ars  found by t a k i n g  purchase
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p r i c e s  o f  cars and c o n s t r u c t i n g  e q u i v i l e n t  r e n t a l  p r i c e s  

u s in g  t h e  f i r m ' s  i n t e r e s t  r a t e  f o r  bor rowi ng  f u n d s ;  

p r i c e s  f o r  t h e  v a r i o u s  c ac  t y p e s  ( e . g .  h o p p e r ,  r e f r i g e r a t o r  

c a r s )  a r e  combined i n  p r o p o r t i o n s  r e f l e c t i n g  the f i r m ' s  c a r  

use a t  each p o i n t  i n t i m e ;

2 .  PLOCO:  s i m i l a r  t o  PCAR c o n s t r u c t i o n ;

3.  P F U E L :  m o n t h l y  purchases o f  f u e l  d i v i d e d  by g a l l o n s  us ed;

4 .  PCR ( p r i c e  f o r  a c r e w ) :  wage b i l l  f o r  t r a i n  crews each mo nt h,

d i v i d e d  by the number o f  hours a c t u a l l y  w o r k e d ,  p l u s  supplemental  

p a y ;

5.  PNCR ( p r i c e  f o r  non-crew l a b o r ) :  wage b i l l  f o r  management,

c l e r i c a l  s t a f f ,  maintenance l a b o r ,  e t c .  f o r  each month d i v i d e d  

by t h e  number o f  hours a c t u a l l y  w o r k e d ,  p l u s  supplemental  p a y ;

6.  P R A I L :  c o s t  per ton o f  r a i l  a m o r t i z e d  o v e r  expected l i f e  i n t o  

m o n t h l y  r e n t a l  payments v i a  t h e  f i r m ' s  i n t e r e s t  r a t e  on b o r r o w i n g . .

A p r i c e  f o r  t i e s  was a l s o  computed,  b u t  i s  h i g h l y  c o r r e l a t e d  ( . 9 8 9 )  w i t h  t h e  

p r i c e  o f  r a i l ,  so o n l y  t he r a i l  p r i c e  i s  used.

In a d d i t i o n ,  because we a re e s t i m a t i n g  a s h o r t - r u n  f u n c t i o n ,  t h e  l e v e l ( s )  

o f  f i x e d  f a c t o r s  must be i n c l u d e d .  We have chosen t o  r e p r e s e n t  t h e  f i x e d  f a c t o r  

as t he q u a l i t y  o f  m a i n l i n e  t r a c k ,  measured by t h e  p r o p o r t i o n  o f  t he t o t a l  t r a c k  

m i l e s  which a re o f  s u f f i c i e n t  q u a l i t y  t o  be c on s id e r e d  i n  FRA C l a s s  4 .  Changes 

i n t he f i x e d  p l a n t  o f  r a i l r o a d s  occur v e r y  s l o w l y  because t h e  el ements o f  t h e  

p l a n t  have v e r y  l o n g l i f e t i m e s .  S in c e t h e  da ta  a v a i l a b l e  r e f l e c t  f ew m a j o r  

changes i n  t h e  n a t u r e  o f  t h e  p l a n t ,  we have e s t i m a t e d  s h o r t - r u n  f u n c t i o n s  w i t h  

p l a n t  as t h e  f i x e d  f a c t o r .  Because t h e  FRA c l a s s i f i c a t i o n s  have a s s o c i a t e d  

speed l i m i t s ,  and t h e s e  speed l i m i t s  a f f e c t  t h e  speed o f  shipment o v e r  t h e  s y s ­

t e m,  an i n d e x  o f  p l a n t  q u a l i t y  based on t h i s  c l a s s i f i c a t i o n  s t r u c t u r e  i s  a v e r y  

e f f e c t i v e  measure o f  t h e  f i x e d  f a c i l i t y  f o r  t h i s  s t u d y .
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2.3.3 Cost

Observations on cost have been obtained from operating costs, plus es­

timated opportunity costs for the cars and locomotives used. Because the 

operating costs only include repa ir costs on the cap ita l equipment, i t  is  

necessary to supplement them to account fo r ownership costs. We chose not to 

use per, diem payments on cars because such payments are often complicated by 

special arrangements with other roads on the use o f cars, and because the per 

diem rate does not accurately re f le c t  opportunity costs since i t  is  based on 

h is to r ica l data and is  d istorted by being set as part o f the regulatory process.

In general, locomotive leases Were used when possible. However, equipment 

ob liga tions entered into before the time period o f the ana lys is do not complete­

ly  re f le c t  opportunity costs at points o f  time w ith in the ana lys is  period.

2.4 Summary

The model spec if ica t ion  contains two measures o f  output: loaded car-m iles

and average speed; prices o f s ix  var iab le  input factors: cars, fu e l,  r a i l ,

crews, non-crew labor and locomotives; and the leve l o f one f ixed factor: 

the qua lity  o f  main l in e  track.

The cost model is  estimated simultaneously with f iv e  facto r share equations 

as discussed in the Appendix. Thus our system o f equations can be generally  re­

presented a s :

Cost = C(Y, V, PCAR, PFUEL, PRAIL, PCR, PL0C0, PNCR; QK)

SFUEL = S(Y’ ” - >PNCR; QK)

SNCR = S(Y, .’ i . ,PNCR; QK)

where QK is  the qua lity  o f track var iab le  and S is  the appropriate share function 

foundby d if fe re n t ia t in g  the cost function with respect to the appropriate factor 

price. Factor share equations for fu e l,  r a i l ,  crews, locomotives and non-crew 

labor have been used.
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3.0 Estimation Results

The model to be estimated* (each variab le  is  divided by i t s  mean before 

taking logs so as to protect the proprietary nature of the data) is  as follows:

log (C/C) = a + S-jlogtY/Y) + gglogtV/V)

+ Y^ogCPCAR/PCM) + Y2log(PFUEL/PFUEL)

+ Y 3log(PRAIL/PmT) + Y4log(PCR/PCR)

+ Y 5log(PL0C0/PL0C0) + Y6log(PNCR/PNCR)

+ 6 log(QK/QK)

We have used 108 monthly observations on C, Y, V, PCAR, PFUEL, PRAIL, PCR,

PL0C0, PNCR and QK to provide estimates of 3-j j 32 j Yi 5 • ' ,Y6 an<̂ <$. As is  

explained in the Appendix, the above model should be estimated jo in t ly  with 

facto r demand equations so as to improve the e ff ic ien cy  of the estimation. In 

th is  case, while the factor demand equations turn out to be non-linear, the fa c ­

to r shares s.. ( i . e .  p.x^/c) of the cost are l in e a r ,  of the form:

Si = Y.

Factor share equations fo r fue l,  r a i l ,  crew labor, locomotives and non-crew 

labor were estimated. The s ix th  factor share equation fo r  cars is  unnecessary 

since i t  is  l in e a r ly  dependent. The resu lts  of the estimation are indicated 

in Table 1.

The l e f t  hand column of Table 1 l i s t s  the co e f f ic ie n t  and the associated 

variab le . Because the model is  in logarithmic form, the coe ff ic ie n ts  are e la s ­

t i c i t i e s  o f cost with respect to the indicated variab le . As can be seen, a l l  

variab les are s ig n if ic a n t  at the 5% level with the exception of PRAIL. Further­

more, a l l  var iab les are of teh correct sign: prices and flow are po s it iv e ,  quality

*See the Appendix. More general ( i .e .  non-Cobb-Douglas)forms w i l l  be examined 
in the f in a l report o f our study. This model was chosen to h igh l igh t the hybrid 
nature of the ana lys is .
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o f plant and ve lo c ity  negative. The appendix ind icates the reason that

qua lity  of plant should be negative. We w i l l discuss the reason fo r  the

sign on V below. 

Coe ff ic ien t

Table 1 Estimation Results 

Estimated Value t-Value

a .6592 4.54

B, (Y) .1863 4.57

e2 (v) -.038 -2.28

(PCAR) .1328 5.21

y 2 (PFUEL) .0457 85.2

y 3 (PRAIL) .00007 0.66

y4 ( pcr) .1521 125.7

y 5 ( ploco) .0827 51.7

y6 (PNCR) .3998 123.8

<s (QK) -.5208 -8.56

Before that, however, le t  us consider what the coe ff ic ien ts  mean. Be­

cause they are e la s t i c i t ie s ,  the la rger the absolute value, the greater the 

e ffect (a l l  e lse held constant) the variab le  has on cost. This i s  e spec ia lly  

c lear since a l l  variab les are divided by th e ir  means and thus sca ling  issues 

are ir re le van t .

The input factors that appear to have the most d ire c t  a f fec t  are labor and 

cars. The e la s t i c i t y  o f cars probably re f le c ts  the manner o f adding in projected 

car costs discussed in section 2.3.3, and also re f le c ts  the fact that the r a i l ­

road under study has been s ig n i f ic a n t ly  improving i t s  car f le e t  over time.

The e la s t i c i t i e s  of cost with respect to crew labor and non-crew labor are 

the greatest among the input factors , with the non-crew labor e la s t i c i t y  being 

almost three times the crew-labor e la s t i c i t y .  Non-crew labor includes top man­

agement, c le r i c a l ,  sales and maintenance labor, and i t  is  the la s t  category that
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probably accounts for the large value o f  the coe f f ic ie n t .  H is to r ic a l ly  the 

firm has s ig n i f ic a n t ly  expanded i t s  maintenance labor during the summer months 

so as to improve track condition. A further segmentation o f  labor into the 

three categories o f crew, maintenance and a l l  other labor should be i l lu s t r a t iv e

F in a l ly ,  we observe that the sign on the speed variab le  is  negative and 

s ig n i f ic a n t .  Though th is  might seem to be pecu lia r, (since one would usual­

l y  expect outputs to have pos it ive  co e f f ic ie n ts ) ,  in fact the re su lt  is  quite 

reasonable. A negative coe f f ic ie n t  on V means that i f  V could be sh if ted , 

then changes in the variab le  factors would resu lt  in lower short-run costs.

Since V re f le c ts  both l in e  both 1inehaul and yard f a c i l i t i e s ,  an improvement 

in V would require long-run investments which are not d ire c t ly  re f lec ted  in a 

short-run var iab le  cost function. Thus, one would expect V to have a negative 

sign in a Short-run variab le  cost function and a pos it ive  sign in the long-run 

function.

4.0 Summary and Directions for Further Research

The research has produced a number of products. F ir s t ,  we have been able 

to trans la te  theore tica l data needs spec if ied  by the model into data requ ire­

ments than can be f u l f i l l e d  by a firm using ava ilab le  information. Thus, the 

model allows us to specify ways o f combining ava ilab le  firm data co rrec t ly  to 

produce measures o f cost that should be used in regulatory proceedings (e .g ., 

''incremental" costs).

Second, the costs functions produced provide for m u lt ip le  element outputs: 

we need not lump a l l  flows together as ton-miles, but can allow for d if fe ren t  

commodity types and types of moves. The leve l o f disaggregation is  l im ited  on­

ly  by the number o f ava ilab le  observations and the number o f  parameters to be 

estimated. Furthermore, our output vector includes cha rac te r is t ic s  o f service 

as well as commodities carr ied. Thus, marginal costs for p a r t icu la r  commodities 

and services are computable.
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A th ird  product is  a complete estimated cost function for a moderate-to- 

small ra i lro ad ,  which has been our te s t  case. Since there are many such firms 

in the U.S., th is  is  a useful product in and o f i t s e l f .

F in a l ly ,  the approach we have developed is  robust with respect to adding 

more serv ice cha rac te r is t ic s  and network complexity. The procedure outlined in 

th is  paper can s ta r t  with a very general model o f  production which makes a m in i­

mum o f economic assumptions (e.g. i t  makes no assumption as to whether or not 

there are re tu rns - to -sca le ) . This is  important since we would l i k e  to examine 

( i .e .  tes t)  such economic a ttr ibutes rather than assume them. Engineering mo­

dels are then added so as to increas ing ly  r e s t r i c t  (and thereby fu rther revea l) 

the model o f  production. Again, i t  should be noted that the re s t r ic t io n s  w i l l  

re f le c t  physical r e a l i t ie s  and not economic assumptions that need to be tested.

As more engineering re la tionsh ips are added ( re f le c t ing  network considerations 

or serv ice cha rac te r is t ic s )  the economic a ttr ibu tes  o f  the model become more and 

more re fined, fo r  the general production model becomes increas ing ly  re s t r ic ted  

by the engineering re la tionsh ips and th is ,  in turn, reveals more o f the economic 

re la t ionsh ip s .

Our future work w i l l  concentrate on three areas o f extension: 1) incorpor­

ation o f  the volume variab le , 2) incorporation o f more service cha rac te r is t ic s  

(such as schedule u n r e l ia b i l i t y  and equipment a v a i la b i l i t y )  and 3) app lica t ion  

to s ig n i f ic a n t ly  more complex network structures.
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Appendix

A .l Production and Cost

Let x be an n-vector o f input leve ls , x = (x-j., . . .  ,x ). For example, 

elements of x would include fuel used, amounts of various labor se rv ices , car 

hours, locomotive hours, amounts of r a i l ,  t ie s  and b a l la s t ,  etc. Each input 

factor (x.) has associated with i t  a price per un it ,  p . . Thus to ta l costs are

The reason fo r  purchasing inputs is  to provide output; the re la t ion  

between inputs and outputs is  ca lled  a production function. In the s ing le  out­

put case we would have a s ing le  output Y and a production function f(x ) so that

The re su lt  o f minimizing the to ta l input costs subject to the production 

requirements is  ca lled  the f irm 's cost function* C(Y,p):

The above function is  ca lled  the long-run cost function since a l l  factors  are 

assumed to be var iab le . A general representation of i t  is  shown in  Figure A - l . 

From i t  we could theo re t ic a l ly  f ind  the long-run average cost function AC(Y,p) 

by d iv id ing  C(Y,p) by output Y, and we could obtain the long-run marginal cost 

function MC(Y,p) by d if fe ren t ia t ing  C(Y,p) with respect to Y. Furthermore, we 

can get the factor-demand functions x|(Y,p) which ind icate how much of fa cto r i 

to use i f  we face input price vector p and are required to produce Y by the 

follow ing re su lt  ( [ 1 ] ,  [13]):

n

Y = f(x)

*iP = (P 9  • • • 9
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x* (Y>p) = 3C(Y»P)
1 °P-j

i . e .  the facto r demand function is  simply the der iva t ive  o f the cost

function with respect to the i *̂1 factor p r ice . We w i l l  also be interested in

the i^  facto r share equation s.(Y ,p):

P,-xf (Y,p) 

s i (Y,p) = C(Y,p) C(Y7p)
3C(Y,p)

9Pi

which is  the share of cost associated with factor i ;  furthermore i t  is  the 

e la s t i c i t y  o f cost with respect to the factor p rice  as seen on the r ig h t  above.

A. 2 Short and Long-Run Costs

As has often been observed (see, fo r example, [ 3 ] ,  [ 8]) estimating the 

long-run cost function is  problematical since observations should only l i e  on 

or above i t ,  otherwise i t  would not represent minimal costs. Though th is  

observation is  generally  associated with analyses using a cross-section of 

f irms, th is  is  also true o f an ind iv idua l firm. Here again, observations may occur
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on the long-run function or above i t  (due to adjustments in progress in various 

firm  facto r le v e ls ) .  Thus placing a l in e  through such observations in order to 

estimate the long-run function is  bound to be biased. The approach ( in  the cross 

section ra i lroad  case, again see [ 8 ] )  to be used is  to estimate a fam ily of 

short-run functions that together describe the long-run function.

The short-run is  defined as that period of time wherein one or more factors 

is  f ixed . For convenience we take th is  to be the n-th fac to r ,  xn> and p a rt it io n  

our vectors in to  two parts, with the f i r s t  part o f dimension n-1:

x = (x,x ) 
V  n'

P = (p>Pn)
r* 11

Therefore our cost minimization problem

n
min T. p.x. 

i=l 1 1

is  now posed as:

S.T. f (x) = Y

n-1
min £ p.x.• T II
X 1=1

S.T. f (x ,x  ) = Y 
** *1

C(Y,p; x )
■ I

since i t  re f le c ts  optimization over the variab le factors . Since the fixed

facto r provides short-run fixed costs, Pnxn, then the to ta l short-run cost

function is  C(Y; p; x ) + p x . The use of the semicolon in the short-run 
m n n n

variab le  cost function is  to s ign ify  that the short-run costs vary as we f i x  

xn at d if fe ren t  le ve ls .  This is  seen in f igure  A-2. The f igu re  shows the 

long-run cost function C(Y,p) and two short-run to ta l cost functions, one with 

the fixed input at x  ̂ and the other with the f ixed input at xn - Notice that
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the short-run functions l i e  above or ju s t  touch the long-run function. Thus, 

since the observations are on the long-run function or above i t  (due to short-run 

adjustments) we could estimate the family of short-run cost functions C(Y,p; x )

+ pnxn and find  the long-run cost function by minimizing the re su lt ing  function 

on xn i .e .

min [C(Y,p; x ) + p x j  = C(Y,p) 

xn

In fa c t ,  fo r  our purposes, C(Y, p; x ) is  s u f f ic ie n t ,  since our main in te res t  

is  marginal costs and the technique of getting hybrid cost functions.

c(r.p)

Figure A-2 Short-Run and Long-Run.. Cost Functions

The la s t  point above raises the issue that output in our model should be

composed o f flow and speed. To allow fo r th is  we w i l l  in fa c t  examine cost

functions of the form C(Y, V, p; x ) where V is  speed. This can be taken as
** n

coming from an underlying transformation function (instead of production func- 

t i  on):

H(x, Y, V) = 0

The mathematical symbolism above simply states that inputs x produces outputs 

flow (Y) and speed (V) .
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A.3 An Example of a Cost Function and Development of the Hybrid Model to be 
Estimated.
To better see the above, we consider the following example. Assume a firm 

uses capital (K), labor (L) and fuel (E) to produce output (Y) subject to the 
following Cobb-Douglas function:

Y = AKaLBEY '

where A, a, @, and y are coefficients that we would like to estimate.
The long-run cost function C(Y, P̂ , P̂ , P̂ ) is found by solving the follow­

ing problem

which yields

where

and

min P̂ K + P̂ L + P̂ E

S.T. AKaL3EY = Y

C(Y» PK, PL, P£) = d Y1/fPKa/fPL3/fPEY/f

f = a + g + y

d -
fc“s V '

Since the short-run function arises when one of the factors is fixed, 
then if we fix capital (K) at, say K, we have a short-run variable cost function:

Cy(Y, PL, PE; K) = g Y1/hP,_e/h PEY/hK"a / h

and the short-run fixed cost function is

CF(PK; K) = PKK
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where
h = 3 + y

9 = h(
A e V

1/h

The function to be estimated is Ĉ ; it is most easily estimated by using 
least squares if we take logarithms of all terms giving:

log Cv = log g + 1 log Y + | log PL + £ log P£ + (ĵ-) log K

Notice that since a, 6, y, all should be positive numbers, the coefficient 
of log K, i.e. -a/h, should be a negative number. In other words, if we esti 
mate the following linear model:

z = a0 + aixi + a2x2 + a3x3 + a4x4

where:

Z = log Cv x2 = log PL x4 = log K

x-j = log Y x3 = log P£
A Athen the estimate of a4 (i.e. a4) should be negative. Note that using aQ, 

al, a2, a3 and a4 we can recover /all information of interest (i.e. estimate 
A, a, 3, y ) by simply relating the proper coefficients (for example, an

A Aestimate of 3 is a2/a-j) -
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