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I. INTRODUCTION

A portion of the work supported by contract D0T-0S-40018, Freight 
Car Dynamics, concerned the conversion of two computer programs, ob
tained- from Professor J. J. Kalker of Delft University, from the origi
nal Algol language to Fortran. In addition, detailed users' manuals 
were to be prepared for each program. The first program, the formula
tion of which is described by Kalker in [1], has been converted to 
Fortran and the users' manual is presented in [2]. The present users' 
manual covers the Fortran version of the computer program developed by 
Kalker in [3] and [4]. This program is a modification, by Kalker, of 
the original code described in [5].

Some duplication exists between the present manual and [2]. This 
is done both for completeness in the description of the problem, as 
both codes concern the same problem, and for ease of operation in that, 
where possible, the same nomenclature and input and output format is 
used in both programs.

[1] J.J. Kalker, "Simplified Theory of Rolling Contact," Delft Progr. 
Rep., Series C: Mechanical and Aeronautical Engineering and Ship
building, 1 (1973), pp. 1-10. Reprint attached as Apoendix B.

r2] J.G. Goree and E.H. Law, "Users' Manual for Kalker's Simplified 
Nonlinear Creep Theory," Interim Report, Contract DOT-OS-40018, 
FRA/0RD/-78/06. December, 1977.

[3] J.J. Kalker, "A Programme for Three-Dimensional Steady State 
Rolling. I Description of the Method." (1972), Unpublished.

[4] H. Goedings, "A Programme for Three-Dimensional Steady State
Rolling. II. Programme Description." (1972), Unpublished.

[5] J.J. Kalker, "On the Rolling Contact Between Two Elastic Bodies 
in the Presence of Dry Friction," Ph.D, Thesis, Delft University of Technology (1967).
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Background

The forces and moments due to shear stresses in the contact area 
between wheel and rail play a major role in rail vehicle dynamics.
These shear stresses arise, in part, due to relative linear and angu
lar motions (lateral, longitudinal, and spin creepage) between the 
wheel and rail. Hobbs [6] presents a review of the analytical and 
experimental work concerned with the creep force/creepage phenomenon.

For many problems in rail vehicle dynamics a linear creep force/ 
creepage relationship has been used. Typical of these are eigenvalue/ 
eigenvector analyses of lateral stability, lateral forced response 
studies, and estimation of slip and flange contact boundaries for steady 
state curving. It is widely recognized that the best available linear 
creep law is that due to Kalker [1] and called the "linearized theory" 
(see equations (12) and (13) of [1]). Recently, however, more and more 
questions are being asked of rail vehicle dynamicists that require more 
sophisticated models of the wheel/rail interaction process. Factors 
that should be considered in these models are: (1) the nonlinear wheel/
rail geometric constraint functions arising from curved or worn wheel 
and rail profiles; and, (2) the effects of adhesion limits on the creep 
force/creepage relationship (i.e. a nonlinear creep law).

Attempts have been made to formulate a nonlinear creep law.

[6] A.E.W. Hobbs, "A Survey of Creep", DYN/52, April 1967, British 
Railways Research Dept., Derby, England.
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Johnson's theory [7,8] has been confirmed by laboratory experiments 
but does not account for spin creepage*. Unfortunately, the effects 
of spin creepage are expected to predominate for contact areas in the 
wheel flange region - precisely the situation where a nonlinear creep 
law is needed. The Levi-Chartet creep law [9,10] used by some research
ers is empirically based and does not account for spin creepage.

Professor Kalker of Delft University has formulated two nonlinear 
creep laws that incorporate the effects of spin creepage and that have 
been found to compare well with results of laboratory experiments.
These two creep laws are generally referred to as the "simplified theory 
of rolling contact" [1] and the "exact solution for rolling contact"
[3], [5]. The differences in the solutions lie in two simplifying as
sumptions made in [1] concerning the tangential displacement-stress re
lations and the normal stress distribution on the contact surface.
These assumptions shorten the computation time required by a factor of 
approximately 50 to 100 for the simplified theory. The exact solution 
is valid, for unequal materials while equal material properties must be 
assumed in the simplified theory.

[7] K.L. Johnson, "Adhesion", Proc. Inst. Mech. Enqrs., Vol. 178, Dart
3E (1964), pp. 208, 209. ---------------

[8] P.J. Vermeulen and K.L. Johnson, "Contact of Nonspherical Elastic 
Bodies Transmitting Tangential Forces," J. Apol. Mechanics, Vol. 31 (1964), pp. 338-340.

* Spin creepage is the nondimensional relative angular velocity between wheel and rail in the contact zone.
[9] R. Levi, "Le roulement avec glissement", Compt. rend. Acad. Science 

199, (1934), pp. 119-120.
[10] A. Chartet, "Proprietes generales des contacts de roulement. Theorie

des similitudes." Compt. rend. Acad. Science 225, (1947), pp. 986-988.
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Some of the investigations being conducted under contract D0T-0S- 
40018, Freight Car Dynamics, deal with developing models for the lateral 
dynamic response of North American freight cars during curve entry and 
negotiation. These models will be used to predict vehicle response and 
wheel/rail forces during hard curving where severe flange contact is 
anticipated. Consequently, it is expected that creep forces may approach 
the limits of adhesion and a nonlinear creep law will be required for 
accurate modeling.

The object of the work reported in this Users' Manual was to con
vert the Algol program developed by Professor Kalker for the "three- 
dimensional steady state theory of rolling contact" to Fortran and to. 
check the resulting program by direct comparison with the results cal
culated by the original Algol program and with available experimental 
results. It is anticipated that a Fortran version of this computer 
program and the simplified'theory of [2], will prove quite valuable to 
rail vehicle dynamics researchers in the United States where most 
scientific programs are written in Fortran.

Summary of Users' Manual

The problem analysed in [3] and considered in the computer code is 
for steady rolling contact of two elastic bodies of equal or unequal 
linearly elastic material properties and having both longitudinal and 
lateral creepage and spin about an axis normal to the contact surface. 
The appropriate geometry is given in Figure 1.

The problem may be stated as follows. Given two bodies of known 
elastic properties, dimensions, normal force, rolling velocity, creepage

4



and spin, determine the resultant creep forces tangent to the contact 
surface. The region of slip within the contact surface is also deter
mined. In obtaining a solution, the static Hertzian contact problem 
is first solved (see [5] page 55, or [11] page .414) to determine the 
dimensions of the contact ellipse, a and b. The resultant creep forces 
and moment, Fx, F , and Mz are then determined knowing the parameters
a, b, N, G, v, k , y, v , v , and $ where:x y

FX = F = longitudinal creep force (in the direction of rolling)
X

FY = Fy = lateral creep force
MZ = Mz = spin creep moment about normal to contact surface
A1 = a = semi-axis of contact ellipse in longitudinal direction
B1 = b = semi-axis of contact ellipse in lateral direction

N = resultant normal load on the contact region
G = combined shear modulus, 1/G = 1/2(1/G+ + 1/G~)

NU = v = combined Poisson's ratio, v/G = l/2(v+/G+ + v"/G~)
Kappa = k = elastic difference parameter, = G/4[(l-2v+)/G+-(l-2v~)/G_]

MU = y = coefficient of friction
UY,UY = v , v = longitudinal and lateral creepage x y

PH = <j> = spin creepage
The significant differences in the solutions presented in [1] and [3] 
lie in two simplifying assumptions concerning the tangential displace
ment - stress relations and the normal stress distribution on the con
tact surface. These two assumptions considerably reduce the complexi
ties in obtaining a numerical solution and shorten the computation time

[11] S.P. Timoshenko and J.N. Goodier, Theory of Elasticity. 3rd Ed.,
McGraw-Hill Book Company (1970).
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by a factor of approximately 50 to 100.
The first assumption regarding the tangential displacement-stress 

relation developed in [1] is,
u+(x,y) - u~(x,y) = u(x,y) = SxX = - Sxtxz

equation (9), [1]
v+(x,y) - v'(x,y) = v(x,y) = SyY = - Syxyz

where u(x,y) and v(x,y) are the tangential displacement differences in 
the longitudinal and lateral directions and x and t are the shear

XZ y  Z

stresses. The "exact" relationships for the tangential displacements 
as given in [3] and [5] are

u(x,y) 1_
irG

J
Tx z ( p .q U

1-v v(p-x)2 ] + t (p.q) S i S = ^ t )

+
A

K(Jz (p ,q ) dp dq

M M-m
E E 
m=o n=o mn xmyn , and

where R = /(x-p)2 + (y-q)2 , and A is the contact area.
The two elastic constants Sx and of [1] are determined explicity in
terms of the elastic properties G and v> the contact ellipse dimensions
a and b and the creepage and spin coefficients C.. (see equations (13)J
and (41) - (47) of [1].)

The method of determination of the constants a and b in themn mn
6



"exact" solution is much more complicated than that used to determine
S and S in [1] and is the significant difference in the solutions, x y
The coupling of the shear stresses and the normal stress a is appar
ent in the above "exact" relations. However if the materials are equal, and 
therefore k = 0, the normal stress contribution does vanish. For un
equal materials this contribution may be significant and represents 
the main difficulty in developing a simplified theory for unequal mate
rials.

Both theories also may be used to investigate the effects of a 
very thin elastic layer covering the bodies and having a tangential 
displacement-stress relation as given by equation (45) of [1].

u). ■ LxX = - L/xz, and

v*  ■ V  -  -  V y z ,

where l_x and are the inverse stiffnesses of the layer. If no layer 
is present one then takes Lx = = 0.

The effect of changes in Lx and on the resulting solution has 
not been investigated; however, some observations should be noted.
First, the layer is assumed to be so thin that its presence does not 
influence the determination of the contact ellipse dimensions or the 
pressure distribution. That is, a and b are still computed from the 
static Hertz solution in terms of G, v, and N. The effect of a finite 
thickness work-hardened layer could not then be accounted for by in
cluding L and L . Further, it seems to the writer that if the effect x y
of a contaminated rail is desired, it is more directly accounted for
by an appropriate change in the coefficient of friction. The utility
of modifying the elastic properties by adding L and L is not clearx y
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1

to the writer at this time.
The additional simplification made in the combined creepage and 

spin solution of [1] is that the normal stress distribution over the 
contact region is assumed to be of the form given by equation (14.Ill) 
of [1] rather than the Hertz stress distribution. It should be noted 
that the Hertzian distribution is used in both cases, [2] and the pre- . 
sent code, to determine the contact region dimensions a and b.

In running test problems with the two programs derived from, [1] 
and [3], some important observations have been made. In comparing the 
solutions with experimental results for equal materials, as shown in 
Figure 2, the agreement is equally as good using the "Simplified Theory" 
[1] as the "Exact Theory" [3]. In fact, for small or large values of 
A/B the "Simplified Theory" frequently gives better results, as the 
"Exact Theory" often experiences numerical divergence difficulties for 
extreme values of A/B. In no instance was a significant improvement 
noted with the "Exact Theory". In view of the time savings on the order 
of 50 to 1 the "Exact Theory" appears to have utility primarily in veri
fying the "Simplified Theory". For unequal materials the "Exact Theory" 
must be used, however the solution time is considerably increased, as 
the normal stress is now coupled into the tangential displacements and 
convergence is more difficult. An indication of run times for specific 
examples is given in the next section.

Numerous changes were made in the computer code in order to make 
the program more convenient to use. The Algol version was, however, 
fundamentally correct and numerous checks were made to insure that the 
Fortran and Algol codes gave the same results. The use of the Fortran 
code is considered in the next sections.
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II. DESCRIPTION OF COMPUTER CODE FOR THE "EXACT" SOLUTION

A. PURPOSE
This program and associated subroutines computes the lateral and 

longitudinal creep forces and the spin creep moment acting between two 
elastic bodies in steady state rolling contact. The bodies are of 
equal or unequal linearly elastic material properties and have longitu 
dinal and lateral creepage and spin creepage about an axis normal to 
the contact region. Kalker's theory of three-dimensional steady state 
rolling contact [3], [4]is the basis of the program.

B. PROGRAM DESCRIPTION
1) Usage: The program consists of a main program and two sub

routines.
The main program, MAIN, coordinates the input, deter

mines the region of slip or adhesion within the contact zone, 
and outputs the results. Subroutine Ĉ NST determines the 
normalized modulus GS by linear and quadratic interpolation 
from Kalker's table [5].

2) Subroutines Required:
SUBROUTINE SIGN (X) If the function X is negative, zero or 
positive the subroutine.returns -1.0, 0.0, +1.0, respectively.

SUBROUTINE Ĉ NST (A, B, NU, GS) determines the normalized 
modulus, GS, by linear and quadratic interpotation from Kalker 
table, [5]. These values are used in MAIN.

3) Description of Input Parameters:
NV1 NV1 is an integer denoting the number of complete

•problems to be solved.
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A,B A = a/c, B = b/c, where a and b are the actual con
tact dimensions determined from the static Hertz 
solution and c =/atT is the normalized unit of 
length, a is the longitudinal and b is the lateral 
semi-axis of the contact ellipse.

NU NU = v = Poisson's ratio.
L'XN, LYN LXN = L pN/c\ LYN = L pN/c4. Inverse stiffnesses x y

of an elastic layer covering the bodies. N = resul
tant normal force and 1/p = 1/4 (1/R* + 1/Rji + l/R* + 
I/R2) with R̂ , Ri, R2s R2 being the principal radii 
of curvature of the two elastic bodies. See equation 
(45), [13- For no layer, take LXN = LYN = 0.

KAPPA KAPPA = Elastic difference parameter.
Nl, Ml Lattice points in the normalized contact region, see 

Figure 1. Accuracy increases with increasing values 
of Nl, Ml. Maximum values Nl, Ml = 8. Typical 
values:

A/B = 10.0, Nl = 8, Ml = 6,
A/B = 0.1, Nl = 6, Ml = 8,
A/B = 1.0, Nl = Ml = 6 .

NS To print all output including stresses and displace
ments on the contact region take NS = 1. To suppress 
all output except the resultant forces or moment take 
NS = 2.

NV2 NV2 is the integral number of sets of UXN, UYN, PHN 
to be considered.

10



5 to

Note

UXN, UYN UXN = v p/iic, UYN = v p/yc where v , v are the longi-x y x y
tudinal and lateral creepages, y = coefficient of 
friction.

PHN PHN = <j>p/y where <j> is the spin creepage.
4) Input Format:

A sample deck set up is listed in Appendix A of this man
ual. The program requires contact region dimensions, elastic 
properties, wheel/rail creepages and program control informa
tion. The following format is for NV1 =1. If NV1 >1, there 
would be NV1 sets of the group of cards after the first card.

Card
Number , Input Data
1 NV1 = Integer. Program solves NV1 complete problems,

Typical card: 1

2 A, B, NU, LXN, LYN, KAPPA
Typical card: 2.5980 0.3849 0.28 0.00 0.00 0.00

3 Nl, Ml, NS
Typical card: 6 6 1

4 NV2 = Integer. Program solves NV2 problems for different 
values of creepage and spin given on NV2 cards starting 
with 5.
Typical card: 1

NV2 UXN, UYN, PHN
Typical card: 0.0 -1.4 0.8

The input is free format with a space needed between each input parameter.

11



5 )  D e s c r i p t i o n  o f  O t h e r  P a r a m e t e r s  i n  P r o g r a m :

GS GS = G c3/ p N  w h e r e  G = s h e a r  m o d u l u s .  GS may a l s o  be  com

p u t e d  f r o m  GS = 3(l-v) E / ( 47r /g ) w h e r e  E = c o m p l e t e  e l l i p 

t i c  i n t e g r a l  o f  t h e  s e c o n d  k i n d ,  see [ 5 ]  p ag e  5 8 ,  an d  g = 

a x i a l  r a t i o  o f  t h e  c o n t a c t  e l l i p s e  = m i n  ( a / b ,  b / a ) .  GS 

i s  d e t e r m i n e d  w i t h i n  t h e  c o m p u t e r  p r o g r a m  i n  t e r m s  o f  A ,

B and NU.

MU MU = u = c o e f f i c i e n t  o f  f r i c t i o n .  A l l  v a r i a b l e s  a r e  

n o r m a l i z e d  so t h a t  y does  n o t  a p p e a r  e x p l i c i t l y .

6 )  O u t p u t :  NV2 s u b - c a s e s  o f  NV1 c a s e s  a r e  c a l c u l a t e d .  F o r  ea c h

o f  t h e  NV1 c a s e s ,  t h e  i n p u t  p a r a m e t e r s  A ,  B ,  NU, LXN,  LYN,

KAPPA a r e  p r i n t e d .  The c o n s t a n t s  N 1 , M l ,  NS an d t h e  n o r m a l i z e d  

s h e a r  m o d u l u s ,  GS, a r e  a l s o  p r i n t e d .  F o r  ea c h  o f  t h e  NV1 c a s e s ,  

t h e r e  w i l l  be  NV2 s e t s  o f  o u t p u t  c o r r e s p o n d i n g  t o  t h e  NV2 s e t s  

o f  n o r m a l i z e d  c r e e p a g e s  a nd  s p i n ,  UXN, UYN, a n d  PHN. F o r  e a c h  

o f  t h e  NV2 c a s e s ,  t h e  i n p u t s  UXN, UYN, an d  PHN a r e  p r i n t e d  o u t  

t o g e t h e r  w i t h  t h e  c o m p u t e d  v a l u e s  o f  t h e  n o r m a l i z e d  l o n g i t u d i n a l  

and  l a t e r a l  c r e e p  f o r c e s ,  FXN and FYN, an d  t h e  c o m p u t e d  v a l u e

o f  t h e  s p i n  c r e e p  m o m e n t ,  MZN. I f  NS = 2 ,  t h e  o u t p u t  i s  as d e s 

c r i b e d  a b o v e .  I f  NS = 1 ,  t h e  n o r m a l i z e d  c o o r d i n a t e  p o i n t s  X,  Y 

o v e r  t h e  c o n t a c t  r e g i o n  a nd  t h e  v a l u e s  o f  t h e  s t r e s s e s  ( T X ,  TY ,  

TZH) and  s l i p  c o m p o n e n t s  ( V X ,  VY) a r e  g i v e n  a t  e a c h  p o i n t .

The F o r t r a n  names u s ed  i n  t h e  p r o g r a m  o u t p u t  a r e  t h e  f o l 

l o w i n g ,  and  a r e  l i s t e d  i n  t h e  o r d e r  o f  p r i n t i n g .

UXN, UYN, R e p e a t e d  p r o g r a m  i n p u t  v a r i a b l e s .
PHN

Two d i f f e r e n t  e r r o r  m e s s a g e s  may be p r i n t e d  a f t e r  t h e  

a b o v e  i n p u t  v a r i a b l e s .  The  f i r s t  o c c u r s  when t h e

12



numerical procedure is unable to satisfy the error bounds built 
into the program. For this case the statement PROCESS INTERUPTED, 
RESULTS MAY NOT BE SIGNIFICANT is printed and the calculated re
sults are printed. The second error message occurs when a matrix 
within the program becomes singular and no results can be calcu
lated. For this case the statement SINGULAR MATRIX, NO RESULTS 
is printed.

X, Y X = x/c, Y = y/c. -A < X < A, -B < Y < B.
Normalized coordinates where x and y are longi
tudinal and lateral distances from the center 
of the contact ellipse.

TX, TY Normalized shear stresses
TX’ TY = "Txzc3/pN’ " Tyzc3/pN,

. f f i r r m  ~ TZH for no slip,

/Tx̂  + TYZ = TZH for slip.
TZH TZH = 3/(2*) /f-U/AJ* - (Y/B) 2 = Normalized

Hertzian stress on the contact region.
VX, VY Normalized relative slip components. VX, VY =

vvp/(Vyc), v p/(Vyc) where V is the rolling x y
velocity and vx and v̂  are the longitudinal 
and lateral components of the relative slip 
velocity.

FXN, FYN FXN = F/yN, FYN = F/yN. Normalized resul-x y
tant longitudinal and lateral forces. Com
puted.

MZN MZN = Mzc/yN. Normalized resultant moment.
Computed.

13



7) Summary of User Requirements and Recommendations:
All input data is on cards in free format as shown. As A and
B are normalized, the product of A and B must be unity. LXN
and LYN are taken as zero if no elastic layer is to be consid
ered. Maximum values for N1 and Ml are 8. Accuracy increases 
with increasing values of N1 and Ml. Typical values are:

A/B = 10.0 N1 = 8, Ml = 6
A/B =1.0 N1 = Ml = 6
A/B = 0.1 N1 = 6, Ml = 8

C. PROGRAM LISTINGS WITH EXAMPLE INPUT AND OUTPUT
A listing of the program for a sample problem with input and out

put is given in Appendix A.

D. SAMPLE PROBLEM
The sample problem of Appendix A is for the input listed below.

The calculations were performed on an IBM-370/3165-11 computer.
A = 2.598, B = 0.3849, NU = 0.28, LXN = 0.0, LYN = 0.0, KAPPA = 0.0
N1 = 6, Ml = 6, NS = 1
UXN = 0, UYN = -1.4, PHN = 0.8

14



I I I .  DISCUSSION OF RESULTS OF USE OF PROGRAM

This Fortran computer program has been run on the Clemson Univer

s i ty  IBM-370/3165-11 computer. The Clemson computer is  equipped w ith 

a CDC speed-up processer and is  approximately three times as fa s t as a 

standard IBM 370-165. Typical computation time fo r  a complete so lu

tio n  w ith  f u l l  output on the contact region was about 60 seconds fo r  

A = 2.598, B = 0.3849, N1 = 6, Ml = 6, KAPPA = 0.0 . Running sequential 

problems and therefore reducing the compile time fo r  each problem re

duced the above times to approximately 40 seconds. The same problem 

w ith  KAPPA = 0 . 2  required 255 seconds.

Many p a r t ic u la r  examples have been worked using th is  code and com

parisons have been made w ith  the resu lts  o f [2] and [3 ]. These compari

sons have shown exce llen t agreement while the numerical so lu tion  tech

nique o f [5 ] has convergence d i f f ic u l t ie s  in  th is  range. The present 

numerical so lu tion  technique seems to converge much b e tte r than tha t 

used in  [ 5 ] ,  although s t i l l  not as smoothly as the s im p lif ie d  theory o f 

[2].

Of perhaps more in te re s t is  the comparison o f the theory w ith  ex

perimental s tud ies. S urp ris ing ly  good agreement is  demonstrated in  

Figure 2 o f th is  te x t where the resu lts  are compared w ith  the s im p lif ie d  

theory [ 2 ] ,  and w ith  the experimental resu lts  o f G ilc h r is t  and B rick ie

[1 2 ]. Only the case o f A/B = 6.75 is  shown on the f ig u re ; however, 

equally good agreement was found fo r  A/B =1.11 and A/B = 10.3.

[12] A.O. G ilc h r is t  and B.V. B rick ie , "A Re-examination o f the Proneness 
to  Derailment o f a Railway Wheel-Set." J. Mech. Eng'r. Sc i . ,  Vo l . 18, 
No. 3, (1976), pp. 131-141.
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As in  the s im p lifie d  theory the re su lta n t creep forces and moment 

are not s trong ly  dependent on the number o f la t t ic e  points N1 and Ml.

The accurate determination o f the s l ip ,  n o -s lip  zones w ith in  the contact 

region is  more dependent on these parameters. The increase in  computa

tio n  time w ith  increase in  the number o f la t t ic e  points N1 and Ml is  

more s ig n if ic a n t in  the present code than in  [2] .  For example, as 

stated above fo r  A = 2.598, B = 0.3849, N1 = Ml = 6, Kappa = 0.0 the 

computation time was approximately 60 seconds. Increasing N1 and Ml 

to N1 = Ml = 8 increased the computation time to 4 minutes and 45 se

conds. The values o f the re su lta n t force in  the la te ra l d ire c tio n  as 

shown in  Figure 2 was FYN = -0.4T1 fo r  N1 = Ml = 6 and FYN = -0.455 

fo r  N1 = Ml = 8. The second value o f FYN = -0.455 is  seen to be closer 

to the experimental resu lts  o f [12],

16



N = number o f tra c tio n  points ind icated by X
M = number o f s l i p  points indicated by 0

(the s l i p  points l ie  midway between the tra c tio n  po in ts)

In the above fig u re  A = B = 1, N1 = 6, Ml = 4, N = 15, M = 18

FIGURE 1. Normalized Contact Region (A*B=1.0)
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1.0

FIGURE 2. Comparison of Kalker's "Exact" Theory with the Simplified Theory and with the
Experimental Results of f 12]- (See Figure 7, f12]).



APPENDIX A

LISTING AND TEST PROBLEM

(FORTRAN IV G1 RELEASE 2.0)

This program is  re ferred to as 
PROGRAM WISK-SRT by Kalker
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DATA CARD # 5

T Y P I C A L  CA RD :  1

S O L V E S  NV2 PR OBLEMS FOR D I S T I N C T  V A L U E S  OF  
C R E E P A G E  AND S P I N  G I V E N  ON NV2 CARDS 5 ) ,  I N T E G E R

UXN,UYN» PHN
T Y P I C A L  CA RD :  0 . 0  2 . 0  0 . 4

UXN AND UYN ARE NORM ALIZED C R E E P A G E S ,  PHN 
I S  THE NO RM ALIZE D  S P I N ) ,  R E A L  
UXN=UX*RHO/IMU«‘C ) ,  U Y N = U Y * R H 3 / ( M U * C ) • 
PHN=PH*RHO/MU

* * * * *  N O T E :  A L L  V A R I A B L E S  HAVE B E E N  N O R M A LIZ E D  SUCH  
* * * * *  THAT THE C O E F F I C I E N T  OF F R I C T I O N ,  MU, DO ES NOT 
* * * * *  A PPEAR E X P L I C I T L Y .

D I M E N S I O N  X S ( 3 8 ) » X T ( A 0 0 ) * Y T ( 4 0 0 I * Z T { 4 0 0 ) , X U ( 4 0 0 ) , Y U ( 4 0 0 ) » Z U ( 4 0 0 )  
D IM E N S IO N  R Z T ( 1 2 0 , 1 ) , R Z U ( 1 2 0 , 1 ) , F 1 ( 6 0 , 6 0 ) , F 2 ( 6 0 , S O )•  F 3 C 6 3 , 6 0 )  
D IM E N S IO N  S < 5 0 ) , F A C C ( 1 , 1 2 0 ) , F D A C C ( 1 2 0 , 1 2 0 ) , U 1 ( 1 , 1 2 0 ) , U 2 { 1 2 0 , 1 2 0 )  
R E A L  KA PP A
I N T E G E R  C C 3 8 ) , C 1 C 1 8 ) , C 2 ( 1 8 ) , T M A ( 2 0 0 )
I N T E G E R  P M A »Q M A ,F A C 1» F A C 2  
D I M E N S I O N  X T U ( 6 0 ) , Y T U ( 6 0 )
D I M E N S I O N  A R R l 1 2 0 , 1 2 0 ) , T ( 1 2 0 , 1 ) , U ( 1 2 0 , 1 ) , R T ( 1 2 0 ) , T T 1 1 2 0 ) , P ( 1 2 0 )  
D IM E N S IO N  R U ( 1 2 0 )
R E A L  M U »K P G » K 1 » K 2 » K 3 »  M Z S , L X N , L Y N  
I N T E G E R  FA C  I P , F A C 2 P , W P  
R E A L  MZ 
E X T E R N A L  S I G N
DATA C l / l , 0 , - l , - 2 , 0 , 2 , l , 0 , - l / , C 2 / l , - 2 , l , - 2 , 4 , - 2 , l , - 2 , l /
R E A L  K 
R E A L  NU
DATA P I / 3 . 1 4 1 5 9 /
R E A D ( 1 , * ) N V 1  
DO 9 9 9  1 1 1 = 1 , NV1

R E A D ( 1 » * ) A » B » N U » L X N , L Y N , K A P P A  
R E A D ( 1 , * ) N 1 , M 1 , N S

SX=LXN
S Y = L Y N
I F ( A / B . L T . 0 . 1 ) GO TO 9 9 8

S U B R O U T I N E  CONST COMPUTES THE N O R M A LIZ E D  MODULUS 
FROM K A L K E R ' S  T A B L E S  AND A S Y M P T O T I C  E X P A N S I O N S .  
V A L I D  FOR A / B  E Q U A L  TO OR G R E A T E R  THAN 0 . 1 .

C A L L  C O N S T ( A , B , N U , G S ) 
G=GS
SIGMA=NU
F 0 0 = 3 . 0 / ( 2 . 0 * P I )
MU=1 . 0
H= A / F L O A T I N I )

0 0 0 0 0 5 9 0
0 0 0 0 0 6 0 0
0 0 0 0 0 6 1 0
0 0 0 0 0 6 2 0
0 0 0 0 0 6 3 0
0 0 0 0 0 6 4 0
0 0 0 0 0 6 5 0
0 0 0 0 0 6 6 0
0 0 0 0 0 6 7 0
0 0 0 0 0 6 8 0
0 0 0 0 0 6 9 0
0 0 0 0 0 7 0 0
0 0 0 0 0 7 1 0
0 0 0 0 0 7 2 0
0 0 0 0 0 7 3 0
0 0 0 0 0 7 4 0
0 0 0 0 0 7 5 0
0 0 0 0 0 7 6 0
0 0 0 0 0 7 7 0
0 0 0 0 0 7 8 0
0 0 0 0 0 7 9 0
0 0 0 0 0 8 0 0
0 0 0 0 0 8 1 0
0 0 0 0 0 8 2 0
0 0 0 0 0 8 3 0
0 0 0 0 0 8 4 0
0 0 0 0 0 8 5 0
0 0 0 0 0 8 6 0
0 0 0 0 0 8 7 0
0 0 0 0 0 8 8 0
0 0 0 0 0 8 9 0
0 0 0 0 0 9 0 0
0 0 0 0 0 9 1 0
0 0 0 0 0 9 2 0
0 0 0 0 0 9 3 0
0 0 0 0 0 9 4 0
0 0 0 0 0 9 5 0
0 0 0 0 0 9 6 0
0 0 0 0 0 9 7 0
0 0 0 0 0 9 8 0
0 0 0 0 0 9 9 0
00001000
00001010
00001020
0 0 0 0 1 0 3 0
0 0 0 0 1 0 4 0
0 0 0 0 1 0 5 0
0 0 0 0 1 0 6 0
0 0 0 0 1 0 7 0
0 0 0 0 1 0 8 0
0 0 0 0 1 0 9 0
00001100
00001110
00001120
0 0 0 0 1 1 3 0
0 0 0 0 1 1 4 0
0 0 0 0 1 1 5 0
0 0 0 0 1 1 6 0
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M A IN

1 1 = 1 2 -1
ss=sm *sm
M Z S = ( M U * Z U ( I ) ) / S ( I )
K 1 ® ' M Z S * ( 1 - U U 1 , 1 ) * U ( I 1 V1 ) / S S )
K 2 = - M Z S * J < I 1 , 1 ) * U ( I 2 , 1 J / S S  
K 3 = M Z S * ( 1 - U ( 1 2 . 1 ) * U ( I 2 , 1 ) / S S )
DO 6930  J = i , N 2
U 2 ( J t I 1 ) * K 1 * A R R ( I 1 , J ) + K 2 * A R R (  1 2 ,  J)
U 2 ( J * I 2 ) = K 2 * A R R ( I I , J ) + K 3 * A R R ( 1 2 , J )

6930  CONTINUE 
6960 CONTINUE

CALL ARRAY!2 , 2 *N »2*M ,  1 2 0 , 1 2 0 *U 2 « U 2 )
CALL ARRAYI2 , 2 * M , 2 * N » 1 2 0 , 1 2 0 , ARR,ARR)
CALL GMPRDIU2* ARR* FDACC,2*N»2*M»2*N)
CALL ARRAY( 1 , 2*N» 2 *M»1 2 0 , 120 ,U2«  U 2 )
CALL ARRAY!1 , 2 * M ,2  *  N,1 2  0 , 1 2 0 , ARR «ARR)
CALL A R R A Y ! i , 2 * N , 2 * N ,  120 ,  1 2 0 , FOACC,FDACC)

C ABOVE IS EQUIVALENT TO MATVER!U2, A,FDACC)
DO 6950  I=1»MNN»2
F D A C C ! I , I ) = F D A C C ( I , I ) - P ( I ) + P ( I + l ) * T ( I » l ) * T ( I » i )
T E M P = F D A C C 1 I , I + l ) + P ( I + i ) * T ( I , l ) * T l I + l , I I  
F D A C C ! I , I + 1 ) =TEMP 
F D A C C ! I+ l , I ) = T E M P
F D A C C ! I+ l , I + l ) “ F D A C C ! I + 1 » I + 1 ) - P ! I ) + P ! I + 1 ) * T ! I + 1 , 1 ) * T ! I + 1 , 1 )  

6950  CONTINUE
IF  ( L 3 . E Q . 0 )  GO TO 6960  
J = l
I L A S T * F L 0 A T ( M l ) / 2 . 0 - 0 . 9  
DO 6980 1 = 1 , ILAST  

6980  J = J + C ( 2 * I - U * 2
12=1
I F ( L 3 . E Q . 1112=6  
I F I R S T * J + I 2  
I L A S T ® J + C ! M l - 1 ) * 2 - l  
DO 6970  1 = I F I R S T , I L A S T , 2 
I F I I F I R S T . G T . I L A S T I G O  TO 6970  
F A C C ! l , I ) = 0  
DO 6970 1 1 = 1 , N2 
FDA C C ! I , I 1 )=0  
FDACC!1 1 ,1 1 = 0  
FDACC!1 ,1 1 = 1  

6970  CONTINUE 
C PAS:
6960  CONTINUE

CALL ARRAY( 2 , 1 , 2 * N , 1 , 1 2 0 , FACC,FACC)
CALL ARRAY!2 , 2*N»2<tN, 1 20 ,  1 2 0 , FDACC,FDACC)
CALL GELS!FACC, FDACC,N2,1»EPS»IER)
CALL ARRAY!1 , 1 , 2 * N , 1 , 1 2 0 , FACC,FACC)
CALL A R R A Y ! 1 ,2 * N , 2 * N , 1 2 0 , 1 2 0 , FDACC,FDACC)

C ABOVE IS EQUIVALENT TO ADGELG( FACC, FDACC, N 2 , 1 , E P S , IE R )
C

I F ! IER)  6 9 8 9 , 6 9 9 0 , 6 9 8 9
6989  » R I T E ( 3 , & 9 0 1 )
6901 FO R M A T ! / / '  SINGULAR MATRIX, NO R E S U L T S ' / / )

GO TO 9999
6990 DO 6999 J=1,> I2  

T ( J » 1 ) = T ( J , 1 ) + F A C C T 1 , J )
L = l

00006970
00006930
00006990
00007000
00007010
00007020
00007030
00007060
00007050
00007060
00007070
00007080
00007090
00007100
00007110
00007120
00007130
00007160
00007150
00007160
00007170
00007180
00007190
00007200
00007210
00007220
00007230
00007260
00007250
00007260
00007270
00007280
00007290
00007300
00007310
00007320
00007330
00007360
00007350
00007360
00007370
00007380
00007390
00007600
00007610
00007620
00007630
00007660
00007650
00007660
00007670
00007680
00007690
00007500
00007510
00007520
00007530
00007560

32



M A IN

6999
C
C

DO 6999  1 * 1 *N2 
I F ! A B S ! F A C C I 1 , I ) ) . G E . 1 . E —4)  
CONTINUE 
END OF NEWTON

L=0

NN=NN+1
I F I N N . L T . 2 0 )  GO TO 86191  
GO TO 86180

86191 I F ( L . E Q . O ) GO TO 86170
I F ! B . L T . 1 • E-8  • ANO.E «LT . 1 .  E—8)  GO TO 29168  
GO TO 86192  

29168  IPC0DE=1
GO TO 4145  

6 470  CONTINUE
GO TO 9999

86192 I F I B . G T . l .  E-*B ) B=B*RB 
I F ! E . G T . 1 . E - 8 ) E = E * R E  
GO TO 86150

C VOLGs
9999

9990

9992

9993
9991

997

998  
999

9006
9009

968

L 6=L3
I F ( L 3 . E Q . 0 I G 0  TO 9991
L=0
J=0
ILAST*FLOAT(M1 ) / 2 . - . 9  
DO 9 990  1 = 1 * I  LAST 
J=J+C ! 2 * 1 - 1 ) * 2  
L = L + C !2 * 1 )
CONTINUE 
DO 9992 I  = 1 , J  
R T I I ) * R T m * . 5  
DO 9993  1 = 1 , L
z u m = z u m * . 5
CONTINUE
N=L4
M=L5
CONTINUE 
GO TO 999  
WRITE( 3 , 9 7 9 )
CONTINUE
FORMAT ! / *  3X» * * * *  Y = ' , 1 F 1 1 . 4 )  
FORMAT( 7 X , ' X* , 1 0 X , ' T Z H » , 5X, ' A B S(TX ,TY) • » I X *  * ARG!TX,TY) *,

$ 1 X , * A B S ! V X , V Y ) ' , 1 X , * A R G ! V X , V Y ) » )
F O R M A T { * l ' * / / / * T 6 3 » ’ PROGRAM WISK-SRT*, / ,T54»*GENERAL THEORY OF

0 0007550
000 0 75 6 0
00007570
0 00 0 75 8 0
00007590
00007600
0 0007610
0 0007620
0 0007630
0 00 0 76 4 0
0 0007650
0 0007660
000 0 76 7 0
00007680
00007690
0 00 0 77 0 0
00007710
00007720
000 0 77 3 0
0000774D
00007750
000 0 77 6 0
0 0007770
00007780
0 0007790
00007800
00007810
0 0007820
0 00 0 78 3 0
0 0007840
0 0007850
000 0 78 6 0
00007870
0 0007880
0 0007890
00007900
00007910
0 00 0 79 2 0
00007930
00007940
000 0 79 5 0
0 0007960
0 0007970

(ROLLING C O N T A C T * , / , T 6 4 , 'B Y  J . J .  KALKER*, / , T 5 6 , ' MODIFIED AT CLEMS0N00007980  
(  U N I V E R S I T Y ' , / , T 6 I , ’ DEPT. OF MECH. ENGR.* , / , T 6 6 , • CLEMSON, S C ' . Z / )  00007990

969 F O R M A T ! / / / / , 5 8 X , * * * * * *  INPUT PARAMETERS * * * * * * , / / )  0 0008000
970 FORMAT!16XNORMAL I ZED CONTACT DIMENSIONS A = » , 1 P E 1 1 .4 , 1 0 X , • C0 0 0 0 8 0 1 0

$ A=A1/C1,  B = 8 1 /C 1 ,  WHERE C1=SQRTIA1*B1) , •  , / , 3 2 X , • ( CARD # 2 ) *  00008020
$ » 1 1 X , * B = ' » 1 P E 1 1 . 4 » 1 0 X , ' !  A1»B1 ARE ACTUAL CONTACT DIMENSIONS* , / / ,  000 0 80 3 0  
( 1 9 X , * COMBINED POISSON S RATIO NU=* , 1PE11 . 4 , / , 3 3 X , • ! CARD # 2 ) 0 0 0 0 8 0 4 0
$ ' , / / , 28X , 'L AYER STIFFNESSES LXN=* , 1PE11 . 4 , / , 3 3 X , * ! CARD # 2 ) * ,  00008050
$ 8 X , ' L Y N = * , 1 P E 1 1 . 4 , / , 2 1 X , *  ELASTIC DIFFERENCE KAPPA=', 1PE110 0 00 8 06 0
$ . 4 , / , 3 3 X , ' ! CARD # 2 ) * * / )  0 0 0 0 80 7 0

972  FORMAT! 2 6 X , ' NUMERICAL CONSTANTS N l = * , 1 3 , / , 3 1 X , • ICARD # 3 ) » ,  00008080
$ 1 1 X , * M 1 = * , I 3 , / , 5 1 X , ' N S = ' , I 3 , / / )  0 0008090

973 FORMAT!47X** * * * * *  PARAMETERS COMPUTED AND USED IN PROGRAM * * * * * *  0 0 0 0 81 0 0
G S = * , 1 P E 1 1 . 4 , / , 2 2 X , * ( C 0 0 00 0 81 1 0

TRACTION P O I N T S * , / ,  00008120
$ , / / , 21X, 'NORMALIZED SHEAR MODULUS
( M B I N E D ) * , / / , 5 2 X , ' N = ' , I 3 , 5 X , * N = N U M B E R  OF
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M A IN

9 7 4

975

977

•M=NUMBER OF SLIP P O I N T S ' , / / )  0 0008130
FORMAT 142X, ' * * ♦ * *  N V 2 = ' . I 2 , '  DISTINCT PROBLEMS FOLLOW FOR DIFFEREN00008140  

$T * * * * ♦ » , / , 4 5 X , * * * * * *  VALUES OF NORMALIZED CREEPAGE AND SPIN * * * * * 0 0 0 0 8 1 5 0

CREEPAGE AND SPIN U X N = ' , 1 P E 1 1 . 4 , / ,
* ' , / / )

FDRMAT! / / ,17X,»NORMALIZED  
$ 2 3 X , '< IN P U T  ON CARD # 5 ) ' ,
$ 9 X , ' U Y N = ' , I P E 1 1 . 4 , / , 5 0 X , * P H N = ' , 1 P E 1 1 .4 , / / )

FORMAT! 24X, 'NORMALIZED FORCES ARE FXN=*, I P E 1 1 . 4 , / , 29X ,
$ • I COMPUTED)* , 1 1 X , * F Y N = ' , 1 P E 1 1 . 4 , / / . 2 4 X , 'R E S U L T A N T  FORCE 
$ R E S = ' , 1 P E 1 1 . 4 , / , 2 4 X , * ! RES=SQRT1FXN**2+FYM**2) ) ' , / / )

978  FORMAT! 25X«* NORMALIZED MOMENT IS 
$ 3 0 X , • ! C O M P U T E D ) ' , / / )

STOP
979  F O R M A T ! / / , 5 3 X , * * * * * *  A/B LESS THAN 0 . 1  

$ 5 8 X , * * * * * *  WORK NEXT PROBLEM * * * * * ' , / / )  
END

M Z N = » . I P E 1 1 . 4 , / ,

* * * * * *

00008160
000 0 81 7 0
00008180
00008190
0 0008200
00008210
0 0008220
0 0008230
00008240
0 0008250
0 0008260
0 0008270
00008280
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SIGN

FUNCTION S IG N IX )  0 00 0 82 9 0
IF  f X i 1 0 , 2 0 , 3 0  0 0008300

10 S I G N = - 1 . 0  0 0 0 0 83 1 0
RETURN 0 0 0 0 83 2 0

20 SXGN=0 0 0 0 0 83 3 0
RETURN 0 0008340

30  S IG N = 1 .0  000 0 83 5 0
RETURN 000 0 83 6 0
END 000 0 83 7 0
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CONST

C
C

14

15

20
25

30

80

SUBROUTINE CONST( A .B ,N U ,G S )
DIMENSION D ( 3 ) « E ( 3 « 2 0 ) * A R ( 2 0 )
* * * * *  data  E ( I • J ) GIVES THE VALUES OF GS FROM
* ♦ * * ♦  KALKER*S TABLE, VALID FOR A/B EQUAL TO OR GREATER THAN 0 . 1

0 0008380
00008390
00008400
0 0008410

REAL NU 
DATA E /

$ 0 . 7 6 7 0 , 0 . 5 7 5 2 , 0 . 3 8 3 5 , 0 . 5 6 0 8 ,
$ 0 . 2 3 9 0 , 0 . 4 3 4 3 , 0 . 3 2 5 7 , 0 . 2 1 7 2 ,
$ 0 . 2 9 5 0 , 0 . 1 9 6 7 , 0 . 3 8 4 0 , 0 . 2 8 8 0 ,
$ 0 . 3 7 5 8 , 0 . 2 8 1 8 , 0 . 1 8 7 9 , 0 . 3 7 5 0 ,
$ 0 . 1 8 7 9 , 0 . 3 7 8 5 , 0 . 2 8 3 9 , 0 . 1 8 9 2 ,
$ 0 . 2 9 5 0 , 0 . 1 9 6 7 , 0 . 4 0 8 9 , 0 . 3 0 6 6 ,
$ 0 . 4 7 7 9 , 0 . 3 5 8 4 , 0 . 2 3 9 0 , 0 . 5 6 0 8 ,
$ 0 . 3 8 3 5 , 0 . 7 9 1 8 , 0 . 5 9 3 8 , 0 . 3 9 5 9 /

00008420
00008430

0 . 4 2 0 6 , 0 . 2 8 0 4 , 0 . 4 7 7 9 , 0 . 3 5 8 4 , 00008440
0 . 4 0 8 9 , 0 . 3 0 6 6 , 0 . 2 0 4 4 , 0 . 3 9 3 4 , 00008450
0 . 1 9 2 0 , 0 . 3 7 8 5 , 0 . 2 8 3 9 , 0 . 1 8 9 2 , 00008460
0 . 2 8 1 2 , 0 . 1 8 7 5 , 0 . 3 7 5 8 , 0 . 2 8 1 8 , 0 0008470
0 . 3 8 4 0 , 0 . 2 8 8 0 , 0 . 1 9 2 0 , 0 . 3 9 3 4 , 00008480
0 . 2 0 4 4 , 0 . 4 3 4 3 , 0 . 3 2 5 7 , 0 . 2 1 7 2 , 00008490
0 . 4 2 0 6 , 0 . 2 8 0 4 , 0 . 7 6 7 0 , 0 . 5 7 5 2 , 00008500

0 0008510
00008520
0 0008530
0 0008540
00008550
0 0008560
00008570
00008580
00008590
00008600
00008610
00008620
00008630
00008640
00008650
00008660
00008670
00008680
00008690
00008700
00008710
00008720

DATA AR /  0 . 1 , 0 . 2 , 0 . 3 , 0 . 4 , 0 . 5 , 0 . 6 , 0 . 7 , 0 . 8 , 0 . 9 , 1 . 0 , 1 . 1 1 1 1 1 1 ,  
$ 1 . 2 5 , 1 . 4 2 8 5 7 1 , 1 . 6 6 6 6 6 7  * 2 . 0 *  2 . 5 , 3 . 3 3 3 3 3 3 , 5 . 0 * 1 0 . 0 » 1 1 . 0 /

P I = 3 . 14159  
RG= A/B
I F ( RG• GT. AR< 2 0 ) )  GO TO 14
GO TO 15
SG=B/A
G S = 3 . 0 * ( 1 . 0 - N U ) / ( 4 . 0 * P I * S Q R T ( S G ) )
GO TO 80
DO 20 1 = 2 ,2 0
I F ( R G . L E . A R U )  } GO TO 25
CONTINUE
J = I
DO 30 1 = 1 ,3
D( I ) = E ( I » J - 1 ) + C E (  I , J I  — ECI » J - l ) ) * (R G - A R (  J - l )  ) / { A R ( J  ) - A R ( J - m  
A L = 8 . 0 * ( D ( 3 ) - 2 . 0 * D ( 2 ) * D ( 1 ) )
B E = 2 . 0 * < - D ( 3 ) + 4 . 0 « D ( 2 ) - 3 . 0 * D ( 1 ) )
GS=AL*NU**2+3E*NU+D<1)
CONTINUE
RETURN
END
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PROGRAM WISK -S R T
GENERAL THEORY OF ROLLING CONTACT

BY J . J .  KALXER
M O D IF IE D  AT CLEMSON U N IV E R S IT Y

DEPT. OF MECH. ENGR.
CLEMSON* SC

* * * * *  i n p u t  PARAMETERS * * * * *

NORMALIZED CONTACT DIMENSIONS A= 2 . 5 9 8 0 E + 0 0 ( A * A I / C 1*
(CARD # 2 ) B= 3 . 8 4 9 0 E - 0 1 ( A 1 ,B 1  ARE

COMBINED POISSON S RATIO NU= 2 . 8 0 0 0 E - 0 I
(CARD # 2 )

LAYER ST IFFNESSES LXN* 0 . 0
(CARD # 2 ) L YN= 0 . 0

ELASTIC  DIFFERENCE KAPPA* 0 . 0
(CARD # 2 )

NUMERICAL CONSTANTS N l * 6
(CARD # 3 ) M1= 6

NS* 1

WHERE C l = S Q R T ( A l *  
CONTACT DIMENSIONS

* * * * *  PARAMETERS COMPUTEO AND USED IN  PROGRAM * * * * *

NORMALIZED SHEAR MODULUS GS= 4 . 5 5 7 2 E - 0 1
(COMBINED)

N= 25  N=NUMBER OF TRACTION POINTS
M= 26  M=NUMBER OF S L IP  POINTS

* * * * *  NV2= 1 D I S T I N C T  PROBLEMS FOLLOW FOR DIFFERENT * * * * *  
* * * * *  VALUES OF NORMALIZED CREEPASE AND S P IN  * * * * *

NORMALIZED CREEPA3E AND S P IN  UXN* 0 . 0
( IN P U T  ON CARD # 5 )  U Y N * - 1 . 4 0 0 0 E * 0 0

PHN- 8 . 0 0 0 0 E - 0 1



PROCESS INTERRUPTED, RESULTS HAT NOT BE S IG N IF IC A N T

* * * * *  CONTACT REGION FOLLOWS * * * * *
X AND Y ARE NORMALIXED COORDINATES, X I N  THE ROLLING  
D IR E C T IO N ,  X » Y = X 1 / C I , Y I / C 1  WHERE X I , Y 1  ARE D I M .  COORD. 
TZH=HERTZ STRESS = 3 / ( 2 * P I ) * S Q R T ( 1 . 0 - X * X / ( A * A ) - Y * Y / ( B * B I )
TX AND TY ARE NORMALIZED SHEAR STRESSES 
T X = - T A U X Z * C * * 3 / ( R H O * N ) ,  TY=—T A U Y Z * C * * 3 / ( R HO *N)
A B S ( T X .T Y )  LESS THAN TZH FOR NO S L I P ,  EQUAL TO TZH FOR S L IP  
V X,V Y  ARE NORMALIZED S L IP  COMPONENTS, V X = V X 1 /V * R H O / ( M U * C )  
V Y = V Y l / V * R H O / ( M U * C ) .  WHERE V X 1 ,V X 2 = R E L .  V E L .  BETWEEN
ADJACENT POINTS

* * *  Y= 0 . 2 5 6 6
X TZH

- 1 . 7 3 2 0
- 1 . 2 9 9 0

0 . 1 5 9 2

- 0 . 8 6 6 0
- 0 . 4 3 3 0

0 . 3 1 8 3

0 . 0
0 . 4 3 3 0

0 . 3 5 5 9

0 . 8 6 6 0
1 . 2 9 9 0

0 . 3 1 8 3

1 . 7 3 2 0 0 . 1 5 9 2

* * *  Y = 0 . 1 2 8 3
X

- 2 . 1 6 5 0
TZH

- 1 . 7 3 2 0
- 1 . 2 9 9 0

0 . 3 1 8 3

- 0 . 8 6 6 0
- 0 . 4 3 3 0

0 . 4 2 1 1

0 . 0
0 . 4 3 3 0

0 . 4 5 0 2

0 . 8 6 5 0
1 . 2 9 9 0

0 . 4 2 1 1

1 . 7 3 2 0
2 . 1 6 5 0

0 . 3 1 8 3

* * *  Y= 0 . 0 0 0 0
X

- 2 . 1 6 5 0
TZH

- 1 . 7 3 2 0
- 1 . 2 9 9 0

0 . 3 5 5 9

- 0 . 8 6 6 0
- 0 . 4 3 3 0

0 . 4 5 0 2

0 . 0
0 . 4 3 3 0

0 . 4 7 7 5

0 . 8 6 6 0
1 . 2 9 9 0

0 . 4 5 0 2

1 . 7 3 2 0  
2 . 1 6 5 0

0 . 3 5 5 9

AND V=ROLLING VEL .

A B S ( T X , T Y ) 
0 . 1 5 9 2

A R G (T X ,T Y )
2 6 5 . 6 0 7 7

0 . 4 7 4 4 2 3 3 . 2 9 1 4

0 . 3 5 5 9 2 5 3 . 3 4 4 9

0 . 3 1 8 3 2 1 5 . 1 0 4 1

0 . 1 5 9 2 1 1 7 . 2 7 0 5

A B S ( T X * T Y ) AR G (T X ,TY  )

0 . 3 1 8 4 2 6 6 . 5 6 7 1

0 . 4 2 1 1 2 1 9 . 3 3 0 7

0 . 4 6 4 5 2 5 1 . 9 1 8 2

0 . 3 1 4 3 1 4 7 . 3 3 1 8

0 . 3 1 8 3 1 1 7 . 6 0 5 9

A B S ( T X , T Y ) ARG( T X , T Y )

0 . 3 5 5 9 - 9 0 . 0 0 0 0

0 . 4 5 0 2 - 9 0 . 0 0 0 0

0 . 4 7 7 5 - 9 0 . 0 0 0 0

0 . 2 2 2 4 9 0 . 0 0 0 0

0 . 3 5 5 9 9 0 . 0 0 0 0

ABS( V X ,V Y  ) A R G I V X , V Y )

2 . 6 0 8 2 2 6 4 . 6 0 6 2

1 . 7 7 9 9 2 6 1 . 4 8 3 2

0 . 5 7 9 7 2 3 4 . 1 6 2 7

0 . 0 6 0 6 1 7 2 . 6 3 0 6

ABS( V X , V Y ) 
3 . 5 9 2 9

ARG<VX,VY)  
2 6 8 . 2 0 9 7

2 . 5 7 9 9 2 6 4 . 9 4 2 9

1 . 8 0 4 9 2 6 9 . 0 3 6 1

0 . 3 4 5 5 2 2 6 . 5 6 5 9

o . o p o i 9 8 . 3 7 8 6

0 . 0 2 8 1 1 2 3 . 1 2 2 3

ABS( V X ,V Y )  
3 . 6 2 6 7

A R G (V X ,V Y )  
2 6 9 . 9 9 9 8

2 . 5 8 5 7 2 7 0 . 0 0 0 0

1 . 7 9 1 5 2 6 9 . 9 9 9 8

0 . 1 7 1 8 - 8 9 . 9 9 9 0

0 . 0 0 0 0 2 6 0 . 3 9 0 1

0 . 0 1 5 6 2 6 9 . 9 8 7 3
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* * *  Y= - 0 . 1 2 8 3
X TZH A B S (T X ,T Y ) A R G (T X .T Y ) A B S (V X * V Y ) ARGCYXtVY)

- 2 . 1 6 5 0 3 . 5 9 2 9 - 8 8 . 2 0 9 7
- 1 . 7 3 2 0
- 1 . 2 9 9 0

0 . 3 1 8 3 0 . 3 1 8 4 - 8 6 . 5 6 7 2
2 . 5 7 9 9 - 8 4 . 9 4 3 0

- 0 . 8 6 6 0
- 0 . 4 3 3 0

0 . 4 2 1 1 0 . 4 2 1 1 - 3 9 . 3 3 0 7
1 . 8 0 4 9 - 8 9 . 0 3 6 3

0 . 0
0 . 4 3 3 0

0 . 4 5 0 2 0 . 4 6 4 5 - 7 1 . 9 1 8 2
0 . 3 4 5 5 - 4 6 . 5 6 5 9

0 . 8 6 6 0 0 . 4 2 1 1 0 . 3 1 4 3 3 2 . 6 6 8 2
1 . 2 9 9 0
1 . 7 3 2 0 0 . 3 1 8 3 0 . 3 1 8 3 6 2 . 3 9 4 1

0 . 0 0 0 1 8 1 . 6 2 1 4

2 . 1 6 5 0 0 . 0 2 8 1 5 6 . 8 7 7 7

' *  Y= - 0 . 2 5 6 6
X TZH A BS(TX ,TY> ARG(T X»TY) A B S (V X .V Y ) ARG(VX»VY)

- 1 . 7 3 2 0
- 1 . 2 9 9 0

0 . 1 5 9 2 0 . 1 5 9 2 - 8 5 . 6 0 7 8
2 . 6 0 8 2 - 8 4 . 6 0 6 4

- 0 . 8 6 6 0
- 0 . 4 3 3 0

0 . 3 1 8 3 0 . 4 7 4 4 - 5 3 . 2 9 1 4
1 . 7 7 9 9 - 8 1 . 4 8 3 4

0 . 0
0 . 4 3 3 0

0 . 3 5 5 9 0 . 3 5 5 9 - 7 3 . 3 4 4 9
0 . 5 7 9 7 - 5 4 .  1 6 2 7

0 . 8 6 6 0 0 . 3 1 8 3 0 . 3 1 8 3 - 3 5 . 1 0 4 1
1 . 2 9 9 0
1 . 7 3 2 0 0 . 1 5 9 2 0 . 1 5 9 2 5 2 . 7 2 9 5

0 . 0 6 0 6 7 . 3 6 9 4

NORMALIZED FORCES ARE 
(COMPUTED)

FXN= 0 . 0  
F Y N = - 4 . 1 0 8 1 E - 0 1

RESULTANT FORCE RES* 4 . 1 0 8 1 E - 0 1
( R E S = S Q R T ( F X N * * 2 + F Y N * * 2 ) )

NORMALIZED MOMENT IS  
( COMPUTED)

MZN* 7 . 3 7 4 3 E - 0 1
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APPENDIX B

Reprint of Reference [1]

J. J . Kalker, "Simplified Theory of Rolling Contact", 
Delft Progress Report, Series C: Mechanical and Aero
nautical Engineering and Shipbuilding, 1 (1973). pp. 1-10. 
Thanks are due the Delft University Press and Professor 
Kalker for granting permission to include this paper in 
the report.

\  ■ .
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ERRATA

Simplified Theory of Rolling Contact [1]

The following errors have been noted in Kalker's paper [1].

1. The right hand side of equations (a) and (b) on page 4 should read 

v as shown.

2. The right hand side of equation (17) on page 5 should read
2

-2fZQx/a as shown.

3. The le f t  hand side of equation (20) on page 6 should read 

vx(L (y )-x }/Sx as shown.

4. The coeff ic ient of fr ic t io n  is  denoted by f  and y interchangeably.

5. Equation (30) on page 7 should read Sx (Vy + <f>x)sin(e) + as shown.

6. Equation (44) on page 9 should read Sy = 8a/(3C22G)>

7. Equation (47) on page 10 should read 

h0 =h(44)  = § • / ( ! )  •
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MECHANICAL AND AERONAUTICAL ENGINEERING AND SHIPBUILDING

S i m p l i f i e d  t h e o r y  o f  r o l l i n g  c o n t a c t

J.J. KALKER
Subdepartm en t o f  M a th e m a t ic s ,
D e lf t  U n iv e rs ity  o f  T echno log y  
Ju lia n a la a n  132  
D e lf t -2 2 0 8 , The N e th e r la n d s

D e lf t  P ro g r .  R ep ., S e r ie s  C :  M e c h a n ic a l a n d  a e ro n a u t ic a l eng in ee rin g  a n d  sh ip b u ild in g , 1 (1973) pp. 1—10.

In  the p re sen t p a p e r an  a p p ro x im a te  th e o ry  o f  r o l l in g  co n ta c t o f  e la s t ic  bod ie s  is  d e ve loped  w h ich  is  very  
s im p le  to use. A l l  s a lie n t fe a tu re s  o f  r o l l in g  co n ta c t phenom ena , w ith  the e x ce p t io n  o f  the phenom ena  due to 
e la s t ic  a sym m etry , a re  w e ll rep roduced . A s  a  consequence i t  is  n o t d if f ic u lt  to  g iv e  the p a ra m e te rs  o f  the 
s im p lif ie d  theo ry  such  va lues th a t a  re a so n ab le  q u a n tita t iv e  ag reem en t w ith  the e x a c t  th eo ry  o f  s teady -sta te  
ro l l in g  is  ob ta ined . F in a l ly  the s im p lif ie d  th eo ry  is  w e ll su ite d  to ro u g h ly  in ve s tig a te  the m e ch a n ic a l in f luence  
o f  the su rfa ce  la y e rs  w h ich  m ay  co ve r the bod ies.

Introduction
In the present paper two dry bodies are 
considered which roll over each other. In 
first instance the bodies may be regarded as 
rigid. Then, according to Coulomb’s law of 
dry friction, two states are possible, viz.
1. The bodies roll without slip, and the 
tangential force falls below a fixed multiple 
of the normal force by which the bodies are 
pressed together.
2. The bodies slide and roll while the tangen
tial force attains the fixed multiple of the 
normal force and acts in the direction of the 
slip.
However, it has been observed experimentally, 
that the bodies slip a little even when the 
force transmitted is below the maximum. In 
some applications, such as the investigation 
into the stability of railway trains, these 
effects are significant and the crude model 
described above cannot be used.
For an explanation, the elasticity of the 
contacting bodies must be taken into account. 
This has been done by several authors, 
- refer to the bibliography at the end of this 
paper -, and the theory becomes quite 
formidable, owing to the complexity of the 
relationships even of classical elasticity.
In this paper the model is simplified in the 
sense that these complicated relations are 
replaced by a much simpler relationship, 
which appears to conserve many of the typical 
features of the conventional contact theory. 
Thus it has illustrative value. Also it appears 
to be possible to utilise the simplified theory 
as an approximation of the more realistic, 
complicated model by adapting certain 
constants. A program implementing the 
simplified theory does a job in approximately 
1/100 of the time needed for the same job 
by a program implementing the realistic, 
complicated model. Thus the simplified 
theory has a great practical value also.

Formulation of the problem
Consider two elastic bodies which are pressed 
together so that a contact area forms between 
them, see Fig. 1. A cartesian coordinate system 
{0; x, y, z) is introduced of which the plane 
of x and y is the plane of contact and in which 
the z-axis points vertically downward into
Notations
The exact model: the realistic complicated
model.

' . A  . ‘ . 1
d x  d t

1,2: if a distinction must be made between
quantities of body 1 or 2, the quanti
ties in question carry a superscript 
1 or 2.

(x, y, z): Cartesian coordinate system with 
origin in centre of the contact area, 
*- direction coincides with rolling- 
direction, z points vertically down 
ward into 2. (see Fig. 1)

A ( y ) ,  B ( y )  (14. Ill) u, u1, u2 above (3)
a ,  b (1) U x ,  U y ,  U x (7a)
C (1) V (5)
C i j (13) V,V,\V2 (3)
F „ ,  F y (13a, b) V,1, V,2 above (3)
f (2) V

(5), (6) 
(2), (10)

G (13) X ,  Y (2)
H (30) Z (1)
h (44), (47) Z 0 (14.1,
L ( y ) (12) 8

II, III) 
(38)

l (35) e (25a)
M z (13c) ©0 (32)
N (40) A (25b)
S X  , S y (9) and below u(l). «(/) = Ux
S ( S x ,  S y ) (7b) V X , D y ,  <j> (6)
t time & x  , G y  ? G 2 

Ay > Ay j A: ’ \ stresses
’x )
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body 2, see Fig. 1. The origin is the centre of 
the contact area.
We assume that the contact area C and the 
normal pressure Z  acting on it can be cal
culated by means of the Hertz theory. For 
this it is sufficient that:
1. the small displacement, small displacement 
gradient theory of elasticity is applicable;
2. the largest diameter of the contact area is 
small with respect to a characteristic linear 
dimension of the bodies at and near the contact 
area;
3. no close conformity may exist between the 
bodies at the contact area;
4. the bodies must be homogeneous in the 
parts that are sensibly affected by the elastic 
deformation;
5. either: a. the bodies are made of identical 
materials, or they are incompressible
or: b. the level of the surface shear tractions 
( X ,  Y )  is at each point of the contact area 
much lower than that of the normal pressure: 
|| X, T|| <^Z. For this it is sufficient that the 
coefficient of friction /<| 1.
According to the Hertz theory (see ref. 1 
p. 193 sqq) the contact area C is elliptical in 
shape, and the pressure acting over it is 
ellipsoidal:
C =  {x,y,z:z = 0,x2/a2 + y2lb2 < 1} 

contact area
Z(x,y) = — <TZ= 0 on z =  0, outside C;

= Z0 v'(l -  x2/a2 -  y2jb2) 
inside C. ^

The Hertz theory does not consider the surface

shear traction (X, Y), but the surface shear 
traction, which will be called tangential 
traction, is an important object of study in this 
paper. The tangential traction (=force/unit 
area) (X, Y) exerted by body 1 or body 2 
vanishes on the surface of the bodies outside 
C, and inside C it is governed by the Coulomb 
law of dry friction which connects the slip 
v of body 1 over body 2 with the tangential 
traction (X, Y). First it is observed that there 
is no vertical (z) component of the slip, since 
no gap forms at a point remaining in the 
contact area. So the z-component of the velo
cities which occur are left out of consideration. 
Coulomb’s law of friction reads:
v = velocity of body 1 over body 2 =
=  0 - > | | ( A r, y ) | |  < f Z ,  adhesion area.
/: coeff. of friction, taken constant 
v/0-> (X, Y) =/Zv/||v||, slip area 
(X, Y) = tangential traction exerted by body 1 
on body 2 = ( -  r„, -  ryz). (2)

It is seen that the slip is of prime importance 
in the boundary conditions, and we proceed 
to find an expression for it. A particle that lies 
in (x, y, z) in the unstressed state lies in 
(x+ux, y +  Uy, z+uz) in the deformed state, 
where we denote by u(;g, uy, uz) the elastic 
displacement of the particle. We find the 
velocity V of the particle in the deformed 
state by differentiating the position with 
respect to the time t. If we write Vr for the 
velocity of the particle in the undeformed 
state, we obtain the following Eulerian 
equation
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£)u terms creep and creep ratio are also used in the

V =  Vr H------ b (Vr • grad) u (3) literature for the creepage. Introduction of
dt (5) and (6) into (4) gives for the slip

The slip of body 1 with respect to body 2 is 
gives by

v - - v = = ( v , ' - v ; ) + f c s ! l  +at
+ i  {(V,1 -  Vi?) • grad} (u1 +  u2) +

+  i  {(V,1 +  V2) • grad} (u1 -  u2).

u =  u2 — u1 =  (ux,uy,uz); displacement 
difference

v =  V 1 -  V 2 =  ( Vvx -  V<j)y -  +
8t

+ y°-~, voy + V(/>x—
ox

dUy
8t

(7a)

In this equation we may neglect the third 
term of the right-hand side compared with the 
first term, since the displacement gradients 
were assumed to be small with respect to 
unity. This gives

v> -  v ! -  ( v; -  V?) +  +
ot

+ i  { (V,1 + v 2) • grad} (u1 -  u2) (4)

In the steady rolling of two bodies of revolu
tion, rolling takes place approximately in the 
direction of the parallel circles, that is, almost 
in the direction of , one of the axes of the 
Contact ellipse. In practise, the vast majority 
of cases to be investigated is of this type, so 
that we do not lose much if we confine 
ourselves to the case that the rolling direction 
nearly coincides with one of the axes of the 
contact ellipse C, say the positive x-axis. 
We take our coordinate system in such a way 
that the origin remains at the centre of the 
contact ellipse. The material of the bodies 
near the contact area then flows through the 
coordinate system almost in the direction 
of the negative x-axis, with a velocity equal 
to the rolling speed, see Fig. 1.
So we can identify (̂Vr‘ + V,2) with the 
opposite of the rolling velocity. Since in Eq. (4) 
for the slip the vector + VJ) is multiplied 
with.the small quantity grad (ul— u2), we 
only need the principal term of i(Vr* + Vr2),
i (V /+ V r2) ~  ( -  V,0) (5)
where V is the rolling velocity which is greater 
than zero.
The difference of the velocities of the unde
formed surfaces can be regarded as a trans
lation and a rotation, thus
Vrl , - V r2 =  V(ux -</>y,oy +  <fix) (6)

We call ux the longitudinal creepage, u, 
the lateral creepage, and <j> the spin. The

+ V

In the slip, the z-component has been left 
out, since a non-zero vertical (z) component 
would mean either that contact is broken, or 
that the bodies penetrate.
A quantity frequently used instead of the slip 
is the relative slip s

s(sx,sy) =  v/ V =  f ox -  <j>y -  ^  +
\  V ot

8ux
8x

Vy +  ( j ) X ------
1 8u„
V 8t

(7b)

In steady rolling, the displacement u is inde
pendent of the time, so that the relative slip 
becomes

s(sx,sy) = U * -  < t> y + ^ ,
\  8x

»y + 4>x +  ^  (8)

(steady rolling)

which is independent of the rolling velocity.
A complicated relationship (see ref. 2 p. 17sqq, 
Ref. 1 p. 243) connects the displacement u 
with the traction (X , Y) exerted by body (1) 
on body (2). This relationship will be simpli
fied by putting
ux = SxX, uy =  S, Y‘,
X  =  -  t x z ,  Y =  -  %yz at z =  0 (9)

where Sx and S, are the weaknesses in the 
x and y directions. The simplification of the 
simplified theory with respect to the exact 
theory consists of the adoption of (9) as the 
traction-displacement relation instead of the
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exact relation described in Ref. 1 p.243 and 
Ref. 2 p. 17 sqq. (9) is the response to shear 
traction of a very thin elastic layer, mounted 
on a rigid substrate.
It should be noted that Eq. (9) is only an 
approximation of the true state of affairs if 
the bodies are made of identical materials. 
So we will. exclude condition 5. b (see the 
beginning of this section) from our considera
tions.
If a prime (') denotes differentiation with 
respect to x and a dot (•) differentiation with 
respect to time t, we arrive from (7), (9) and 
(2) to the following statement of the problem:

It is observed that at the leading edge particles 
come into contact as they enter the contact 
area. At that moment, they carry no traction. 
The particles penetrate the contact area along 
a line parallel to the rolling direction (x-axis), 
and as a consequence of the no-slip condition 
and the fact that creepage and spin do not 
vanish, traction builds up. Finally the particles 
leave the contact area, whereupon suddenly 
the traction falls to zero. From this argument 
it is clear that we must demand that the 
traction is continuous at the leading edge; 
more specifically, the traction must vanish at 
the leading edge. So, X  and Y become

v = (vx ,vy); . ear* nu.

vx = Vox-V<f>y + VSx(X' - X 'jV)(a)
lout*/ ecu* hi*. •

vy =  Vix/r V<t>x + VSy( r -  Y’l V) (b)
s(sx,sy) =  v/F; relative slip; (c) ^
vx =  vy =  0 ^ \ \ ( X , Y ) \ \ < f Z  (d)

adhesion area
v # o - » ( x , y )  = / Z v / ||v |i

slip area
,. 8_ . • '  d

dx ’ 8t

(e)

(0

Linearized theory
One of the great difficulties in the analysis of 
rolling contact is the determination of the area 
of adhesion, where the slip vanishes, and the 
area of slip. Hence it was proposed by de 
Pater3 to treat the case in which the area of ‘ 
slip is so small that its influence can be neglect
ed. This approach was elaborated by Kalker 
in Refs. 2 and 4. These theories are steady-state 
theories in which the time derivatives (X, Y) 
vanish. Also, it is assumed that v, = vy = 0 
everywhere in the contact area, but the restric
tion || (X, Y)|| < fZ is dropped. The equations 
are:
0 = ox — <f>y + SxX '  - *

X  =  -  O* -  <f>y)x/Sx +f(y)
0 = vy +  <l>x +  SyY'~* (11)
Y =  - (o y + i<j)x)xlSy + g(y)

It is seen that two arbitrary functions f (y ) and 
g(y) occur in (11).
Exactly the same happens in the theory of de 
Pater-Kalker, and /  and g are determined on 
the ground of the same consideration in both 
theories, as follows.

X  =  (ox-  (f>y) {L(y) -  x}/Sx
Y =  loy{L(y)-x}+i<f>{L(y)2- x 2}']ISy

(12)

L(y) =  coordinate of leading edge, see Fig. 1 
and Eq. (1) = ay/( 1 ~ y 2/b2).
X  and Y may be integrated over the contact 
area C, to yield the total force components F x  
and F y , and the torsional moment M z  about 
the axis of Z  which passes through the centre 
of the contact area. They are compared with 
the expressions for F x , F y , M z  of the exact 
theory: Sc* £2} p. °iO

Fx = X dxdy = 8 a2 bvxj{ 3 Sx)
JJ c (a)

= GabCl t vx

F ’ - \ l Y d * d >

= 8 a2boyl(3Sy)+tia3b<t>l(4Sy) (b)

= Gab[C22vy + JabC23<i>\

M z = JJ (x Y —y X )  dxdy

= -na3boyl(4Sj)+Sa2b34>l(15SJ (c) 
= G(ab)312 [C32 vy + C23yJab<ft]

(13)
Cij\ creepage and spin coefficients, tabulated 

in references 2 and 5 
G : modulus of rigidity
where the Cu are the creepage and spin 
coefficients, which for the exact theory are 
tabulated in references 2 and 5. Both the 
exact model and the simplified model predict 
that Fx depends only on ux, and Fy and M z 
only on o„ and <t>. Also it is seen from (13b) 
and (13c) that the simplified theory predicts
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that C23 = —C32, a relationship which also 
appears in the exact theory.
Traction bound
We now turn to the discussion of the non- 
linearised model in which Coulomb’s law is 
fully taken into account. An important role is 
played by the traction bound /Z, to which 
this section is devoted. There are in principle 
three types of traction bound /Z  which we will 
consider.

I. f Z  = f Z 0J { l - x 2la2- y 2lb2),
, . , (14.1)j  constant

This is the traction bound in accordance with 
the Hertz theory. However, the x, y derivatives 
at the edges of the contact area are infinitely 
large. The rate of increase of the tangential 
traction is also infinitely large at the edges of 
the contact area in the exact theory, but it is 
always finite in the simplified model, see 
Eq. (10 a, b), (11). Now, the only way in which 
a state of complete sliding may occur is when 
the initial slope of the traction bound is 
smaller in absolute value than de absolute 
value of the adhesion slope, see Fig. 2. Since 
this is not possible with traction bound (14.1) 
we seek an alternative.
II. f Z  =  f Z 0{ \ - x 2la2- y 2lb2} (14.11)

This traction bound is simple, but leads to 
numerically inaccurate results. It is used in the 
discussion of the theory of steady state rolling 
with pure creepage of the following section. In 
the discussion of steady state rolling with 
combined creepage and spin the third possibi
lity is used:

where A(y), B(y) are determined by the 
demand that at x = 0.9L{y ) fZ  is continuous 
and continuously once differentiable.
The traction bound (14.III) has the advantage 
of having a finite slope at the edge of the 
contact area, and is sufficiently like the exact 
traction bound (14.1) to yield numerically _ 1/̂  
good results. pjq\ = 0.5 ( l -  **/£)' 0  '

bc?) * - 0.SO- y/W 'U <Ll -  -•»*} y iSteady-state rolling with pure creepage
In the present section the case of rolling with 
pure longitudinal creepage (uy= <j> =  0) is 
considered. Pure lateral creepage (u* =  ̂= 0) 
is completely analogous as is the case of pure 
creepage (̂  = 0) when, at any rate, the 
weaknesses Sx and Sy are equal.
When v y =  </> =  0, the lateral traction Y  
vanishes, and the problem reads

1*1 ^ /Z 0{ l-x 2/a2-y 2/62} 
sx ^ 0 —► X M5)

= f Z 0{ l - x 2/a2- y 2/b2} sign (s,)
where the traction bound (14.11) has been 
adopted. Similar expressions can be given if 
traction bound (14.1) or (14.III) is derived. 
Let ux > 0. At the leading edge, X  =  0, and the 
particles tend to adhere, hence
X' = - » J S x - > X  =  vx{ L ( y ) - x } I S x

(tentatively set)
The traction bound has the slope at the leading 
edge

III. f Z  = f Z 0A ( y ) { l - x 2la2- y 2/b2} 

if | jc | > 0.9av''(l - y 2lb2) =  0.9L(y)

=  f Z 0{ y / ( l~  x 2la2 -  y2/b2) +

+B(y)}
if |jc| < 0.9a ^ j i i - y 2lb2) =  0.9L(y)

(14.III)

Fig. 2. Traction due to pure creepage'. a) partia 
slip, b) complete slip.

f Z '  =  - Z f Z 0xla2 =

= - 2 f Z 0L(y) la2 = (17)
= ~ 2 f  (Z0la)yJ(l—y2lb2)

On the leading edge there are two possibilities, 
either adhesion or slip:
2/(Z0/a)V(l—y2/f>2)> \vx\/Sx

adhesion at leading edge
f{Z o la )J { l-y 2lb2)< \» x\ISx (18)

slip at leading edge
see Fig. 2. Assume that ox and y are so that 
adhesion occurs. According to (16), X  in
creases with decreasing x, until at a certain 
point the traction bound is reached, see Fig. 2. 
For still smaller x, there will be slip, for, as
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seen from (15) and Fig. 2,
s* = ux + SxX'> vx +  Sx( - u J S x) =  0,

X >  0 .(vx> 0 )

sx = ux + SxZ' < i)x +  Sx( - dJ S x) = 0, ^

X  <  0 .(vx< 0 )

We determine the boundary between slip and 
adhesion.
(Px*fi'(y)-x}isx =

= f Z 0{ l - y 2lb2- x 2la2} =

= f Z Q{L (y )2 — x2}la2 - * x  =

=  —L(y) +  a 2vxl ( f Z 0Sx) (20)
from which it appears that the slip-stick 
boundary is the trailing edge, shifted over a 
distance a2 ux/ ( f Z 0Sx). The form is shown in 
Fig. 3; it is in complete accordance (except 
for the numerical value of the trailing edge 
shift) with the findings of Haines and Ollerton6. 
It should be noted that this form of the area of 
adhesion can only be obtained with traction 
bound (14.11).
The total force can be computed. It is: 
traction bound: (14.11), 
\X \ < i x Z 0( \ - x 2la2- y 2lb2)\

Xdxdy =JJc
fiZ0(abj3) {3 arc sin 8 —

— 12S2 arc cos <5 +
+(13<5 + 2<53) ,/( l—<52)},

S =  vxa /(2 fZ 0Sx) f - . /A (21)

Combined creepage and spin: a numerical 
method
In sec. 1, the phenomena in the adhesion area 
are described. In sec. 2, the slip area is

Fig. 3. Contact area distribution for pure 
creepage.

considered. In sec. 3, the leading edge is 
considered. In sec. 4, final observations are 
made. The motion is assumed to be in a 
steady state, so that X- = Y' = 0.
1. The phenomena in the adhesion area
In an area of adhesion, the following equations
hold:
0 =  sx =  ox-4>y +  SxX '  

0 = sy =  vy +  (j>x +  Sy Y'
(22)

if the position where a particle enters this 
particular area of adhesion is denoted by 
(xa,y) and the traction in that point by 
(Xa, Ya), Eq. (22) yields (see also (11))
X  = \ I S x .{vx-4>y)(xa- x )  +  X a

Y = 1 ISy.{vy(xa- x )  +

+ i< K x 2a - x 2)} +  Ya. (23)
The adhesion area extends backwards, along 
a line parallel to the x-axis from xa to the point 
where again X 2 +  Y2 = f 2Z 2:

Adhesion -► X 2 +  Y2 <  f 2Z 2 (24)

2. The phenomena in the slip area 
The following equations hold in the area of 
slip:
X  = f Z  cos 6, Y =  f Z  sin 6; 

sx - vx — <j)y +  SxX '  =  XX 

sy =  oy +  (j)x +  SyY' = XY, X > 9  

Differentiate (25a) with respect to x:

X '  =  f Z '  cos 9 -  Z9' sin 9;

Y' =  f Z '  sin 9 +  fZ 9 ' cos 9. 

so that (25b) becomes 
ox—(j>y +  Sx( f Z '  cos 9 —fZ 9 ' sin 9) =
- X fZ  cos 9
vy +  (j>x +  Sy( f Z '  sin 9 +  fZ 9 '  cos 9) =

=  X fZ  sin 9 (27)
From the Eq. (27), A may be eliminated, 
fZ 9 '{S x sin2 0-1-S,, cos2 9) =
= (vx—4>y) sin 9 —(oy +  fix) cos 9 +

+ f Z '  {Sx -  Sy) cos 9 sin 9 (28)

(25a)

(25b)

(26)

r
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This is an ordinary differential equation for 0 
when gZ # 0. When gZ = 0, that is, at the 
edges of the contact area, the equation is 
singular and special measures must be taken 
which are described in ‘conditions at the 
leading edge’ (see below). When Z# 0, the 
equation can be solved numerically, e.g. by 
Heun’s method. When (SfZ/a) is small in 
comparison with ux, vy and <t>, the numerical 
integration method tends to be unstable. The 
instability may be reduced by taking smaller 
integration steps. However, gZ/a is small only 
in a limited region near the edges of the 
contact area, so that the instability, when it 
occrurs, has only a very limited effect on the 
total force.
The condition that A>0 has not been verified. 
When A becomes negative, the slip tends to be 
opposite the traction, and adhesion sets in. 
We compute A. To that end multiply the upper 
Eq. (25b) by S,X  and the lower by Sx Y, and 
add. Then, remembering (25a), we find
X f 2Z 2{Sy cos2 6 +  Sx sin2 0) =
= f Z { S y(vx-(j)y) cos 9 +

+  Sx(vy +  <j>x) sin 0} +
+ SJCSJ,(XX' + yr) =

= f Z { S y(vx-<l>y) cos 9 +

+ Sx(yy + (j>x) sin 0} + SxSyf 2Z Z ' ;
hence
A = {Sy(vx^<f>y)cos9+

+ Sx(0j, + 4>x) sin 0 +
+  SxSyf Z ' } - { f Z ( S x sm2 9 +

+  Sy cos2 0) } - 1 (29)
The auxiliary condition of slip reads, since 
(Sx, S,)>(0, 0):
H  = Sy(vx—<j>y) cos 9 +  Sx(vy +  <j)^ sin 0 + 

+  SxSyf Z ’ >  0 (30)

Adhesion starts when H  becomes negative.
It can be shown that when H  becomes 
negative, adhesion may start with (X 2 + Y2) 
falling below / 2Z2, while when X 2 + Y2 starts 
to exceed f 2Z 2, H  becomes positive.

3. Conditions at the leading edge 
First must be determined whether there will 
be slip on the leading edge, or adhesion. 
Since Z = 0 on the leading edge, the condition

of adhesion reads
(X ' )2 +  (Y ')2 < f 2(Z ')2 ,

X ' ,  T  determined by (22); Z' by (14) 
Insertion of (22) into this equation yields

4>y)/sx}2+{-(u ,+ <t>x)ISy} 2 <

<  f 2 (Z')2 -> adhesion (31)

When (31) is satisfied, there will be adhesion 
on the leading edge, and no complication 
arises. When (31) is not satisfied, there will be 
slip on the leading edge, and Eq. (28) is 
singular.
The first problem is to determine a starting 
value 60 of the angle 0.
If O' is to be finite, we must have
(vx -  <f>y) sin 0O -  (vy +  (j>x) cos 0O +
+ f iZ '(S x — Sy) cos 0O sin 0O = 0 (32)

This may be written as a fourth degree 
equation , in sin 0o, which, as such,, is im
practicable to solve exactly. Instead, (31) is 
solved by Newton’s method. We also need a 
starting value 0'o of O', in order to be able to 
move away from the leading edge. To that end, 
(28) is differentiated, while it is kept in mind 
that gZ =  0 and 0"o is finite.
4. Final observations on the method 
A program was written implementing the 
method of this section. It was found that it 
performed well for small and medium values 
of the creepage and the spin. For large values 
some difficulties were encountered which took 
the form of a rapid unrealistic alternation of 
areas of slip and adhesion. The reason for this 
is, in our opinion, the singular character of the 
differential Eq. (28), and in all cases encoun
tered by us it could be remedied by taking 
smaller x-steps in the integration of Eq. (24), 
so that the transit from leading to trailing edge 
takes about 100 steps.

Transient phenomena
Up to now we only considered time-indepen- 
dent, steady state problems, in which X ■ and 
Y ’ could be neglected. We will now consider 
the simplest case in which this is not so, viz. 
oy=   ̂= 0, Y =  0 while the bodies have the 
form of two long cylinders with parallel axes, 
about which they are rotated. The lateral (y) 
coordinate may be disregarded and the contact 
area is given by
contact area: |x| < a . (33)
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Also we will assume complete adhesion as in 
sec. 3. Under those circumstances the exact 
model has been treated by Kalker in Ref. 7. 
The governing equation is
0 =  sx =  o(i) +  Sx{ X ' - X - I V ( t ) } ,

|x| < a; X  =  0 , |x| > a (34)

This is a partial differential equation of the 
first order for X. The rolling velocity V(t) is 
independent of the x-coordinate and we can 
write
l_ X  
V St ^ ; / =  [' V(q)dq =

0/  J to

= distance traversed (35)

Hence forward, we will replace the time t by 
the distance traversed, and we again denote 
by (•) differentiation with respect to /. (34) 
becomes
0 = o ( l )  +  Sx{ X ' - X - } ,

|x| ^ a _ S _ .

0X ’

_0
dl

X  = 0, |x| > a (36)

This equation is readily solved: 
X (x ,  l) = X (x  +  l — l0 , l0) +

+ p o(g) 
J *o Sx

-J;

if x +  l —10 <  a 

(37a)

dq if x + 1 — a >  l0
+l-a Sx

(37b)
It is seen that when o(q) =  v is constant from 
the distance l0 onward, and l —2 a >  l0, then 
X(x, /) = v(a—x)/Sx by (37b), the steady state 
of sec. 3, independent of /, and independent 
of the initial traction distribution X(x, /<>). 
The condition l —2 a > l 0 signifies that tran
sience is completed after a contact width 2 a 
has been traversed, a conclusion which is 
approximately valid in the exact theory of 
Ref. 7.
An important traction distribution is that due 
to a shift without rolling, parallel to the 
x-axis, of one body with respect to the other. 
It is called the Mindlin shift and it is described 
in Ref. 8. The displacement and traction due

Mindlin shift t 1* 0

to it are given by
u = 8  =  SxX - + X  =  5ISx

if |x|<a, X = 0 if |x|>a. (38)
We start rolling at the distance lo = 0 with a 
constant creepage o; according to (37) and (38)

X(x , 0 = (5ISX) +  ) v/Sxdq =

= (8ISx) +  vllSx .

if x +  l <  a, x <  a — l; \x \< a

= o (a-x)/Sx 
if x >  a — l,\x\ <  a

(39)

= 0 |x|>a
A few stages of the development of the 
traction are shown in Fig. 4.
Rolling of bodies with unequal elastic constants
Up to now we have not succeeded in .in
corporating in the simplified model devices by 
which can be reproduced the salient features of 
the phenomena occurring when two bodies 
with different elastic constants roll over each 
other.
Use of the simplified model as a quantitative 
theory
The qualitative agreement between the simpli
fied and the exact theories is so striking, that 
the question arises whether by a proper choice 
of the parameters of the problem we can get
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an approximate quantitative agreement. It 
appears that this is indeed so for steady-state 
rolling of elastically symmetric bodies, see 
section ‘combined creepage and spin’.

I. The traction bound
It is advisable to use the traction bound 
(14.III):
/Z  = f Z 0A ( y ) { l - x 2/a 2- y 2lb2}

if |x| > 0.9aV(l- y 2!b2) (14 m)
= f Z o { y / ( l ~ x 2la2- y 2lb2) +  B(y)}

if |x| < 0 .9ay /( l—y 2jb2)

where A(y) and B(y) are determined by the 
demand that the traction bound is continuous 
and continuously differentiable at |x| = 
0.90 /̂(1 —y2/b2). Z 0 is determined by the 
demand that

/Z  dxdy = f N , N :  total normal force. 
* % c

(40)

= — 7ta3/2/(4h1/2 C32 G)(C32< 0 )  

moment calculation
and Sx and S, are un ambiguously determined. 
As to the forces, we have the equations

Cn = %a/(3Sx G )->Sx = %aj(3C11 G)

C22 = 8 a/(3 S„ G) - *  Sy = 8 a/(3 C22 G)
C23 = 7ia3l2l(4b 1/2SyG )-*S y =

=  7ia3/2l(4b1/2C23G). (43)

Here, we have two different definitions of Sy. 
So we propose to enter our programme with 
spin <#, and to calculate internally with h<j>-, 
then

C23 — (itu3/2/[4f»1/2SJ,G])/i
■ —>

S,- =8a/(3CttG)

11. The coincidence of the creepage and spin 
coefficients

It seems reasonable to demand that the initial 
slopes of the (Fx, Fy, M z)/(vx, vy, if) diagrams 
should be coincident in the simplified theory 
and in the exact theory, that is, the creepage 
and spin coefficients Ct] in both theories 
should coincide. The exact creepage and spin 
coefficients have been tabulated in Ref. 2 and 
according to (13) we must have

Cn = Sa/(3SXG);

C22 =  8a/(3Sj,G);

C33 =  Sb/(15SXG);

C23 = ~ C 32 = na3/2l(4b1/2 SyG ). (41)

We have only 2 parameters, viz. Sx and Sy, 
and 5 equations to be met.
As solution out of this difficulty we propose 
that a separation is made between the cal
culation of the moment M z and the calculation 
of the forces Fx, Fy. As to the moment, we 
have the equations
C33 = 8 6/15 SxG ^ S x =  S b /l5C 33G;

C32 = - n a 3/2l(4bll2SyG ) ^ S y = (42)

The exact and simplified theories are compared 
in Fig. 5 and Fig. 6. It is seen that the coin
cidence may be termed reasonable and pro
bably is sufficient for most needs.
Finally the simplified theory may be used 
directly for the case that the bodies are 
covered with a thin elastic layer which 
responds to shear in the following manner:
U| = L xX , vt =  L yY . (45)

Fig. 5. A comparison between Kalker's empiri
cal formula of Ref. 5 and the simplified theory. 
t: a creepage parameter. Drawn: empirical 
formula; x: simplified theory.
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Fig. 6. Pure spin, ox=vy =  0. %: a spin 
parameter. Simplified theory and theory of 
Ref 2. ( I Z4- )

Then in the moment calculations one must use
Sx =  {8b/15C33G } + L x ,

Sy =  { - n a 3l2l4b l l2 C32G } + L y 

moment calculation.

(46)

and in the force calculation:
Sx = {8a/3 Cn G} + LX,
Sy =  {Sa/3 C22G} +  L y, 

h = {Ly +  Sy0}j{Ly + Sy0lh0} ,

Syo = 5,(43) = 8 a/3 C22 G , 

h0 = h(44) =  ^ j # f i r ^ -
Jit \q JCL ^ 2 2

force calculation.

(47)

simplified theory, but we will not investigate 
that further.

Conclusion
It has been shown to be possible drastically to 
simplify the equation of elasticity and still 
reproduce all salient features of rolling contact 
phenomena with the exception of those which 
are a consequence of the elastic asymmetry of 
the bodies. Also, the simplified theory may be 
used as a quantitative approximation of the 
exact theory. Calculations with the simplified 
theory are about 100 times faster than with 
the three-dimensional exact theory.
Finally, the presence of an elastic layer on the 
bodies may be taken into account, and it is 
proposed that the discrepancies between 
railway experiments and theory may be due to 
just such a layer.
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