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FREFACE

This report presents the results of a two-phase program on an 
Engineering Analysis of Stresses in Railroad Rails. It has been prepared 
by Battelle's Columbus Laboratories (BCL) under Contract D0T-TSC-1038 for 
the Transportation Systems Center (TSC) and the Department of Trans
portation. The program was conducted under the technical direction of 
Donald McConnell, Code 744, at the. Transportation Systems Center.

This report is one of ; series prepared to provide a comprehensive 
description of stresses in rail required for predicting reliability of 
rail’in track structures. It deals with mid rail sections, away from rail 
joints and with bolted joint. The work performed in this study was 
directed at providing comprehensive descriptions of the stresses in rail 
in sufficient detail that they may be used for predicting reliability of 
rail in these structures. This work extends the preliminary description of 
stresses in railroad rail as reported in. FRA-ORD-76-294.* The previous 
report, which documents the literature, contains much data which are not 
reported herein.

In addition, numerous analysis tools were developed which will prove 
to be useful.in the design of track structures. These tools are briefly 
described herein, but described in greater- detail in separate report 
documents. ~

The cooperation and assistance of Donald McConnell of TSC, P. McGuire, 
R. Mesloh, and J. Kennedy of BCL, and R. Steele of the Transportation Test 
Center, Pueblo, Colorado, are gratefully acknowledged.

*Johns, T.G., and Davies, K.B., "A Preliminary Description of Stresses in Railroad Rail", Battelle Columbus Laboratories DOT-TSC-FRA-76-23/FRA-ORD- 76-294 (November 1976). The NTIS Accession Number for this report is: PB272 054.
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METRIC CONVERSION FACTORS

Approximate Conversions to Metric.Meaairos

Symbol When You Know Multiply by . To Find

LENGTH

In
It
yd
ml

In*
ft*
yd*
mi*

or
lb

inches
feat
yardi
mllos

square inches 
(quart feet 
iquoro yardi 
tquore miles 
acres

ounces 
pounds 
short ton. 
12000 lb)

•2.6
306.01.6
AREA

centimeters
centimeters
meters
kilometers

square centimeters 
square meters 
square meters 
square kilometers 
hectares

6.6
0.090.82.6
0.4

MASS (weight)
28 grams
0.45 kilograms
0.9 tonnes ,

VOLUME

cm
cm
m
km

cm*m*
m*
km*
ha

S
kgt

-18

-17

-16

-16

-14

-13

-12
-11
-10

; Approximate Conversions from Metrir. Measures 

Syn.ool When You Know Multiply by - To Find Symbol

LENGTH

mm
cmmm
km

cm*
m*
km*
hs

g
kgt

mllllmotert
contlmoters
meters
meters
kilometers

0.04
0.4
3.31.10.6
AREA

inches
Inchos
feet
yards
miles

square centimeters 0.16 square inches
equate metars '1.2- square yards
squara kilometers- 0.4 square miies
hectares (10,000 m*) 2.6 acres .

MASS (weight)

grams 
kilograms 
tonnes (1000 kg)

0.0352.21.1
VOLUME

ounces 
pounds 
short tons

. In 
In 
ft vd 
mi

, in*-, 
yd* 
mi*

02
lb

gal
ft*
yd*

®F

gallons 
cubic fact 
cubic yards

tsp taospoons 5 milliliters ml • — ^  ' =r — — 8 ml milliliters 0.03 fluid ounces f! ox
Tbip tablespoons 15 - milliliters ' ml ' 3— - - • — i liters 2.1 pints P*
fioi fluid ounces 30 milliliters ml 1 liters 1.06 quarts qt
e cupa 0.24 liters i " „ — as i liters 0.26 Qalloni QJSl
pt pints . 0.47 liters i _ --1 - m5 cubic meters. 36 cubic feet ft*
qt « quarts 0.95 liters i — — - 6 m3 cubic meters 1.3 cubic yards yd*'

3.8
0.03
0.76

liters
cubic meters 
cubic meters

TEMPERATURE (exact)

Fahrenheit ■ 
temperature

6/9 (after
subtracting
32)

Colsius
temperature

Im*m*

oc

11n. -  2.64 cm (exactly), For other enact conversions and more dttell ublea See; 
NOS Mlsc. Publ. 230. Units of Weight end Measures. Price 62.26 SO Catalog 
No. C13 10 206. inches

-8
- 4 °C

TEMPERATURE (exact)

Celsius.
temperature

9/5 (than 
add 32)

Fahrenheittemperature op

«F

-40 01 1 1 1 1 1 1
40 80 

t i l l  I t
120 160 2001 

i l l  l i 1 I f 1 l t |
-40 -20 - 
°C . <

•
20 ,

) 3
I T t 1 1 1 I 
40 60 80 100 
7 oc
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1. EXECUTIVE DIGEST

1.1 THE PROBLEM OF RAIL FRACTURES
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In recent years, railroads in the United States have experienced over 800 
derailnents annually due to broken rails resulting in over 60 nillion dollars 
in direct costs [1-1], These derailnents occur despite a substantial inspec
tion program by the railroads and contract inspection services which collec
tively locate and identify nearly 200,000 defective rails every year [1**2].
The replacement of these flawed rails involves removal of over 100,000 tons of 
rail. In addition, rails that have reached superannuation are also being re
placed at the rate of nearly 700,000 tons per year [i-3]. Despite these ac
tions! the rate of occurrence of cracks in rails has increased in recent 
years. Furthermore, rail fractures rank as the single most severe cause of 
accidents [1-4]. These failures have been attributed to the high stresses . 
resulting from the increasingly severe operating conditions. Thus, there has 
been renewed interest in developing a better understanding of the states of 
stress in rail. Until very recently, the analytical problems associated with 
the task of accurately determining stresses in rails have been intractable. 
This is because the rail, a seemingly simple structural member, is, in fact, 
the site of an extremely complex, fully three-dimensional stress state. Thus, 
past studies have generally approached the problem of rail stress either from 
an experimental or a simplified strength-of-materials standpoint.

The types cf defects most commonly encountered are summarized in Table 
1-1 with a ranking of the percentage cause of derailments and frequency of 
type.details [1-5]. The actions required by Federal regulation [1-6] for 
train operation until a defective rail is replaced are also listed. As may be 
seen in Table 1-1, rail-end failures represent the most troublesome category 
though not necessarily the most dangerous In terns of derailments. FRA sta
tistics [1-1] suggest that approximately 22 percent of all derailments result 
from failure of one or more components at the joint region as. opposed to the 
17 percent shown in.the table for rail failure alone at the joint region. 
However, of all defects that are detected, 56 percent were in the rail end and 
these were principally associated with the action of bolted-rail joints.
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The recent trend in railroad construction, particularly in Europe and 
more lately in the United States, has been to eliminate most bolted joints 
through the use of continuous welded rail ( C W R ) .  There are at present approx̂  
imately 80,000,000 bolted joints in the United States. At the current rate of 
installation, only small amounts of CWR will be installed in anything other 
thac. primary lines before the year 2000 [1-7]. Hence joint caused nainten- 
ance/failure costs will continue tr constitute a significant proportion of the 
total maintenance of way expend!Lure.

Transverse fissures are detected less frequently, but appear to account 
for a disproportionately iarge number of derailments. Vertical/horizontal 
split heads and detail/conpound fractures, which are characterized by a crack . 
which travels some distance along the rail before it turns and runs trans
versely, constitute the other major categories. Some rail defects can be con
sidered as surface failures resulting from large wheel-rail contact stresses, 
but this report deals primarily'with those initiating more deeply in the rail 
head. In particular, the types of defects that this report addresses specif
ically include the transverse fissure, and cracks emanating from bolt holes at 
rail joints. However, the reader nay use the procedures used in the. context 
of transverse fissures, and the applicable stress distributions given in this . 
report to study hypothetical vertical and horizontal split heads.

The growth of cracks in rails in service is not well documented, but 
available information [1-7] suggests that a transverse fissure, for example,, 
may grow slowly to somewhat more than 20 percent of the rail head cross sec
tion before growth becomes rapid and rupture of the entire rail occurs sud
denly. Growth of this kind beginning from an internal nucleus is illustrated . 
in Figure 1-1. Soretimes more than one transverse fissure develops within a 
single rail. Hie transverse fissure is regarded as particularly dangerous, 
both because it is so apt to result in a complete break of the rail head and 
because it seldom becomes visible before final failure occurs. Transverse 
fissures may also initiate at the surface, but since analysis of surface 
cracks involves rather special considerations [1-8, 1-9, 1-10], the treatment 
of surface initiated transverse fissures has been deferred.

The vertical split illustrated in Figure i-1 is a progressive longitudi
nal fracture which grows through the head vertically and longitudinally near
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the center of the rail. It nay begin at a seam, segregation or inhomogeneous 
Inclusion of material. The vertical split head nay grow to be several feet 
long before it can be observed on the surface of the rail head [1-7]. The 
flaw usually terminates by turning and growing out to the side of the rail ■< 

head. This results in breaking out approximately half of the head.
The horizontal split, illustrated at an advanced stage in Figure 1-1, is. 

a progressive longitudinal fracture, growing parallel to the running surface at 
a depth of at least one third of the rail head. Itbegins at an internal lon
gitudinal seam, segregation or inclusion. Prior to reaching the free surfaces 
of the sides of the rail, the horizontal split results in the appearance of a 
flat spot on the rail surface together with a slight depression of the entire 
rail head. It is reported that breakout first occurs in uncanted rail on the 
gage side and in canted rail on the field side. According to Reference 1-7, 
such flaws usually develop Into a compound fissure leaving vertically oriented 
cr3ck surfaces which resulted in a complete transverse break.

The two most important types of rail-end defects have been shown in 
Table 1-1. One type is that of bolt-hole cracks initiating from bolt-hole de
fects (burrs or fretting) and propagating along directions inclined A5 degrees 
to the running surface of the rail. These cracks may.change direction at the 
rail head fillet and run horizontally, leading to head-web separations, ■ 
Head-web separations nay also initiate independently in the upper fillet of 
the rail end and travel away from the joint center. This type of flaw may at
tain considerable length before turning upwards into the rail head and causing 
a chunk of the rail head to break out.

Wise, et al [1-11], reported data on the frequency of occurrence of vari
ous bolt-hole cracks for the British Railway in 1955. The most common mode of 
failure they found consisted of bolt-hole cracks proceeding simultaneously to 
the upper fillet and the rail end as shown in_Figure 1-1.

1.2 STRESSES CONTRIBUTING TO RAIL FRACTURES .

A rail .section originates from a large steel ingot. Inherent in the 
manufacturing process are the consequences due to solidification of a large 
molten metal mass, such as normal segregation of metallic phases and slight



porosity. Potential defect sites are created at this stage, metallic and non- 
netallic inclusions being common forms. These exacerbate the intensity of 
stresses around them when the rail is placed in service. The mechanics of the 
rolling load from rail cars causes every point in the rail to experience both 
tensile and compressive stresses which depend on the weights and the positions 
of the rail car wheels. As is well known, alternating stresses can lead to 
failure through a process of fatigue damage, which typically consists of 
nucleation of microcracks, subsequent growth of such cracks to reach macro- 
dimensions, and finally fracture. At present, experimental data suggest that 
damage rates which are applicable to crack initiation and propagation are 
strong functions*of the stress ringe experienced by the point in the rail and 
of the alternating component of stress intensity factors K which describe the 
stress concentration near the crack front. Thus, for interpretation of crack 
growth in a rail, it is important to know how stresses vary in the vail, and 
in particular, to know the mean level and range of the stress intensity fac
tors K along the crack front.

The stresses in a rail arise from the loads applied to the rail. The di
rect loads include the vertical, lateral, and longitudinal wheel forces from 
passing vehicles and the compensating support offered by the ties and ballast 
and joint bars. During consideration of the effects of these direct loads, it 
is convenient to separate remote effects— to which the rail responds as a beam 
under flexure— from the highly local effects in the wheel-rail contact area 
and at bolt boles. Further, stresses which may be significant include those 
due to cumulative permanent deformation by which residual stresses are locked 
in the rail head, and the more slowly changing thermal loads associated with 
daily and seasonal changes. The inability of rail to transmit stresses in a 
normal fashion where a crack intervenes gives rise to additional, highly con
centrated, crack-front stresses. These crack-front stresses, characterized by 
parameters called stress intensity factors, are the stresses most responsible 
for crack growth. In view of the multiplicity of kinds of loads affecting 
crack growth, it is appropriate to discuss briefly the various kinds of 
stresses which arise.
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1.2.1 Flexural Stresses at Mid-Rail Sections

When 2 wheel comes to within 6 to 12 feet of a particular point in a rail 
head, the vertical load causes longitudinal bending stresses, tensile at the 
top of the rail Head, through bending of the full rail resting on the elastic 
foundation of the ties, ballast and subgrade. As the wheel comes closer, the 
flexural stress in the rail head becomes compressive, having a magnitude 
greater than that of the previous tensile stress. A typical example of this 
stress variation is shown in Figure 1-2, with longitudinal stress due to two
19,000 lb wheel loads varying from about 4,000 psi tension to -10,000 psi com
pression.* ■ At points within a few inches of the point of load application, 
vertical bending of the rail head on the elastic foundation provided by the 
web may add as much as -8000 psi to the stress due to overall rail bending.
This effect is usually termed as head-on-web bending. Significant changes in 
these stresses can arise from variations in the wheel loads, including dynamic 
effects from wheel irregularities. Wear of.3/8-inches of the head can cause 
some of these stresses to increase over 100 percent. Of course, the longitudi
nal stress varies with depth, such that at the baseof the rail head the con
tribution due to rail flexure would be significantly reduced while the hsad- 
on-web bending contribution would be nearly the negative of that on top of the 
rail head. The related shearing stresses also vary. Thus simple vertical 
loads produce very complex bending stresses in the rail head.

Significant stresses are produced also by lateral wheel loads (as from 
flanging forces arising at curves and from self-excited hunting motions) and 
from eccentric application of vertical wheel loads (when the contact area is 
off the center plane of the, rail) [1—12]. These loads produce distortion of 
the bending stresses in the rail. Thus, for a 132-lb rail supported by a 
foundation with lateral stiffness of 600 (Ib/in.)/inch the longitudinal 
stresses due to a 10,000-lb lateral load reach + 11,000 psi in the rail head 
and +'21,000 psi in the base. -Warping stresses under comparable conditions 
can reach 7,000 psi in the rail head and 11,000 psi in the base.

*Curves in Figure 1-2 were computed by methods described in,Chapter 2. For 
further discussion of these methods, see Reference 1-12.
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The torsion produced by eccentrically applied vertical loads causes addi^ 
tional stress in the head-web fillet region up to 10,000 psi for a 19,000-lb 
applied wheel load. When accompanied by high lateral flanging forces, its 
maximum can exceed 30,000 psi in compression. The vertical stress produced in 
the web by lateral loads also can be significant when superimposed on stresses 
from eccentric vertical loads. Because of the above, the 132-lb RE rail un
derwent considerable design change in the fillet region to correct a fatigue 
crack, problem in the 131-lb RE rail [1-13],

Additional forces which may induce longitudinal stresses in the rail 
arise from traction and braking. Longitudinal shear forces are particularly 
important to curved track. Stresses in rails, viewed as beans, also vary be
cause support by the ties is localized, and the wheel loads are concentrated 
at positions which vary according to track and operating conditions. Thus,, 
viewed simply as beams, rails must support complex and variable stress pat
terns.

The many variations of loading, plus the relevance of details of stress 
distributions, commend the use of new, more detailed forms of beam analysis. 
Such analysis is the subject of Chapter 2.

1.2.2 Contact Stresses

When a wheel load is within an inch of a point in the rail head, large 
contact stresses are imposed (as noted for example in Figure 1-2) which are 
not treated by beam analysis. These stresses generally reach much larger mag
nitude than do the flexural stresses. Contact stresses are generally compres-. 
sive, but they also include large shearing stresses, including a particularly 
large transverse sheafing stress component which reverses as the wheel passes. 
Contact stresses frequently exceed the yield stress of the virgin material and 
they have long been suspected as an important cause of rail head failure.

To illustrate contact stresses, continue the example in Figure 1-2 by 
assuming the use of new, 33-inch wheels and rail with a 10-inch crown radius. 
Hertz contact stress theory [1—14] shows that the contact pressure is distri
buted ellipsoidally over an area about 0.53 inch long (in the rolling direc- . 
tion) and 0.38 inch wide, reaching a peak of -182,000 psi, while implying a
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peak longitudinal stress of -140,000 psi. A neasure from the standpoint of 
yielding, however, is the octahedral shear stress ( t o c C )  which can be shown 
[1-15] to reach 52,000 psi at a point about 0.10 inch below the center of con
tact. From fatigue considerations, the worst stress is probably the alternat
ing transverse shear stress [1-15] ( t x z )  which can be shown [1-16] to reach
34,000 psi at points also about 0.10 inch below the leading and trailing points 
of the contact area. The variations of several stress components for this 
example are shown in Figure 1-3.

The size and shape of the contact area are influenced by the topographic 
contours of the mating surfaces prior to contact as well as by the load. If 
the mating surfaces are noit-ellipsoidal, then the Hertz contact stress theory- 
does hot apply. Wearing of the wheel tread and the running surface of the 
rail head thus produces departures from Hertz patterns. Again, contact 
•stresses are affected by tangential loads such as arise from acceleration and 
deceleration of the locomotive and from "stick-slip” of wheels due to axle 
windup on curves. The pattern of tangential forceis on the interface is com
plicated by the tendency of the contacting surfaces to slip over part of their 
interface while adhering over the rest of it, so that tangential forces are 
not simply proportional to the contact pressure. These complications, produce 
a need for a more comprehensive method to determine the patterns of contact 
forces between a wheel and rail, and to predict the resulting stress patterns 
in the rail. The variation in contact stresses with the variation in con
tact condition is considered in Chapter 3, where a substantial variety of 
contact stress patterns are considered.

Contact stresses, in conjunction with other stresses such as those due to 
bending, are often large enough to cause plastic flow and fatigue failure.
These latter issues are treated within the Chapter 4 pertaining to residual 
stresses and crack stresses.

1.2.3 Thermal Stress

. It has been generally' accepted that stresses due to thermal expansion or 
contraction of rails are snail in comparison with those of wheel loads. A 

* temperature variation of 100°F produces a change of about lljOOO psi-in longi
tudinal stress if the rail is fully constrained against expansion or
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FIGURE 1-3. STRESSES DEVELOPED IN 132-LB RE-RAIL.HfiAD AT 
DEPTH OF 0.10-INCH DUE TO 33-INCH DIAMETER 
WHEEL AND WHEEL LOAD OF 19,000 LB



contraction. Because such a stress change would occur quite slowly, it nay be 
considered as a constant prestress when analyzing stresses in the presence of 
plastic deformation, or when evaluating fatigue damage.

1.2.4 Residual Stresses

Wien wheel loads exceed approximately 19,000 lb, new rails deform plas
tically upon passage of the first trains and residual stresses are locked into 
the rail head in a region under the tread surface. Under normal traffic, 
these stresses are known to increase as traffic continues, and to extend more 
deeply into the.rail head. Depending on circumstances of the traffic, the 
belief was that the growth of these stresses may eventually reach a state of 
"shakedown", a condition at which further plastic deformation ceases and the 
residual stress pattern in the rail stabilizes. However, recent evidence 
indicates that a shakedown condition is never reached, primarily because of. 
cyclic strain softening of the rail steel [1—17]..

When the rail yields, a residual compressive zone is established directly 
beneath the rail surface. Beneath the compressive zone a tensile zone is de
veloped through a substantial part of the thickness of the rail head. Hori
zontal cracks and split heads are known' to originate in this area. The ten
sile residual stresses could contribute to the propagation of these flaws. 
Cracks occurring near the rail head surface would tend to stop or turn as they 
encounter compressive residual stresses. Near the running surface, reversal 
of shear stress occurs, but cracks propagated by this stress may be'Slowed or 
even diverted into pitting by the compressive longitudinal residual stress, so 
that gross vertical or horizontal splits nay be avertedi

•Residual stresses in a rail head are exacerbated by complex transient 
stress patterns caused by the wide range of wheel loads. There is the possi
bility that some patterns of residual stresses can greatly inhibit or even 
prevent further change of residual stresses. Therefore, it is well to have 
experimental evidence for the levels of residual stresses in used rails, 
though measurements from a single or even a few rails will not show the great 
variety of stress patterns that may exist among used rails. Dependable mea
surements of residual stresses in rails are few, but those reported by Groom
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recently to the Department of Transportation J'l-18] provide ‘•ome useful data 
for mid rail sections. Those measurements were made on rails of each of two 
weights after each of two levels of service. Those for 132-lb rail after 
passage of 300 million gross tons (MGT), the longer service, are sketched in 
Figure 1-4. These stresses were generally higher than those after 100 MGT* so 
that they do not necessarily show a state of shakedown.

Figure 1-4 shows a tensile residual axial stress over a large region 
around the center of the rail head. This stress exceeded +15,000 psi over a 
fairly wide area and reached a maximum of +18,400 psi. The in-plane stresses 
shown in the second drawing are the more tensile of the two local principal 
stresses. The orientation of these latter stresses is not shown, but it was 
nearly horizontal over most of the region where the stress exceeded +30,000 ' 
psi, so that these stresses would promote fracture in vertical planes. The 
maximum, among these stresses was +41,300 psi. To put these stresses in per
spective, they are listed in Table 1-2 together with high values already cited 
previously for stresses from other sources. Values ir. this table are not up
per limits among possible stresses, they are merely typically high values.

The level of residual stresses to be expected in a given rail after spe
cified service is a complex issue which is treated in Chapter 4 for sections 
away from bolted joints. Unfortunately, significant effort, experimental or 
otherwise, for determining typical residual stresses at bolted joints is yet 
to be undertaken.

An evaluation of the stresses identified in Table 1-2 indicates that, al
though stresses of each kind may be severe, the combined action of these 
stresses may be.more damaging than simple addition of the stresses would im
ply. That is especially true when the frequent plastic yielding and resultant 
residual stress conditions are considered. Furthermore, the complex factors 
associated with build-up of residual rail stresses appear to be closely linked 
to conditionc controlling rail wear. At a minimum, rail wear leads to in
creased flexural stresses because of the reduced area of the rail head. Wear 
is also a strong mechanism in determining the wheel/rail contact pressure. 
Frequently, the concave and false flange regions on severely worn wheels cause 
greater contact pressures between the wheel and rail and, therefore, excessive 
plastic flow of the rail. An understanding of the combined actions of rail 
stresses is crucial to the understanding of rail reliability.
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TABLE 1-2... TYPICAL MAXIMUM AND MINIMUM STRESSES IN A 132-LB
RAIL HEAD AWAY FROM BOLTED JOINTS UNDER A VERTICAL 
LOAD OF 19,000 LB '

1i
l .

Stress
Component

Flexural 
Stress Cn 

(ksi)
Contact 
Stress (2) 

(ksi)
Thermal Stress (5) 
(ksi)

Residual 
Stress (̂ ) 

(ksi)

•- | • Longitudinal 4 -18 0 -140 7 -7 +18 -32
0

L i
X

!. - jjr t 
f j

i

| .. -

Lateral
oy

0 0 0 -152 0 0 =+40 =-50

Vertical 0 0 0 -182 0 0 = +20 =-30
■ 0

■ - l

z

Transverse
0(5)Shear

Tzx

34 -34 0 0 0 0

!• : Octahedral
£':.:j ■ ; Shear 52 0 0

£ | | Toct

(1) These ere tread, surface values from vertical loads as shown in Figure 
1-2. Longitudinal stresses up to +11,000 psi may arise in the head from 
lateral loads, and. additional stresses can arise form eccentric loading. 
See text.

(2) The values for <*x, ay and o z are surface values. Those for the 
shear stresses are values at depth 0.10 inch, as shown in Figure 1-3.

(3) This thermal stress presumes a temperature change of 65 F.
(4) These are experimental values for the case shown in Figure 1-4.
(5) Warping stresses in the fillet can reach 10,000 psi due to eccentric 

vertical loads.
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1.2.5 Consideration Governing Stresses at Bolted Joints

The bolted rail joint constitutes the oldest and most commonly used con
nection between rail sections. Much progress in the design of bolted joints 
,has occurred since the earliest days of railroading when joint bars consisted 
of flat straps bolted across the rail ends. In this situation, moments were 
transmitted largely by frictional forces developed between the straps arid webs 
by the action of bolt tension. Since those times, joint bars have been de
vised to transmit moments by forces acting on bearing areas on the underside 
of the rail head and on the. rail base. Many bar configurations have been 
developed including a large variety of "patent'' joint bars which have long 
since disappeared from trackwork catalogs. Bolted joints now consist of the 
two rail ends.clamped by bolts and/or adhesive action between two joint bars. 
Spring washers are generally used to provide reserve tension and retain track 
nuts under vibration due to train passage. A cross section of a typical 
bolted joint connection is shown in Figure 1-5.

Rail joints may be supported in the track in two different , av*,: r‘ey
may be supported (with ties placed at the rail end), or 2) tb'-y. .aay 
suspended (without immediate tie support). In addition, i.~ ■ j-vn*.;; nay be. 

placed in the track either in a staggered pattern joints placed one ha’lr rail 
length in the track, or they may be placed opposite each Other in the track. 
•Figure 1-5 shows typical supported and suspended joint geometries.

A variety of joint bar types have been used.. Except in the case of the 
"compromise joint bar", such bars are symmetric about a transverse plane. 
Compromise joints are inserted for joining tails of different size (section). 
Otherwise, joint bars are symmetrical about their mid section. Symmetric arid, 
near-symmetric joint bars (Figure 1-5) have a horizontal neutral plane. 
Nonsymmetric joint bars have a neutral plane which is inclined at some angle 
to the horizontal and hence undergo rotation as well as deflection when 
subjected to bending in the vertical plane. The nonsymmetric joint.bars may 
be further divided into categories of angle bars (Figure 1-5) and continuous 
bars. Angle bars represent an attempt at increasing the section modulus of
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the joint bar by the addition of a projecting "toe" of metal. Continuous bars 
envelope the cc the rail increasing not only the section modulus, but
also provtd* V tlc.aal contact area and support.

The ' t-'Jl c f  ■■ ' joint would .take the action in the track there approximate 
that in . .<■ :■  i - ..uous rail, except for adding opportunity for longitudinal mo
tion. between rail ends to accommodate temperature changes. It would also not 
promote failures. Despite the progress made in joint design, the bolted joint 
remains a truly "weak link" in the track structure, as the many rail-end fail
ures attest. Photographic examples of the two main kinds of rail-end failure, 
that is bolt-hole cracks and head-web separation, have been provided by R. 
Steele of DOT-TSCj here shown as Figures 1-6 and 1-7. From these examples it 
can be seen that rail-end stresses of particular interest are circumferential 
stresses around the bolt holes and stresses in the. upper fillet region.

The stresses that arise in the rail-end region depend, of course, on how 
the bars transmit bending- moments to the rail. They do it at the lower head 
surface and upper flange surface in a manner that depends on geometric fac
tors, such as bar length and cross section, and on bolt tension. Even wear on 
joint contacting surfaces is important. Thus it has been observed that in a 
new joint, tightened initially to 20,000 to 30,000 pounds per bolt, there can 
be as much as a 10,000 pound per bolt decrease during the first month of ser
vice, followed then by a 500 to 1,000 pound per month decrease. The recom
mended 5,000 pounds'per bolt tension probably does net exist in most tracks.

The pattern of stresses developed in the rail end depends of course on 
che detailed shape of the structure. The bolt holes.act to concentrate stres
ses in their neighborhoods, and, as Figures 1-6 and 1-7 suggest, the circum
ferential stress around each hole varies around the periphery of the hole. 
Because of the oversize holes used in joints, the bolts ordinarily do not par- 
tlcipav> directly in load transfer by transmission of vertical shear force 
when vertical bending occurs. However, bolts do play a direct role in lateral 
bending.

In general, joint bars are designed to fit closely to the rail and should 
bervell finished so that potential sites-for. fatigue crack initiation can be 
avoided. Laboratory fatigue tests [1-19] have shown that bolt hole imperfec
tions Such as gouges and burrs have a highly detrimental effect on fatigue 
life, and this applies to rail ends.
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FIGURE 1-6. MOST COMMON HOLE CRACK GEOMETRY
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/Considerable interest has been shown recently in measuring 3nd predicting 
dynamic wheel/rail loads at joints, particularly where the foundation is de
graded and permanent dipping occurs. There are two characteristic impulses, 
often identified as Pj and P5, which contribute significant dynamic 
stresses in the joint and radrT end. These stresses are superposed on the 
static stresses that would arise from wheel resting on the rail. Static 
stresses will be emphasized in this report, assuming that a dynamic load am
plification factor could be used to scale the static results.

The most comprehensive study of the many aspects of bolted joint action 
is that of the Talbot Committee [1-20], which published the first of its se
ries of memoirs in 1930. Their results, particularly with respect to joint bar 
stresses, are of great interest, despite the lack of modern, strain gages at 
that time. Babb [1-21] later presented strain gage results for several Brit
ish rail sections,.and the AREA [1-22} gave laboratory results for U.S. rail 
joints haying various bolt spacings. A similar study for Japanese rail sec
tions was presented-by Koyana and Sasaki [1-23]. The effects of longitudinal 
tension on bolt-hole stress was examined in another AREA study in 1953 [1-24]. 
Measurements of rail stresses in service conditions were studied by Wise, et 
al [1-11], who also considered fatigue; and two AREA Proceedings, [1-25] and 
[1-26] describe joint stresses under revenue traffic. The deleterious effects 
of bolt-hole imperfections were studied by the AREA [1-19] and by Code [1-27], 
References [1—28] and [1-29] report effects of hole broaching.

The effects of dynamic loads at joints have been studied with a one
dimensional model by Nield and Goodman [1-30], and with a sophisticated model 
by Jenkins, et al[l-31]. The effect of resilient wheels on dynamic forces 
was described by Bjork [1-32]. Experimental results for such effects were re
ported by AREA [1—33] and more recently by Ahlbeek, et al [1-34].

1.2.6 Stresses in the Presence of Cracks
This report deals primarily with defects including the transverse fis

sure, vertical split and horizontal split in rail heads and with bolt-hole 
cracks. Understanding the effect due these kinds of flaws involves postu
lating some small crack and determining what stresses would make it grow;
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Of course, the presence of a crack would alter the nominal stress fields be
cause stresses cannot be transmitted in the usual fashion where there is a. 
crack. ̂ The changes in the stress patterns due to the presence of the crack 
may be described as crack stresses, and near the edge (or front) of the crack 
these stresses may be large and indeed dominant in crack growth. It is neces
sary to provide some description of these crack stresses.

Near a crack front, stresses actually become large enough to induce local 
plastic flow, but in analyzing crack stresses, it is convenient to regard the 
cracked body as being fully elastic even where the stress exceeds the yield 
point. The stresses predicted by elastic stress theory approach infinity near 
the front, but it has û en found that rate of change of stress in that region 
can be used to estimate crack growth. Since the governing stress components 
become large in proportion to 1 'VT5* , where r1 is the local distance measured 
from the crack front towards the uncracked region, their limiting factors of 
proportionality to (2rr' )*/2 as r1 + 0 are taken as indicators of the sever
ity of the local crack stresses. These "stress intensity factors" are com
monly denoted as Kj, Kjj, Kjjj; depending on whether the stress component 
being considered would pull the crack surfaces.apart or shear them.radially.or 
tangentially with respect to the crack front. The levels these factors reach 
depend on the stresses which fail to be transmitted because of the presence of 
the crack. Thus, the crack stresses crucial to crack growth are crack-induced 
stresses which arise because other stresses are present in the body. The es
timation of these crack-induced stresses for a large variety of relevant con
ditions is the subject of Chapter 5 through its treatment of stress intensity 
factors.

To illustrate the nature of crack stresses, one.may consider stresses in 
the vicinity of a circular (penny-s! *.ped) crack which is deeply embedded in a 
body subject to tension in the direction perpendicular to the crack. These 
stresses were first treated by Sneddon [1-35] for a uniform remote tension. 
More recently Bell [1-36] analyzed them for an arbitrarily distributed normal 
(or tangential) load* Figure 1-8 shows results from these analyses for stress 
normal to the crack plane for a particular load pattern similar to the state- 
that would tend to bend longitudinal fibers in the rail [1-37]. (Such a load 
would arise for a crack suitably placed on the rail section shown in
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(a) Kornsal stress in axial direction around a circular crack loeded in bending (as shown above)

(b) Stress intensity factor around a circular crack front loaded in bending (as shown above)
FIGURE 1-U. AXIAL STRESS DISTRIBUTION AROUND A CIRCULAR CRACK LOADED IN BENDING
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Figure 1-la.) The great increase in this normal stress near the. crack is shown 
for various angular positions in Figure 1-8. The rate at which the stress 
increases toward infinity varies with the angular position, and that variation 
is shown by the stress intensity factor in Figure 1-8. The reference stress 
intensity factor used there is that which would arise if the load were that of 
uniform remote tension.

Of course, cracks in rails are not always loaded with linearly varying 
tension, nor are they always circular, nor are they always deeply embedded. 
Since cracks are frequently nore-or-less elliptical in shape [1-38], it is. 
often convenient to use a related theory for stresses around elliptical cracks 
under tension, as treated by Shah and Kobayashi [1-39], or under shearing 
loads, as treated by Smith and Sorenson [1—40]. These theories are somewhat 
limited by requiring that the load distribution on the crack be describable by 
a polynormal of third order, but if the untransraittable-load on the crack can 
be described in that way, then stress intensity factors can be found along the 
entire crack front. Chapter 5 shows the variation of stress intensity factors 
around a variety of elliptical cracks embedded in rail heads subjected to load 
distributions of kinds that may be expected in rail beads in service. It may 
be noted that the assumption of deep embedding implies that the effects of 
proximity to the rail surface are neglected. A scheme exists for taking into 
account neighboring surfaces, including surfaces which the crack crosses 
[1-10, 1-40, 1—41], but the theory is sufficiently cumbersome so that its use 
has been deferred here.

1.3 OBSERVATIONS CONCERNING. CRACK INITIATION AND GROWTH

A rail newly placed in service but free of cracks would not experience 
the extreme stresses associated with crack fronts, but would be expected to 
yield somewhat under the high octahedral shearing stress due to contact loads. 
The yielding process would not.necessarily produce any cracks, yet it is known 
that under cyclic stress conditions the rail does develop small cracks which 
can grow until the rail eventually breaks. Both the nucleation and growth 
processes for the crack are tied to stresses. However, knowledge about this 
connection is somewhat limited, especially as regards the crack nucleation
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process. A review of this knowledge is to be provided elsewhere [1-42]; only 
a summary of it will be presented here.

Cracks are most apt to arise from inhonogeneities in the material being 
subjected to stress.. Given the presence of an inhonogeniety, it is possible 
to hypothesize a process whereby a crack may nucleate, using a model such as 
the one proposed by Lankford and Kusenberger [1-43]. In their model,.the pro
cess begins when the steel and the inclusion debond over parts of their inter
face under tension. Such separation might arise from local stress concentra
tion due to inequalities in elastic properties in the two materials and /or 
from weakness of the interfacial bond. Following this first separation, 
minute cracks begin to radiate from the inclusion in directions normal tc the 
tensile force, presumably because of local redistribution of loads resulting 
frdairthe initial interface separation. Eventually the new surfaces created by 
these two processes merge, and thus a crack is nucleated. Lankford and 
Kusenberger made observations of this process using electron microscopy and .. 
4340 steel. Several other authors [1-44, 1-45] have reported somewhat similar 
studies using other materials, also showing a strong relationship between in
clusions and crack nucleation under stress. Thus, some of the elements for 
understanding crack nucleation are available, though the intricacies of the 
process continue to make prediction of crack nucleation largely empirical, in, 
particular, much remains to be understood about crack nucleation in rail 
steels.

Some experimental information is available about crack initiation and 
growth in rail steels. Thus, Wise, et al [1-11], performed fatigue tests on 
drilled rail ends subjected to repetitive loading. Although this type of 
loading may produce effects different from those produced by a roiling load on 
a resiliently supported rail subjected to spectrum-type loads, the results are 
of great interest. The data reported in [1-11] were obtained by using wire 
crack gauges to signal the onset of cracking, thus establishing the number of 
cycles to crack initiation, as well as the number of cycles to complete fail
ure. Figure 1-9 shows the specimen configuration used, and presents curves 
■for crack initiation and final failure. It is interesting to observe that the 
ratio of cycles for crack initiation to final failure remains about the same 
regardless of the stress level. Thus, for a load of 20,000 poynds, 0.9 x 
10̂ cycles elapsed in crack initiation while an additional 1.4 x 10̂
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cycles were required for final failure to occur. At 30,000 pounds, 0.17 x 
106 cycles are indicated as the time for initiation and an additional 0.28 x 
10̂ cycles for final failure. Thus, these tests suggest that the residual 
life (about 1.5 the tine required to induce cracking) of the cracked rail end 
is significant enough to warrant efforts to predict its magnitude.

After a crack has begun, repeated stressing at sufficiently high levels 
makes it grow, slowly at first, then' more rapidly, and finally catastrophic- 
ally. The rate of crack growth has been expressed by empirical formulas of 
several forms. An early formulation was that of Paris [1-46,'1-47], which 
showed the growth rate per load cycle as a power function of the range of the 
stress intensity factor experienced during the cycle. .Parameters for the for
mula were to be found empirically for the relevant material aind test condi
tions. Other authors-have elaborated this relationship so that Forman [1̂48] 
included also the absolute levels of the stress intensity factor and a criti
cal stress intensity factor Kjc at which Catastrophic failure would occur. 
Collipriest [1-49], using a still more intricate equation, also included a 
lower threshold stress intensity factor Kjth, below which no crack growth 
would occur. These formulas characterize the crack size by a single dimen
sion, and the constants fitted to them are usually found using quite simple 
stress fields. Yet they do offer some basis for predicting how cracks will 
grow under repeated loading.

This report is not intended to give broad coverage of either the pro
cesses of crack nucleaticn or crack growth. It is intended instead to provide 
information about stress distributions and stress intensity factors associated 
with service conditions because of their connection with the rail damage ' 
process.

1.4 REPORT ORGANIZATION

The chapters within this report that pertain specifically to nidrail- 
section have been organized as follows. Chapter 2 pertains to a study of 
flexural stresses in rails showing how bending stress distributions are 
affected by the type of load (vertical concentric, vertical eccentric, or
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lateral), and by the foundation of the ties. Chapter 3 treats contact load 
distribution as influenced by realistic wheel and rail profiles, and from 
those finds subsurface stress distributions, sometimes including tangential as 
well as vertical loads. Chapter 4 exanines information available about resid
ual stresses in rails and-theories about how these stresses grow. Chapter 5 
considers how various representative stress patterns in rail heads would in
fluence stress intensity factors along the fronts of cracks if they are there, 
thus providing input for possible crack growth studies. The calculation of' 
these stress intensity factors is based on a new formulation of the theory for 
stresses around elliptical cracks.

Organization of the present investigation relating to the failure of rail 
ends is to he found in Figure. 1-10. The approach shown in this figure can be 
summarized as follows:

Load Transfer Analysis—This phase is concerned with achieving a basic 
understanding of how load is transferred through a bolted joint. The 
internal joint forces which arise due to wheel loading were calculated 
using the two different approaches shown in the figure, and detailed in 
Chapters 7 and 8. These methods are capable of displaying the para
metric effect of rail and joint bar size, load intensity and position, 
foundation modulus, and joint efficiency (representing the totality of 
load effects, including bolt tension joint-bar/rail-end fit). The 
understanding of the system of forces occurring at the rail end makes 
possible the explanation of why cracks Initiate where they do. A three- 
dimensional finite-element model of the rail end which was used to com
pute magnitude and location of maximum stress for a variety of loading 
conditions is also described in Chapter 8. This model utilizes joint bar 
reactions developed in Chapters 7 and 8."
Experimental Validation—A rail joint was assembled in the laboratory and 
was subjected to simulated loading and support conditions to produce data 
for validating both the load transfer and three-dimensional stress- ~ * 
analysis models. Chapter 6 contains a description of the .tests that ■ 
were performed.
Stress-Intensity-Factor Calculation—Two-dimensional models of the rail 
end were used to calculate stress-intensity factors (Kj) as a function
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of crack lengths for two flaw geometries in Chapter 9. Closed-form 
solutions were used to check the results for small flaws emanating from 
the bolt-hole and for a head web separation initiating as a penny-shaped 
crack. These models also utilized the joint bar reactions developed in 
item (1).
In developing this analysis, approaches based on particular assumptions 

about the nature of the rail failure problem were consistently used. Because 
of inaccuracies which are both the result of rail steel material variability 
and of statistical nature of wheel/rail loading particularly at joints, it wa3 
concluded that a quasi-static analysis would be adequate even though the rail 
joint is the site of complex localized dynamic events. The wheel/rail loads 
which -were applied in a quasi-static manner were, however, derived from a 
dynamic model of joint interaction.

Rather than developing a compendium of data covering many possible track 
conditions, tĥ  work was oriented towards producing practical analytical 
methods which were illustrated by a few typical joint situations. For this 
reason, a single joint bar and rail size '*'sre used throughout. The methods to 
be presented here are, however, perfectly adaptable to other commonly used 
joint geometries.

Further information on stresses at bolted joints is in a survey by Davies 
and Johns [1-50],
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The flexural component of stress Is the one most commonly associated with 
rail and its function as" a beam supporting rail car wheels. Consequently, the 
rail bending mode has been the most intensively studied in the past. From an 
analytical standpoint, flexural stresses are perhaps the easiest to evaluate, 
yet the complexities of combined vertical and lateral loading and the bending 
behavior of elements within the rail cross section result in complex stress 
cycles.

Flexural stresses in rails are produced by wheel loads applied vertically, 
laterally or longitudinally. The vertical loading may be centered on the 
head, or it may be eccentric so that the rail is twisted. Twisting and bend
ing of the rail can also be induced by lateral loads. Non-uniformity of the 
tie support conditions complicate bending behavior of rails. In addition, the 
cross section commonly employed for rail causes analytic complexity in that 
the rail head acts as a beam supported by the elastic foundation provided by 
the web to produce secondary stresses. Varying demands for accuracy therefore 
lead to varying treatments of flexural stresses at different levels of com
plexity, This suggests the use of different levels of analysis, as is to be 
illustrated by the following discussion.

2.1 ANALYTICAL MODELS FOR THE CALCULATION OF FLEXURAL STRESSES

2.1.1 Beam-on-Elastic Foundation Model
The bending mode of deformation of raiis under vertical wheel loads has 

been traditionally analyzed by applying strength of materials approaches to 
beam-on-elastic foundation models. As early ns 1867, Winkler [2-1] proposed 
an analysis for calculating bending stresses in rail due to vertical loading 
by considering the rails as being continuously supported by an elastic foun
dation. The differential equation governing the bending of a beam supported 
in this way is
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dx (2-1)

where W(x) is the vertical deflection at x, El is the flexural rigidity of the 
rail, q(x) is the distributed vertical load and k is the uniform foundation 
constant associated with the linear Winkler foundation model known as the 
track modulus. In 1882 Schwedler (2-2] presented the following solution of 
Equation (2-1) for bending of a tie track for the case where an infinite beam 
is subjected to a single concentrated force P, as In Figure 2-1:

tive stiffness of the track under load. In 1885, a book containing many exam
ples of solutions of Interest for the analysis of railroad track was published 
by Zimmerman [2-3]. These examples were for longitudinal tie track which was 
in keeping with the assumptions of Winkler's original analysis. Timoshenko

W(x) - A(x) (2-2)

and the corresponding expression for the bending moment

M(x) = El ~  B(x)2 (2-3)

where

-8xA(x) ** e (cos gx + sin 3x) (2-4)
_3XB(x) ■* e (cos 0x - sin 0x) .

The track stiffness Kr is commonly written
2k (2-5)

where Kr has the dimensions of force/unit deflection. This stiffness repre
sents the rail's local deflection behavior under a load in terms of the effec

'[2-4] pointed cut, however, that the analysis can be suitable for cross tie
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track it' the foundation modulus k is properly chosen. Hetenyi [2-5] showedithat such an assumption is appropriate for cross tie track if the tie- spacing 
(see Figure 2-1) obeys; the relation

or
£t a ©  F ©  = © > *

« t * © -  * (2-6)

Figure, 2-2 shows Equation (2-6) plotted for various foundation moduli and its 
relation to various rail sections. For most rail (115-lb RE or larger) with 
well supported cross ties at a 22-inch tie spacing the beam-on-elastic founda
tion model is adequate for evaluating typical stress levels due to vertical 
bending despite the discontinuity of the supports.

Normalized curves for the rail deflection arid rail bending moment due to 
a unit concentrated force P are shown in Figure 2-3. The distance from the 
loading point to the nearest point of zero bending moment is used as a conven
ient reference distance. This 
as.

and the distance from the load

distance can be calculated from Equation (2-3)

Xl “ 43 • (2-7)

to the' point of zero rail deflection, X?., is 
X2 - 3X1 . (2-8)

For reference purposes, Table 2-1 lists typical data for the characteristic 
lengths Xj and X2 for rails of the size range normally used by the rail
road industry. Using these numbers, one can readily interpret Figure 2-3 in 
terms of distances along particular kinds of track.
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TABLE. 2-1. TYPICAL DATA FOR THE CHARACTERISTIC LENGTHS X̂  AND X2*

Track modulus, k (psi) 100# Rail 115# Rail 132# RailX̂  (in.) x2(ft) X̂ in.) x2(ft) Xx(in.) x2(ft)
500 45.9 11.5 49.4 12.3 53.1 13.3

1000 38.6 9.7 41.5 10.4 44.7 1 1 .2 .
1500 34.9 8.7 37.5 9.4 40.4 1 0 .1 .
2000 32.4 8 .1 34.9 8.7 37.6 9.4
30C0 29.3 7.3 31.5 7.9 34.0 8.5
4000 27.2 6 .8 29.3 7.3 31.6 7.9

*See. Equations (2-7) and (2-8).

The deflections or bending moments resulting fro.m multiple wheel loads 
can be calculated by superposing contributions due to individual wheels. Nor
mal axle spacings of 6 to 8 feet are typically equivalent to 2Xj. to 3Xj, 
and examination of Figure 2-3 shows that two deflection distributions trans
lated by distance in the range 2Xj to 3Xj reinforce each other at their . 
peaks, but moment distributions thus combined tend to counteract each other at 
their peaks. Mutual reduction of peak moments can be seen implicitly in Fig
ure 1-2 by comparing the one-wheel and two-wheel values for the top-surface 
longitudinal stresses, which are proportional to the bending moments, though 
the soft foundation assumed there puts the axle separation in the range X i  

to 2XX.* \
The analytical results based on Equation (2-1) have been generally 

accepted and proven by test results to provide acceptable values for overall 
rail deflections and remote fiber bending stresses in regions adjacent to the 
point of application of load when the assumptions of the Winkler model are not

*The stresses shown in Figure 1-2 are proportional to bending moments derived from Equations (2-3) and (2-4). Those equations were used for both overall-' rail and head-on-web bending. For overall-rail bending, Xj = 44.7 inches.
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violated. Representative applications of simple beam-on-elastic foundation 
analysis were presented by Talbot [2-8], Timoshenko and Langer [2-9], and'more 
recently by Eisenmann [2-10]. Innumerable other applications exist in the

railroads for design purposes. The 'practical* application of the analyses to

damentals", arid by Prause, et al [2-7]. A new study, including many ramifica
tions, is one by McConnell and Perlman [2-13].

be predicted with acceptable accuracy for uniform track conditions if the

from Equation (2-3) and the definition of S it can be seen that a doubling of

maximum bending stress. As Figure 1-2 illustrates, a significant addition to 
the longitudinal stress occurs in the vicinity of the application'of the IpadT 
since the rail head itself behaves as a beam on an elastic foundation provided 
by the web. Applying the Winkler model to the rail head supported by the web, 
the foundation modulus for the rail head under vertical loading is [2-6]

When the load is lateral, the support of the rail head provided by rhe web

Solutions for rail head bending presuming the Winkler model can again be ob
tained from Equations (2-2) and (2-3) using the moment of inertia of the rail

literature. As pointed out by Kerr [2-11], these methods are used by many

track'design is presented by Clarke [2-12] in the series on "Track Design Fun

It is generally accepted that rail deflections and bending.stresses can

foundation modulus k has been determined by prior measurement. Even here, 
large variations of k produce only small deviations in bending stress. Thus,

k produces only a 16 percent decrease in the bending moment and hence in the

(2-9)
where

d = web height, 
t = average web thickness. .

comes from bending of the web, and in that case the foundation modulus pro
duced by the web is

k = Et3/d3 (2-10)
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head and k that is appropriate for the web, (This is the basis for the rail 
head bending stresses included in Figure 1-2.)

Beam theory of Winkler's type, can be applied to analysis of stress aris
ing not only from vertical loads but also from lateral lotds and longitudinal 
surface loads. The further prospect of eccentric loading and of having the 
loads present in varying proportions makes the range of such possible beam 
analyses for rails very great. The recent report by McConnell and Perlman 
[2-13] illustrates a wide range of these possibilities. This kind of beam 
theory, however, has its limitations, such as inability to provide detailed 
information on local stresses near detailed cross-section geometry such as at 
the head-web fillet. Various investigations have been undertaken to address 
problems such as finding fillet'stresses by empirical or semi-empirical meth
ods. Thus, two-dimensional photoelastic stress analyses have been conducted 
by Timoshenko and Langer [2-9] and by Leaf [2-14], Also a semi—empirical 
method for analyzing fillet stresses was presented by Code [2-15]. These 
analyses are summarized in Reference [2-6],

The utilization of beam theory to compute nominal longitudinal bending 
stresses in the rail cross-section assumes simple linear variation of the 
stress components across the rail section passing from peak tensile stress to 
peak compressive stress. This analysis provides an adequate description of 
general bending stress behavior, but fails to reflect accurately the distor
tions in stress fields caused by changes in the section at the head-web and 
web base regions.

2.1.2 . Finite Element Models for Computing Flexural Stresses

For analysis of detailed rail stresses which vary over the rail cross 
section in a manner more complex than simple beam theory would indicate, fi
nite element methods can be used. Three dimensional models of this type were 
developed in this program both for the purposes of analyzing flexural stresses 
more fully and for providing detailed stress field information for analysis of 
stresse"? in rails containing flaws.

As a major thrust of the research reported herein, computer programs for 
analyses of flexural stresses were developed employing two kinds of finite
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element models for rails. One of these models, intended for use over a moder- ■ 
ately long span, treats the rail as a beam supported by discrete ties. The j 
other model, intended for use over a short span, provides more detailed 
stresses near the wheel/rail contact. The programs were arranged so that the 
latter, could be applied for a short section of rail and the ends be merged 
with the program covering the longer span. Thus both wheel/rail contact and 
tie support could be treated in a unified analysis.

The model for use near the wheel/rail contact point treats cases symmet
ric around a plane x =0, as .-shown in Figure 2-4. It has 189 isoparametric, 
three dimensional, 20-node brick elements, which include 63 elements in each 
of three longitudinal sections. It has 857 nodal points. In practice, the 
longitudinal sections were taken to be 1.0, 1.5, and 1.0 inches long, so by 
applying symmetry about x = 0 this model covered a span of 7.0 inches.

The longer range model provided for support by 40 ties resting on a lin
ear elastic half-space. The rail was divided into sections and these, as well 
as the ties, were represented by beam elements.

In order to appraise the validity of finite elements stress calculations 
for rails, several photoelastic and strain-gage measurements of stresses in 
rails were conducted. Further strain gage measurements were obtained also 
from laboratory experiments at AAR and from field tests on the Florida East : 
Coast Railroad which were part of the overall DOT-TSC program. As described, in 
Appendix A, these measurements were compared with finite element stress calcu
lations using a mesh somewhat coarser than that in Figure 2-4. Agreement was 
reasonably good, being poorest near the top of the rail. For this reason, the 
finer mesh shown in Figure 2-4 was chosen for later calculations.

2.2 FLEXURAL STRESSES IN RAILS UNDER VARIOUS CONDITIONS

The finite element models described above were used to compute stress 
distributions in rails for various load and support conditions, to find par
ticularly how the stresses near the wheel/rail contact differ form those im
plied by simple beam theory. Beam theory primarily considers simple varia
tions In longitudinal normal and shear stress due to ox and t z x , neglect
ing the other stress components, yet the concentrated load and the shape of
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the rail cross section make all the stress components vary locally within the 
section. The finite element stress calculations were intended to investigate 
these variations.

The rail chosen for the- calculations was 132-lb RE rail, without substan
tial wear so that its cross section has its original rolled shape. As a base
line test case, the rail was considered to have a 19,000-lb vertical load*, 
but the load could be applied centrally or eccentrically. A 10,000-lb hori
zontal load could be added to represent flange contact. To maximize rail 
bending, the load was centered between two ties. The tie spacing was 20 

inches, and various levels of support stiffness were treated by varying the 
foundation modulus. The moduli employed were 2000 psi for a soft foundation, 

5000 psi for a fairly normal foundation, and 7000 psi for a stiff one. The 
foundation modulus for resistance to lateral motion was taken to be 85 percent 

of that for vertical motion as indicated by McConnell and Perlman [2-13].
Five cases were analyzed, using combinations of load and support conditions as 

shown in Table 2-2. The Young’s, modulus was assumed to be 28.9 x.lO^ psi 
and Poisson's ratio equal to 6.30;

TABLE 2-2. SPECIFICATIONS FOR FINITE ELEMENT CALCULATIONS 
OF STRESSES IN RAIL^3)

Case
Load Description^) Support Conditions^c)

Vertical, 19,000-lb 
Eccentricity, inch

Lateral,
10,000-ib

Foundation Moduli 
Vertical

, psi 
Lateral 
42500 +0.75 2000 5000 7000

1 X X
2 X X
3 X X
A X X
5 X X X X

(a) The rail was chosen to be new 132-lb RE rail.
(b) All loads were applied midway between two ties.
(c) The tie spacing was 20 inches.

* The 19,000-lb load level was selected as a basis for comparison with earlier 
rail stress investigations by Martin [2-16] which suggested that this load 
was the limit for stability of the rail residual stress field;
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For these calculations, loads were applied at nodal points of the four 
elements adjoining the center of contact, varying their magnitudes to simulate 
a contact load. Since the elements were an inch long, that is about three 
tines the half length of a typical contact patch, the load representation was. 
somewhat coarse. Nevertheless, at points more than an element away from the 
center of contact the calculated stresses were expected to be realistic since 
the overall load was distributed to give net force vector identical to the 
contact load.

Stresses calculated for these cases are compiled in detail in Appendix B. 
In particular, for the more.or less standard conditions of Case 1 all six 
stress components plus the octahedral shear stress are shown in terms of their 

contours on cross sections at several longitudinal positions. The results 
also Illustrate the Influences of foundation stiffness, eccentric loading, and 
lateral loading.

As an example of the stress patterns that were found, consider the vari

ation of longitudinal stress o x , starting at the plane -x = 0 which passes 
through the center of contact. Contours for this stress are shown in Figure : 
2-5. The contour where ox = Q is near the neutral plane for the rail 

bending as a beam. Above that contour the stress is everywhere compressive, 
but the shapes of the contact area and the rail cross section distort the con-^ 
tours. Below that contour the stress is everywhere tensile, but the spacing 
of the contours narrows where the cross section widens. Pursuing ox fur- . 
ther, one may plot the variations of ax as z varies from top to bottom of 
the rail along the vertical axis of the rail. By using graphs such as those 
in Appendix B this may be done for several positions along the rail (that is. 
several values of x) to obtain the results shown in Figure 2-6. Here the non-., 
linearity of ax as. z varies shows departure from the expectations of simple 
beam theory. The distortion near the tread surface where x = 0 or 0.5 inches 
results for contact effects and head-on-web bending. Those effects are thought 

to be underestimated by the results shown here since the contact load was 
spread artificially, resulting in the distortion of cx . It can be seen, how

ever, that this distortion decreases rapidly away from the contact region, so 
that the curves for x = 1.75 inch and 2.5 inch are close to each other and do 
not depart greatly from straight lines.
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As Appendix B shows,.the components Oy and a z  also reach quite large 
values near the contact region, but these damp out very rapidly away from the 
contact area. Since these components do not offer primary resistance to rail 
bending, they damp out to zero father than to the linear vertical variations- 
characteristic of ex.

Away from the ties, the shearing stress t z x  provides the vertical reac
tion for the load, so its integral over the cross section must equal half the 

contact load. Since t2x  must also vanish on free horizontal surfaces, it 
follows that for simple beam theory its z-variation should reach a maximum 
near the neutral plane for bending. This behavior is substantially different' 

from the expectations of contact stress theory. The shear t z x  due to wheel/ 
rail contact would make. Tzx greatest just below the edge of the contact 

patch. The way these competing influences are resolved for Case 1 at x = -1.0 
in. is shown in Figure 2-7. The largest value of t z x  on that plane was com

puted to be -4216 psi at a depth of 0.45 in. The variations of tzx with 
depth z along lines on the plane y = 0 are shown for several values of x in 
Figure 2-8. This figure shows how contact stresses.dominate near the. contact 
patch, but for x = -1.75 inches and x = -2.5 inches, the behavior becomes more 
nearly like that expected from beam theory. Variations over the section 
x = -1.0 inches represent a composite of the two forms of influence.

Caution should be observed in evaluating the Tzx results for.the plane 
x = 0. The values computed for"Tzx at x = 0 show spurious results close to 
the running surface. This conclusion stems from the simple observation that 
Tzx should be antisymmetric around the plane x = 0 if the loading and sup
ports are symmetric around it, as they are for Cases 1 to 5. Thus izx 
should vanish at x = .0. Figure B-5 in Appendix B shows that tzx was indeed 
computed to be near zero over most of that plane, but to a depth of aboutr-a 
half inch below the contact patch it varied significantly. This variation 

comes from inaccuracy inherent in the coarse finite element mesh. It provides 
a warning not to overemphasize values computed for stresses in that small re
gion with a coarse mesh model.

It is also proper here to reexamine the concept of the rail head bending 

as a beam on the elastic foundation provided by the web. Figures 2-8 and B-5 
provide some support for this idea, since they show that the fraction of the
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FIGURE 2 -7. CONTOURS OF VERTICAL SHEAR STRESS OX PLANE-1.0 INCH FROM 
LOAD POINT OF 132-LB RE RAIL UNDER 19,000-LB WHEEL LOAD 
(CASE 1)





load support by the head is greater at x =-1.0 inches than it is at x =-1.75 
inches, which in turn is somewhat greater.than the fractional support by the 
head at x =-2.5 inches. For greater values of x this effect apparently dimin
ishes. The sideward bulges of the contours for the rail head in Figure 2-7 
(so that the vertical variation of x , there is roughly parabolic) also suggest 
that the sideward extensions of the rail tend to act as independent beams. 
However, the overall variations of and x ^  are sufficiently complex so that 

the concept of rail head bending is somewhat obscure.- In particular the pros= 
pect of tensile values of near the base of the rail head (on account of rail . 
head bending), once regarded as a real possibility, does not materialize in 
the calculations shown here. Recomposition of stresses calculated for Figure 
1-2 to estimate the stress at the base of the rail head, shows that the pros
pect for tensile stress at that position, is not strong even by the theory 
used there. For track with a very stiff foundation, the stress a ■there may 
become tensile [2-6], since the compressive contribution from overall rail 
bending is then lessened.

The octahedral shear stress, defined as

oct
2 2 2
) +(a -o ) +(a - a  ) ]+x^ +r^ +x y . z z x yz zx (2-11)

is frequently used as an indicator of whether plastic flow will occur, so it 
was included in the calculations performed here. Under normal contact loads, 
this stress reaches its greatest value beneath the center of contact, so con
tours for it at x = 0 are shown in Figure 2-9 for the conditions of Case 1.
Its highest value .computed on that plane section was 14606 psi at depth 0.202 
inches beiow the center of contact. The accuracy of such a value is somewhat 
disturbed by its proximity to the contact patch, so it would be desirable to 

evaluate it again by other means. Nevertheless, the contours in Figure 2-9 
provide useful information regarding possible plastic flow, since only a small 

region is probably affected by the proximity to the contact patch.
Cases 2 and 3 of Table 2-2 were chosen to illustrate the effect of varia

tions in foundation stiffness, and together their.stiffnesses (2000 psi for 
Case 2 and 7000 psi for Case 3) bracket the more normal stiffness (5000 psi) 
presumed for Case 1. The principal effect of varying stiffness should be on
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the longitudinal stress, ax, and the calculations agree with this. Indeed 
the values computed for the shearing component t 2 x  were so similar for all 
three of these stiffnesses that graphical results for Cases 2 and 3 were in
distinguishable from those for Case 1 and were therefore omitted from Appendix 
B. (The computed"extrema of t z x  were -4233, -4216 and -4213 respectively 
for Cases 2, 1 'and 3 at x = -1.0 inch.)

The longitudinal stress ax, however, did change with the foundation 
stiffness, as Figure 2-10 shows if one compares the results at x = -1.0 inch 
for Cases 2 and 3. (The comparison is made there rather.than at x = 0 to 
avoid overemphasis of contact stress;) Nevertheless, at x = -1.0 inch the 

ratio between the largest ox 's for Cases 2 and 3 was computed to be 
13953/10402 = 1.34, whereas by simple bending theory, the ratio at x = 0  would 

have been nearly the same, namely ^7000/2000 = 1.37. The stress contours 
In Figure 2-10 broadly follow this sane proportionality. Of course the 

changes in ox for varying foundation stiffness contribute to changes in 

Toct* Results for T o c t  for Cases 2 and 3 are included in Appendix B. At 
considerably greater distances from the contact the alteration of ctx  and 
Toct due t0 varying foundation stiffness would differ from that shown here, 
but the behavior there should be estimable from beam theory.

Comparison of these cases also provides a measure foK the effect of a 
slight mismatch of merging conditions between the two computer programs. An 
estimate of that mismatch indicated that the bending moment applied to the 

. short interior span of the track was perhaps 3 percent too high.
Rails are not always loaded centrally as in the somewhat idealized Ca.ves 

1, 2 and 3. To illustrate how the stress patterns change when the load is 
applied differently, Case 4 was included to illustrate shifts caused by eccen

tric loading (when the wheel moves toward the gage side of the rail) and Case 
5 was included to illustrate added effects from flange contact. Stresses cal

culated for these cases are included in Appendix B. Representative results 
for ox at r  = 0 and rzx at x = -1.0 inch are shown in Figures 2-11 and 

2-12.
The changes in the load in Cases 4 and 5 as compared to Case 1 did not 

greatly alter the maximum values attained by the stress components. The prin
cipal change, in stresses produced by eccentricity of the load was simply to
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>■' change where the high stresses arise. This shifting of course means that if

fc- !' there is plastlc-flow it can be distributed more widely than a particular load
y . i -
S j  case calculation would suggest, and regions where crack growth might be pro-

| ■ s noted, also are more widely spread. With the added flange load it can be seen

1 that while the peak stresses were not changed'there is, however, significant

&  f broadening of the regions where high stress levels occur so that the average

| :i level of stress is increased. Thus flange contact conceivably can contribute

j to rail damage in curves even though it may not increase the maximum stresses

f j significantly because of the redistribution of stresses which occur around the

crack front.

2.3 CONCLUSIONS REGARDING BENDING STRESS

1) The beam-on-elastic foundation model provides reasonable approxima

tions of bending stresses in the base of the rail and in the head at 

distances more than about 1.5 inches from the wheel/rail contact point.

2) The beam-cn-elastic foundation theory provides an improved picture of 

stresses in the rail head if a correction is made for the local bend

ing behavior in the head of rail near the load.

3) Finite element results show substantial departure from simple beam 

••heory across the head depth and in the head-to-web and web-to-base 

fillets.

A) The coarse grid found practical for the finite-element model for rail 

flexure does not accurately portray stresses local to the contact 

area, as the non-vanishing t z x there shows. Further analysis is . 

required to compute the total stress state there.

5) The influence of increasing track modulus, more fully .developed in 

Reference [2-6] for beam bending, does show in redistribution of 

stress and diminution of peak values of stress with increasing foun

dation support. The beam-on-elastic-foundation theory gives accurate 

assessment of the influence of changes in support on peak stress val

ues, but not necessarily on the entire distribution of that influ

ence.
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6) The action of lateral loads is to raise'the total stress levels 

moderately and to broaden the regions of the railhead exposed to 

highest stress levels.

7) The action of combined stresses due to vertical and lateral loads 

results in increasing the region where high Octahedral shear occurs. 

This spreading may broaden plastic deformations and redistribute 

stresses in interior regions where transverse and longitudinal 

railhead cracks occur (that is, transverse fissures, detail 

fractures, horizontal and vertical split heads). ■
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3. -STRESSES LOCAL TO THE WHEEL/RAIL CONTACT REGION

The contact pressure between the rail and the wheel is Important In the 

study of plastic flow and.fatigue life of the rail head. The elastic and 

plastic deformation of the head produced by contact pressure may also hasten 

the development of certain types of rail flaws. While a wheel is passing a 

fixed point of the rail head, the contact stresses are negligible until the 

wheel is about an inch away; then they rise to high maxima before falling . 

again to nearly zero. Typically, when little or no plastic deformation is in

volved, the loaded contact area is elliptical, having a long axis of 0.5 to 

0.75 inches in the direction of rolling. A typical load and some of its ac

companying stresses are illustrated in Figure 1-3. The stress with the great

est absolute value is the compressive stress directly beneath the load, but. 

the most deleterious, in the context of plastic yielding, is the subsurface 

octahedral shearing stress (ioct) that occurs under the load center. Also, 

an alternating subsurface shear stress below the edge of-the loaded area plays 

an important role in causing fatigue damage. The maxima of these latter shear 

stresses typically occur 0.1 to 0.2 inches below the surface and they can be 

high ( T o c t  = 52 ksi and the vertical shear = +34 ksi in the example of 

Figure 1-3).

Even for contact between regular surfaces, the load and subsurface stress 

patterns-may be complicated by the addition of tangential surface loads, as 

from friction or creep forces. Actual wheels and rails, of course, nay have 

irregular shapes which distort the contact load patterns and hence the subsur

face stress patterns. Thus several characterizations are to be provided here 

1 for contact loads between both regular and sope typically irregular surfaces 

(and for subsurface stresses which the contact loads induce) to identify the 

range of stresses induced by typical wheel/rail contact conditions.

3.1 LOADS AND STRESSES FROM CONTACT BETWEEN REGULAR SURFACES

3.1.1 Elastic Contact Pressures for 
New Wheel and Rail Geometries

While the initial contact between a wheel and rail is determined by the 

geometric’features of the bodies, the final contact area is determined also by
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the amount they deform under the applied forces. The stresses developed dur

ing elastic contact of wheels and rails have long been of great concern to the 

railroad industry. The general theory of localized contact between elastic 

bodies with simple local curvatures was formulated by Heinrich Hertz [3-1] in 

1881. Hertz assumed that each surface, prior to contact, can be described by 

two local principal curvatures so that the analytical methods of potential 

theory could be applied to the contacting bodies viewed as semi—infinite 

spaces. His solutions, found by the semi-inverse method, have long served as 

the basis for evaluating contact stresses.

The first extensive evaluation of the stress field arising in general 

Hertzian contact is due to Belyayev [3-2], Many other papers which came later 

expanded upon these results. Those include the works of Dinnik [3-3], Way 

[3-4], Karas [3-5], Radzimovsky [3-6], Palmgren '[3-7], Thomas and Hoersch 

[3-8], Weibull [3-9], Lundberg and Odgvist [3-10], and Fessler and Ollerton 

[3-11]. A concise summary of Hertzian contact theory was provided by Seely 

and Smith [3-12], and as it pertains to stresses in rails has been sketched by 

Johns and Davies [3-13],

The Hertz theory approximates contacting bodies, such as the wheel and 

rail, as semi-infinite bodies with separation f in the undeformed state having, 

the form

f = Ax2 +  By^ , (3-1)

where x and y correspond to longitudinal and lateral distances from the center 

of cphtact, as shown in Figure 3-1. The constants A and B are surface

defining parameters which for wheel/rail contact depend' on the rail crown 

radius Rj and the wheel radius R2 and are given by

A 1 b _JL
2R2’ 2R!

(3-2)

If wj and w2 represent the vertical deformations within the rail and

wheel, respectively, the sum.of these deformations at any point in the contact

area under the load is given by

wj +  w2 = o - Ax^ — By^ , (3-3)





i
s

'IV I'

where a is the approach o f .the two bodies or the distance they move toward 

each other due to load. The relation between this function and the Newtonian I 

potential for attraction by a homogeneous ellipsoidal mass provided Hertz with [ 
a method for finding the contact pressure and hence the stresses. The theory j 

makes use of elliptic integrals which have been well studied and tabulated;

From the Hertz theory, the contact region is elliptical, so that if a and b 

are its major and minor axes the boundary of the area is

x2 + y2 _ , 
a2, b2

(3-4)
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The pressure distribution over this area is ellipsoidal and,of the form
/

az °maxl* “
2 2XZ y ' (3-5)

It can be shown that

a = Cb •fe7k, b = Cb -•max -c„(b/a) (3-6)

where P is applied load, and

A- (3-7)

Here Ej and E'2 are Young's moduli for the rail and wheel, respectively, 

while hj and 1*2 a^e their Poissons' ratios, and the quantities k, and C 

are functions of B/A plotted-in Figure 3-2 (Cf. Figure 183 of Reference 3-1.:).

Figure 3-3 shows curves for various stress components directly beneath 

the center of a contact with B/A=1.68 (so that k=0.7071), which is nearly the 

same as B/A=1.6-5 that corresponds to a 33-inch diameter wheel pressing against 

a rail with a 10-inch crown radius. This case was treated in Reference 3-8 V 

for bj = V*2 = 0.25, so that is presumed here, along with E^ « E2 = 30 x 10^ 

psi and P = 19,000-lb. The curves shew that the magnitudes of and 

Oy decrease more rapidly than that of 0Z. The interrelation of these
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stresses makes the maximum shearing, stress below the center of contact to take 

on the value of (oz-crv)/2 at a depth of about 0.10 inch. In general, the 

maximum value of shearing stress below the center of contact can be 

represented as

occurring at depth

T.max = CT k/A

ẑs*3

(3-8)

(3-9)

where CT and C2S are shown in Figure 3-2 as functions of B/A. (The factors 

of Figure 3-2 were computed assuming the Poisson's ratio to be 0.25, but for

tunately these factors are not sensitive to the value of that ratio.) The von 

Mises’ criterion, which has been shown to predict the yielding of steel ade

quately, is expressed in terns of the second invariant of the stress tensor or 

the related octahedral shearing stress. Beneath the center of Hertzian con

tact the octahedral Shearing stress is

t = 4- [(a -a )2 + (a -o )2
oct 3 x y y z

2 1/2
<az-°x) 1 (3-10)

The maximum value of this stress can- be expressed as

TG = CG b/A , (3-11)
where again CG is shown in Figure 3-2. As Figure 3-3 illustrates, the 

depths for the maximum values and T q  are nearly equal. For the case

of Figure 3-3, those maximum values are 59000 psi and 54000 psi, respectively, 

which are at about the level for the onset of yielding for work hardened rail 

steel.

For new wheels and rails, variation in parameters such as wheel diameter 

and crown radius, within practical limits, does not have major effects upon 

the stresses developed during rolling contact. Table 3-1 shows the stresses 

developed for a number of such cases. The parameter having the most signifi

cant effect upon these stresses is the wheel load. Figure 3-4 gives the maxi

mum compressive stress, the maximum octahedral shear stress, and the alternat

ing longitudinal shear stress (which occurs beneath the edges of the contact 

area) for new 33-inch diameter wheels on rail with a 10-inch crown for a broad
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Case

Wheel : 
Diameter, 
(inch)

Crown 
Radius , 
(inch)

Wheel 
Load 
(103lb )

Semi-- 
Major 
Axis 
(inch)

Semi- 
Minor . 
Axis 
(inch)

Maximum
Compressive
Contact
Stress
(103psi)

i 33 10 19 . 0.264 0.189 -182

2 33 10 25 0.289 0.207 -200

3 33 10 30 0.307 0.220 -212

4 33 10 40 0.338 0.242 -233

5 33 . 10 50 0.364 0.261 -252

6 36 10 19 0.282 0.181 -173

7 40 10 19 0.297 0.181 . -169

. 8 33 14 19 0.250 0.225 -162
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FIGURE 3-4• MAXIMUM COMPRESSIVE, OCTAHEDRAL SHEAR* AND
ALTERNATING LONGITUDINAL SHEAR STRESS FOR NEW 
33-INCH DIAMETER WHEEL AND RAIL HAVING 10-INCH 
CROWN RADIUS
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range of wheel loads. More, detail on subsurface stress distributions is given 
in a later section.

3.1.2 Calculation of Surface Tractions

When a wheel rolls along a rail, even without overall sliding, nicroslip 
may be taking place between the surfaces over part of the contact region, 
while over the rest of the contact the surfaces do not slip. Thus the contact 
area may be viewed as divided between a slip region and a "locked" region.
The distribution of tangential surface tractions within the contact region was 
first formulated by Carter [3—1A], treating the contact as being effectively 
like that of a roller on a plane.

Carter found that the maximum surface shearing stress occurs at the edge 
of the locked region (at a distance c from the center of contact) and is given 
by

2fN
iraf ‘ - 7

1/2
(3-12)

where '
2a = length of the contact region in the rolling direction, 
f = effective transverse width of the contact zone, 
f = coefficient of friction,
N = total normal load on the contact area.

Carter found

where T is the traction (or braking) force. The general pattern of the 
shearing stress according to Carter is shown in Figure 3-5.

Tractive stresses in rolling contact have been studied further by Mindlin 
[3-15], Poritsky [3-16], and Johnson [3-17, 3-18, 3-19], with the work of 
Poritsky being directly applicable to wheel-rail contact. Johnson [3-20, 3-21] 
shows the effect of the coefficient of friction on partial sl-lp and the 
distribution of the surface shear stress presuming the tangential force T to

[ ■ - t - i H
(3-13)
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be 0.2 times the normal load N. Figure 3-6 shows a rearrangement of Johnson's 
results for the surface shear stress as a function of f [3-21], x being a lon
gitudinal coordinate, tzx being the longitudinal surface shear stress, and ! 
°nax being the maximum normal pressure. (For information on validation of 
these formulations see Johns and Davies [3-13].)

3.2 CONTACT PRESSURES BETWEEN WORN WHEELS AND. RAILS •

3.2.1 Method for Calculating Elastic Contact 
Pressure Between Worn Wheels and Rails

In the past, all investigations of contact- pressures developed during the 
contact of wheels and rails have used the approach described in Section 3.1.1 
and therefore the results have been restricted to cases where,the wheel and 
rail geometries are representable by quadratic functions. Although this as
sumption is valid for new wheels and rails it fails' to be generally valid for ■ 
worn rail and wheel geometries where plasticity and wear have changed the 
original geometries to something other than those describable by quadratic 
functions. Often for worn wheels, the contact condition departs strongly from 
its.original form as the profiles become more broadly conformal.’ Neverthe
less, in the past the Hertzian method was the only method available to inves
tigators and therefore in some cases attempts have been made to approximate 
the worn surface geometries by quadratic surfaces and use it. As was found in 
this study, this procedure is valid in many cases, but it frequently needs 
modification.

Recently a method for analyzing the contact of elastic bodies whose 
surfaces were of arbitrary geometries, as in rails, was developed by Conry and 
Setrig [3-22] and extended by Johns and Leissa [3-23].

In this method, the contacting surfaces are divided into predetermined ■ 
rectangular arrays of possible contact points or nodes, Figure 3-7. At any 
node within the proposed zone of contact, the sum of the elastic deformation 
and the initial separation will be equal to the rigid body approach. For 
points outside the proposed zone of contact this sum will be greater than the 
rigid body approach. The distribution of pressure over the finite, proposed





contact zone is represented by a system of discrete forces at the nodes. The 
sura of all the forces acting at the nodes must balance the force pressing the 
bodies together. A simplex-type algorithm is then used to solve the system of 
equations that formulate the general problem. For a fuller description of. thi 
basic formulation see References 3—22 and 3-23.

This, approach has been incorporated directly into a computer program 
called CONTACT. AS input to this program, it is necessary to supply the 
material properties of the wheel and rail, the applied load, and an estimate 
of an area containing the potential contact region. As output, Program 
CONTACT furnishes, at each of the mesh points,' the values of the contact 
forces, pressures and displacements. '

In order to make the input to CONTACT as simple as possible an additional 
preprocessing computer program SEPARAT was written. This program is appli
cable to the normal contact of any two bodies that can be described by sets of 
points relative to coordinate systems embedded within each body. Input to the 
program consists of two arrays containing the coordinates of the points defin
ing the profile, an estimate of the contact patch size, and the location of 
the center of contact of the two bodies in their respective coordinate sys
tems. The relation of the rail to its local coordinate system is shown in 
Figure 3-1. 'From the data described, program SEPARAT calculates the,initial 
separation of the contacting unloaded surfaces at the mesh points which is 
needed by CONTACT.' This is accomplished by first smoothing the profile data 
with cubic splines. The smoothed profiles are then again fitted with new 
cubic splines. This smoothing minimizes experimental measurement errors, 
barge asperities in the wheel or rail geometries remain.

Comparisons between results for quadratic surfaces obtained using this 
numerical procedure and the Hertzian theory show extremely good agreement, 
Figure 3-8. The CONTACT program can therefore be applied to tha contact of 
worn wheel and rails,

3.2.2 Description of Worn Wheel and Rail Contours

In practice, an extremely large number of wheel and rail contours are 
generated by wear. The surface contours of a large number of rail specimens:' 
were determined in the laboratory. Most of these rail specimens were borrowed
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FIGURE 3-8. COMPARISON BETWEEN "CONTACT’' AND HERTZIAN
RESULTS FOR CROSSED CYLINDERS (P = IS,000 LB,
R = 12.0 INCHES AND R = 14.0 INCHES) r w
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from the research program on materials characterization, D0T-TSC-1076.. Figure 
3-9.shows eight of'these specimens.

The measurement' procedure was to drag a stylus, on which a dial indicator 
was attached, across the surface, as shown in Figure 3-10. In this way mea
surement accuracies of +0.0003 inch were obtained.

A total of 12 worn rail profiles were measured, with results shown in 
Figure 3-11. (The vertical scale is marked in half inches without reference 
to a starting position.) The physical characteristics and histories 
of these rail samples is given in Table 3-2. It was found while examining 
rail sections.of 85, 115, 119, and 131 RE rail-that the worn contours-were 
nearly identical in all cases except for the fact that the rails were obvi
ously installed at different cants. This suggests that one surface profile 
would fit a wide variety of worn rail except for the physical description of 
the track parameters, if small geometric details were unimportant.

Wheels can contact rails in many lateral offsets (tape line to rail cen
terline), and the stresses arising from contact are sensitive.to smal1 irregu
larities of the surfaces. Thus it is necessary that the profile used for 
calculating contact stresses (and even wheel-rail contact positions) be. free 
of unrealistic roughness. It is customary to minimize the effect of errors in 
the profile measurements by fitting them with polynomials over selected 
portions of the profile width. Cooperrider et al [3-24] in their study of 
contact positions employed quartic polynomials fitted piecewise to lateral 
profile measurements. The coefficients for a profile they measured from a 
section of 133-lb CF&I rail thus became a basis for a profile here listed as 
Number 12 in Figure 3-11 and Table 3-2, and shown again as /the worn rail 
depicted together with a wheel in Figure 3-12. (The grid lines in that figure 
again represent half-inch spacings.) However, for reduction of profile data 
for the present work, a computer routine was used to fit the data by cubic 
.splines, fitted so as to insure continuity through the second derivative.
Since rail profile Number 12 was of particular interest, the rail itself was 
obtained and its profile was measured at many points to within + 0.00015-inch. 
The data were then fitted by the cubic spline routine to provide an 
alternative mathematical description of that profile.
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FIGURE 3-11. 
SURFACE CONTOURS OF MEASURED RAIL SECTIONS
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i | TABLE 3-2. DESCRIPTION OF VORN-RAIL CONTOURS

1

A;
-

DOT/TSC 1076 
Specimen N’o*

Contour
'timber C o n d it io n R a il  S ize V in ta g e M a n u fa c tu re r

Curve or 
ranger.t

r̂i* 055 1 some gage wear 131 RE 9/1947 L a c k . - B e t h . High r a i l ,
l i g h t  curve

054 . ' 2 ‘ worn 131 RE 1935 . U S .  S t e e l tangent

054 3 heavy gage wear, 140 RE 1956 U .S .  S t e e l h ig h  r a i l .
no l i p heavy cu rve

052 4 ; l i g h t  wear 100 AREA 1916 U . S .  S t e e l tangent

051 5 la r g e  f i e l d  s id e 130 RE 1931 I n la n d tangent

,'.A
U p

tS*

P
050 6 s m a ll  f i e l d  s id e  

l i p
132 RE —  ’ ta ngent

ffr
y - 049 7 some gage wear 115 RE 1950 U . S .  S t e e l h ig h  r a i l ,
$1 *
%

l i g h t  cu rve  .

fi

f? ’
048 C f i e l d  s ide  n o tc h 122 CB 1965 • L a c k . - B e t h . tangent o r  . 

low r a i l

& 047 9 l a r g e  f i e l d ,  l i p 130 RE ----  ■ " . L a c k . - B e t h . ta ngent

1
1

046. 10 s m a ll  f i e l d  s id e  
l i p - g a g e  wear

140 RE 1966 CF&I h ig h  r a i l  
c u rve

£ '
>  ■ 057 r i , worn - * - 140 Rf .1 9 5 3 S t e e l t o n — ta ngent

1
Bethi

8
«  - " 
P

1
s
5
6

12 C o o p e r r id e r -L a w  
( 7 0 - S 0  mph passen
g e r  and f r e i g h t )

133 RE CF&I tangent

H-..

i.

I'i<£'-■ •

&

I,il-
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Rail profile Number 12 was taken from a heavily worn tangent track.
Other profiles of note.were Number 2 also from.a tangent track and Number 3 
from a heavily worn curve.

The wheel profile shown in Figure 3-12 was one of eight that Cooperrider 
et al [3-24] obtained from a 70 ton hopper car. Wheels from the same car in
dicated differences in wear characteristics, thus showing that simple length 
of service does not alone determine the extent of wheel wear. The profile 
shown here is the one they described as severely worn (their worn wheel Number 
3). Of course, use of either the worn rail or the worn wheel would bring the 
wheel lower than shown, and the wheel also may be displaced laterally insofar 
as the flange on this wheel or its coaxial wheel would allow.'Figure 3-12 
provides a means for visualizing the many possibilities of wheel to rail 
orientation.

Two other worn-wheel profiles obtained from other sources for comparison 
are shown in Figure 3-13. They, like the first worn-wheel profile, show a 
hollow in the tread center which tend to develop on the part of the tread sur
face away.from the flange. For comparison, the usual profile of a new 33_incl: 
wheel is also shown in Figure 3-12, and.the specially refined Heumann "worn" 
profile for new wheels is shown iti Figure 3-14.

3.2.3 Examples;of Contact Pressure Distributions Between Worn Wheels and Rails

Careful examination of configurations such as that shown in Figure 3-12 : 
shows that as the profile of a worn wheel is shifted laterally with respect to . 
a typical rail'the position of the possible contact,point does not move 
smoothly, but instead frequently jumps. Thus, for example,.a band where the 
wheel surface, is concave may not be able to touch a mote gently crowned band 
On the rail. For this reason, the bands along which wheels and rails may con
tact each uepend not only on the lateral wheelset displacement and wheelset 
rotation, but also on the profiles of the wheel and rail. In order to des
cribe the porsible contacts it is helpful to introduce notation as shown in 
Figure 3-15. Thus yw is the outward distance from the tape line of the 
wheel (when new), and yr is distance from the center plane of the rail mea
sured toward the field side. (It may be noted that here the cant between the 
wheel and rail was taken to be that implicit in the.rail profile*)
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Cooperrider et.al [3-24] performed analytical and experimental studies to 
determine the kinematically admissable‘axle positions and the wheel and rail 
contacts for selected profiles. Examples of their results for the wheel and 
rail contact positions ywc and yrc are shown in Figure 3-16, both for a 
new 33-inch wheel on a 133-lb CF&I rail1 and for the worn wheel and rail illus
trated in.Figure 3-12. The jumping of:the contact positions (abscissae) as 
the wheelset position (ordinate) changes can be clearly seen, and comparison 
of parts (a) and (b) of the figure shows that the contact positions depend 
Strongly on the wear patterns.

To get representative contact stress patterns, contact positions were 
chosen from those arising for four possible wheelset positions-according to 
Cooperrider et al. Their polynomials describing the profiles in those areas 
were treated, first by computer program SEPARAT to determine the three- 
dimensional separation between the surfaces before loading, and then by the 
program CONTACT to determine the distribution of contact pressures under a .. 
typical wheel load, taken to be 19,000 pounds. The lateral variations of 
stresses around each center of contact is shown in Figure 3-17. The severity 
of the contact pressures in each case is shown by grid lines spaced at.inter
vals of 100 ksi. The highest contact pressure among those calculated is that 
from load Number III, located well toward the gage side of the rail. A de
scription of several features of these contact regions and stresses is given 
by Table 3-3. ' ' '

In order to further illustrate possible contact stress patterns between 
worn rails and wheels, more cases were considered using the worn wheel profile 
shown in Figure 3-12 and the rail profiles Numbers 2, 3, and 12 shown in Fig
ure 3-11, this time using the cubic spline representations for the rail pro
files. Thus, the rail profile Number 12 here was obtained by a different 
fitting process than that underlying Figure 3-17 (which used Cooperrider’s 
quartic polynomials). Several possible wheelset positions and-loads were con
sidered. A summary of the cases covered is shown in Table 3-4. . The surface 
contact stress profiles deduced for these cases are shown in Figure 3-18, for 
Cases 1 through 15, which shows variations of normal stress Oz in both the 
longitudinal (x) and - transverse (y) directions around'each of the contact . 
positions; The left-hand side of each graph is toward the gage side of the 
rail when it refers to transverse variations. Since the longitudinal stress
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Wheel C ontact P o s it io n  R a il C ontact P o s it io n

(a) New Wheels on New Rails at Nominal Gage
Wheel Contact Position Rail Contact Position

.(bj Worn Wheels on Worn Rails at Nominal Gage.
FIGURE 3-16. ANALYTICAL AND EXPERIMENTAL RESULTS FOR WHEEL/RAIL CONTACT POSITIONS[ 3-24]

3-26



1.3'



TABLE 3-3. DESCRIPTION OF CONTACT REGIONS ON RAIL RUNNING SURFACE OF COOPERRIDER AND LAW WORN RAIL DATA, WORN WHEEL NO. 3

Description . Number Comments

Region 1 Kinematics of undeformed, w heel-rail contact 
does not permit contact in  th is  region

2 Kinematics of undeforsed w heel-rail contact 
does not permit contact with thi6 region ex
cept for wide gage r a i l  with wheel in  extreme 
position (see Region 5)

3 Kinem atically admissible contact region

4 Kinem atically admissible contact region, 
nearly Hertzian contact region

5 Kinem atically admissible contact

'■ 6 Region of theoretica lly  high wear

Point A Extreme point of wheel trave l; admissible 
position of f ie ld  side of wheel, p la st ic  
indentation running surface

B Admissible position of f ie ld  side of wheel, 
p la st ic  indentation of running surface

C -C Extreme point of wheel t ra v e l; .admissible 
position of wheel flange; p la st ic  indentation 
of running surface caused’ by wheel flange

Load I
Non-Hertzian compressive contact stress in  
Region 3; d istribution  extends into Region 1 
(see Region 6); 400,000 p si e la st ic  maximum 
compressive stress . .

I I Approximately Hertzian contact stress d is 
tribution  in  most of Region 4; d istrib utio n  
extends into Region 2; 260,000 e la st ic  max
imum compressive stress; wheel offset = 
*0.45 in ch

I I I Approximately Hertzian contact stress d is 
tribution  caused by flange contact;, ty p ic a lly  

• 550,000 p s i e la st ic  maximum compressive stre ss

IV Non-Hertzian contact stress d istribution  in  
Region 4; 290,000 p si maximum compressive 
contact stre ss: wheel o ffset “ +1.70 inC/ifiS.



TABU: 3 -4 . SUMMARY OF WORN WHEEL/RAIL CONTACTS ANALYZED

Case Rail Wheel Contact Positions Loads Max. StressNo. No.* Offset (inch) y (inch) rc .ywc (inch) (kips) (ksi)
1»* 12 -0.15 -0.80 -0.95 19 335
2 12 -0.05 0.80 0.75 19 237
3** 12 +0.45 0.80 1.25 19 192
4 12 +0.65 0.60 1.25 19 160
5 12 +0.65 0.60 1.25 30 183
6 12 +C.65 0.60 1.25 iiO 201
7*. 12 +0.90 o.so 1.70 19 190
8 12 + 1.00 0.70 1.70 19 168
9 12 +1.10 0.80 1.90 ; 19 221
10 2 -0.20 -0.75 -0.95 19 290
11 2 +0.45 0.80 1.25 19 187
12 2 +0.65 0.60 1.25 19 . 160
13 . 2 +0.90 0.80 1.70 19 190
14 3 -0.20 -0.75 -0.95 19 350
15 3 +0.J15 . 0.80 1.25 19 172

{■* The rail profiles here were fitted with cubic splines. The wheel profile '? was that of the worn wheel in Figure 3-12. i
I ** Cases 1, 3, and 7 correspond respectively to those leading to the load pattern Numbers I, II, and IV in Figure 3-17, which were based on Cooperrider1s quartic polynomial rail profile.
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d is t r ib u t io n  is  always sym m etrical about the transverse a x is  (because surface  

i r r e g u la r i t ie s  in  the lo n g itu d in a l d ire c t io n  were not cons idered), the lo n g i

tu d in a l d is t r ib u t io n  is  o fte n  p lo tte d  fo r  on ly  one s ide o f  the con ta c t area.

Three o f the cases in  the F igure 3-18, namely Numbers 1, 3, and 7, co r

respond re s p e c tiv e ly  to  the stresses from the Loads I ,  I I ,  and IV in  F igures  

3-17. The peak con tact s tresses in  the F igure 3-18 are lower than those in  

F igure 3-17 by 170 k s i,  70 k s i and 100 k s i fo r  these th ree  re sp e c tive  cases. - 

Since these d iffe re n c e s  arose on ly  from the d if fe re n c e  In  the methods o f  f i t 

t in g  the r a i l  p r o f i le ,  i t  can be. seen th a t the ca lcu la te d  con tact pressures  

are indeed s e n s it iv e  to  d e ta ils  o f  the p r o f i le s .  Since sc many sm all i r r e g 

u la r i t ie s  may e x is t  in  a c tu a l wheel and r a i l  p r o f i le s ,  I t  fo llo w s  th a t indeed

many v a r ia t io n s  o f  con tac t s tre ss  d is t r ib u t io n s  may e x is t  in  re a l w h e e l/ ra il-»
c o n ta c ts . Thus the fu n c tio n  o f the cases analyzed here is  to  i l l u s t r a t e  pos

s i b i l i t i e s  and tre n d s , but no t to  cover a l l  poss ib le  v a r ia t io n s  o f  s tre s s  pat

te rn s  th a t may a r is e .

W ith the s e n s i t iv i ty  o f the con tac t pressures to  p r o f i le  d e ta i ls  in  m ind, 

i t  i s  p la u s ib le  th a t waviness o f the con tac t pressure d is t r ib u t io n  should  

a r is e ,  as i l lu s t r a te d  by most o f the cases in  the F igure 3-18. I t  is  no t ce r

ta in  how much o f th is  waviness is  a t t r ib u ta b le  to  a c tu a l surface i r r e g u la r i 

t ie s  and how much to  a r t i f i c i a l  i r r e g u la r i t ie s  in  the f i t t e d  p r o f i le s .  I t  is  

a p p ro p ria te  to  note th a t a lo c a l r is e  on an a c tu a l r a i l  surface would increase  

the con ta c t pressure there and thus promote p la s t ic  flo w  to  low er th a t r is e .  

This k in d  o f a c tio n  repeated many tim es, tends to  g ive  smooth transverse  pro

f i l e s  such as were observed in  the specimens o f  F igures 3-9 and 3-11.

I t  may be re c a lle d  th a t. Table 3-1 showed l i t t l e  increase o f the peak 

co n ta c t s tresses on account o f  design v a r ia t io n s  in  the wheel o r ra il-c ro w n  

r a d i i ,  bu t in  the F igures 3-18 there  are many v a r ia t io n s  in  the peak s tresses  

which must be a t t r ib u te d  to  v a r ia t io n s  in  the  shapes o f  the su rfa ce , e ith e r  

from surface i r r e g u la r i t ie s  o r from sideward s h if t in g  to  o th e r con tac t bands.

A consequence o f th is  is  th a t  wearing o f  the r a i l s  and wheels does no t gen

e r a l ly  reduce the r a i l  s tresses (as comparison o f  Tables 3-1 and 3-4 shows), 

b u t in s te a d  fre q u e n tly  increases the co n ta c t s tre sse s . The increases in  peak 

stresses  a r e .p a r t ic u la r ly  n o tice a b le  fo r  negative  wheel o f fs e ts  (which tend  

toward flange  co n ta c t) o r  fo r  la rg e  p o s it iv e  o f fs e ts  (which tend toward
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" fa ls e - f la n g e "  contact)-. Stresses fo r  o f fs e ts  approaching flange  con tac t are 

provided by Cases 1, 10, and 14 o f Table 3 -4 , w h ile  s tresses  fo r  an o f fs e t  

in v o lv in g  " fa ls e - f la n g e "  con tact are provided by Case 9. The fa ls e  f la n g e , is  

the o u te r reg ion  o f a worn wheel th a t has acquired convex cu rva tu re  because o f  

h ig h e r wear near the wheel tape l in e .  The convex c u rv a tiv e  o f the wheel 

p r o f i le  there increases the r a i l  s tresses when the wheel o f fs e t  places th a t  

p a rt o f  the p r o f i le  a g a in s t the r a i l .

The h ighes t con tac t s tre ss  among those computed here is  due to  th a t shown 

as Load Number I I I  in  F igure 3-17; i t  reaches 550 k s i .  Other cases w ith  con

ta c t  near the gage side are a lso  among the h ig h e s t found here . The reason fo r  

th is  s tre ss  increase l ie s  in  the r e la t iv e ly  s trong  convex cu rva tu re  o f  the  

r a i l  on the gage s id e . The h igh  s tresses the re  are concordant w ith  the h igh  

wheel wear which occurs in  th a t v ic in i t y .

C oncentration o r wavy con tact s tre s s  p a tte rn s  do n o t o f course neces

s a r i ly  produce h ig h ly  concentrated o r  wavy s tre s s  p a tte rn s  very f a r ' below the 

r a i l  su rface . The degree to  which these m o d if ic a tio n  o f  the s tre ss  p a tte rn s  

extend to  subsurface s tresses remains to  be determ ined. Subsurface stresses  

from co n ta c t are  discussed in  Section 3 .3 .

3 .2 .4  - Observations Regarding R e a lis t ic  
Surface Contact Stresses

The num erical a n a ly s is  procedure fo r  f in d in g  su rface  s tre s s  d is t r ib u t io n s  

from r e a l is t ic  wheel and r a i l  shapes was found to  be a u s e fu l to o l,  bu t care  

must be exercised in  determ in ing the surface shapes i f  the s tresses  are a lso  

to  be r e a l i s t i c .

I t  is  im portant to  recognize th a t ,  when wheels and r a i l s  c o n ta c t, sm all 

random v a r ia t io n s  in  p r o f i le  he igh t can lead to  la rg e  s tresses when those 

v a r ia t io n s  occur w ith in  the con tact re g io n . The H e rtz ia n  a n a ly s is  assumes the  

bodies are m ic ro s c o p ic a lly  smooth and, th e re fo re , does no t o r d in a r i ly  p re d ic t  

s tre s s  due to  sm all surface v a r ia t io n s .  The num erical method used here i s ,  

however, s e n s it iv e  enough to  c a lc u la te  s tre s s  v a r ia t io n s  from surface i r r e g 

u la r i t ie s  i f  they are p ro p e rly  defined as in p u t.  Thus, a f te r  c a re fu l f i t t i n g  

o f  p r o f i le s ,  con tac t s tre ss  contours have been found which appear i r r e g u la r  in  

many cases. Since lo c a l con tact s tresses are h igh  enough to  cause p la s t ic
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flow  a t shallow  depths, the i r r e g u la r i t ie s  in  con tac t s tresses can a ls o  in -  j 

fluence the flo w  o f m a te r ia l near the running su rfa ce . However,' a t depths 

g re a te r than about 0.2 inch below the  surface  i t  is  u n l ik e ly  th a t such 

i r r e g u la r i t ie s  are im p o rta n t. (Th is  e va lu a tio n  o f  im p lic a tio n s  o f  su rface  . 

i r r e g u la r i t ie s  w i l l  be i l lu s t r a te d  la t e r . )

I t  appears from examining the s tresses ca lc u la te d  here th a t wear is  a . 

strong mechanism in  the de te rm ina tion  o f  contact s tresses between wheels and 

r a i l s .  The concave and fa ls e  flange reg ions o f  the  wheel, r e s u lt  from th is-., 

mechanism. The fa ls e  fla n g e , in  tu rn , can produce excessive con tac t s tre ss  

and p la s t ic  flo w  o f bo th  wheel and r a i l .  I t  appears, however, th a t th is  flow  

does not compensate fo r  the wear mechanism (s ince  the  fa ls e  flange  p e rs is ts ) ,  

and wear continues to  exaggerate th is  c o n d itio n . I t  should be noted th a t th is  

trend  may prove w orst in  cases where tread  braking  i s  not performed

An a d d it io n a l obse rva tio n  was th a t in  worn reg ions the con tac t s tre s s ' 

d is t r ib u t io n  tends to  be more un ifo rm  than in  H ertz co n ta c t, and th a t  the  

contact area tends toward re c ta n g u la r ity  ra th e r than the pure e l l i p t i c i t y  i t '  

has w ith  new r a i l s  and wheels.

In  the course o f  th is  a n a ly s is , a s im p lif ie d  procedure was form ula ted fo r  

c a lc u la t in g  con tac t pressure. This method consisted  o f  f i t t i n g  ( in  the  le a s t  

square sense) a q u a d ra tic  polynom ial to  po in ts  rep resen tin g  each undeformed 

surface p r io r  to  con tac t in  an assumed area. The f i r s t  and second d e r iv a t iv e s  

ca lcu la te d  a t the cen te r o f  con tact fo r  each o f these polynom ia ls y ie ld e d  a 

ra d iu s  o f  cu rva tu re  by the form ula R = ( l+ y * 2 )3 /2 / jy - |  (prim es denoting  

d e r iv a t iv e s ) .  Use o f  these cu rva tu res in  the H ertz  theory  produced a co n ta c t 

s tre ss  d is t r ib u t io n  which gave a p la u s ib le  f i r s t  approxim ation  fo r  the  con tact 

stresses found by the  more e labora te  c a lc u la tio n s . Since (as w i l l  be i l l u s - . 

tra te d  la te r )  these sim ply found con tact pressures lead to  n e a rly  the  same 

subsurface stresses a t  depths g re a te r than 0.2 in c h , i t  was decided to  use 

them in  la te r  work when the on ly  stresses o f in te r e s t  were a t those g re a te r  

depths.

3.3 SUBSURFACE RAIL STRESS DISTRIBUTION FROM WHEEL/RAIL CONTACT

Apart from poss ib le  c o n tr ib u tio n  to  the fo rm a tion  o f cracks , the  most 

damaging stresses in  r a i l s ,  due to  r o l l in g  con tact in  the  absence o f  s l ip ,
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u s u a lly  occur below the su rface . In  a new r a i l  under normal con tac t the onset 

o f y ie ld in g  occurs a t the lo c a tio n  o f  maximum octahed ra l shear which, i f  

caused by con tact s tresses a lone, is  approxim ate ly 0.1 to  0.2 inches beneath 

the ru n n ing ,su rface . The lo n g itu d in a l shearing s tre ss  component (t zx) a lso  

has a maximum beneath the su rfa ce . Since i t  reverses f u l l y  during  passage 

o f the  wheel, i t  is  be lieve d  to  be very degrading from  the  v iew po in t o f  fa tig u e  

damage.

A lthough considerab le  p la s t i i l  f lo w  occurs during  the e a r ly  se rv ice  o f the  

r a i l ,  th is  flo w  d im in ishes q u ic k ly  w ith  time u n t i l  the s tre ss  s ta te  remains 

n e a rly , i f  not com ple te ly , e la s t ic  in  the v ic in i t y  o f  the loaded area o f the  

r a i l  head. Against th is ,  s t r a in  so fte n in g  o f the r a i l  m a te r ia l under c y c lic  

load in g  can cause c o n tin u a l p la s t ic  defo rm ations.

3 .3 .1  C lo s e d  Form S o lu t io n s  f o r  S u b s u r fa c e  
C o n ta c t S tre s s e s  in  R a i ls

Several c losed-form  s o lu tio n s  fo r  subsurface s tre ss  d is t r ib u t io n s .due to  

con tac t presuming s p e c if ic  geometries have been presented in  the l i t e r a tu r e .  

Of p a r t ic u la r  in te re s t  fo r  approxim ating the na tu re  o f s tresses  in  r a i l s  are 

s o lu tio n s  form ulated by P o r its k y  [3 -1 6 ], Smith and L iu  [3 -2 5 ], and Ham ilton  

and Goodman [3 -2 6 ].

Proceeding from equations derived by P o rits k y  fo r  con ta c t between p a ra l

l e l  c y lin d e rs , and assuming a s ta te  o f plane s t r a in  and ro ll in g ^ -d ire c t io n  

f r i c t i o n  ( " T ^ )  due to  f u l l  s l ip  w ith  f r i c t i o n  c o e f f ic ie n ts  f  ■= 0 , 0 .25 , and
I

0 .50 , H am ilton and Goodman [3-26] p lo tte d  subsurface contours o f  

J2* ^ / o max, where omax is  the  maximum con tac t pressure , and

J -  = 1/6 [<J -a ) 2 + (a -a ) 2 + (a -a )2] + t 2 + t 2 + t  2 2 x y y z z x yz zx xy. (3 -14)

Thus J 2 i s  the second in v a r ia n t  o f  the s tre ss  d iev ia to r te n so r. These p lo ts  

are shown in  F igure  3-19. I t  nay be noted th a t the f r i c t i o n  fo rce s  presumed 

here d i f f e r  from those deduced by C a rte r, being sim ply f  tim es the  H ertz  

co n ta c t pressure d is t r ib u t io n .  Since

l oc t V573 J2
1/2

(3-15)
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(w h ich  reduces to  the form o f Equation 3-10 when Ty2 =* t zx = Txy = 0 ) ,

•Figure 3-19 in  e f fe c t  shows the subsurface p a tte rn  o f Toct .  The coo rd ina tes  

in  th is  f ig u re  are x /a  a n d ,z /a , where x is  ta n g e n tia l d is tance  from the  

c e n te r lin e  o f  co n ta c t, z is  depth,- and a is  the  h a lf  w id th  o f c o n ta c t. Since 

ty p ic a l  va lues o f a fo r  w h e e l/ra il con tac t may be taken to  be 0.15 to  0 .30  

in c h , i t  can be seen th a t the maximum T oct  in  the absence o f  ta n g e n tia l load  

■occurs a t ,a  depth around 0.10 to  0.20 in c h , and th a t an added f r ic t io n a l ,  load  

tends to  shorten th a t d is ta n ce . .

Somewhat s im ila r  to  w h e e l/ra il  co n ta c t is  the case o f c i r c u la r  con tac t 

(as between spheres) a lso  tre a te d  by H am ilton and Goodman [3-26] us ing  fo r 

mulas o f  th e ir  own. T h e ir p lo ts  fo r  c i r c u la r  con tac t corresponding to  those  

In  F ig u re  3 -1 9 .are shown in  F igure 3-20. Here in  the absence o f f r i c t i o n  the  

subsurface depth o f the maximum octahed ra l shear is  about h a lf  o f  the h a lf  

w id th  o f  co n ta c t, and i t s  maximum value i s  about "V2/3 (0 .36 ) OnaX o r  0.294 

Onax. App ly ing  th is  to  the case dep icted  by F igure 1-3, using a h a lf  w id th  

o f  1 /2 (0 .2 6 4 +  0.189) in ch , a maximum i oc t of.. 53,500 p s i is  p re d ic te d  a t a 

depth 6 .11 in c h , ve ry  much as s ta te d  b e fo re  fo r  th a t case. Thus to  a f i r s t  

approx im ation  F igure 3-20 provides a means fo r  f in d in g  subsurface va lues o f  

T0ct" f o r  w h e e l/ra il co n ta c t, b u t fu r th e r  means are needed i f  e l l i p t i c a l  

con ta c t i s  to  be considered o r e s p e c ia lly  i f  no n -fie rtz ia n  con tac t i s  to  be 

t re a te d .

3 .3 .2  A Procedure fo r  Computing Subsurface 
S tress from A rb it ra ry  Surface Loads

A method devised by B e ll [3-27] fo r  a n a ly s is  o f s tresses due to  a r b i

t r a r i l y  d is t r ib u te d  loads on the surface o f a h a lf  space., has been used as the  

b as is  f o r  a program to  compute stresses in .a  re c ta n g u la r body w ith  as many as 

s ix  su rfa ce s . This a n a ly t ic a l to o l,  designated FRAC3D, since i t  a lso  has a 

c a p a b il i ty  fo r  in c lu d in g  a c ir c u la r  o r p a rt c ir c u la r  c ra ck , is  w e ll s u ite d  to  

the  d e te rm in a tio n  o f e la s t ic  s tresses w ith in  a r a i l  head subjected to  a rb i

t r a r y  co n ta c t pressure d is t r ib u t io n s ,  t r a c t io n s ,  and support c o n d itio n s . . The 

broad p lan  o f  th is  program is  to  use a n a ly t ic a l expressions fo r  s tre sse s  th a t  

elem enta l surface loads induce throughout a h a lf  space, choosing e lem enta l 

loads such th a t the o v e ra ll s tresses a t the  boundaries match the des ired
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boundary c o n d itio n s . Enforcement o f c o n t in u ity  o f the o v e ra ll surface loads 

makes i t  p o ss ib le  to  compute s tre ss  components even up to  the surfaces w ith o u t 

appreciab le  d is to r t io n .  The success o f th is  program can be i l lu s t r a te d  by 

showing re s u lts  obtained from i t  fo r  the c o n d itio n s  tre a te d  by Hamilton and 

Goodman fo r  c y l in d r ic a l  con tact presuming f r i c t i o n  w ith  c o e f f ic ie n t  f  = 0 .5 , 

as in ' F igure  3-19. The corresponding re s u lts  found w ith  FRAC3D are shown in  

Figure 3-21 . As can be seen, e x ce lle n t agreement was obta ined between the two 

types o f  a n a ly s is .

For the  purpose o f i l lu s t r a t in g  subsurface contact s tresses  in  r a i l s  a 

re c ta n g u la r s o lid  (o r  " e la s t ic  b r ic k ” ) w ith  cross se c tio n  l ik e  th a t o f  the 

head o f  a 132-lb  RE r a i l  was chosen to  be used fo r  s tre s s  a n a ly s is  by FRAC3D. 

Forms o f e lem enta l surface loads were chosen in  s u f f ic ie n t  d e ta i l  so th a t ,  by 

assign ing  them proper m agnitudes, g iven normal o r ta n g e n tia l con tac t loads  

could be approximated on the running su rface , and a p p ro p ria te  ba lancing loads  

could be assigned elsewhere.

3 .3 .3  P a tte rns  o f E la s t ic  Subsurface
Stresses Below W heel/R ail Contacts

ri-
•JJ

f.

ri
!f
■l

Using the  program FRAC3D, extensive c a lc u la tio n s  were made o f  s tresses  

under the pressure d is t r ib u t io n s  and tra c t io n s  a r is in g  from  a wide v a r ie ty  o f  

w b e e l/ra il  c o n ta c ts . The cases trea ted  in c lu d e  both normal pressure and tan

g e n t ia l t ra c t io n s  fo r  va rio u s  wheel s izes and r a i l  crowns, and a lso  some cases 

in v o lv in g  wear, as l is te d  in  Table 3-5 . I t  may be noted th a t  Case 1 in  the  

ta b le  is  a base lin e  case a g a in s t which re s u lts  fo r  the o th e r cases can be 

compared to  see the e f fe c t  o f  va ry ing  some p a r t ic u la r  s p e c if ic a t io n .  The base 

l in e  case employs H e rtz ia n  con tact between a 33-inch  wheel and a r a i l  w ith  

iO-^inch crown ra d iu s  under a load o f  19,000-lb .  Cases 2 and 3 exp lo re  

stresses from non-H ertz ian  con tact pressures found e a r l ie r  w ith  a worn wheel 

( c f  Table 3 -4 ) ,  Case 4 to  7 in v o lv e  a change o f  wheel o r crown ra d iu s  or 

normal load , and Cases 8 to  11 t re a t  e f fe c ts  o f ta n g e n tia l loads , presuming 

f u l l  s l ip  w ith  f r i c t io n  (as considered by Ham ilton and Goodman but now w ith  

e l l i p t i c a l  load p a tte rn s ) . The lo c a tio n  o f  s ite s  w ith in  the r a i l  head fo r  

which s tre sse s  were determined are shown in  F igure 3-22. R esu lts  from these  

c a lc u la tio n s  are shown g ra p h ic a lly  in  f ig u re s  th a t fo llo w .
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(Contours s h o w f o r  f = 0 . 5 .  Cf.  F igure  3 -19 .)

FIGURE 3-21. COMPARISON CONTOURS OF SECOND STRESS INVARIANT 
FOF. CYLINDRICAL CONTACT WITB SLIP FORM FRAC3D
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TABLE 3-5. CASES ANALYZED FOR SUBSURFACE STRESS DISTRIBUTIONS

Wheel Rail Crown Wheel Worn Wheel/RailCase size, Radius, Inch Vertical Coefficientof Friction Contact PositionNo. Inch (or rail size) Load, lb Lateral Longitudinal yro, inch y inch /wc, Remarks
1 33 10 19,000 _ • « _ Cf, Case 1 of Table 5
2 33 (133 CFI) 19,000 - - 0.6 1.25 CfCase 4 of Table 8

3 33 <133 CFI) . 19,000 - ■- 0.8 1.70 Cf. Case 7 of Table 8

4 36 10 19,000 - . - ■ - . - Cf. Case 6 of Table 5
5 ito 10 19,000 - - ' - • - Cf. Case 7 of Table 5
6 33 14 19,000 - - ■ - - '■ Cf. Ca3e 8 of Table 5
7 33 10 50,000 - - Cf • Case 5 of Table 5
8 33 10 19,000 0.5 - '■ - - Full lateral, slip
9 33 10 19,000 0.3 - - Full lateral slip

10 33 ■ 10 19,000 - 0.5 - ' - Full longitudinal slip
11 33 10 19,000 - 0.3 - Full longitudinal slip
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Figure 3-23 presents the results of the analysis for the base line case 
(Case 1) showing distributions of all six stress components on two planes 
normal to the running surface at.the center of contact. It also shows the 
octahedral stress implied by those six components. The octahedral stress has 
importance as an indicator of whether plastic flow might arise from contact 
stresses, and the six individual stress components have importance as the 
quantities which can be added to other kinds of stress (e .g ., flexural or 
residual stresses) in evaluating multi-source stress distributions. It may be 
noted that the stresses shown here compare favorably with those shown earlier 
in Figure 1-3, as they should. (Small discrepancies may arise, from coarse 
representation of surface loads used as input to FRAC3p.) Because of the 
symmetry for that case, the lateral shear stress TyZ vanishes where, y = 0 
(that is on area A), the longitudinal shear stress Tzx vanishes where x = 0 
(that is on area B), and the remaining shear stress TXy is zero on both 
these planes.

Figure 3-24 shows the effect of particular non-Hertzian contact pressure 
distributions on the subsurface octahedral and lateral shear stresses by com
bining results from Cases 2, 3, and 1. The non-Hertzian cases chosen corres- 
pond to Cases 4 and 7 of Table 3-4, so the contact pressures are shown by 
Cases 4 and .7 in Figure 3-18. (The latter of those cases also correspond to 
Load IV in Figure 3-17, but the profile fitting process made the load distri
bution there somewhat different.) It can be seen here that skewness of the 
contact pressure distributions in the y-direction leads to skewness of the 
subsurface stresses in that same direction. However, at depths greater than 
0.2 inch, the effect of that skewness becomes quite smalls Thus for studies 
of stresses around cracks well buried in the rail head, i t  is reasonable to 
■neglect the non-Hertzian aspect of contact stresses, and to employ Simply the 
stresses arising from Hertzian contact. For stresses nearer to the surface, 
which may induce plastic fiow, the non-Hertzian effects can accentuate the 
stresses, as Figure 3-24 shows. It is possible of course that more exagger
ated non-Hertzian stress might arise for other particular instances, but those 
shown here are thought to be representative^

The effects on the subsurface octahedral shear stress from increasing the 
wheel radius are shown in Figure 3-25 by combining results from Cases 5, 4,
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FIGURE 3-̂ 23. STRESS CONTOURS-FOR (BASELINE) LOAD CASE 1 (19,000-LE 
LOAD, 33-INCH WHEEL, 10-INCH CROWN RADIUS)
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FIGURE 3-24. STRESS CONTOURS FOR NON-HERTZIAN AND HERTZIAN PRESSURE DISTRIBUTIONS
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and 1. As can be seen, changing the wheel.radius from 33 to 40 inches lowers 
the maximum octahedral shear stress from 53,300 psi to 47,700 psl. The cases 
shown in this figure correspond to Cases 7, 6, and 1 of Table 3-1.

Figure 3-26 shows how changing either the rail crown radius or the ver
tical load affects the subsurface octahedral shear stress by combining results 
from Cases 6 and 1 or Cases 1 and 7 of Table 3-5. A 33-inch wheel is presumed 
in all three cases shown, but in part (a) the rail crown radius (14 inches) is 
presumed larger than for the baseline case, while in part (c) the load (50,000-lb) 
is presumed larger than for the baseline case. Part (b) again shows the 
baseline case. As the figure shows, and as was anticipated, increasing the 
crown radius to 14 inches decreases the maximum octahedral shear stress (from 
53,300 psi to 51,000 psi), while increasing the load to 50,000-l.b increases 
the maximum octahedral shearing stress (from 53,300 psi to 74,000 psi). The 
cases shown in this figure correspond to Cases 8, 1, and 5 of Table 3-1.

The effect of tangential tractions combined with normal loads are treated 
by Cases 8 to 11 in Table 3-5, with results being shown in Figure 3-27 and 
3-28. In Figure 3-27, the effects of lateral surface shear stress (tyZ) are 
shown by combining results from Cases 8, 9, and 1. The tangential load is . 
taken to be f times the vertical load, similar-to cases in which there is no 
locking between the surfaces, i.e., the condition of full slip. It is impor
tant that as f increases the location of the maximum octahedral shearing stress 
moves toward the running surface of the rail, so that for f => 0.5 the location 
of the maximum is on the surface. A similar shift occurs in the lateral shear 
stress T£v. Hence, with lateral traction being added to the circumstances 
of the baseline case, first yield from contact stresses should appear on the 
rail surface rather than below it as was the case for purely normal loading.
This.implies that the state of plastic deformation in the rail is likely to be 
quite different in those sections of-track subjected to lateral traction, such 
as on curves when sideward slippage may occur, as compared to that in tangent 
track where the load is primarily normal. Of course lateral traction.also 
increases xoct, X y Z ,  and Oy as shown in Figure 3-27. It is reasonable 
to expect that much more severe deformation would occur in these cases because 
of the nature of constraints on the plastic flow. Plastic deformation under
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normal loading is generally represented as occurring within a subsurface 
“bulb” or cylindrical region along the length of the rail.

Similar effects are noted from longitudinal tractions, as shown in Figure 
3-28 by combining results from Cases 10, 11, and 1 of Table 3-5. The 
resulting stresses are, however, somewhat smaller than for the lateral slip 
cases. Longitudinal tractions, of course, arise from starting or braking and 
from axle windup on curves.

A consequence of lateral traction that can be important is the formation 
of rail head edge cracks. Figure. 3-29 shows a general stress pattern that has 
been observed where rail head edge cracks form.- The figure also compares the 
pattern with transverse stresses O y shown for the case with f = 0.5 in 
Figure 3-27. It can be seen that under lateral traction a very high tensile 
stress region develops immediately adjacent to the contact area. Clearly such 
a stress field would have an opening effect on an edge crack of the type 
shown.

In characterizing "shelly" failures in Japan, Nakamura et; al [3-28] 
describe surface cracks that were found to occur on both curved and tangent 
track. They suggested that the cracks are formed by slip between the wheel 
and rail. The findings here tend to support this hypothesis.

Finally, maximum subsurface values of Toct» Tyzs ar<* Tzx ̂ or vary
ing loads are shown in Figure 3-30 for cases involving a new 33-inch wheel in 
contact with a rail having a 10-inch crown or under the worn-wheel contacts 
described by Cases A and 7 of Table 3-4.
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4. SUBSURFACE STRESS DISTRIBUTION IN RAIL HEADS DUE TO PLASTIC DEFORMATION

New rails generally have residual stresses which are due to the manufac
turing process. Since wheel loads in excess of approximately 19,,000-lb result 
in plastic deformation of the rail head of new rails, the residual stress 
field begins to change immediately upon exposure to rail traffic. Gradually, 
a new residual stress field is developed having a zone of compressive stress- 
directly beneath the tread surface. Below the compressive zone is a region of 
tensile stress. It is believed, that the region of tensile stress is of pro
found importance in the development of several types of head cracking. Hori
zontal defects, for example, are known to initiate in that zone of residual 
tensile stress [4-1].

The development of residual stress due to rolling contact has been 
treated in the literature, though not widely. Of most significance.to the 
study of residual stress are the papers of Johnson [4-2], Merwin and Johnson 
[4-3], Johnson and Jefferis [4-4], Martin and Hay [4-5], and the ORE C53 
report [4-6].

4.1 PREVIOUS INVESTIGATIONS OF SUBSURFACE STRESSES DUE TOPLASTIC DEFORMATION

In order to have relatively simple circumstances for early analyses of - 
residual stress, Johnson [4-2], and Merwin and Johnson [4-3] considered the 
two dimensional case of a rigid cylinder rolling on an elastic-plastic flat. 
(This case was understood also to apply closely to the rolling contact of two 
disks.) The plane, deformation implicit for this case, plus presumed uniform
ity of stresses in the rolling direction (here the x-direction), implies that 
the only components of residual stress that can arise are

°x “ fi(z> and °y “
where y measures lateral distance and z is depth below the tread. For this 
cylindrical contact case, the residual stress components az» ty2, Tzx 
and Tjjy do not appear.
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Predictions of plastic flow, of course, depend on the yield criterion, 
for which Johnson considered three possible choices. Among these, one extreme 
is the Tresca criterion which predicts plastic flow if the maximum shear 
stress exceeds k, the yield stress of the material in simple shear. The other 
extreme was the maximum reduced stress criterion which predicts plastic flow 
if the maximum deviation of a principal normal stress from the mean of the 
principal normal stress exceeds 2 k. An intermediate criterion was that of 
von Mises, which predicts plastic flow if the second stress invariant J2 ex
ceeds 'k.2 , that is if

J- = (o —ct ) +(a -a ) +(a -c ) ] 2 6L x y' '■y z ' v z  x' J 2 2 2+ t + x +  iz > yz zx xy (4-2)

For the stress distributions arising with their form of cylindrical contact, 
Merwin and Johnson,observed that, for increasing load, plastic flow would be 
initiated directly below the center line of contact at depths and contact 
pressures for the three criteria as follows:

Yield criterion Maximum contact pre'ssu-e Depth
Maximum reduced stress
Von Mises
Tresca

2.7 k 0.67 a 
3.1 k 0.70 a
3.3 k 0.78 a

Here a is the half width of contact in the rolling direction. It is of inter
est that for an elastic sphere contacting a plane, the prediction of maximum 
contact pressure for plastic flow initiation using ‘he von Mises criterion is 
not greatly different, namely 3.0 k. Thus, there are differences in predic
tions of plastic flow according to the various criteria, but the predictions 
have much in common. The von Mises criterion is generally accepted as being 
applicable to steels, so it is the one which will be used most frequently 
here, but the use of the Tresca condition also will be examined.

If the contact load between two bodies is sufficient, plastic flow occurs . 
in the Interior of one. or both of the contacting bodies producing residual
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stresses which remain after the load has passed. If these residual stresses 
are properly related to the contact stresses, they reduce the tendency of the ' 
material to flow under the contact stresses during the next loading cycle, and 
eventually their countereffect may become large enough so that there is no 
further plastic yielding. Then shakedown is said to have occurred. In order 
to investigate circumstances in which shakedown should occur, Johnson and his 
colleagues employed Melan’s theorem [4-7] which states first that if any re
sidual stress can be found which, together with stress due to load, consti
tutes a system within the yield limit, then under repeated loading the system 
will shake down to some system of purely elastic deformation. Conversely 
(according to the theorem), if no such system of residual stress can be found, 
then the system will not shake down and continued plastic deformation will 
occur at each passage of the load. It should be noted that this theorem does 
not predict what the residual stresses will be, nor does its use ordinarily 
require knowledge of what they are; yet it offers much opportunity for decid
ing whether shakedown will or will not occur.

Applying the Tresca condition for yielding, Johnson [4-2] showed thatralong a line with fixed y and z, shakedown would occur if some crx could 
arise such that

lre-r e>2, /• e a2 ,2 7 o -hi -a + I ] < k 4 x x z '  - zx.' (4-3)
e e ewhere cx, oz and tzx arg elastic components of contact stress that vary

as functions of the variable x. It is clear that no value of crx could as-e -sure this relation if tzx exceeds k anywhere along the line. Therefore,0 " - considering the z and x where tzx is greatest (this being at z = 0.500a,fx = 0.867a for his case), Johnson suggested a ax to counterbalance
• 0 0 fGx - ctz there, and showed that an accompanying a v could be found so that
the relation (4-3) would be met all along the line at that depth z. Thus, he
showed that shakedown can occur (and by Melan’s theorem will occur) if the 

0 .  . 0 ; maximum value of r z x  does not exceed k .  Since that value of t z x  for
Johnson’s case is 0.250 pQ, where p0 is the maximum contact pressure, he
thus showed that shakedown will occur if *

p < 4.0k o
4-3
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His associated residual stresses for use with the Tresca criterion were r - rox = —0.134 p0 and ay = -0.040 p0. Alternatively, considering the von
Mises criterion, Johnson found that shakedown would occur if p Q — 4.0 k, but
then he found it more advantageous to postulate the residual stresses <jx = r '-0.134 p0 and Oy -0.213 p0. The variation of stresses along a line at 
depth z = 0.50a, as shown by Johnson, both with and without his postulated 
residuals for the von Mises criterion, are shown in Figure 4-1 [4-2},

Shakedown theory based on Melan's theorem does not of itself predict what 
residual stresses may actually arise, but Merwin and Johnson [4-3] undertook 
that task for their case of cylindrical contact. In order to do that, they 
assumed that the strain cycle during a cycle involving plastic flow remains 
identical with the strain cycle that fully elastic behavior would imply.
Where stresses reached a level to produce plastic flow, they assumed the mate
rial to be perfectly plasLic and applied the Prandtl-Reuss equations to calcu
late the increment of stress to apply to the next increment in the strain 
cycle. This procedure is inexact to the extent that the stresses do not sa
tisfy the equilibrium equations during much of the calculation, but Merwin and 
Johnson undertook to restore equilibrium at the end of each cycle. They per
formed calculations for residual stresses.presuming contact loads such that- 
pQ = 4.0 k (the shakedown limit), or p0 = 4.8 k, or p0 = 5.5 k, with re- rsuits as shown in Figure 4-2. They also showed experimental results for cx 
as a function of depth after one passage of the heaviest load which were in 
reasonably good agreement with the calculated curve. The computations for all. 
these loads showed that, above the shakedown limit, a steady state condition 
was reached quickly in which additional shearing strain in the surface in the 
forward direction was incurred with each new cycle but without increase of re
sidual stress. For higher loads, the steady state residual stresses became 
larger and penetrated more deeply into the body. Of course, the steady state 
stresses were dependent on the presumption of,perfectly plastic flow, and they 
would have been postponed' or eliminated by a presumption of a strain hardening 
material. It may also be noted that the residual stresses they computed were 
compressive rather than tensile, but this is conceivably dependent on the 
presumption of cylindrical contact so that sideward flow was denied.
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I n  a  f u r t h e r  p a p e r ,  J o h n s o n  a n d  J e f f e r i s  [ 4 - 4 ]  . o n s i d e r e d  h o w  t h e  I n c l u 

s i o n  o f  a  t a n g e n t i a l  l o a d  T  a s  w e l l  a s  a  n o r m a l  l o a d  P  ( s u c h  a s  f r o m  f r i c t i o n  

d u r i n g  c o n t a c t )  w o u l d '  a l t e r  t h e  s h a k e d o w n  l i m i t  d u r i n g  c y l i n d r i c a l  c o n t a c t .  

T h e  t a n g e n t i a l  l o a d ,  o f  c o u r s e ,  c h a n g e s  t 2 x ,  i n c r e a s i n g  i t  i n  o n e  d i r e c t i o n ,  

d e c r e a s i n g  I t  i n  t h e  o t h e r .  U n d e r  f u l l  s l i p ,  i . e . ,  T  a n d  P  v a r y  p r o p o r t i o n 

a t e l y ,  t h e y  f o u n d  s h a k e d o w n  l i m i t s  a s  s h o w n  i n  T a b l e  4 - 1 .  T h e i r  u n d e r l y i n g  

t h e o r y  p r e s u m e d  e i t h e r  T r e s c a  o r  v o n  M i s e s  y i e l d  c r i t e r i a .

. T A B L E  4 - 1 .  E F F E C T  O F  F U L L - S L I P  S U R F A C E  
T R A C T I O N S  O N  S H A K E D O W N  L O A D

T / P S h a k e d o w n  L o a d ,  p ^ / k

0 . 0 0 0 4 . 0 0

0 . 1 0 0 3 . 5 6  .

0 . 2 0 0 3 . 2 1

, 0 . 3 0 0 2 . 9 0

0 . 3 6 4 2 . 7 5

J o h n s o n  a n d  J e f f e r i s  a l s o  c o n s i d e r e d  s h a k e d o w n  f o r  t h r e e - d i m e n s i o n a l  c o n 

t a c t  s t r e s s e s ,  l i k e  f o r  a  b a l l  b e a r i n g .  T h e i r  d i s c u s s i o n  w a s  l a r g e l y  q u a l i t a 

t i v e ,  c o n s i d e r i n g  w h a t  f a c t o r s  w o u l d  a p p l y  t o  t h e  t h r e e - d i m e n s i o n a l  p r o b l e m .

T h e y  s p e c i f i c a l l y  e m p h a s i z e d  t h e  i m p o r t a n c e  o f  t h e  s h e a r  s t r e s s  c o m p o n e n t  
e

t z x  w h i c h  i s  n o t  c o u n t e r e d  b y  r e s i d u a l  s t r e s s ,  a n d  f o r  a  s p h e r e  r o l l i n g  o n  a  

p l a n e ,  t h e y  s u g g e s t e d  a n  a p p r o p r i a t e  s h a k e d o w n  l i m i t  w i t h  p Q  =  4 . 8  k .

M a r t i n  a n d  H a y  [ 4 - 5 ]  a p p l i e d  t h e  s t r e s s  c a l c u l a t i o n  a p p r o a c h  o f  J o h n s o n  

t o  t h e  p r o b l e m  o f  w h e e l / t a i l  c o n t a c t .  I n  o r d e r  t o  d e t e r m i n e  t h e  t h r e e -  

d i m e n s i o n a l  r e s i d u a l  s t r e s s e s ,  t h e y  u s e d  a n  i n d i r e c t  f i n i t e  e l e m e n t  m e t h o d  t o  

a  m o d e l  o f  a  1 3 2 - l b  R E  r a i l  h e a d ,  c o m p u t i n g  t h e  s t r e s s  h i s t o r i e s  d u r i n g  o n e  o r  

m o r e  c y c l e s  i n  w h i c h  p l a s t i c  f l o w  w o u l d  o c c u r .  T h e y  d i v i d e d  l o a d  c y c l e s  i n t o  

i n c r e m e n t s ,  a s s u m i n g  f o r  e a r h  i n c r e m e n t  t h a t  t h e  s t r a i n s  c h a n g e  a c c o r d i n g  t o
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e l a s t i c i t y  t h e o r y .  T h e n  t h e y  a p p l i e d  P r a n d t l - R e u s s  e q u a t i o n s  t o  d e t e r m i n e  

p l a s t i c  f l o w  i f  t h e  c o r r e s p o n d i n g  i n c r e m e n t e d  s t r e s s e s  w e r e  l a r g e  e n o u g h  t o  

c a u s e  y i e l d i n g .  T h e y  a p p a r e n t l y  t o l e r a t e d  l a c k  o f  e q u i l i b r i u m  d u r i n g  t h e  

p l a s t i c  f l o w  b u t  r e s t o r e d  e q u i l i b r i u m  b y  t h e  e n d  o f  e a c h  c y c l e .  T h e  s t r a i n  

c y c l e  t h e y  a p p l i e d  a t  a  p a r t i c u l a r  s u b s u r f a c e  N o d e  A ,  d i r e c t l y  b e l o w  t h e  c e n 

t e r  o f  a n  e c c e n t r i c  c o n t a c t ,  i s  s h o w n  i n  F i g u r e  4 - 3 ,  t o g e t h e r  w i t h  t h e  b u i l d u p  

o f  s t r e s s e s  d u r i n g  p a s s a g e  o f  a  n o r m a l  l o a d .  T h e y  w e r e  p a r t i c u l a r l y  c o n c e r n e d  

w i t h  t h e  p r o c e s s  o f  r a i l  s h e l l i n g ,  s o  t h e  r e s i d u a l  s t r e s s  w a s  o f  m o s t  i n 

t e r e s t  t C  t h e m .  T h e  d i s t r i b u t i o n s  o f  o z  w h i c h  t h e y  h a d  a c c u m u l a t e d  a f t e r  

c n e  a n d .  a f t e r  s i x  p a s s a g e s  o f  t h e  l o a d  a r e  s h o w n  i n  f i g u r e  4 - 4 .  T h e  s i n g l e  

l o a d  h a d  p a s s e d  o v e r  P o i n t  9 ,  w h i l e  t h e  r e p e a t e d  l o a d s  h a d  p a s s e d  o v e r  P o i n t s
Y

9 ,  8 ,  7 ,  9, 8 ,  7 .  T h e s e  r e s u l t s  s h o w  t e n s i l e  s t r e s s e s  o i n s i d e  t h e  r a i l  h e a d ,  

a n d  t h e y  s h o w  i t  b r o a d e n i n g  b e c a u s e  o f  v a r i a t i o n  i n  p o i n t  o f  l o a d  a p p l i c a t i o n ,  

s o  t h e y  o f f e r  a  b e g i n n i n g  o f  a n  e x p l a n a t i o n  o f  r a i l  h e a d  s h e l l i n g .

/
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4 . 2  R E C E N T  I N V E S T I G A T I O N S  O F  R E S I D U A L  S T R E S S E S  I N  R A I L  H E A D S  

4 . 2 . 1  A n  A p p r o x i m a t e  T h e o r y  f o r  T h r e e - . D i m e n s i o n a l  S h a k e d o w n

I n  o r d e r  t o  g a i n  f u r t h e r  i n s i g h t  i n t o  t h e  p o s s i b i l i t y  o f  s h a k e d o w n  f o r  

t h r e e - d i m e n s i o n a l  s t r e s s e s  a r i s i n g  f r o m  t h e  e l l i p s o i d a l  l o a d s  c h a r a c t e r i s t i c  

o f  w h e e l / r a i l  c o n t a c t ,  a  b r i e f  s t u d y  w a s  m a d e  o f  t h o s e  s t r e s s e s  u s i n g  M e l a n ' s  

t h e o r e m ,  a s  d e s c r i b e d  i n  A p p e n d i x  C .  T h e  t r e a t m e n t  t h e r e  i s  o n l y  a p p r o x i m a t e , ,  

i n  t h a t  i t  e m p l o y s  s o m e w h a t  i d e a l i z e d  a p p r o x i m a t i o n s ' o f  s t r e s s  c o m p o n e n t s  

a l o n g  t h e  l o n g i t u d i n a l  d i r e c t i o n  i n  t h e  r a i l  h e a d .  I t  a l s o  p r e s u m e s  a  r e l a 

t i o n  b e t w e e n  c o n t a c t  s t r e s s e s  a n d  r e s i d u a l  s t r e s s e s  u n l i k e  a n y  p r e s u m e d  b y  

J o h n s o n ,  M e r w i u  o r  J e f f e r i s ,  b u t  t h e  n o v e l t y  h e r e  i s  a c c e p t a b l e  b e c a u s e  

p o s t u l a t e d  s t r e s s e s  o f  a r b i t r a r y  f o r m s  a r e  a d m i s s i b l e  f o r  u s e  w i t h  M e l a n ' s

t h e o r e m .  T h u s ,  i t  i s  p r e s u m e d  t h a t  t h e  f o u r  p o s s i b l e  r e s i d u a l  s t r e s s e s ,  O j T »  
r  r  r

C T y ,  o z - a n d  T y a ,  a r e  r e s p e c t i v e l y  p r o p o r t i o n a l  t o  t h e  m a x i m a  o f  t h e  c o r 

r e s p o n d i n g  e l a s t i c  c o m p o n e n t s  a l o n g  t h e  s a m e  l o n g i t u d i n a l  l i n e  i n  t h e  r a i l  

h e a d ,  U s i n g  a  v o n  M i s e s  y i e l d  c r i t e r i o n ,  i t  f o l l o w s  f r o m  t h e s e  p r e s u m p t i o n s  

t h a t  s h a k e d o w n  w i l l  o c c u r  i f  a n d  o n l y  i f

4 - 8
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Normal load passes over Node 9

s F I G U R E  4 - 4 .  C A L C U L A T E D  V E R T I C A L  R E S I D U A L  S T R E S S  A F T E R  
A , ,  O N E  A N D  A F T E R  S I X  L O A D  C Y C L E S ^ - 5 ]



I

I(xL)2+(’̂ )2L x < t2 • » d
(4-5)

\ r . «. «.'2[(oe-oe) + (ae-ae) +(oe-ae) -6(re ) ] < 4k2 ,
Lv- x  y  ' V  7J x 7 VJ v V ?  ' J ’y z z  s yz x = 0

w h e r e  x  “  0  i s  a  c e n t e r  p l a n e  o f  c o n t a c t .  T h e  s e c o n d  o f  t h e s e  c o n d i t i o n s  

s e e m s  g e n e r a l l y  l e s s  d e m a n d i n g .  A l s o ,  r X y  °  0  o n  t h e  l o n g i t u d i n a l  c e n t e r ,  

p l a n e  w h e r e  y  =  0 ,  s o  t h a t  o n  t h a t  p l a n e ,  w h e r e  s h a k e d o w n  s e e m s  m o s t  d i f f i 

c u l t ,  t h e  c r i t e r i o n  f o r  s h a k e d o w n  a g a i n  b e c o m e s  I t , *  I <  k ,  a s  J o h n s o n
•--Km a x  ’

p r o p o s e d .  I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  r e s i d u a l  s t r e s s e s  c h o s e n  a s  

o p t i m u m  a m o n g  t h e  c l a s s  o f  s t r e s s e s  p o s t u l a t e d  h e r e  a r e  —1 / 2  t i m e s  t h e  m a x i m a  

o f  t h e  c o r r e s p o n d i n g  e l a s t i c  a p o n e n t s .  S i n c e  t h e  l a r g e s t  n o r m a l  s t r e s s e s  o f  

c o n t a c t  a r e  c o m p r e s s i v e ,  t h i s  m e a n s  t h a t  t e n s i l e  s t r e s s e s  m a y  r e a s o n a b l y  b e  

.  p o s t u l a t e d  f o r  t h e  r e s i d u a l  o f  t h e  n o r m a l  s t r e s s  c o m p o n e n t s .  T h i s  a g r e e s  w i t h  

t h e  e x p e c t a t i o n  t h a t  t e n s i l e  l o n g i t u d i n a l  a n d  l a t e r a l  r e s i d u a l  s t r e s s e s  f r o m  

t h r e e - d i m e n s i o n a l  c o n t a c t . s t r e s s e s  m a y  a r i s e ,  e v e n  t h o u g h  J o h n s o n  c h o s e  c o m 

p r e s s i v e  s t r e s s e s  f o r  t h e  c o r r e s p o n d i n g  r e s i d u a l s  i n  M s  s h a k e d o w n  t h e o r y  f o r  

c y l i n d r i c a l  c o n t a c t .

4 . 2 . 2  R e m a r k s  o n  C a l c u l a t i o n  o f  R e s i d u a l  S t r e s s e s

A n  a t t e m p t  w a s  m a d e  t o  c o m p u t e  r e s i d u a l  s t r e s s e s  t h a t  s h o u l d  b e  e x p e c t e d  

- f r o m  t h e  t h r e e - d i m e n s i o n a l  s t r e s s e s  d u e  t o  w h e e l / r a i l  c o n t a c t .  T h e  u n d e r t a k 

i n g  w a s  t o  e l i m i n a t e  t h e  q u e s t i o n a b l e  p r e s u m p t i o n  u s e d  b y  J o h n s o n  e t  a l .  ,  a n d  

t o  s o m e  e x t e n t  b y  M a r t i n  a n d  H a y ,  t h a t  t h e  s t r a i n s  a r e  e q u a l  t o  t h o s e  c o m p u t e d  

f r o m  e l a s t i c  c o n t a c t  t h e o r y .  T h e  n e e d  f o r  d o i n g  t h i s  w a s  f o u n d  b y  u s i n g  a  

f i n i t e  e l e m e n t  p r o g r a m  a n d  c a l c u l a t i n g  t h e  l o n g i t u d i n a l  a n d  v e r t i c a l  s t r a i n s  

t h a t  w o u l d  a r i s e  i u  t w o - d i m e n s i o n a l  c a s e s  ( s u c h  a s  w i t h  c y l i n d r i c a l  c o n t a c t )  

p r e s u m i n g  a l t e r n a t i v e l y  t h a t  t h e  b o d y  I s  e i t h e r  a )  e l a s t i c ,  b )  e l a s t i c  -  

p e r f e c t l y  p l a s t i c ,  o r  c )  e l a s t i c  -  p l a s t i c  -  s t r a i n  h a r d e n i n g .  A  s t r e s s -  

s t r a i n  c u r v e  f o r  r a i l  s t e e l  i s  s h o w n  i n  F i g u r e  4 - 5 .  I t  w a s  f o u n d  f r o m  a  

l o n g i t u d i n a l l y  o r i e n t e d  s p e c i m e n  f r o m  u s e d  r a i l  i n v e s t i g a t e d  i n  t h e  D O T - T S C -  

1 0 7 6  p r o g r a m .  T h i s  m a t e r i a l  c a n  b e  m o d e l e d  a s  b e i n g  e l a s t i c - p e r f e c t l y

4 - 1 1





p l a s t i c  w i t h  a  t e n s i l e  y i e l d  s t r e s s  o f  9 5 , 0 0 0  p s i ,  o r  a  y i e l d  s t r e s s  i n  p u r e  

s h e a r - o f  5 5 , 0 0 0  p s i  a s  M a r t i n  p r e s u m e d  i n  h i s  c a l c u l a t i o n s  [ 4 - 5 ] .

T a k i n g  t h e  y i e l d  s t r e s s  i n  s i m p l e  s h e a r  f o r  t h e  e l a s t i c - p e r f e c t l y  p l a s t i c  

m a t e r i a l  t o  b e  k  =  5 5 , 0 0 0  p s i ,  t h r e e  c a s e s  o f  H e r t z i a n  c o n t a c t  l o a d i n g  w e r e  

c o n s i d e r e d w i t h  t h e  m a x i m u m  c o n t a c t  p r e s s u r e  p 0  b e i n g  4 . 0  k ,  4 . 8  k ,  o r  5 . 5  

k  ( t h a t  i s  2 2 0 , 0 0 0  p s i ,  2 6 4 , 0 0 0  p s i ,  o r  3 0 2 , 0 0 0  p s i ) .  T h e s e  c a s e s  c o r r e s p o n d  

t o  t h o s e  i n  F i g u r e  4 - 2 ,  w i t h  t h e  f i r s t  r e p r e s e n t i n g  s h a k e d o w n .  T h e  c a l c u l a t e d ,  

s t r e s s e s  a t  v a r y i n g  d e p t h s  b e l o w  t h e  c e n t e r  o f  c o n t a c t  f r o m  t h i s  t w o -  

d i m e n s i o n a l  - a n a l y s i s  a r e  s h o w n  i n  F i g u r e s  4 - 6  a n d  4 - 7 .  I n  a l l  c a s e s ,  t h e r e  

a r e  s i g n i f i c a n t  d i f f e r e n c e s  b e t w e e n  s t r a i n s  c a l c u l a t e d  f o r  t h e  e l a s t i c  a n d  

e l a s t i c - p l a s t i c  m a t e r i a l s  r e s p e c t i v e l y .  T h e  d i f f e r e n c e  i s  m o r e  s e v e r e  w h e n  

t h e  a c t u a l  s t r e s s - s t r a i n  c h a r a c t e r i s t i c s  a r e  u s e d  ( t h a t  i s  w h e n  w o r k  h a r d e n i n g  

i s  p r e s u m e d ) .  T h u s ,  t h e  p r e s u m p t i o n  o f  a  s t r a i n  s t a t e  t h a t  i s  l i n e a r l y  s c a l e d  

w i t h  r e s p e c t  t o  a n  e l a s t i c  s o l u t i o n  l o o k s  u n t r u s t w o r t h y  f o r  c a l c u l a t i o n  o f  

e i t h e r  t w o -  o r  t h r e e - d i m e n s i o n a l  r e s i d u a l  s t r e s s e s  u n l e s s ,  p e r h a p s ,  t h e r e  i s  

l i t t l e  p l a s t i c  f l o w .

C o m p u t a t i o n s  o f  t h r e e - d i m e n s i o n a l  r e s i d u a l  s t r e s s e s  w e r e  p e r f o r m e d  u s i n g  

m e t h o d s  s i m i l a r  t o  t h o s e  o f  M a r t i n  a n d  H a y ,  b u t  a l t e r n a t i v e l y  u s i n g  e i t h e r  a n  

e l a s t i c  s t r a i n  c y c l e  a s  t h e y  h a d  o r  a n  e l a s t i c - p l a s t i c  s t r a i n  c y c l e .  U n f o r ^  

t u n a t e l y ,  t h e  u s e  o f  t h e  e l a s t i c - p l a s t i c  s t r a i n  c y c l e  g a v e  r e s i d u a l  s t r e s s e s  

w h i c h  f l u c t u a t e d  g r e a t l y  n e a r  t h e  t r e a d  s u r f a c e ,  s o  t h a t  t h e y  w e r e  e v e n  l e s s  

p l a u s i b l e  t h a n  t h o s e  o b t a i n e d  u s i n g  t h e  e l a s t i c  s t r a i n ,  w h i c h  t h e m s e l v e s  

s e e m e d  s o m e w h a t  p r o b l e m a t i c .  T h e  s o u r c e  o f  t h e  t r o u b l e  w a s . n o t  i d e n t i f i e d ,  

b u t  I t  s e e m e d  c l e a r  t h a t  c a l c u l a t i o n s  o f  r e s i d u a l  s t r e s s e s  i n v o l v e  m a n y  d i f f i 

c u l t i e s .  O n e  d i f f i c u l t y  t h a t  s h o u l d  b e  e x p e c t e d ,  f o r  e x a m p l e ,  i n  c a l c u l a t i o n s  

e m p l o y i n g  f i n i t e  e l e m e n t s  i s  t h a t  f i n i t e  e l e m e n t  c a l c u l a t i o n s  w i t h  c o n t a c t  

l o a d s  a p p l i e d  a t  a  f e w  n o d a l  p o i n t s  t e n d  t o  d i s t o r t  t h e  c o n d i t i o n s  n e a r  t h e  

l o a d  a r e a  w h e r e  s o m e  o f  t h e  m o s t  I m p o r t a n t  p l a s t i c  f l o w  w o u l d  o c c u r .  T h i s  

k i n d  o f  d i s t o r t i o n  c o u l d  h a v e  a f f e c t e d  c a l c u l a t i o n s  m a d e  b y  o t h e r  i n v e s t i g a 

t o r s  a l s o .

A n  o u t l i n e  o f  t h e  m e t h o d  t h a t  w a s  u s e d  i s  f u r n i s h e d  i n  A p p e n d i x  D ,  b u t  

I t s  v a l u e  i s  n o w  u n c e r t a i n .

T h e  g e n e r a l  c o n c l u s i o n  d r a w n  f r o m  t h i s  e x p e r i e n c e  i s  t h a t ,  f o r  t h e  p r e 

s e n t ,  i t  i s  p r e f e r a b l e  t o  d e t e r m i n e  r e s i d u a l  s t r e s s e s  b y  m e a s u r i n g  t h e m .  T h i s

4-13
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§ i s  e s p e c i a l l y  t r u e  w h e n  o n e  c o n s i d e r s  t h e  g r e a t  v a r i e t y  o f  l o a d i n g  s i t u a t i o n s
Si; •

|  - i m p o s e d  o n  a  r a i l  i n  s e r v i c e .

V  , • - •S • ' ■ *
S  4 . 2 * 3  L a b o r a t o r y  M e a s u r e m e n t s  o f  R e s i d u a l  S t r e s s e s

I

S'

S'
fSt
M '§

I n  o r d e r  t o  g e t  m e a s u r e m e n t s  o f  s o m e  r e s i d u a l  s t r e s s e s  u n d e r  c o n t r o l l e d  

c o n d i t i o n s ,  a n d  a l s o  t o  h a v e  m e a s u r e m e n t s  w h i c h  m i g h t  b e  c o m p a r e d  t o  r e s i d u a l  

s t r e s s  c a l c u l a t i o n s  s u c h  a s  t h o s e  o f  M a r t i n  a n d  H a y  [ 4 - 5 ] ,  s o m e  l a b o r a t o r y  e x 

p e r i m e n t s  w e r e  p e r f o r m e d  a s  d e s c r i b e d  i n  A p p e n d i x -  E .  T h e  h e a d  r e g i o n  o f  a  

1 3 2 - l b  R E  r a i l  w a s  s i m u l a t e d  b y  t r i m m i n g  1 7 5 - l b  c r a n e  r a i l s .  T h e  l a t t e r  

s p e c i m e n s  w e r e  m o u n t e d  f i r m l y  t o  m i n i m i z e  r a i l  b e n d i n g  s t r e s s e s ,  a n d  t h e n  w e r e  

s u b j e c t e d  t o  o n e  o r  t h r e e  p a s s a g e s  o f  a  1 4 , 5 0 0 - l b  w h e e l  l o a d .  S t r a i n  g a g e s  

w e r e  t h e n  a f f i x e d  a n d  t h e  s p e c i m e n s  w e r e  s e c t i o n e d  i n  s u c h  w a y s  t h a t  r e s i d u a l  

s t r a i n s  p r o d u c e d  b y  t h e  r o l l i n g  c o u l d  b e  d e d u c e d  a s  a  r e s u l t  o f  r e l a x a t i o n  

c a u s e d  b y  t h e  s e c t i o n i n g .  R e d u n d a n t  c a s e s  i n d i c a t e d  t h a t  t h e  c a l c u l a t e d  

s t r e s s ,  a t  l e a s t  f o r  t h e  o n e - p a s s  s p e c i m e n ,  w e r e  m e a s u r e d  t o  w i t h i n  e r r o r s  

h a v i n g  s t a n d a r d  d e v i a t i o n s  o f  t h e  o r d e r  o f  8 0 0  t o  l , 4 0 0 p s i .  T h e  r e s u l t s  o b 

t a i n e d  f o r  r e s i d u a l  s t r e s s  o £ ,  < * y ,  ° z  ( t h a t  i s  l o n g i t u d i n a l ,  l a t e r a l ,  

a n d  v e r t i c a l )  a t  v a r i o u s  d e p t h s  a l o n g  a  v e r t i c a l  l i n e  t h r o u g h  t h e  c e n t e r  t o p  

o f  t h e  r a i l  a r e  s h o w n  i n  F i g u r e s  4 - 8 ,  4 - 9  a n d  4 - 1 0 ,  ( C o m p a r e  T a b l e s  E - 5  a n d  

E - 3 . )

‘ T h e s e  r e s i d u a l  s t r e s s e s  d e d u c e d  f r o m  m e a s u r e d  s t r a i n s  s h o w  t h e  l a r g e s t  

v a l u e  t o  b e  t h a t  f o r  o £  a t  d e p t h  0 . 0 7 0  i n .  T h e  O y  i s  a l s o  l a r g e  a t  t h a t  

d e p t h .  T h e s e  l a r g e  s t r e s s e s  a r e  c o m p r e s s i v e - ,  s o  t h e y  s h o u l d  c o n t r i b u t e  l i t t l e  

t o  p o s s i b l e  c r a c k  g r o w t h .  T e n s i l e  s t r e s s e s  s h o w n  h e r e  a r e  s m a l l  a n d  l i e  a t  a  

d e p t h  o f  a b o u t  0 V 5 0  i n .  I t  m a y  b e  n o t i c e d ,  h o w e v e r ,  t h a t  a l l  t h r e e  c o m p o n e n t s  

a t  t h a t  d e p t h  i n c r e a s e  w i t h  t h e  i n c r e a s i n g  n u m b e r  o f  p a s s e s .  T h i s  s u g g e s t s  

t h a t  w i t h  m a n y  p a s s e s  o f  t h e  l o a d ,  s u b s t a n t i a l  t e n s i l e  s t r e s s e s  m i g h t  d e v e l o p  

a t  t h a t  g e n e r a l  d e p t h s  C o m p a r i s o n  o f  t h e  s t r e s s e s  i n  F i g u r e  4 - 1 0  w i t h  t h o s e  

c a l c u l a t e d  b y  M a r t i n  a n d  H a y  ( s e e  F i g u r e  4 - 4 )  s h o w s  s o m e  s i m i l a r i t y ,  b u t  t h e i r  

s t r e s s e s  a r e  g e n e r a l l y  h i g h e r .  S o m e  o f  t h i s  d i s c r e p a n c y  n i g h t  b e  a t t r i b u t a b l e  

t o  t h e  l o w e r  l o a d  a m p l i t u d e ' i n  t h e  l a b o r a t o r y  t e s t .

4 - 1 6
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4.2.4 Residual Stresses of Rails in Service

M e a s u r e m e n t s  o f  r e s i d u a l  S t r e s .  ; e s  i n  r a i l s  t h a t  h a v e  b e e n  i n  s e r v i c e  f o r  

s i g n i f i c a n t  l e n g t h s  o f  t i m e  a r e  n o t  a b u n d a n t ,  b u t  a  f e w  s u c h  d a t a  h a v e  b e e n  

p r e s e n t e d  r e c e n t l y  b y  G r o o m  [ 1 - 1 9 ] ,  s o m e  o f  w h i c h  a r e  s h o w n  i n  F i g u r e  1 - 4 .

T h e  r a i l  i n v o l v e d  i n  t h a t  f i g u r e  w a s  a  1 3 2 - l b  R E  r a i l  w h i c h  h a d  b e e n  u s e d  i n  

t a n g e n t  t r a c k  s u b j e c t e d  t o  a b o u t  3 0 0  m i l l i o n  g r o s s  t o n s  o f  g e n e r a l  t r a f f i c  

w i t h  a v e r a g e ,  s p e e d  4 0  raph a n d  m a x i m u m  5 5  m p h .  D u r i n g  t h e  s e c t i o n i n g  p r o c e 

d u r e ,  t h e  r a i l  h e a d  w a s  i n s t r u m e n t e d  W i t h  b i a x i a l  s t r a i n  g a g e s  a t  4 5  p o s i t i o n s  

s o  t h a t  a  f a i r l y  c o m p r e h e n s i v e  v i e w  o f  t h e  r e s i d u a l  s t r e s s e s  c o u l d  b e  

i n f e r r e d .

F i g u r e  1 - 4  s h o w s  o n l y  o n e  c o m p o n e n t  o f  t h e  r e s i d u a l  s t r e s s e s  d i r e c t l y ,  
r

n a m e l y  o x ,  b u t  t h e  r e f e r e n c e d  r e p o r t  p r o v i d e s  e n o u g h  d a t a  s o  t h a t  o t h e r  c o m 

p o n e n t s  c a n  b e  d e d u c e d .  T h u s ,  f o r  t h i s  r a i l  h e a d ,  i t  h a s  b e e n  d e d u c e d  t h a t  

t h e  f o u r  c o o r d i n a t e  c o m p o n e n t s  o f  s t r e s s  n o t  e x p e c t e d , t o ' v a n i s h  v a r y  a s  s h o w n  

i n  F i g u r e  4 - 1 1 .  T h e s e  r e s u l t s  r e l a t e ,  o f  c o u r s e ,  t o  a  s i n g l e  r a i l  h e a d ,  b u t  

t h e y  r e p r e s e n t  r e a l  c o n d i t i o n s ,  a n d  t h e  u n c e r t a i n t i e s  w h i c h  a f f e c t  t h e m  a r e  

o n l y  t h o s e  i n v o l v e d  i n  r e a s o n a b l y  f a m i l i a r  e x p e r i m e n t a l  p r o c e d u r e s ,  n o t  t h o s e  

i n v o l v e d  i n  u s e  o f  t h e  q u e s t i o n a b l e  a s s u m p t i o n s  a f f e c t i n g  e x i s t i n g  a n a l y t i c a l  

r e s u l t s .  T h u s ,  t h e s e  r e s u l t s  p r o b a b l y  a r e  a t  l e a s t  a m o n g  t h e  m o s t  r e a l i s t i c  

v a l u e s  n o w  a v a i l a b l e  f o r  r e s i d u a l  s t r e s s e s  i n  r a i l  h e a d s .

S e v e r a l  f e a t u r e s  o f  t h e  r e s i d u a l  s t r e s s e s  s h o w n  i n  F i g u r e  4 - 1 1  d e s e r v e  

c o m m e n t .  M a n y  o f  t h e  n o r m a l  s t r e s s e s  a r e  c o m p r e s s i v e  i n  n a t u r e  w h i c h  m i g h t  

i n f l u e n c e  f u r t h e r  p l a s t i c  f l o w .  T h e  l a r g e s t  v a l u e  s h o w n  h e r e  - 5 3 , 0 0 0  p s i  f o r

O y ,  a t  a  p o i n t  w h e r e  t h e  g r e a t e s t  p r i n c i p a l  s t r e s s  w a s  - 5 9 , 8 0 0  p s i ,  a n d  o n  
r

t h e  t r e a d  s u r f a c e  O y  r e a c h e s  a b o u t  - 4 1 , 0 0 0  p s i ,  b u t  t h e s e  c o m p r e s s i v e  v a l u e s

m a y  n o t  b e  t h e  v a l u e s  o f  m o s t  i n t e r e s t .  I f  t e n s i l e  v a l u e s  a r e  f a i r l y  l a r g e ,

t h e y  a r e  m o r e  i n t e r e s t i n g  s i n c e  t h e y  p r o m o t e  c r a c k  g r o w t h .

T h e  l a r g e s t  t e n s i l e  s t r e s s e s  a m o n g  t h e  n o r m a l  s t r e s s e s  i s  a  v a l u e  3 7 , 5 0 0

p s i  f o r  O y  a t  a  p o i n t  w h e r e  t h e  g r e a t e s t  p r i n c i p a l  s t r e s s  r e a c h e s  4 1 , 3 0 0

p s i .  A l s o ,  t h e r e  i s  a  f a i r l y  l a r g e  i n t e r i o r  r e g i o n  w h e r e  O y  e x c e e d s  3 0 , 0 0 0

p s i .  T h i s  c o m p o n e n t  o f  s t r e s s  w o u l d  c o n t r i b u t e  t o  c r a c k  g r o w t h  i n  v e r t i c a l

r
p l a n e s  i n  t h e  l o n g i t u d i n a l  d i r e c t i o n .  T h e  h i g h  t e n s i l e  v a l u e  o f  o x  i s

4 - 2 0
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1 8 , 4 0 0  p s i ,  a n d  t h e r e  i s  a  s i g n i f i c a n t  r e g i o n  w h e r e  c x  e x c e e d s  1 5 , 0 0 0  p s i .

T h a t  s t r e s s  c o m p o n e n t  m a y  c o n t r i b u t e  t o  c r a c k  g r o w t h  i n  v e r t i c a l  p l a n e s  I n  t h e  

t r a n s v e r s e  d i r e c t i o n .  T h e r e  i s  a  s m a l l ,  e c c e n t r i c  r e g i o n  w h e r e  cjz  e x c e e d s

2 0 , 0 0 0  p s i ,  r e a c h i n g  a  m a x i m u m  o f  2 1 , 2 0 0  p s i  a t  t h e  s a m e  p o i n t  w h e r e  t h e  

g r e a t e s t  p r i n c i p a l  s t r e s s  r e a c h e s  4 1 , 3 0 0  p s i .  T h i s  s t r e s s  m i g h t  p r o m o t e  c r a c k  

g r o w t h  i n , t h e  h o r i z o n t a l  p l a n e ,  t h o u g h  t h e  s p a n  f o r  t h i s  a c t i o n  s e e m s  n a r r o w . ■ 

T h u s ,  c r a c k i n g  i n  p l a n e s  o a r a l l e l  t o  t h e  c o o r d i n a t e  d i r e c t i o n  f i n d s  i t s  m o s t  

e n c o u r a g e m e n t  h e r e  f o r  v e r t i c a l ,  l o n g i t u d i n a l  p l a n e s ,  b u t  o t h e r  o r i e n t a t i o n s  

n i g h t  a l s o  b e  s u s c e p t i b l e  f o r  c r a c k i n g .

H i e  p r o s p e c t  f o r  s h e l l i n g  o f  t h e  r a i l ,  a s  c o n s i d e r e d  b y  M a r t i n  a n d  H a y  

[ 4 - 5 ]  a p p e a r s  r e l a t i v e l y  l e s s  i m p o r t a n t  h e r e  t h a n  i t  s e e m e d  t o  M a r t i n  a n d  H a y .  

A n  e x p l a n a t i o n  f o r  t h i s  m a y  b e  f o u n d  i n  t h e  l a t e r a l  s c a t t e r i n g  o f  t h e  c e n t e r s  

o f  c o n t a c t  a m o n g  w h e e l s  p a s s i n g  o v e r  t h e  r a i l .  A s  s h o w n  i n  F i g u r e  4 - 4 ,  t h e y  

b e g a n  t o  c o n s i d e r  t h i s  e f f e c t  b u t  d i d  n o t  p u r s u e  i t  t o  t h e  l e n g t h s  w h i c h  a c 

t u a l  r a i l  t r a f f i c  w o u l d  j u s t i f y .  T h e  b r e a d t h  o f  t h e  l a t e r a l  s c a t t e r i n g  i s
r  r

a l s o  i m p l i c i t  i n  t h e  p a t t e r n  s h o w n  i n  F i g u r e  4 - 1 1  f o r  t y Z , s i n c e  T y Z  f o r  a  

s i n g l e  p a s s i n g  l o a d  s h o u l d  b e  n e a r l y  a n t i s y m m e t r i c  a r o u n d  a  v e r t i c a l  l o n g i t u d 

i n a l  p l a n e  t h r o u g h  t h e  c e n t e r  o f  c o n t a c t ,  b u t  t h a t  a n t i s y m m e t r y  i s  e v i d e n t l y  

b l u r r e d  o v e r  a  b r o a d  c e n t r a l  z o n e .  P u r s u i n g  t h e  c o n c e p t  o f  t h i s  a n t i s y m m e t r y ,  

t h e  p a t t e r n  f o r  T y z  a l s o  s e e m s  t o  i m p l y  t h a t  t h e  a v e r a g e  p o s i t i o n  f o r  t h e  

c e n t e r  o f  c o n t a c t  w a s .  w e l l  t o w a r d  t h e  g a g e  s t d e ' o f  t h e  r a i l .

T h e s e  p a t t e r n s  o f  r e s i d u a l  s t r e s s e s  d o  n o t  r e v e a l  a l l  t h e  p o s s i b i l i t i e s  

f o r  d i s t r i b u t i o n s  o f  r e s i d u a l  s t r e s s e s ,  n o r  a l l  p o s s i b l e  e f f e c t s  t h e y  m i g h t  

h a v e  o n  r a i l  f r a c t u r e ,  b u t  t h e y  d o  p r o v i d e  a  r e a s o n a b l e  s t a r t  t o w a r d  u n d e r 

s t a n d i n g  t h e s e  m a t t e r s .

E:
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5. STRESSES AROUND RAIL-HEAD CRACKS

T h e  p r e v i o u s  s e c t i o n s  h a v e  b e e n  c o n c e r n e d  w i t h . d e s c r i p t i o n s  o f  s t r e s s e s  

i n  r a i l s  r e s u l t i n g  f r o m  v a r i o u s  w h e e l - r a i l  l o a d i n g  c o n d i t i o n s .  T h e s e  d e s c r i p 

t i o n s  h e l p  i n  d e v e l o p i n g  a n  u n d e r s t a n d i n g  o f  t h e  m e c h a n i c s  o f  t h e  r a i l ,  b u t ,  

w i t h o u t  a  f a i l u r e , c r i t e r i o n ,  l i m i t  l o a d s  o r  d e s i g n  l i v e s  s t i l l  c a n n o t  b e  c a l ~  

c u l a t e d .  O n l y  q u a l i t a t i v e  d e s i g n  m o d i f i c a t i o n s  c a n  b e  i n f e r r e d .

O n e  a p p r o a c h  t o  d e t e r m i n i n g ,  t h e  d e s i g n  l i f e  o f  a  r a i l  i s  t o  a s s u m e  t h a t  

d a m a g e  p r o c e e d s  i n  t w o  s t a g e s  c h a r a c t e r i z e d  b y  ( 1 )  t h e  t i m e  t o  n u c l e a t e  a  

c r a c k  a n d  ( 2 )  t h e  p e r i o d  n e c e s s a r y  t o  p r o p a g a t e  t h e  c r a c k  t o  a  c r i t i c a l  s i z e  

a f t e r  w h i c h  c o m p l e t e  f r a c t u r e  a n d  s e p a r a t i o n  o c c u r s .  F o r  e s t i m a t i o n  o f  t h e  

t i m e  n e c e s s a r y  t o  I n i t i a t e  f l a w s ,  t h e  m a i n  r e q u i r e m e n t s  b e y o n d  w h a t  h a s  b e e n  

d e v e l o p e d  I n  e a r l i e r  s e c t i o n s  a r e  a  f a i l u r e  c r i t e r i o n  a n d  a  m e t h o d  f o r  c a l c u 

l a t i n g  t h e  a c c u m u l a t i o n  o f  m a t e r i a l  d a m a g e  d u e  t o  l o a d  e n v i r o n m e n t .

I n  t h i s  s e c t i o n  m e t h o d s  f o r  d e s c r i b i n g  s t r e s s e s  a r o u n d  r a i l h e a d  c r a c k s  

o f  t y p e s  d e p i c t e d  I n  F i g u r e  i - l  w i l l  b e  I l l u s t r a t e d .  T h e s e  s t r e s s  d i s t r i b u 

t i o n s  c o n t r o l  t h e  p r o p a g a t i o n  s t a g e  o f  r a i l  d a m a g e .  T h e  f l a w s  w i l l  b e  a s s u m e d  

a s  t o t a l l y  e m b e d d e d  e l l i p t i c a l  c r a c k s ,  w h i c h  i s  p r o b a b l y  t y p i c a l  f o r  m a n y  

f l a w s  i n  e a r l y  s t a g e s  o f  t h e i r  d e v e l o p m e n t .  C o u p l i n g  t h e s e  s t r e s s  d e s c r i p 

t i o n s  w i t h  l o a d i n g  h i s t o r i e s  a n d  r e c o g n i z e d  f o r m u l a s  f o r  c o m p u t i n g  t h e  n u m b e r  

o f .  c y c l e s  f o r  e a c h  i n c r e m e n t  o f  c r a c k  l e n g t h  w o u l d  b e  u s e f u l  i n  p r e d i c t i n g  

f a i l u r e  t i m e s ,  s i n c e  a  s i g n i f i c a n t  p a r t  o f  t h e  d e s i g n  l i f e  m a y  b e  s p e n t  i n  

p r o p a g a t i n g  a  f l a w  t o  f a i l u r e .

5 . 1  S O M E  F U N D A M E N T A L S  O F  F R A C T U R E  M E C H A N I C S

F r a c t u r e  ® # c h a n l c s  m e t h o d o l o g y  w a s  d e v e l o p e d  i n  o r d e r  t o  p r e d i c t  t h e  

l i f e  e x p e c t a n c y  o f  f l a w e d  8 t r u c t * * r « ' A  s n i b f e c t e d  t o  c y c l i c  l o a d s .  I t  p r o v i d e s  a  

m e a n s  b y  w h i c h  p r e d i c t i o n ,  o n  a  s t a t i s t i c a l  b a s i s ,  c a n  b e  m a d e  f o r  g r o w t h  o f  a  

f l a w  p r o p a g a t i n g  f r o ®  a  s s a a i !  d e / f r ; - 1 .  F o r  t h i s  a a r p o s e ,  t h e  a p p l i c a t i o n  o f  

f r a c t u r e  m e c h a n i c s  t o  f a l l ,  f a i l u r e  p r o b l e m s  r e q u i r e s  t h e  f o l l o w i n g  i n p u t  i n 

f o r m a t i o n :

5-1
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1 )  t h e  s p e c t r u m  o f  l o a d s  a p p l i e d  b y  t h e  p a s s i n g  w h e e l s  a n d  t h e r m a l  a c 

t i o n s ,

2 )  t h e  l o c a l  s t r e s s  f i e l d s  r e s u l t i n g  f r o m  t h e  l o a d  e n v i r o n m e n t ,

3 )  t h e  m e c h a n i c a l  a n d  f r a c t u r e  p r o p e r t i e s  ( y i e l d  s t r e n g t h ,  t e n s i l e  

s t r e n g t h ,  f r a c t u r e  t o u g h n e s s ,  e t c . )  o f  t h e  r a i l  s t e e l  i n  w h i c h  t h e  

s t r e s s  f i e l d  o c c u r s .

W i t h  t h i s  i n f o r m a t i o n ,  - f r a c t u r e  m e c h a n i c s  c a n  b e  u s e d  t «  . a d d r e s s  s p e c i f i c  

q u e s t i o n s  { 5 - 1 ]  s u c h  a s :

1 )  W h a t  i s  t h e  r e s i d u a l  s t r e n g t h  a s  a  f u n c t i o n  o f .  c r a c k  s i z e ?

2 )  W h a t  s i z e  o f  c r a c k . e a n  b e  t o l e r a t e d  a t  t h e  e x p e c t e d  s e r v i c e  l o a d ,  

i . e . ,  w h a t  i s  t h e  c r i t i c a l  c r a c k  s i z e ?

3 )  H o y  l o n g  d o e s  i t  t a k e  f o r  a  c r a c k  t o  g r o w  f r o m  a  c e r t a i n  i n i t i a l  

s i z e  t o  t h e  c r i t i c a l  c r a c k  s i z e ?

A )  W h a t  s i z e  o f  p r e - e x i s t i n g  f l a w  c a n  b e  p e r m i t t e d  a t  t h e  m o m e n t  t h e  

s t r u c t u r e  s t a r t s  i t s  s e r v i c e  l i f e ?

5 )  H o w  o f t e n  s h o u l d  r h e  s t r u c t u r e  b e  I n s p e c t e d  f o r  c r a c k s ?

A  d e t a i l e d  e x p o s i t i o n  o f  t h e  p r i n c i p l e s  o f  f r a c t u r e  m e c h a n i c s  , c a n  b e  f o u n d  i n  

R e f e r e n c e  5 - 1 .

T h e  g r o w t h  o f  a  c r a c k ,  i n  a  b o d y  s u b j e c t e d  t o  «  g e n e r a l  l o a d i n g  s a y  b e  

v i e w e d  i n  t e r m s  o f . t h e  t h r e e  m o d e s  [ 5 - 1 ]  i l l u s t r a t e d  i n  F i g u r e  5 - 1 .  S t r e s s e s  

a c t i n g  p e r p e n d i c u l a r  t o  t h e  c r a c k  f a c e  a r e  r e s p o n s i b l e  f o r  t h e  o p e n i n g ,  o r  

M o d e  I ,  b e h a v i o r .  S h e a r  l o a d s  m a y  c a u s e  s l i d i n g ,  ( M o d e  I I )  o r  t e a r i n g  ( M o d e  

I I I  a c t i o n ) .  M o d e  I  a c t i o n  i s  u s u a l l y  t h e  m o s t  i m p o r t a n t ,  b u t  g e n e r a l  c r a c k  

g r o w t h  i s  a t t r i b u t a b l e  t o  t h e  c o m b i n e d  a c t i o n s  o f  a l l  t h r e e  m o d e s .  I t  m a y  b e  

a d d e d  t h a t  i n  t h e  p r e s e n c e  o f  a  c r a c k ,  t h e  s t r e s s  f i e l d s  a r o u n d  i t  c a n  u s u a l l y  

b e  c a l c u l a t e d  b y  o n l y  a p p l y i n g  o n  t h e  c r a c k  f a c e  t h e  n e g a t i v e s  o f  t h e  s t r e s s e s  

c a l c u l a t e d  o n  t h e  b a s i s  t h a t  t h e  c r a c k  i s  a b s e n t .  T h u s  t h e  c r a c k  l o a d s  a r e  

e f f e c t i v e l y  l o a d s  c o n t r i b u t e d  b y  t h e  p r e s e n c e  o f  t h e  c r a c k .

W i t h  t h e  p r e s u m p t i o n  t h a t  t h e  s t r e s s e s  o n  t h e  c r a c k  f a c e  a r e  k n o w n ,  

s t r e s s  a n a l y s i s  c a n  b e  u s e d  t o  d e t e r m i n e  s t r e s s  p a t t e r n s  i n  t h e  v i c i n i t y  o f

5 - 2
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C h e  c r a c k . -  I f  C h e  b o d y  i s  p r e s u m e d  C o  b e  / l i n e a r l y  e l a s t i c ,  C h e n  C h e  s t r e s s  

c o m p o n e n t s ,  b e c o m e  i n f i n i t e  a t  C h e  c r a c k  f r o n t ,  v a r y i n g  i n  p r o p o r t i o n  C o  1/ 
w h e r e  r '  i s  d i s t a n c e  f r o m  t h e  c r a c k  f r o n t .  I n  v i e w  o f  t h i s , '  u s i n g  l o c a l  

c o o r d i h a c e s  n * ,  t ’ , .  z '  a s  i l l u s t r a t e d  i n  F i g u r e  5 - 1 ,  C h e  s C r e s s  i n t e n s i t y  

f a c C o r s  m e n c i o n e d  i n  C h a p C e r  I ,  c o r r e s p o n d i n g  C o  C h e  C h r e e  m o d e s  d e p i c t e d  i n  

F i g u r e  5 - 1  a r e  d e f i n e d  a s  f o l l o w s :

l i m i c .

K I  “  n ’ - » 0
"V 2 n n * [ a  ,  ,  ]  

L n . ’ n V
z ’ = 0

Kt = , ,]
I I  t r + O  L z * n , J  ,•» * 2

( 5 - 1 )

I I I . «*f =iz'=0

T h e s e  q u a n c i c i e s  a r e  c o n c i s e  a n d  . m a y  b e  s h o w n '  C o  i m p l y  m u c h  u s e f u l  i n f o r m a t i o n  

a b o u t  s c r e s s  f i e l d s  n e a r  C h e  c r a c k  f r o n C  a n d  a b o u C  C e n d e n c i e s  f o r  c r a c k  

g r o w t h ,  e v e n  C h o u g h  t h e y  a r e  b a s e d  o n  C h e  s o m e w h a t  g e n e r o u s  a s s u m p t i o n  - t h a t  

t h e  s t r e s s e s  e v e r y w h e r e  a r e  w i t h i n  t h e  e l a s t i c  r a n g e .

As a n  e x a m p l e  o f  s t r e s s e s  n e a r  a  c r a c k  f r o n t ,  c o n s i d e r  a  c r a c k  o f  l e n g t h  

2 a  i n  a n  i n f i n i t e  b o d y  u n d e r  p l a n e  s t r a i n  s u b j e c t e d  t o  t h e  a c t i o n  o f  a  r e m o t e  

u n i f o r m  t e n s i l e  s t r e s s  o Q n o r m a l  t o  t h e  c r a c k  p l a n e .  T a k i n g  r 1 t o  b e  d i s t a n c e  

f r o m  o n e  o f  t h e  c r a c k  t i p s  a n d  9 ’ t o  b e  a n g u l a r  ; o f f s e t  f r o m  c r a c k  p l a n e  ( a s  i n  

F i g u r e  5 - 1 ) ,  i t  c a n  b e  s h o w n  [ 5 - 1 ]  t h a t  i n  t h e  v i c i n i t i y  o f  t h e  c r a c k  t i p  t h e  

s t r e s s e s  a r e :

/ a  6 ’ 0 *  3 9 *

V n *  =  a o \ 2 F  c o s  T  ( I " s i V  S l n  »

° f t ’  =  2 v °

8’
o\ 2r' cos T

z  z *  o \ 2 r

9 0' 3 8 '
-  c o s  ■ = -  ( 1 + s i n  ■=—  s i n  - = - )  , ( 5 - 2 )

n r  8' e*
T z , n '  =  a o V 2 F r  s l n  T  cos T COS

39'

V t ’  =  T t , z '  "  0  *

5 - 4



T h e s e  e q u a t i o n s  s h o w  o n l y  t h e  f i r s t  t e r m s  o f  r e s p e c t i v e  s e r i e s  e x p a n s i o n s ;  s o  

t h e y  a r e  v a l i d  o n l y  i n  a  l i m i t e d  r e g i o n  a r o u n d  t h e  c r a c k  f r o n t  [ 5 - 1 ] .  I t  m a y  

b e  s e e n  t h a t  t h e s e  e q u a t i o n s  h a v e  t h e  g e n e r a l i z e d  f o r m

o
i j

(6’) ( 5 - 3 )

w h e r e

K „  = o V J T  .  ( 5 - 4 )
I  o

T h u s  K j h e r e  p r o v i d e s  a  d e s c r i p t i o n  f o r  s t r e s s e s  n e a r  t h e  c r a c k  f r o n t .  S i m i 

l a r  e q u a t i o n s  m a y  a l s o  b e  d e r i v e d  f o r  s t r e s s e s  a r i s i n g  f r o m  s h e a r i n g  s t r e s s e s  

a p p l i e d  f a r  f r o m  t h e  c r a c k ,  u s i n g  K T I  o r  K j j j  i n s t e a d  o f  K j .  A l t e r n a t e  r e l a 

t i o n s  c o u l d  b e  d e r i v e d  r e l a t i n g  K I »  K I I  a n d  K j j j  t o  s t r e s s e s  n e a r  t h e  c r a c k  

f r o n t  w i t h o u t  p r e s u m i n g  p l a n e  s t r a i n  c o n d i t i o n s .

T h e  q u a n t i t i e s  K j ,  K j j  a n d  K j j j ,  a r e  m e a s u r e s  o f  t h e  s t r e n g t h  o f  t h e  

s t r e s s  f i e l d  a t  t h e  c r a c k  t i p .  T h e r e  e x i s t - v a l u e s  o f  t h e s e  f a c t o r s  b e l o w  - 

w h i c h  c r a c k  e x t e n s i o n  d u r i n g  c y c l i c  l o a d i n g  w i l l  m o s t  l i k e l y  n o t  o c c u r ;  t h e s e  

a r e  c a l l e d  t h r e s h o l d  v a l u e s .  T h e r e  a l s o  e x i s t  c r i t i c a l  v a l u e s  o f  t h e s e  f a c 

t o r s  a b o v e  w h i c h  f r a c t u r e  w i l l  p r o b a b l y  o c c u r  d u e  t o  a  s i n g l e  l o a d  a p p l i c a 

t i o n ;  t h e s e  v a l u e s ,  d e n o t e d  b y  K j c ,  K j l c  an<* ^ I I I c *  a r e  m a t e r i a l  p a r a m e t e r s .

• A n  a l t e r n a t i v e  a p p r o a c h  t o  d e s c r i b i n g  e f f e c t s  o f  e l a s t i c  s t r e s s  f i e l d s  

i n  a  c r a c k  r e g i o n ,  i s  b a s e d  o n  e n e r g y  c o n c e p t s .  T h e  i d e a ,  k n o w n  a s  t h e  

G r i f f i t h  c r i t e r i o n ,  s t a t e s  t h a t  c r a c k  e x t e n s i o n  w i l l  o c c u r  o n l y  i f  t h e  s t r a i n  

e n e r g y  i n  t h e  b o d y  t h a t  w o u l d  b e  r e l e a s e d  i f  c r a c k  e x t e n s i o n  o c c u r r e d ,  i s  e q u a l  

t o  e n e r g y  o r  w o r k  d o n e . o n  t h e  b o d y  d u r i n g  t h e  c r a c k  e x t e n s i o n .  T h e  e q u i v a l 

e n c e  o f  t h e  G r i f f i t h  c r i t e r i o n  a n d  t h e  c o n c e p t  o f  s t r e s s  i n t e n s i t y  f a c t o r s  c a n  

b e  s h o w n .  T h e  c r i t e r i o n  i s  v a l i d  a s  l o n g  a s  t h e  p l a s t i c  z o n e  a r o u n d  t h e  c r a c k  

f r o n t  i s  s m a l l  i n . c o m p a r i s o n  w i t h  t h e  c r a c k  s i z e .  S e v e r a l  o t h e r  c r i t e r i a  h a v e  

b e e n  f o r m u l a t e d  t o  p r e d i c t  c r a c k  e x t e n s i o n  i n  h i g h  t o u g h n e s s  m a t e r i a l s  a l s o ,  

w h e r e  p l a s t i c  d e f o r m a t i o n s  m a y  b e  m o r e  e x t e n s i v e ,  b u t ,  i n  g e n e r a l ,  t h e i r  a p 

p l i c a b i l i t y  i s  m o r e  l i m i t e d .

A s  w a s  m e n t i o n e d  p r e v i o u s l y ,  f o r  t h e  s t r e s s  i n t e n s i t y  f a c t o r s  t o  b e  

m e a n i n g f u l  i n  p r e d i c t i n g  d e s i g n  l i f e  o f  a  s t r u c t u r e ,  i t  m u s t  b e  c o n s i d e r e d  i n  

r e l a t i o n  t o  t h e  m a t e r i a l ' s  m e c h a n i c a l  a n d  f r a c t u r e  p r o p e r t i e s .  F o r  n o n - c y c l i c

5-5
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l o a d  a p p l i c a t i o n ,  t h e  e q u a l i t y  o f  t h e  s t r e s s  i n t e n s i t y  f a c t o r  a n d  t h e  f r a c t u r e  

t o u g h n e s s  o f  t h e  m a t e r i a l  i s  o f t e n  u s e d  a s  t h e  f a i l u r e  c r i t e r i o n .  F o r  c y c l i c  

l o a d  a p p l i c a t i o n ,  t h e  a m p l i t u d e  o f  t h e  v a r i a t i o n  i n  t h e  s t r e s s  i n t e n s i t y  f a c 

t o r  c o r r e s p o n d i n g  t o  e a c h  l o a d  c y c l e  w i l l  g i v e  r i s e  t o  a  s p e c i f i c  c y c l i c  c r a c k  

g r o w t h  r a t e .  T h e  r e l a t i o n s h i p  b e t w e e n  t h e  c r a c k  g r o w t h  r a t e . ( o f t e n  w r i t t e n  a s  

d a / d n ,  n  b e i n g  t h e  n u m b e r  o f  l o a d  c y c l e s )  a n d  t h e  s t r e s s  i n t e n s i t y  f a c t o r  i s  

d e t e r m i n e d  b y  l a b o r a t o r y  o b s e r v a t i o n s  o f  c r a c k  e x t e n s i o n  i n  s m a l l  s p e c i m e n s  

s u b j e c t e d  t o  c y c l i c  l o a d i n g s .  V e r y  o f t e n  t h e  r e l a t i o n s h i p  b e t w e e n  d a / d n ,  K  

a n d  t h e  i n c r e m e n t a l  A K  d e p e n d s  o n  a  v a r i e t y  o f  f a c t o r s  a n d  i s  r e p r e s e n t e d  b y  

a n  e m p i r i c a l  o r  s e m i e m p i r i c a l  e q u a t i o n .  A  l a r g e  n u m b e r  o f  t h e s e  r e l a t i o n s h i p s  

h a v e  b e e n  d e v e l o p e d .  S o m e  o f  t h e  m o r e  e f f e c t i v e  o n e s  a r e  d e s c r i b e d  i n  R e f e r 

e n c e  5 - 2 .  D a t a  o f  t h i s  t y p e  h a v e  b e e n  o b t a i n e d  f o r  r a i l  s t e e l s  a s  a  p a r t  o f  

t h e  D O T - T S C - 1 0 7 6  r e s e a r c h  p r o g r a m .

5 . 2  A N A L Y S E S  O F  S T R E S S E S  A R O U N D  C R A C K S  I N  R A I L  H E A D S  ‘

5 * 2 . 1  M e t h o d s  o f  C r a c k  S t r e s s  A n a l y s i s

Y
A n a l y s e s ,  o f  s t r e s s e s  a r o u n d  c r a c k s  i n  r a i l  h e a d s  c a n  b e  p e r f o r m e d  i n  

m o r e  t h a n  o n e  w a y .  ' I n  r e c o g n i t i o n  o f  t h e  s p e c i a l i z e d  s h a p e  o f  a  r a i l  a n d  o f  

t h e  v a r i o u s  k i n d s  o f  s t r e s s  s y s t e m s  w h i c h  m a y  a c t  o n  i t ,  i t  m a y  s e e m  t h a t  f i 

n i t e  e l e m e n t  c r a c k  a n a l y s e s  m i g h t  b e  m o s t  a p p r o p r i a t e .  T h e r e f o r e ,  s o m e  e f f o r t  

w a s  p u t  i n t o  o b t a i n i n g  f i n i t e  e l e m e n t  s o l u t i o n s  f o r  s t r e s s e s  a r o u n d  r a i l h e a d  

c r a c k s .  I t  w a s  f o u n d ,  h o w e v e r ,  t h a t  s u c h  c a l c u l a t i o n s  w e r e  q u i t e  e x p e n s i v e „■ 

b e c a u s e  o f  l e n g t h y  a s s e m b l y  a n d  c o m p u t i n g  t i m e s  a s s o c i a t e d  w i t h  f i n i t e  e l e m e n t  

m o d e l s  h a v i n g  t h e  n e c i s s a r y  m e s h  r e f i n e m e n t s .  E f f o r t s  w e r e  m a d e  t o  i m p r o v e  

t h e  a c c u r a c y  o f  t h e  s t r e s s  i n t e n s i t y  s o l u t i o n  b y  u s i n g  a  c r a c k  c l o s u r e  m e t h o d  

b a s e d  o n  e n e r g y  r e l e a s e  r a t e  [ 5 - 3 ] ,  b u t  i n  v i e w  o f  t h e  n e e d  f o r  a  l e s s  e x p e n 

s i v e  m e t h o d o l o g y  c o n s i d e r a t i o n  w a s  g i v e n  t o  s i m p l i f i e d  m e t h o d s  b a s e d  o n  f o r 

m u l a s  f o r  s t r e s s  I n t e n s i t y  f a c t o r s  a r o u n d  e l l i p t i c a l  c r a c k s .  F o r  c r a c k s  u n d e r  

n o r m a l  l o a d s ,  t h e s e  f o r m u l a s  w e r e  d e v e l o p e d  b y  S h a h  a n d  K o b a y a s h i  [ 5 - 4 1 ,  w h i l e  

f o r  s h e a r i n g  l o a d s  t h e y  w e r e  d e v e l o p e d  b y  S m i t h  a n d  S o r e n s e n  [ 5 — 5 ]



Shah and Kobayashi's analysis considered an elliptical crack embedded in 
an infinite medium that is subjected to a stress distribution' normal to the 
crack face, describable by a third order polynomial in two variables. Thus, 
if x' and y' are the local coordinates in the plane of the elliptical crack 
and the origin is located at the center, the periphery of the crack, i.e., the 
crack front, is given by

+  i l l  = ,

Shah and Kobayashi assumed that the pressure on the crack'face was of the 
form:

(5-5)

p(x\y‘) = Aqo + A10x* + A01y’ + A^x* + A^x'y* + A^y'
3 2 2 3

+ A30X' + A21x' y’ + A12X y ' + A03y’ (5-6)

Their formulation can be viewed as being also applicable to situations where 
the crack is buried deeply enough so that the effects, due to external surfaces 
of the body could be ignored. If the surfaces are nearer.to any point along 
the crack front than the major axis of the crack, their analysis can be ex
pected to give poor results unless the external surfaces ate specifically con
sidered.

Shah and Kobayashi's analysis employed the set of 10 constants, A,j, in 
Equation (5-6) to describe the load and another set of 10 stress-function con
stants for describing the variations of the stress-intensity factor Kj along 
the crack front. They developed a system of ten simultaneous equations relat
ing the two sets of constants. Appendix F contains analytical expressions 
corresponding to the formulation in Reference [5.4]. Appendix F, however, 
shows that by reorganizing their theory it is possible to solve for their 
stress-function constants algebraically, so that they can be evaluated as lin
ear combinations of the load constants, with coefficients depending oa the ec
centricity of the ellipse.



In order to formulate the solution for Kj, one may consider the ellipse 
to be as shown in Figure 5-2, with the semi-axes a and b and the parametric .. 
angle $. Also let

k' b/a and k = (l-k 2 V2
' ) (5-7)

and let Aj. be a reference stress, usually taken as Aqq if that is not zero. 
Then in terms of reorganized stress-function constants Yjj (see Appendix F), 
the stress intensity factor Kj is given by

1̂ /—  2 2 2--- = 4 \k'(l-k cos <j>) IYqO + Y 10COS <J> + YQ1simJ>-4y20cos <{> + Ŷ simjicosiJÂ Vffa"
■ ' id j 2 o i-AY02sin ^ Y30COS i1’_^21gos *sin<f>*r/,Y12cos(}isin (|)-4Yn ŝin if] .

(5-8)
’03‘

As in Appendix F, let the load constants Aij be expressed in dimensionless 
form by defining; . -

Ki j
Aj .â b̂

(5-9)

The relationship between the load constants sĉ j and the stress-function con
stants Yjj is formulated in Appendix F for any value of k', but it is appro
priate here to show it for some particular cases. Thus for k' =1, as it is 
when the ellipse becomes a circle, it can be shown that

Y00 = *2? ^00 + 5 îc20+K02^ *

Y01 “ 3? ̂ lO + *

Y10 “ IF^Ol + T(k21+3i<03^ ’

Y20 ° 6Ox (_3'C20'hC02) *

Y »  —  x ’ll 15rf 11 »

'02 6to(K20'3K02) (5-10)

5-8
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FIGURE 5-2. NOTATION FOR ELLIPTICAL CRACK
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Y30 = 1 0 5 it( ~ 3 ’: 3 0 +1c12^ * '

Y21 = T6J^_3':21+3,C03) ’ , -

Y12 = T05i^3c30-5,c12̂  ’

Y03 = ToS^^i-3^ 5 *

Alternatively taking k* =0.5 (that is a = 2b) the solution for the Yjj be
comes

Y00 “ °-2°6^31Al [<00 + 3 Ck20+*C02)1 »

Y10 ° 0.16380-454 [<lQ + y(3K30-Hc12)] ,

Tqi = 0.11865443 [<qj + 7’̂K21+3<02^ ’

I

%
*

$:•

%
if.
.js

t. .1 ' £

t- ■
■i.

Y,a « -0.02666517 + 0.007449899 , i2U 20 02 ' j-
1

^ii ” 0.10867004 tĉ  > , ' |
(5-i d  i

Yq2 T 0.00744990.x 2Q -0.01726190 kQ2 f |

Y30 “ "°*015'3369 ^30 + °*00454431 ^12 ’ f ■
x

Y21 = -0.02123300 tc21 +  0.01129074 <03 , • [/

. - • f
Y12 = 0.01363294 k -0.01829161 .< • , I

Yft, - 0.00376358 -0.00960409 . 103 21 03 !



These alternative cases are used in some illustrative calculations which are 
given, below. Using Appendix F, comparable solutions can be derived readily 
for any value of k*-

In a somewhat parallel fashion Smith and Sorenson [5-4] analyzed 
stresses arising from tangential loads on an ellipitical crack of the form 
shown in Figure 5-2. They presumed that the stresses on the crack faces are 
of the type

,® . n
= Z l A x y' for 0 g nri-n =3 ,m n mn (5-12)

,n
= r  i B x y for 0 S nri-n =3m n mn

These cubic polynomial-representations of the load functions include 20 coef
ficients, that is ten Amn and ten Bmn. In order to express the stress inten
sity factors Kjj and Kjjj due to these loads, they introduced twenty stress 
function constants amn and bmn which could be found from the coefficients Aan, 
®mn by solving 20 simultaneous linear equations having coefficients involving 
a, b, k, k' and elliptic integrals K(k) and E(k). Here too, as Appendix F 
shows, it is possible to reorganize their work in such a way that the 20 
.simultaneous equations can be solved algebraically. The process of reorgani
zation also revealed some inconsistencies which arose in the long algebraic 
manipulations underlying their formulas. The reorganization, fortified by 
comparison with Bell's formulas for stresses around a circular crack [5-5], 
shows fairly convincingly what the stress-intensity formulas' for the ellip
tical crack with shearing loads as above should be. Thus, using dimensionless 
load constants Amn and pmn in place of and Bmn, and using dimensionless 
stress function constants amn and 3mn in place of ajnn and bmn, Appendix F 
shows 0^  and 8mn as linear combinations of Amn and pmn with coefficients 
depending only on the eccentricity of the ellipse and Poisson's ratio v. 
Presuming v = 0.30, Appendix F displays these solutions for the amn and £an 
with purely numerical coefficients first for k' = 1 and later for k' * 0.5, in 
a form similar to that shown above for a normally loaded crack. In addition, 
the stress intensity factors Kjj and Kjjj can be displayed as expressions



comparable to that shown for Kj, but having 20 terms Instead of 10. Details 
are shown in Appendix F.

The analytic solutions derived for Kj, Kjj and Km'arising from load 
functions expressed as cubic polynomials of x' and y' are quite convenient to 
use. The confinement of the degree of the polynomials to three or less still 
allows fair flexibility in the loads to be considered. It should perhaps be ‘ 
remarked that if p(x',y*) arises as a change of stress owing to the presence 
of the crack, then it should nowhere be negative, since normal stress can be 
transmitted across a crack if it is compressive whereas a tensile stress can 
not be so transmitted.

5.2.2 Illustrative evaluations of Stress Intensity Factors

: I!

 ̂&  H

In order to apply the simplified formulae for stress intensity factors 
to railhead cracks it is necessary first to get cubic polynomial representa
tions for the stress field that would act on the plane of the crack were the 
crack absent and to convert it into the three stress components acting normal 
and tangential to the crack face. The coordinate conversion of course depends 
on the. orientation of the crack. If the crack is a transverse fissure, then 
the relation between the crack coordinates (x’.y',2') and the rail coordinates 
(x, y, z) is that shown by Figure 5-3, in particular

4 I ■ 
?!

c* - r* - -o (5-13)

The precise expression to use for the load depends on both the position in the 
rail and the component (or components) of the stress interrupted by the pres
ence of the crack. Thus there are many possible crack loads that could be 
analyzed on the basis of the railhead stress patterns described in the preced
ing chapters. The intent here is not to survey all possible patterns, but 
instead to provide some illustrations of stress intensity factors arising at a 
few locations, around hypothetical transverse fissures.

Consider first, cracks that are located in the transverse plane passing 
through the center of the wheel/rail contact. The rail stress component which

\
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may produce significant stress intensity factors, Kj, around such cracks is
the tensile stress ax« Reviewing the possibilities among stresses already
analyzed (Chapters 2, 3, 4) one finds tensile stress ax predominantly due to
the subsurface residual stress or, with additional contributions due to flex-x
ural and contact stresses. It must be noted that in the vicinity of the load, 
the flexural and contact stresses in the rail head are for the most part nega
tive, and hence their roie on Kj will be subtractive. But the same Is not 
true with respect to Kjj and Kjll* sum longitudinal elastic
flexure and contact stresses is denoted here as ae. Thus significant crack
openings can arise on these cracks whenever a +  a- is positive.

r. x xThe range.where itself is tensile is shown in Figure 4-10 in Chapter 4. 
It is eccentric toward the gage side, and is centered about-0.87 inch below 
the tread surface.. The positions where measurements were made are somewhat 
few, considering that no compressive stresses are significant here. Neverthe
less, the tensile values o* were fitted as required by Shah and Kobayashi, 
with emphasis on the higher values and on general location of the boundaries 
of the tensile zone. In terms of the.coordinates shown in Figure 1-2, the 
following approximate expression was obtained. Dimensionally y and z are in 
inches and ox.is pounds, per square inch.

o^CO.y.z) ‘ ’8667 - 2333y - 8667y2 - 2667y3 - 112000 (0>87-z)2 , (5-14)

where the global coordinates y and z are related to the local coordinates x*, 
y' (centered on the crack face) by, y = x* and 0,87-z ♦.y',

The data for determining o^(0,y,z) were taken.from the calculations 
underlying Figure 2-5, with emphasis on the zone where o^ is tensile enough to 
overcome the compressive values given by o®. This gave the expression

ax<0,y,z) ■= -6058 -5181(0.87-z) -4716(0.87-z}2 -5718(0.87-z)3 (5-15)

Combining this with the residual stress pattern shows the total, longitudinal 
stress on the relevant part of the plane x * 0 to be

5-13
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0_(O,y,z) = 12609 - 2333y - 5181 (0.87-z) - 8667y2 - 116716 (0.87-z)2

- 2667y3 - 5718 (0.87-z)3 . (5-16)

Since the above is everywhere positive on the face of the crack hypothesized 
here and tensile rail stresses induce positive crack loads p(x,,y'), the 
coefficients of this expression are those needed for the Shah and Kobayashi 
treatment. That is (in psi)

Aqo 12609, AQ1 = -2333, AQ. = -5181, = -8667, AR  = 0,

AQ2 = -116716, A3q = -2667, A21 = AJ2 “ 0, A^ = r5718 .

Further pursuit of the analysis depends on the shape of the crack.
Consider circular cracks, which are special cases of elliptical cracks, 

for which the.general solution for the constants Yjj in terms of load costants 
Kjj.fcas already been shown. Taking Af *= Aqq = 12609, and assigning.a Value to 
the radius A (which equals b for the circular case), the values of the 
follow readily from the values of the A^, and from them the constants Yjj 
follow also. Thus it is found that for circular cracks on the plane x * 0, 
centered 0.87 inch below the top of the rail, the values of Kj. (- psi inch) 
for two possible crack radii are: .,

ICj >= 28269 [0.15752 -0.00436 sin$ -0.00727 sin2<J. -0.00003 sin3$

or
+ cos-} (-0.00198 + 0.00002 sin8)] for a = 0.1 inch,

Kj = 48964 [0.14441 -0.013191 sin$-0.06546 sin2<{. -0.00089 sin3<j>

+ cos$> (-0.00637 +0.00042 sin 6)] for a ** 0.3 inch (5-17)
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These solutions are shown in Figure 5-4. The smaller crack, here Is small 
enough so that there is little variation of the load across its face, there
fore its stress intensity factor Kj is fairly uniform. The larger crack, 
because it has to relax the stress over a larger area, experiences generally 
higher, values-of Kj. Also, the variation of-Kj is stronger because of- the 
variation in the load on the crack face. The crack approaches the boundary of 
the tensile stress region most closely where <fr = 90° so it is reasonable that 
its Kj should be lowest there. It is farthest from that boundary where fr = 
180°, so the high value of Kj there is also reasonable. Since crack growth 
generally proceeds more easily with high Kp these results suggest why 
railhead cracks may tend to grow into an elliptical form.

Next consider an elliptical crack in the transverse plane through the 
center of contact. Let it to be centered 0.87 inch below the top of the tread 
surface. Taking its semiaxes to be a = 0.6 inch and b = 0.3 inch so that k' = 
0.5, it conforms to the second set of solutions shown for the constants in 
terms of the Here, presuming again the same overall load distribution
and taking = Aqq (although the latter choice is immaterial) it is found 
that

2  l/iKj 48963 (1-0.75 cos j,)V 16025-0.01470 sinfr-0.04858 stn2<fr-0.00100 sinV

+ cosfr(-0.02430 + 0.00540 sin <fr)], for a = 0.6 inch, b = 0,3 inch.

Again taking a =0.2 inch and b = 0.1 inch, it is found similarly that
Vi

Kj “ 28269 (1-0.?5cos2iJ>) [0.20130-0.00488 sin<fr-0.00540 sin^-0.00004 sinV

+ cos.fr (-0.00629 + 0.00020 sin2<fr)] , for a « 0.2 inch, b « 0.1 inch. (5-18)

These solutions are shown in Figure 5-5. Here again the curve for the smaller 
crack reflects little load variation, so the variations in the Kj curve result 
mainly from the ellipticity of the Crack. The Kj curve for the larger crack 
reflects both the ellipticity of the crack and the variations of the crack 
-load. It is interesting that the maximum Kj is slightly less than was found
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for the circular crack with radius 0.3 inch, and it occurs at a slightly dif
ferent angular position. The minimum Kj for this larger ellipse also is not 
as low as the Kj calculated for the larger circle, perhaps reflecting the fact 
that the elliptical crack front is more gently curved than the circle is near 
<j> = 90®. The intricate influences of overall crack load, the load variation, 
and the curvature of the crack front are not all intuitively obvious.

All the computed'K's to this point were found for x = 0. Of course1for 
points father from the contact patch tt-* component a® would change, so that 
the stress intensity factors too would vary from those shown here. The range 
of that variation would have some influence on the rate of crack growth, at 
least according to some crack-growth theories. In addition, away from the 
plane x = 0 shearing stresses arid r can arise which also would affect a 
transverse fissure.

In order to show some of the variation in Kj with changing distance from 
the contact region, and also to show some effects due to shear stress compon
ents on a transverse crack, consider next the same large elliptical crack when 
the center of contact Is one Inch away from the crack plane, so that x = -1.0 
Inch. The residual stress pattern acting on the crack plane, were the crack 
absent, is independent of x, but the stress o” contributed by the flexural and 
contact stresses changes. Fitting it in the. same manner as before to data for 
the ox(-l,y,z), drawn from Appendix B, shows

0®(-l,y,s) ■« -7345-5500 (0.87-2) + 2400y2 - 2510 (0.87-z)2 + 4250y2 (0.87-z)
-645 (0.87-z)3' (5-19)

Adding this to shows that the combined normal load distribution on the 
crack is

ox(-I,y,z) - 11322-2333y-5500 (0.87-z) -r6267y2 -114510 (0.87-z)2 -2667y3

+4250y2 (0.87-z) -645 (0.87-z)3 . (5-20)
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The normal load on the crack, here Is the above function, but with y ♦ x: and. 
(0.87-z) y' as before. From this load distribution, calculating Ki as 
before shows

■ - V-Kf = 43966 (1-0.75 cos2$) [0.16649-0.01317 sin<|> -0.06278 sin2$ -0.00418 sin3;?

+ cos£ (-0.02707 + 0.00602 sintf.)] (5-21)
There are no residual stress components ir or rr .but on the plane where x =zx xy-1 shear stresses do arise due to flexural and contact actions. Using the 
same data for these components as appear in Appendix B, and fitting them in 
the same general .lay as for other components, it was found that

Tsx(-i,y,z) ° -2760 -1690 (0.87-z) + 2600y2 -2680 (0.87-z)2 

+4OC*0y2 (0.87-z) + 1200 (0.87-z)3, and
t ,(-l,y.z) = 1800y + 2500y (0.87-z) -2530y“ xy (5-22)

The units for r, y, z are as before. The shear loads contributed by the crack 
are the negatives of these with y + x' and (0.8/-z) + y*. The coefficients 
of these functions, with signs reversed, provide the load constants Aian and 
BBn respectively as used in the Smith and Sorenson theory discussed in 
Appendix F, Thuc using the solution for the constants X and in terms of 
reorganized load constants â j and 8jj for the case where k* “ 0.5, one ob
tains the coefficients for the solutions for KI1 and Kjas shown in that 
appendix. These stress intensity factors are (again In psi ~Vinch).

KII -XT [p.06381-0.43399 sin$-0.04328 sin ̂ -0.20343 sin <js- \»i(l-0.75cos 4)‘4
0.08971 sin4$] , (5-23)

K. 2718cos$ fIII (1-O.75cosf-1 7 [-0*22909-0.13573 sin$ -0.13800 sin 4. -0.09997 sin $].(5-24)
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these stress intensity factors, together with Kj are drawn in Figure 5-6. It 
can be seen that these factors Kjj and Kjjj are smaller than Kj, but they are 
large enough to add significantly to possible effects from Kj. Thus, though 
Kj 1*5 slightly smaller at x = -1 inch from the wheel load than at x *•' 0, as 
comparison of Figures 5-5 and 5-6 shows, the overall effect of the stress in
tensity factors may not be less at x = -1 inches. Precise comparison of 
effects at x = -1 with those at x «* 0 depends, of course, on how effects from 
KI» KII and KIII combine.
5.2.3 Observations on ’'alculations of Stress Intensity Factors

/

The calculations of stress intensity factors presented here treat only a 
few transverse fissures at only two positions with respect to the center of 
typical wheel/rail contact. Of course, as a wheel rolls past a possible 
fissure in the rail head, that fissure is e cposed progressively to the stress 
distributions at all distances from the wheel rail contact. At the points 
considered in the illustrations, the longitudinal stress from rail flexure is 
compressive, but at more remote points it can be tensile. Adding tensile 
flexural stress to the tensile residual stress would increase the overall 
tensile stress and hence increase Kj. Two of the most significant values of 
stress intensity factor Kj arising at .a fixed point in the rail.are the 
highest and lowest that occur during the passage of the wheel (or of two or 
more wheels if their rail stress fields overlap). The importance of the 
lowest value is its effect on the range of the stress intensity factor.

It was observed earlier that among the components of residual stress the. 
value of becomes most highly tensile, at least among the data considered.
Of course there are flexural and contact stresses which are added to this dur
ing wheel passage. These components become significant for crack growth if 
longitudinal vertical fissures are considered. The magnitude of <ĵ suggests 
that stress intensity factors arising on cracks of this kind are often larger 
than those found above. Of course, this kind of crack might become very long 
before reaching a surface of the rail, so study of it might properly have fea
tures different from those involved in studying transverse fracture.

5-20

1
5

t
■I





Longitudinal, horizontal cracks (horizontal split heads), associated 
with stress components az also give rise to significant stress intensity 
factors, as some of the values of suggest.

» ; Complete application of stress intensity factor calculations would carry
’ j them into calculations of crack growth. The methodology introduced here could

. ■ he useful for that so long as the crack can be treated as essentially ellipti
cal and not too close to a rail surface. Treatment of cracks approaching a

* surface would require considerable extension to the methodology presented 
' '1 '■ " ' here.' -
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6. LABORATORY STUDY OF BOLTED-JOIN’1' BEHAVIOR

The investigations of the central region of the rail focused upon evalu
ating- the principal stress inducing mechanisms in rolling contact. These 
mechanisms are altered by the presence of the discontinuity represented by 
mechanical, bolted rail joints. This region of the rail exhibits unique be
havior which generates unique failure modes in the rail end region.

As part of the study of rail joint area stresses, some.laboratory tests 
were performed to provide data on joint behavior that would qualitatively in
dicate the effects of the various parameters. Additionally, it was envisioned 
that some of the experimental results could be used to compare against numer
ically computed values for stresses at typical joints. To this end, experi
ments were conducted to determine the internal joint forces and to ascertain 
the stresses at locations where rail end cracks commonly initiate.

In the study, a rail joint removed from service was instrumented and re
assembled in the laboratory. The joint was subjected to a variety of loading 
conditions in a specially constructed test fixture which had been designed to 
simulate actual track foundations.

The following subsections present descriptions of the joint, the test 
system, instrumentation and loading procedure, and some results,of the tests.

6.1 DESCRIPTION OF THE TEST SETUP AND, PROCEDURES

6.1.1 The Joint■— - ........... - ■ •
- . ■ ' • '
Although many different types of joint bars are in use today, a symmet

rical type was selected for modeling purposes because of its simplicity. The 
joint removed from service consisted of two 131-pound RE rails manufactured by 
Bethlehem Steel in 1945 at their Steelton Works and two short-toe joint bars
of the same vintage. It was found that each bar had a moment cf.inertia of 414.86 inches . The hole, spacing of the joint is shown in Figure 6-1. As used 
in the test facility, each rail was cut down to 13 feet from its original 
39-foot length.
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The joint was supplied through the courtesy of. the Southern Railroad. 
Approximately 400- to 580-million-gross tons of traffic had passed over it. 
Examination of the rail ends indicated extensive wear-in of the joint bars. 
Also* the rail.head was quite worn.
,6.1.2 Description of the Test Facility

' The test facility constructed for this investigation is shown in Figure 
'6-2. It consisted of a structural steel frame 26 feet long, constructed of 
12-inch-wide flange beams. Attached to this frame were structures for sup
porting hydraulic actuators and ties. -The simulated test trac’. consisted of 
the rail joint described earlier mounted on14 aluminum I-beam "ties" acting 
.. as simply supported beams spaced 22 inches apart. The spacing of the tie sup
ports could be varied to allow span changes for modifying the tie stiffness 
and, ultimately, the track modulus. Assuming that the system was supporting a 
13i-pound RE rail, the effective track modulus could be varied from 1 to 10 
ksi. The lateral stiffness of the foundation was provided by the action of 
the ties in longitudinal tension. Since this value could not be changed, the 
lateral track modulus was constant at a value of 33 ksi.

Loads were applied to the test joint in the vertical and lateral direc
tions by means of two hydraulic actuators acting through electrical resistance 
load cells. The vertical actuator was arranged so that up to a 0.75 inch load 
eccentricity (offset from canterline of the rail) could be obtained. The 
lateral actuator loaded the rail at a point 6.25 inches above its base. Both 
actuators were controlled by separate pressure sources which could be varied 
independently of each other.

6.1.3 Instrumentation

The first four aluminum ties On either side of the load actuators were 
instrumented with strain gages to monitor both vertical force by measuring 
bending stress in the tie and lateral force by measuring axial stress in the 
tie. The gage for measuring vertical tie force was positioned at the center 
of the lower flange of each of the instrumented ties. The lateral force gage





was positioned adjacent to a stress concentrating hole on the neutral axis of 
each tie. Figures 6-3 and 6-4 present calibration curves for both the 
vertical and lateral force transducers.

Instrumented track bolts were used to monitor bolt tensions in the joint. 
Each of the six bolts were provided with two strain gages mounted on milled 
flats on opposite sides of the shank. This arrangement was used to cancel 
bending effects. The bolts were calibrated in a universal testing machine in 
uniaxial tension and were' found to have a constant factor of 0.0438 micro- 
strain/pound.

Deflection of the center of the rail joint was measured vd.th a dial indi
cator relative to the floor of the laboratory.

Both joint bars and rail ends were instrumented for strain measurement. 
The location of those gages are shown in Figure 6-1. Gage positions on the 
joint bars were chosen for determining the magnitude and locations of the 
internal joint resultants, rather than for determination of maximum joint bar 
stresses. The rail gages were positioned to measure maximum stresses at 
points of particular interest where crack initiation has occurred in rail in 
service.

6.1.4 Calculation of Foundation Parameters

. As was noted before, it was possible to vary the track modulus in the 
rail test fixture. Beam-on-elastic-foundation theory assumes the rail to be 
supported on a continuous foundation. Track modulus, H, is the key parameter 
in the continuous foundation model. The representation of the rail resting on 
discrete supports employs an equivalent spring of spring constant, K-p. The 
equivalent spring constant, Kj, is related: to the continuous Foundation 
parameter, U, by

Kt - S * ” (6-1)

where if is the spacing between ties. In discretizing the continuous foun
dation model, it was asr**med that each tie supports the span between adjacent 
ties. The bending stiffness for a simply supported beam (the length of rail 
between adjacent ties) is
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FIGURE 6-4. ALUMINUM TIE CALIBRATION CURVES--!ENSION (STRAIN GAGE BRIDGE OUTPUT VERSUS LATERAL LOAD)
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Kt  -  4 8 E J /tT3 (6-2)

-RelationIs (6-1) and (6-2) were used to calculate the span between the adjacent 
3-inch aluminum I-beara that supported the rail in the test fixture. Each 
3-inch aluninuiglheaa had a moment of inertia of 2.54 inches .about, the axis of 
bending in the vertical plane. Support spans corresponding to track, founda
tion moduli, of lOOOi-pai-;. 5000 psî and 10,000>pM were used in the tests that 
were conducted. - -

6.2 RESULTS OF LABORATORY EVALUATIONS

6.2.1 Selection of Test Cases

Table 6-1 lists the specifications for tests conducted using the 
facilities just described and shows stresses calculated from strain 
measurements that were obtained. The tests were structured to investigate the 
effects of the important joint parameters; bolt tension, vertical and lateral 
. load magnitudes\ load position, foundation modulus, and combined loads. The 
effect of varying tensions in the bolts of a joint over the total range likely 
to be encountered in service was also studied. A variety of longitudinal and 
lateral load positions were used on either side of the rail end. The lateral 
load, when applied, was placed at the same longitudinal location as the 
vertical load. A foundation modulus value of 5000 psi was select-id as the 
baseline level, with foundation moduli of 1000 and 10,000 psi used to show 
trends. Some results of the tests indicated in Table 6-1 are discussed in the 
following.

6.2.2 Effects of Bolt Tension Only

Previous investigations have shown that the magnitude of bolt tensioe can 
have a profound effect on the state of stress in the joint. High bolt ten
sions have been recommended to maintain the effectiveness of the Joint to 
counteract wear and loosening of the bolts. The bolts wedge the joint bars
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Case

Specif cations Incremental Slteesee Calculated fron Strain Reading* at Cagee. ksl*
Bolt
Tens.
kips

Vert
toad
kips

tee.
inch

Lae
Load
kips

Long
Pos.
Inch

Vert
Mod
kst

first Hole Second Hole End of
Front Back front Beck Web

r --- i --- 3— i. ■ i 6 7 6 --- 9 10 11 12 13 14 15 16 17(f) 18(B)

1 5 0 _ .' 0 0.8 3.6 4.1 1.3 1.5 4.0 4.0 1.3 -2.0 - 1.3 4.4 3.6 1.7 7.8 2.6 1.4 -0.7 1.0
2 15 • 0 - 0 - 0.8 9.1 12. 1 3.2 3.1 10,1 10.6 3.2 -2.6 -0.9 8,9 6.2 2.8 13.9 7.3 6.2 -0.6 * 1.7
3 2) 0 * 0 - 0,6 11.9 19,9 6.(1 2.4 16,3 I7.fi 6,2 -1.3 0,2 I3r7 8.8̂ 3.1 19.2 IQ. t 9.1 -1.0 3.2
k 30 0 - 0 - 0.3 15.8 24.0 6.2 2.2 16.2 21.4 8.0 -0,9 1.1 16,1 10.4 6.6 21,H 11.1 10,3 -1,0 3.7
3 ee 0 - 0 - 0.0 11.3 20.7 7.6 2.3 12.2 19.3 9.8 -1.9 2.2 13.2 11.8 3.8 24.6 13.4 11.9 3.4 -5.6

6 as 20 0 0 0.0 5 - 3.6 -0.5 -5.3 -4.5 -1.6 0.0 -1.3 -3.4 -3.5 -5.1 2.2 -1.3 3.8 -2.9 -3.8 -3.1 -3.6 -9.6
7 ** 35 0 0. o.b 5 - 5.2 -2.5 -7.4 -4.6 -2.8 -2.0 -1.7 -6.1 -4.4 -6.7 2.9 -2.2 3.3 -4.6 -5.9 -5.0 -3.6 -16.2
8 •a 20 0.25 0 0.0 5 3.0 1.0 -5.0 -5.1 -1.6 .0.0 -0.7 -5.0 -3.4 -6.1 2.6 -1.3 4.1 -2.7 -3.7 -3.5 -1.6 -10.0
9 aa 20 0.50 0 0.0 5 -2.1 2.3 -4.1 -5.1 -2.0 -0.2 -0.5 -3.7 -2.7 -6.6 2.7 -1.3 3.9 -2.4 -3.9 -3.7 0.5 -13.3
lb aa 20 0.75 0 0.0 5 -1*6 2.7 -3.4 -4,7 -1.9 -0.3 -0.3 -2.8 -1.9 n&.4 2.3 3.8 -2.3 -3.6 -3.7 3.3 -20.7

n 30 0 10 -1.5 5 ; -2.4 0.6 6.1 3.7 -0.7 2.4 6.0 I.H 1.0 3.6 -0.7 1.2 (.5 0.9 3.8 4.1 17.8 . -14.0
12 30 20 0.50 ' 10 -1.5 5; r?.o -3.0 -1.1 1.2 -0.3 -0.9 0.3 -1.0 -0.4 0.3 1.2 0.9 3.0 -1.3 -1.3 -2.0 -4.7 -11.3

13 •30 33 ' 0 0 -1.5 5 -2.1 -9.! -3.2 4.6 -0.7
'

•6.1 -1.2 2.8 1.7 2.9 0.5 .0.0 2.2 -1.4 -4.0 -2.A -1.6 -20.6
14 30 33 0 0 -6.0 5 -1.9 0.8 •0.2 -1.1 0.4 . 3.6 1.3 -3.6 -4.1 -4.2 l.l . -0.3 2.1 -1.8 2.1 -2.2, . 7.5 -1.5
15 aa 35 0 0 -8.0 > -1.1 1.0 -0.9 -0.9 2.5 3.6 0,1 -2.8 -3,2 -3.9 1.3 !-0.8 .2.2 -2.0 -2.0 -2.0 5.4 -1.1
16 aa 35 0 ‘0 -10.0 5 -1.5 -0.7 -1.1 0.3; 1.4' 0.9 0.4 -1.6 -3.2 -2.5 1.6 -0.9 2.0 “ 1.9 -1.7 -2.2 3.6 -O.B

17 aa 20 0 0 0.0 10 -3.4 -0.5 -3.) -4.6)-1.6 o.b -1.3 -5.5 -3.7 -5; 2- 2.1 -J.8 3.) -2.9 -3.5 -3.J . -6.1 -7.3
ie aa . 20 0 0 0.0 l -4.5 -2.9 -3.3 -2.6 -2.2' -2.5 -1.4 -3.7 -1.7 -1.3 l. l -i.6 2.7 -3.1 -2.6 -2.5 -3.6 -6.9

19 aa 20 0.50
—

0 0.0 10 -2.1 2.2 -4.4 -3.3 -2.0 -0.3 -0.8 -3.8 -2.7 -6.8 2.6 - l . 5 3,4 -2.2 -3.6' -J.7 -1 ;4 -11.3
20 IS 20 0 0 -1.5 5 -1.3 -2.1 -0.7 1.0 -0.2 -0.5 0.2 -0.8 -0.6 -0.4 - 0.9 -1.0 1.6 -1.9 -1.7 -1.6 •2.6 -14,3
21 5 20 0 0 -1.5 > -0.7 -3.2 -1.5 1.4 -0.4! -2.5 -0.8 1.0 1.3 1.8 0.7 -0.1 . 0.8 -1.4 -1.1 - l. l l. l -11.5
22 30 20 0 10 -1.5 5 -2.8 -3.2 -0.7 1.7 0.1 -0.3 1.1 -1.1 -2.0 -0.2 0.9 2.0 3.2 -0.9 -4.7 -1.9 6.0 -22.1

21 20 20 0 • 0 0.0 5 -3.4 1.3 -6.6 -6,8 -1.6 0.6 -2,0 -7.0 -7.7 -6.1 1.5t -l.6t 2.4t -2.01 -2.0 -1.8 -3.1 -4.4
24 20 20 0 0 1.75 5 0.4 -2.9 -8.7 -3.4 0.0 -1.9 -3.4 -3.3 -2.1 -4.6 1.3 -1.6 2.0 -2.1 -2.0 -1.8 -0.4 -o.j
25 20 20 0 0 2.75 5 1.6 -4.4 -6.6 -0.6 0.4 -3.2 -3.4 -2.0 0.2 -2.8 1.6 -2.3 2.1 -2.4 -2.2 -2.3 -0.6 -0./
26 20 20 0 0 4.00 5 0.3 -6.2 -4.6 1.6 0.3 -5.0 -5.1 1.0 1 • n 0.3 1.7 -2.8 2.3 -2.8 -2.7 •2.6 -0.6 -0.6

a. Case* ! to 3 ahov stresses from bolt tension only. Cases 6 to .26 .show added stresses Inrurrod by simulations of load., 
aa Bolt tendons ware about 29, 20, 29, 20, 29, 29 klpa, but the resulting Wit hole stresses were nearly like those from uniform'bolt tension 30 kips, us Cases 4 end 5 show, 

Head-web junction stresses for those cases differ. -s
f These entries were cosputed using bolt tension contributions like those.tor Case 24. >
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between the head and base of the rail, thus stretching the web. Thus, the 
effect of bolt tension on the.circumferential stresses at the bolt holes and 
on the stress at the head-web junction is important. Measurements of these 
stresses due tc bolt tension only are shown in Figure 6-5 for four uniform 
levels of bolt tension. The numbers shown in these and similar subsequent 
figures are stress magnitudes in ksi, tangent to the periphery of the bolt 
hole or tension at the head-web junction. Minus values denote compression. 
Parenthetic values were obtained from gages affixed to the back side of the 
web. ■

The part of Figure 6-5 for bolt tension equal to 30 kip shows rather high 
tensile stresses occurring at gage positions 3 and 7. Nonuniformities in the- 
mating parts result in bending as well as tension in the web, and this 
accounts for differences between the front and back. The lack of compression 
at strain gage position 1 (see Figure 6-1) which might be expected by viewing 
the web as an infinite sheet with a hole under tension, may reflect longitud
inal (and vertical) restraints due to the relatively stiff head and base of 
the rail. The distribution of stress around the front side of the hole near
est the rail end is shown also in Figure 6-6, together with the effect of bolt 
tension at several locations. The effect of bolt tension at these locations 
is seen to be quite linear.

Gases 6 to 10 and 15 to 19 in Table 6-1 employed bolt tensions somewhat 
less than 30 kip, reflecting a state of natural loosening. Case 5, which 
represents observations made before the load of Case 6 was applied, shows the 
stresses measured under this mild loosening. Comparing stress measurements 
for Cases 4 and 5 shows that the stresses were little affected by this much 
loosening, though they could have been much changed by further loosening.

6.2.3 Effects of Vertical Loading on Centerline

Cases 6 and 7 show the additional increments of stresses due to either of 
two levels of vertical loads applied centrally at the joint. Under train 
loads, these values are superimposed upon the initial stresses due to bolt 
tension only. All three of these sets of measurements are shown in Figure
6-7, and their variation is shown further in Figure 6-8. It can be seen that
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with this bolt tension the stresses are dominated by that tension but the ver
tical loading changes the stresses significantly.

Movement of thê .point of wheel/rail contact along the rail alters the ef
fect of the vertical load on bolt hole stresses. The changes in the. stresses 
caused by varying longitudinal placements of a 20 ksi vertical load away from 
the joint are shown by several cases in Table 6-1. Cases involving four posi
tions are illustrated in Figure 6-9, which shows measurements found when the 
load position was at the joint or 1.75 or 2.75 or 4.0 inches from the joint 
towards the rail with the gages. The longitudinal variations of the incre
mental stresses due to the load, as measured by six of the gages, are shown 
further in Figure 6-10. These measurements'were made with a somewhat reduced 
bolt tension, namely 20 kips. It can be.seen that the variation is very sim
ilar for diametrically opposite gages but is displaced with respect to the 
variations at other gages. The magnitude of this variation is also- large 
enough to be significant.

6.2.4 Effect of Eccentric Vertical Loading

Cases 8, 9 and 10 of Table 6-1 delineate the effects of eccentric verti
cal load applied at the joint. Op to 0.75 inch eccentricity was used for this 
test^ Figure 6-11 shows the incremental stresses incurred by a 20 kip verti
cal load on the rail with slightly loosened bolts, and Figure 6-12 shows the 
variation of these stresses around the bolt hole. These increments to the 
bolt holes stresses are fairly similar to those shown in Figure 6-8, but those 
from the eccentric load tend to be more tensile. The largest effects from 
eccentric loading, however, can be seen in the stresses at the head-web junc
tion, as shown In Figure 6-11.

6.2.5 Effect of Lateral Load

Cases 11, 12 and 22 show effects due to the application of a 10-kip 
lateral load to the rail head. It is observed that the lateral load results 
in tensile stress increments of relatively small magnitude. Of particular
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FIGURE 6-

Cgss 26
Bolt Tensions520kips, Fpundot ion Modulus s 5000 psi

. INFLUENCE OF LONGITUDINAL POSITION OF LOAD ON INCREMENTAL 
BOLT-HOLE STRESSES (IN KSI) DUE TO 20,000-LB VERTICAL LOAD '
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importance may be the very large tensile stress occurring in the fillet region 
at the rail head* Figure 6-13 presents results for the combined vertical and 
lateral loading, including Case 12 in which the vertical load also has an 
eccentricity 0.50 inch. These loading cases are detrimental tc rail life.

6.2,6 Effect of Variation in Foundation Modulus

Figure 6-14 presents the. effect of variation in foundation modulus on the 
first bolt hole stresses. The moduli considered were .1, 5, and 10 ,ksi respec
tively. It is observed that this change in support condition had a consider
able effect on the stress at the upper 45-degree position and on that at the 
lower 45-degree position. Figure 6-15 also presents these results, and there 
it can be seen that the stresses change considerably as the modulus changes 
from 1000 psi to 5000 psi, but not as it changes from 5000 psi to 10,000 psi.
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Increments of Bolt Hole Stresses due to 10,000 lb. 
Lateral Load (Case II)

Increments of Bolt Hole Stresses due to tO kip 
Lateral Load arid 20 kip Vertical Load (Case 22)

Increments of Bolt Hole Stresses due to 10 kip 
Lateral Load and 20 kip Eccentric Vertical 
Load (Cass 12)
] FIGURE 6-13. EFFECT OF LATERAL AND VERTICAL LOADS ON BOLT-HOLE 
l - ' ' STRESSES (WITH BOLT TENSION 30 KIPS)
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Foundation Modulus IOOO psi (Case 18), Bolt Tensions 
29,19,29,23,28,28 kips

Foundation Modulus 5000 psi (Case 6), Bolt 
Tensions 28,19,28,23,28,28 kips

Foundation Modulus 10,000 psi (Case 17), Bolt 
Tensions 29,19,28,23,29,28 kips

FIGURE 6-14. INFLUENCE OF FOUNDATION MODULUS ON INCREMENTAL B0LT- 
, HOLE STRESSES DUE TO 20,000-LB VERTICAL LOAD
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7. LOAD TRANSFER IN BOLTED JOINTS

Joint bars bridge the discontinuous rail ends by providing for the 
transfer of bending moment. In presently recommended symmetric joint bar 
types, however, the moment of inertia of the two joint bars is significantly 
less than that of the continuous rail. As a result, the presence of the joint 
disrupts the uniform bending stiffness of the rail, and of necessity the uni
form distribution of the tie bearing pressures that might otherwise exist. 
Because of this, rail deflections can be significantly greater at joints, and 
even under the best of circumstances, the bolted joint in its present form
creates a weak spot in the track structure. ---

This chapter presents analytical methods for assessing load transfer and 
the results of their application to calculating the internal joint forces act
ing between bar and rail as a result of rail bending. The first subsection 
presents an approximate method for calculating joint resultants using Seam-on- 
elastic-foundation models. The second subsection describes a two-dimensional 
finite-element load transfer model and the results obtained with it. The two 
analytical approaches are compared with experimental results and the tech
niques assessed in relation to the overall joint problem in the final sub
section.

7.1 A SIMPLIFIED APPROACH TO LOAD TRANSFER: BEAM ON ELASTIC-FOUNDATION
MODEL OF JOINTED-RAIL TRACK

*

v

.1

I
4

Before beam-on-elastic-foundation analysis Is applied to a rail contain
ing a bolted joint, the mechanisms of joint bar action are discussed qualita- . 
tively. Figure 7-1 depicts the type of joint being considered together with 
its important dimensions. The action of the joint bar is to transmit moment 
by being placed in a state of four-point bending, as shown in Figure 7-1. The 
forces Q are the resultants of contact pressure distributions.

It was reported by Talbot [7-1] that the upper load bearing areas 
extended approximately 2 inches from the rail end and have their centroids 
about 1 inch from the rail end. For a 24-inch-joint bar, the lower bearing is 
thought to be 3 inches long and is approximately 7 inches away from the upper

7-1





bearing area. For 36-inch-joint bars, the centroids of the lower bearing 
areas tend to be somewhat further away than for the 24-inch-joint bars.

Bending moments may.also be reacted in rail joints by the action of fric
tional forces, H, as shown In Figure 7-1. The limiting value of these moment's 
is, however, quite small when compared to moments that result from the normal 
bearing forces. The maximum contribution of frictional forces may amount to 
13 percent of the applied moment. -

It is immediately apparent^that regardless of the wheel position, all of 
the moment must be carried by the joint bars at the center of the joint. 
Examination of the partition in bending moment between joint bar and rail 
arising from a passing, static wheel load indicates that maximum joint bar mo
ment and, hence, maximum joint bar resultant, Q, occurs with the wheel direct
ly over the. center of the joint. Figure 7-2 [7-1] presents the distribution
of bending moment when the wheel load is directly over the rail ends. For a
load some distance away from the joint center, the relative proportion of. mo
ment is shown in Figure 7-3 [7-1]. Although from these examples, it is seen 
that the maximum static joint bar moment occurs when the load is directly over 
the joint, it will now be shown that the maximum total moment,will occur when 
the maximum dynamic load condition occurs.

The presence of a rail joint invariably leads to a local perturbation in 
the support conditions, which in turn, leads to a dipping of the joint. This 
dip in the joint gives rise to a pair of dynamic, joint impact forces, re
ferred to in rail literature, as PI, the rail end impact force and P2, the
point of full load application on the running on rail. These forces can be 
many times larger than the static wheel load, depending on a number of fac
tors. PI occurs first and is generally much larger in magnitude but of much 
shorter duration than P2. Also, the former occurs at a point near the end of 
the running on rail and is of sufficiently high frequency to be reacted pri
marily by the rail itself without resulting in appreciable bending or reaction 
in the ballast. Thus, PI is generally regarded as being primarily responsible 
for the extensive rail end batter that often occurs at dipped joints. P2, 
however, occurs 6 to 8 milliseconds later as the rail and wheel rebound from 
joint passage and reaching full suspension loads. P2 is of sufficiently low 
frequency to be reacted by the ties and ballast in the usual fashion. Thus,
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the maximum wheel load, and by implication, bending moment that will be of 
concern in the problem of rail end cracking will occur about 5 to 8 inches 
from the end of the running on rail. The joint reactions resulting from this 
dynamic load on the running on rail will have the same effect on the running 
off rail end in the joint.

The beam-on-elastic-foundation model is now applied to the case of rails 
connected with a bolted joint.

The modeling of the rail as a beam-on-elast:ic foundation represents the 
earliest attempt to describe the behavior of loaded rail. This approach was 
introduced by Winkler [7—2J in the latter part of the 19th Century. (Histor
ical data and a more detailed description of the approach were presented by 
Johns and Davies [7-3].) For the infinite rail, as shown in Figure 2-1, the 
basic differential equation governing the vertical deflection W is,

and has the solution

d^W ■El + kW = 0 
dxA

P0W(x) = e ‘ (sin 8x:-r cos gx)

»■- VST •

(7-1)

(7-2)

where P = the applied load
k = the foundation modulus of the track 
El = the stiffness of the rail.

Equation (7.2) yields, upon differentiation, the moment equation,

M(x) = e ex(cos 8x - sin gx) . (7-3)

The results from Equations (7-1) and (7-3) are conveniently illustrated 
in Reference 7-3 in the nondimensional graphical form presented in Figure 2-3.

It is important to note that although the beam-on-elastic-foundation 
model assumes a continuous foundation, it is applicable to cross-tie track as 
long as the tie spacing is less than that given by

7-5
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a result first presented by Hetenyi [7-4],
Numerous investigations, as described in [7-3] have shown this approach 

yields results that are in good agreement with experiment when the value of k 
is, known accurately.

Talbot [7—1] described a beam-on-elastic-foundation solution based on the 
assumption that the resisting moment at the joint is less than that in the 
rest of the rail. A parameter, K, is then defined as the ratio of the resist
ing moment of the joint to the resisting moment the rail would have at that 
location if the joint were absent. A brief consideration shows that the in
equality 0 _< X _< 1.0 must hold. The limiting case K = 0 corresponds to the 
situation of two free, unconnected, rail ends (as shown in Figure 7-4) while K 
= 1.0 corresponds to the case of a continuous rail (Figure 7-5). It is ob
served that for the discontinuous rail end, the deflection can be approximate
ly twice as large as that for the continuous rail.

The parameter, K, may be regarded as a load-transfer coefficient'which 
expresses the relative efficiency of the joint. Its magnitude for a given 
track situation is related to the relative moments of inertia of the joint 
bars and the rail cross-section.

Assume that the maximum bending moment for the joint loading situation 
depicted in Figure 7-1 is given by

M(0) = P/(4S) (7-5)

Assuming that the joint is less stiff.than a perfectly efficient joint, and I• |using the factor K as suggested by Talbot [7-1] §■ f

K = Mj/M(x)
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FIGURE 7-4. DEPRESSION OF RAIL AND UPWARD REACTION FORCES AT AND 
FROM THE TIES FOR A SINGLE WHEEL LOAD WHEN NO.MOMENT 
IS RESISTED AT THE RAIL ENDS [7-1]

FIGURE 7-5. DEPRESSION OF RAIL AND UPWARD REACTION FORCES AT END 
FROM THE TIES FOR A SINGLE-WHEEL LOAD [7-1]
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But for a joint bar in four-point bending

M. Q* (7-7)

where Q and f have the same definition as in Figure 7-1. Substituting Equa
tion (7-7) into Equation (7-6) and solving for Q yields the magnitude of the 
joint bar resultants

Q = e X̂(cox £5x - sin 3x) Apt (7-8)

In this expression, K and f are, for the time being, undetermined quantities. 
It is emphasized that, as shown-in Figure 7-1, 0 always acts opposite to P and 
tends to bend the rail end up. VV!

Equation (7-8) yields important information on the behavior of joints, in 
particular the condition for which end cracking is likely to occur at a.spe
cific location and direction. Of particular interest, when the wheel load is 
at the rail end, the situation

Q > P (7-9)

is created if

*; . . .

K/ASf > 1. (7-10)

To illustrate this situation in relation to that when Q < P, consider the free 
body and shear diagrams shown in Figure 7-6. At the first bolt hole* the 
shear is positive or negative depending on whether or not Q > P. ; As will be 
shown later, positive shear results in the maximum tangential stress occurring 
90 degrees away from the maximum shear due to negative shear. It is hypothe
sized that this phenomenon accounts for the location of failures observed in 
service. However, when the wheel load represents the P2 case, the wheel is 
past the first bolt hole, i.e., the shear at the location is entirely due to Q 
and, hence, is always positive (as is also shown in Figure 7-6).

7-8
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Q < P (c)

(c) is shear diagram when P2 occurs

FIGURE 7-6. FREE-BODY AND SHEAR DIAGRAM FOR A RAIL END 
FOR VARIOUS WHEEL LOAD POSITIONS
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Examination of Equation (7—8) shows Q to vary with the unknown parameter,
K. As was mentioned previously, its value for a particular joint will depend 
on the relative moments of inertia of the rail ends and joint bars.

The undetermined quantities are now considered. For a given case, K may 
be calculated by rewriting its definition as _

p/4E,
K ' V M ' 7MB ‘ (7-11>

When the sum of the moment of inertias of the two joint bars is taken as Ij, 
and the foundation parameter K is held constant, Equation (7-11) yields:

K ";<Ij/Ir.il>0.>5 (7-12)

The parameter given by this result represents the upper bound of possible 
joint efficiency.. For the 132-pound RE rail and short-toe joint bars, it. is 
found that

K = (29.7/88.2)0-25 = 0.762 (7-13)

The other unknown parameter in Equation (7-8)* f, is now considered. 
Recall that l is the distance between the joint bar resultants. Trlbot [7-1] 
reports that little variation in t occurs under different loading conditions 
for a given joint. Examination of a typical symmetrical joint bar suggests 
that the possible range of variation cannot be too large.

It is important to note, however, that for a 24-inch-joint bar, f may be 
almost as small as half that for a 36-inch-joint bar. Thus, significantly 
larger internal reactions taay be expected in the shorter joint bars. The 
magnitude of / in any given case will be a function of the bolt tension and 
the joint bar fit as affected by wear and initial tolerances. Unfortunately, 
the effects of both of these variables cannot be quantified directly by using 
the beam-on-elastic-foundation model. However, the effect of bolt tension on 
bolt hole stress has already been delineated expeiimentaily, as was shown in 
Table 6-1. Variation in bolt tension has its most pronounced effect, on the
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incremental stresses due to wheel loads, for values Jess than abcut 4,000 
pounds/bolt. The reversal in maximum tensile stress locations for values less 
than 1,000 pounds/bolt, suggest that a transition to Q < P behavior occurs. 
From Table 6-1, it is hypothesized that large bolt tensions are not required 
to develop sufficient wedging action to ensure full effectiveness of the 
joint. Further implications of the experimental work will be discussed when 
the approach summarized by Equation (7-8) and the numerical approach to be 
described are compared with the laboratory results.

The effects of pâ imetric variation of f are now considered for a range 
of values of k. For the 132-pound RE rail with symmetric 36-inch joint bars, 
the relation between Q and P are shown for K = 0*762, in Figures 7-7 through 
7-11. In each case, f is varied from 10.0 to 15.0-inches. Plotted on the 
graph is the line Q = P which divides the regimes of positive and negative 
shear force in the first bolt hole region when the wheel' load is at the rail 
end. Also plotted is a constant line representing the value of Q that causes 
joinc bar yielding at the extreme fiber. Referring tc Figure 7-1, the maximum 
bending stress is given by

(7-14)
For this particular case, f. = 13 inches, c = 2.5 inches, and 1̂ = 29.7 inches . 
Thus, assuming a tensile yield stress of 70.1 ksi [7-5] for the joint bars, 
the onset of yielding, is given with sufficient accuracy by Q = 64.1 kips for 
£ = 13 inches.

. Examination of Figures 7--7 through 7-11 show the effect of foundation 
modulus. A decreasing foundation modulus, that occurs under a dipped joint, 
leads to increasing joint reaction, Q. This local pathological condition was 
cited as the important contributing factor in the Hither Green accident [7-6].

So far., the discussion has been limited to the action of vertical wheel 
loads along the centerline of-the rail. It is also possible for both eccen
tric vertical and lateral wheel loads to occur.' The acticn of the lateral, 
loads at joints may be modeled in exactly the same way as has been described 
for vertical load cases. This is not presented, however, since the magnitude
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of lateral loads due to curving or creepage can only be small compared to the 
dynamic vertical load. Although these effects are not considered from a load 
transfer standpoint, combined loadings are analyzed in the stress analysis of 
rail ends considered in the next chapter.

This section has presented a simplified approach to the calculation of 
joint bar resultants. A very useful relationship, Equation (7-8), which is 
suitable for use in a crack-growth-prediction program was defined, which 
allows the calculation of internal resultants for a variety of situations.
The following sections of this -.hapter discuss a more sophisticate-', approach 
to load transfer and compare the various results with experimental data.

7.2 NUMERICAL LOAD TRANSFER MODELING

Although the simplified approach, presented in the previous section, has 
the advantage of being economical and easy to use, the presence of the more- 
or-less indeterminate parameter, f, poses a real disadvantage. Because of 
this, a numerical method that would predict both the magnitude and location of 
Q was pursued. It consisted of finite-element models of rail joints that 
could be used to solve iteratively for the internal forces. The formulation 
and application of these models is discussed in the following subsections.
7.2.1 Finite-Element Models

Two finite-element models of joint load transfer were, developed. The 
first of these, shown in Figure 7-12, was a symmetrical model designed to sim
ulate the case of symmetrical wheel loading. The second, shown in Figure 
7-13, was a rail-joint model permitting arbitrary location of the wheel load 
and the assumption of a bolt hole crack. Since the principles guiding the 
model-developments were the same, only the symmetric model will be described 
in detail.

The model consists of two pieces, a single joint bar of double thickness 
and the rail end. A standard 132-pound RE rail joint with headfree bars was 
simulated. The rail end was assumed to be 60.0 Inches long and was supported 
by three ties spaced 22 inches apart. The model mesh was two-dimensional and

ufa
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FIGURE 7-12. TWO-DIMENSIONAL LOAD-TRANSFER SYMMETRICAL MODEL
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(b) Rail Model

FIGURE 7-13. FULL RAIL-JOINT TWO-DIMENSIONAL LOAD-TRANSFER MODEL
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thus capable of modeling the noneccentric vertical load cases only. The model 
size required for a three-dimensional model would be very large. The stiff
ness of the elements of the joint bar and rail ends were varied to simulate 
the sectional properties of the components. The simplified cross sections 
utilized are shown in Figures 7-14 and 7-15. The cross sections were approx
imated by rectangular sections. Eight node, isoparametric quadrilateral 
elements were used having the "thicknesses" shown in the figure.

Contact between rail and joint bar was assumed to occur over certain lim
ited regions at the end and center of.the bar as shown in Figure 7-12. These 
regions are 5.0 and 3.5 inches long for the outboard and inboard areas,- re
spectively. The contact areas have significantly finer meshing than the rest 
of the model. Linear spring elements were used to connect the adjacent re
gions of contact between the joint and the rail end. Examination of the mat
ing areas between the joint bar and rail indicated that essentially conformal, 
line contact could be expected to occur between them. The magnitude of the 
coupling stiffness reflected the influence of the joint fit and bolt tension. 
The implication of this stiffness variable and its relation to load transfer 
will be discussed in a later subsection.

Boundary conditions were enforced to-simulate actual track as closely as 
possible. Ties were.represented by linear spring elements attached between 
the rail model and immovable points. The stiffness of these springs were 
sized by referring to foundation moduli defined in the beam-on-elastic— 
foundation sense. This was accomplished by discretizing the continuous foun
dation. For this purpose, it was assumed that the distributed resistance 
between ties was lumped at the adjoining ties. Thus, the appropriate spring 
rate was obtained by multiplying the modulus by the tie spacing, in this case, 
22 inches. Boundary conditions at the end of the rail were formulated to sim
ulate the bending stiffness of the infinitely ;long rail from which the model 
had been "cut". For this purpose, a beam-on-elastic-foundation model of a 
semi-infinite rail With an end moment was used. For this situation, Hetenyi 
[7-4.J presents the following expression for the rotation of the beam end

3

8(0) = 4M B (7-15)
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ASSEWSLY  ̂ SECTION
P h y r i c a l P r c f t r t i t s — O n e  B a r  T w o  B a r t

M o m e n t  o f  In e r t ia  i n . * ..................    11 .89  29.7

S e c t io n  J  A b o v e  n a .  i n . * ................. ................................................... .. 5 .3 7  1 1 J

M o d u lu s  )  B e lo w  t in .  i n '  . . . .........................................................    5 .92  11 .8

A r e a  s q  i n ................. ....................................... ................................................................5-55 1 1 J

N e t  w e ig h t ,  2 1 - in  le n g th , lb  .................................................................................. ,  3 7 .7  7 S A
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(a) Joint Bar and Properties

*7) Joint Bar:2-Dimensional Model

FIGURE 7-14. SIMPLIFIED 132-LB RE JOINT BAR CROSS SECTION
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which may be rearranged to give
M = (k/4B3)0 (7-16)

Since this has the same form as the moment-rotation relation
M « G0

The rotational stiffness may be identified as being

G k 3/4

In the finite-element model, this stiffness was represented by two linear 
springs which could resist rotation and whose Stiffness values wre chosen to 
be consistent with Equation (7-17), Assuming small rotations and letting the 
springs of stiffness K' be separated by a distance d, the relation

K' = ____ —

was obtained. For some typical values of' foundation moduli, the necessary 
spring rates are presented in Table 7-1, for d = 12 inches.

I TABLE 7-1. SPRING STIFFNESS FOR SIMULATING CONTINUOUS 
| RAIL RESISTANCE TO BENDING j
i ' . • \

I \

Foundation Modulus, psi Spring Stiffness, K'(lb/in)

500 5.43 x 105
1000 6.46 x 103
5000 9.66 x 105
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For the symmetry lly loaded case, only the translational freedom in the 
vertical plane was im*.- sed on the joint bar at its centerline.

Reasonableness of results using the finite element model was validated by 
comparing it with a strength.of materials solution for a rail end undergoing 
cantilever bending.. Figure 7-16 shows the.agreement between the stresses ob
tained by the two alternate approaches.

7 . 2 . 2  Method of Solution
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In order to calculate the force distribution between the rail and the 
joint bar, lie.., the forces acting in the contact springs, the model was 
solved iteratively. The general-finite code, ADINA {7-7] was used. The 
solution procedure was as follows: . —

1) Carry out finite element computations with all of the contact 
springs attached

2) Examine the results and Identify regions where cppjration is 
indicated. Disconnect the corresponding springs since the 
foundation being simulated cannot resist tension with respect to the 
rail

3) Recompute, and perform step (2).
This procedure continues until the solution converges. The final, set of for
ces is regarded as the solution for the contact resultants for the particular 
load case. The components at the upper and lover contact regions are then 
summed and the centroids calculated. Approximately four iterations were 
nececsary for obtaining a convergent solution.
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7.2.3 Numerical Results for Joint Reactions

The selection of spring stiffnesses for coupling the joint bars to the 
rail end was made in accordance with certain hypotheses about bolted joints. 
As stated earlier, it appears that bolt tension and conditions of fit are not 
critical beyond the point necessary for full joint action. Based on this it 
was assumed that as long as the finite-element components are connected by
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springs having "reasonable" stiffnesses, their magnitudes are relatively arbi
trary. . It will be shown that such an assumption is reasonable. A very simple 
strength of materials calculation was used to estimate a reasonable spring 
stiffness, based on the spacing between springs. It was assumed that each 
spring affected a region spanning half the distance between each spring on 
either side of i t .  Thus a rectangular volume of .25 x .75 x 5.13 inches was 
used in conjunction with the familiar expression 5= Pf/AE. Fran this a spring 
stiffness of 1.1 x .10̂  lb/in. was obtained. This value was used for all 
contact springs in the finite-element model. The effect of varying that 
stiffness was investigated by using a value for the spring stiffness that was 
two orders of magnitude larger.

The finite^eiemeht models were used to assess the effect of variation in 
foundation modulus on joint reactions. Table 7-2 presents the matrix of cases 
studied and a summary of the results. In the table, i t  is observed that the 
variation in spring stiffness did not significantly affect the magnitude of 
the joint reaction. As can be expected from the earlier studies, the force Q 
varies inversely with foundation modulus. The full rail model was used to 
simulate the situation where the load was longitudinally displaced with re
spect to the end of the rail (Case E). It was found that in this situation,, 
the bending-up of the rail head resulted in moving the contact point between 
the rail and the joint beyond where it  could be simulated by the existing 
finite element mesh. This case would result in large, values for Q.

7.3 COMPARISON OF APPROACHES TO CALCULATING JOINT; REACTIONS

In this subsection, the experimentally determined values for Q are pre
sented and compared with the analytical results obtained previously.

7.3.1 Calculation of Joint' Bar Resultants From Strain Gauge Data

As was described in the section on the instrumentation of the joint bars, 
strain gages were placed in such a way as to provide a description of bending
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• TABLE 7-2. MATRIX OF EVALUATIONS PERFORMED AND NUMERICAL I - RESULTS FOR FINITE-ELEMEN'JSTLOAD-TRANSFER MODELS
I . ' ■' -■ ' , * (r

CaseNo. Load,Kips
Longitudinal Load Position, inch

0. 0 . 7.0
Foundation Modulus, ksi.

JointSpring Rate, Lb /inch Ql, klps(a)
FINITE ELEMENT RESULTS 

Q2, kipŝ 3) a, inch l , inch
A 20 X 5.0 IQ8 10.0 10.5 :0.250 13.0
B 20 X 5.0 . IP8 10.7 10.4 0.600 13.4
C 20 X 1.0 108 17.2 17.3 0.589 14.3
.D 20 x 0.5 108 22.5 19.2 0.670 14.5
E 20 X 5.0 , 108 --b --- v —

a. Qi was determined from the full rail joint model; Q2 from the symmetrical finite element model.
b. Rail end contact region was found to be beyond the region represented by the mesh; no further results obtain’d.
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stress, and hence, by calculation, bending moment along the length of both
joint bars. From the resultant bending moment diagram, the magnitude and >location of the joint resultants was calculated.

Since both joint bars were strain gaged on the top and bottom, four sets 
of essentially redundant information on joint bar bending stresses were avail
able from each test. Data from the two sets of top and the two sets of bottom 
gages were averaged and, using the flexure formula, plotted as bending moment. 
Figures 7-17 and 7-18 present two typical sets of joint bar bending moments. 
These data were fitted using straight lines between data points. The magni
tude of the resultants were given by the slopes of these fitted lines. Be
cause the moment was known only at six longitudinal positions, it was not pos
sible to precisely determine the location of the resultants by this method. 
Table 7-3 presents a summary of the resultants calculated by this method for 
several load cases. Examination of the table shows the effects of variation 
in bolt tension, foundation modulus, and load. The magnitude of Q is affected 
considerably by the latter two parameters but not by bolt tension. Data for 
bending moment were not available for bolt tensions less than 5 kips/bolt.: The 
previously described experimental work suggests that the reaction would have 
decreased significantly for lower bolt tensions.
7.3.2 Comparison of Analytical and Experimental Results ' ■

Results from the three approaches for calculating Q, viz. Equation (7-8), 
the numerical analysis, and experiment are depicted in Figure 7-19. Figure 
7-19 presents Q as function of foundation modulus for a constant wheel load of 
20 kips. The agreement between the three sets of results is seen to be good. 
It is concluded that the methods developed adequately describe the mechanics 
of joint action under the influence of vertical bending. Having reached this 
stage, it was then possible to proceed to the calculation of stresses in the 
rail end.
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FIGURE 7-17. JOINT BAR BENDING MOMENTS FOR 20 KIP WHEEL LOAD
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TABLE 7-3. EXPERIMENTALLY DETERMINED VALUES FOR JOINT BAR RESULTANT

Load(KIPS) Foundation Modulus (ksi) Bolt Tension (KIPS/Bolt) Q(Kips)

20 5 T2a 11.6
35 5 ' T2 18.6
2Cb 5 15 10.4
20 1 T2 16i 9
20b 5 5 10.9

. 20 . 10 T2 9.1

a. The respective bolt tensions being 29, 20, 29, 20, 29, 29 KIPS
• b. Load located 1.5 inches from joint center (At x = 1.5 inches,, using beam-on-elastic-foundation model, moment at joint, center is 92% of maximum moment. Note that the variation in bolt tension does not significantly effect Q.
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8. STRESSES IN THE RAIL END

In the previous section, joint bar reactions were calculated allowing the' 
force system of wheel load, tie. loads and joint reaction loads imposed on the 
rail under various loading conditions to be completely defined. These can 
then be used to determine the state of stress in the rail end region for sev
eral loading situations. The results from the latter analysis are presented 
in this chapter. Stresses in the rail end are caused both by bolt tension and 
by the action of passing wheels. Those due to bolt tension remain a constant 
"pre-stress" as long as the bolt tension Is unchanging. The largest stresses 
are caused by passing wheels which give rise to dynamic forces. In the. pre
sent analysis, wheel loads were treated as quasistatic and having a constant 
amplitude. For calculation of rail end-stresses, generally, a three- 
dimensional finite-element model was used. Stresses around the bolt hole were 
also estimated by means of an approximate closed form solution.

f I
6 I 
11

t- g

8.1 METHODS OF CALCULATING RAIL-END STRESSES

The complex geometry of the rail end, including as it does both bolt 
holes and radical changes in section, necessitates the use of numerical" analy
sis for obtaining a general assessment of stresses. For this purpose, a 
three-dimensional finite-element model for use with the general purpose code 
ADINA was formulated.

The model consisted of 21-node brick-type elements simulating a 15-inch- 
long section of 132-pound RE rail end having only the first bolt hole modeled. 
The model is shown in three different views in Figure 8-1. Relatively fine 
meshing was provided around the bolt-hole and In the upper fillet region at 
the rail end. The model was composed of 162 elements consisting of 698 nodes. 
Since there were 2ul4 active degrees of freedom, the computing time involved 
in stiffness decomposition was quite high. Subsequent analyses, in which the 
loading waS.varied but the boundary conditions remained the same, were per
formed with the decomposed stiffness matrix generated for earlier load cases. 
In formulating the boundary conditions for the finite-element model, no effort
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was made to simulate the rigid body displacement of the rail end as the track 
deflects. Thus, the cut end of the rail was built-in, i.e., the deflections 
were held to zero (ux = uv = uz ° 0). The effects of the first tie 
(past the center of the joint) was simulated by a vertical force representing 
tie support as approximated by the beam—on-elastic-foundation approach. Wheel 
load and joint reactions were applied to the various positions in the x-y 
plane on the running surface and underside of the head, respectively.

It was mentioned in the introductory chapter that individual bolt ten
sions could be as large as 30,000 pounds. This large tension was recommended 
for providing reserve tension against bolt loosening due to wear, even though 
it was inferred by experiments supplementing those of Chapter 6 that tensions 
of 5,000 pounds were sufficient to develop the full strength of the joint.
The results of the experimental study showed that the maximum tangential 
stress around the bolt holes occurred on the longitudinal centerline of the 
bolt hole, and that the value at positions where cracking has been shown to 
most commonly occur, was significantly less.

Although it would be possible to resolve the bolt tensions into wedging 
forces that could be applied to the three-dimensional finite-element model of 
the rail end, simulating the effects of the action of the joint bar being 
drawn into place by-the bolts, this was not done because the static stresses 
were regarded as being insignificant at the locations of interest. This is 
particularly true for lower bolt tensions (5,000 pounds/bolf. and less) which 
are likely to occur during the life of a rail joint.

Although the finite-element model will be shown to provide a complete 
picture of rail-end stresses, its use is somewhat cumbersome for designers. 
Thus, an attempt was made to adapt some form of closed form solution to the 
problems of rail end stress calculations. No method was found for providing a 
general stress picture or for calculating stresses at the critical head/web 
region, but an existing approach was modified for analyzing the tangential 
stresses around the bolt hole. Savin [8-1] presents the following expression 
for the tangential stress around a hole in a cantilever beam of rectangular 
cross section in bending:

°e “ T ~ â sln6 “ sin39] + [(2H2 - R2)sin28 + R2sin48]}
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where the variables are defined in the insert in Figure 8-2. Examination of 
this expression shows that the first term represents the effect of bending, 
and- the second term accounts for the effect of shear. The first term may be 
neglected when the hole is close to the end of the beam, because the bending 
moment is small. Since-the moment of inertia, the I in the equation, was 
originally taken to be that for a rectangular cross section, some adjustments 
in the parameter must be made for the rail cross section. This is accomplish
ed.by calculating the depth of a rectangular cross section having the same 
moment of inertia as the rail. Assuming unit thickness, the equivalent depth 
is

H = (31/2)1/3

Thus Equation (8-1) may be rewritten to calculate the maximum tangential 
stress as

°max " 2-fi2 PI_1/3 » (S'2)
at the 45-degree positions, assuming R is much less than H. Figure 8-2 pre
sents maximum bolt-hole stress as a.function of wheel load for a 132-pound RE 
rail joint, where f = 13.0 inches, for a variety of foundation moduli, with the 
wheel 5.0 inches away from the rail end. Again it has been assumed that the 
radius of the bolt hole, R, is small compared to H. In this computation, Q, 
that refers to the joint resultant is given by- the linear elastic foundation 
solution, Equation (7-8). t

8.2 FINITE-ELEMENT RESULTS

This subsection describes a variety of potentially important wheel load
ing positions that were analyzed, using the finite-element model. For the 
purposes of validating the various approaches, the condition of K = 0, i.e., a 
loaded rail end without joint bars is first considered. A rail-end load of
10,000 pounds was applied to the finite-element model and to Equation (8-1).
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The results are compared with strain gage data for the same case as in the 
polar plot of Figure 8-3. Good agreement was found between the finite-element 
model and the approximate equation. The experimental results were somewhat 
lower in magnitude.

The remainder of the cases examined present results when the wheel load 
(P2) was located 8.0 inches from the rail end. Stresses for a central verti
cal load of 30,000 pounds were first considered. Stresses in the rail web in 
the region of the bolt hole were due to the action of the 30,000-lb wheel load 
and a 17,000-pound Q located 0.50 inches from the rail end. The resulting 
stresses at a number of important locations throughout the rail end are shown 
in Figure 8-4. It is observed that the distribution around the bolt hole has 
the same shape as that for the rail end loading, but that because of the re
versal In the sign of the vertical shear, as was discussed in the previous 
chapter, the position of the maximum tensile stress has rotated 90 degrees.
The largest vertical stress occurring in the region of head/web fillet is lo
cated near the point of application of the joint bar resultant. Because the 
resultant was modeled as a concentrated load rather than a distribution, this 
result is not particularly significant. Figure 8-5 shows vertical and tangent
ial stress for a rail with a 0.75-inch eccentric 30,000-pound load. In this 
modeling, it was assumed that torque resulting from the eccentricity would be 
reacted equally by the rail extending away from the load in both directions. 
This implied that the joint transmitted 100 percent of the torque. The figure 
shows that the stresses are no longer symmetric on either side of the rail 
centerline. The maximum tangential stresses are increased on one side of the 
bolt hole, but are decreased considerably on the other side. Similar observa- 
tions apply to the head/web region Vertical stresses.

Figure 8-6 presents vertical and tangential stresses for the case of a 
rail loaded on its upper surface by a 10,000-pound lateral load. The result
ing torque is reacted by joint bar forces in the same *ay as for the eccentric 
vertical load. The lateral force was assumed to give rise to joint bar forces 
proportional to forces due to a vertical load on the same joint. (It should 
be noted, though, that it is impossible to conceive of a situation when a 
purely lateral load would appear on the rail.) As wculd be expected, the dis
tribution of tangential stresses around the bolt hole are radically different
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than from the vertical loading cases. Head-web stresses are substantially 
smaller than those previously encountered. Several of the computed bolt hole 
stresses compare favorably with the experimental values shown in Figure 6-13. 
The main departures, for stresses at the top and bottom of the hole, probably 
arise from web bending accentuated in the calculation by the extreme localiza
tion of the joint bar resultant.

It is useful to,conclude this section by considering the combinations of 
loading which are likely to occur in service. The most severe case treated ' 
Was where the lateral force and vertical load eccentricities produce torques. 
Lateral loads can arise due to friction and creep forces on the tread or 
through,flanging action. In curving situations, the two torques due to flang
ing and creep forces tend to cancel each other, resulting in a net overturning 
moment due to the predominance of flange force upon creep saturation. How
ever, in this condition, the vertical load is generally acting near the gage 
corner of the rail head. In such a case, the net overturning moment on the 
rail Is generally directed to the field side.

Consideration of -Figures 8-5 and 8-6 suggests that the combined action of 
lateral and an eccentric vertical load may be significant in promoting crack 
growth. Vertical stresses in the head web region and the stresses of the bolt 
hole circumference at 45° and 235° are increased by the combined action. This 
action combined with the action of the P2 force may influence the growth of 
cracks in this region.
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STRESS-INTENSITY FACTORS FOR RAIL-END CRACKS

In the previous section* magnitudes and locations of maximum stress in 
the rail end were identified for various loading conditions. It has been in
dicated that this information can be used directly for the calculation of the 
time required to initiate fatigue-crack and can be used indirectly for pre
dicting rates of fatigue crack propagation. For a fracture-mechanics analysis 
the direction of flaw growth must be known beforehand or assumed; knowledge of 
the positions and orientations of . maximum principal stresses makes the selec
tion possible. In this section, stress-intensity factors are calculated for 
cracked rail ends using several different techniques of varying generality. 
Computations of stress-intensity factor as a function of crack length, for 
bolt-hole cracks and head-web separations, are made for various loading con
ditions and the implications of these data for rail failure are discussed.

9.1 METHODS OF CALCULATING STRESS-INTENSITY FACTORS FOR - CRACKED-RAIL ENDS

It was noted in the previous chapter that the stress state in the web was 
symmetrical about the rail centerline only for the case of central vertical 
loading. Thus, the state in the web under the most generalized loading condi
tions is three dimensional. Nonetheless, because of the formidable difficul
ties inherent in both the prediction and use of three-dimensional stress- 
intensity-factor data, it was decided to deal with the average stresses due to 
central loading, and to model plane stress conditions only. At the present 
time, this simplification is also warranted by the absence of field data on 
the distribution of lateral wheel positions at joints. The radically more 
expensive and complicated three-dimensional analysis would be more justified 
only if precise load data exist. Thus, all of the remaining discussion is 
devoted to either simple closed-form expressions for three-dimensional crack 
geometries, or to two-dimensional analyses.



Bolt-hole flaws may be analyzed by using several closed-fora relations 
that have been derived for simple geometries and loadings, or through a more 
general numerical approach. The closed-fora expressions are useful for rather 
short cracks when the stress field may be assumed to nearly correspond to the. 
distribution around a hole in an infinite sheet. The first of these ap
proaches is to assume that the initial defect has the form of a semielliptical 
surface flaw which propagates normally from the inner surface of the bolt hole 
as shown in Figure 9-1. Broek [9-1] presents the following solution for the 
maximum value of Mode I stress-intensity factor

I I
i 3

! S

t : I

1 . 1 2  a  .,—Kj = — -̂- Vita (9-1)

where V is a correction factor given by
2 , a’? = / $ -  0.212M— ) , (9-2)

\  TYS

CFTYS being the ultimate tensile stress of the material, and
\  - 3” . I L  (9-3)

c
This form of $ is an"approximation of an elliptic integral of the second kind. 
0 in Equation (9-1) is assumed to be. the local stress at the point of interest 
on the surface of the bolt hole. The value is determined from either the 
finite-element solution or the closed-form solution described in the previous 
chapter.

The second approach,is based on the solution of Bowie [9-2]. For the 
flaw geometry, Figure 9-2, of a through-crack emanating from a hole in a panel 
in uniform tension, Bowie proposed the solution,

Kt it a (9-4)
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where fg is a geometric function. If, however, it is assumed that O  is the 
local stress at the crack rather than the remote stress in the panel, it is 
correct to write

'K = 0 Via (9-5)

An approximate method may also be used for calculating Kj for head/web 
separation cracks. This approach is only applicable to those situations where 
the flaw is in its initial stages, initiating either as a surface flaw or as 
an initial circular crack. The surface flaw formulation has already been 
discussed. The solution for an embedded penny shaped crack was given by 
Sneddon [9-3] as

2 ,/--— o V ira u (9-6)

where a is the crack radius and o is the uniform far field stress acting 
normal to the crack plane. Since this expression was derived for.an infinite 
medium, it is surmised that when Equation (9-6) is applied to a plate, the 
crack diameter should be no more than one-third of the plate thickness, as 
recommended by Shah and Kobayashl [9—4].

As has been pointed out, these closed-form solutions are appropriate only 
to situations where the cracks are rather short, and the local stress field 
can be assumed to be constant were the crack absent. On the other hand, a 
finite-element approach to stress intensity factor calculations provides the 
most general means for analyzing rail end cracks.

Following the technique applied to aerospace structures by Smith and 
Davies [9-5], use was made of two-dimensional finite-element models that could 
be "unzipped" along the crack line through the use of double-noding and very 
stiff coupling springs. The forces arising in these springs and the nodal 
point deflections of the "cracked" nodes were then used to calculate stress- 
intensity-factor values by the modified crack closure integral approach [9-6]. 
This approach was used for both bolt hole and head/web cracking.



Two cracked finite-element rail-end models, one for each flaw type, were i!developed and are shown in Figures 9-3 and 9-4. This was done to keep the 
model sizes reasonable. The first of these models, Figure 9-3, was designed 
to calculate bolt-hole crack stress-intensity factors for the flaw geometry 
that would result from positive shearing force existing in the rail at the 
bolt hole, i.e., the crack oriented at -45 and +135 degrees with respect to 
the positive horizontal axis. The second model simulates a head/web separa
tion. In this model the crack line is located in the fillet region 5.3 inches 
from the base and is 7.8 inches long. In both cases, the dual-noded crack 
line is shown by heavy lines in the figures. Both models correspond to a 
15-inch-long 132-pound RE section. The bolt-hole model had 143 elements and 
264 nodes. The head/web model consisted of 224 elements and 303 nodes. The 
elements were two-dimensional, plane-stress types and were primarily quadric 
laterals. In all respects other than the presence of the crack line and bolt 
hole, these models were very similar to the load transfer finite-element models 
described in Chapter 7. The idealized boundary conditions used in conjunction 
with the three-dimensional rail^end model were also used here, i.e., the rail 
end was treated as built-in. Linear spring elements that coupled some nodes 
along the crack line were uncoupled to simulate cracking by setting the stiff
ness to a-.small number. The nodal forces required to close the crack were 
computed for various crack tip positions and crack decrements. These nodal 
forces were in turn used to calculate the crack closure integral.

9.2 STRESS-INTENSITY-FACTOR RESULTS FOR BOLT-HOLE CRACKS

Stress-intensity factors were calculated for a number of bolt-hole cracks 
using both the closed form and finite-element approaches. All of the calcula
tions were conducted for a particular joint situation and wheel load. These 
results can easily be extended to other cases by assuming a linear relation 
between wheel load and stress-intensity factor. For an elliptical surface 
flaw, it was assumed that the crack depth, a, was related to crack width, 2c, 
by an aspect ratio, f, so that

9-5



FIGURE 9-3. BOLT-HOLE CRACK FINITE ELEMENT MODEL

. FIGURE 9-4. HEAD/WEB SEPARATION FINITE ELEMENT MODEL
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In the present analysis, values- of f were varied from 0.5 to 0.9. A maximum 
tangential stress of 24,200 psi was assumed with a 64,086 psi value for yieid 
stress of the rail steel, which corresponds to a 39,000-pound value for Q.
This result was obtained with the three-dimensional finite-element model dis
cussed in the previous chapter. A Q of this magnitude was used for all of the 
stress-intensity-factor value calculations that are presented in this chapter. 
Figure 9-5 presents the stress intensity factors for various surface flaws ob
tained by using Equation 9-1. It is observed that the largest Ki values are 
obtained for the crack having the smallest value of f; i.e., a shallow shaped 
flaw. Upon examination of Figure 7-26,.the stress distribution at the bolt 
hole shows that the maximum stress decays quite rapidly with distance from the 
edge of the hole. Thus, the approximations for Kj would be expected to be 
in error for crack lengths greater than 0.10 inch. Calculations using the 
closed form expression, Equation 9-4, were also made using the formulation for 
a short through-crack presented earlier. The resulting stress-intensity- 
factor values are presented in Figure 9-6. In comparing, these results with 
those of the surface flaw, it is observed that the through-crack curve falls 
somewhat above the f - 0.5 line. It is to be expected that the surface flaw 
would approach the through-crack value in the limit as the former becomes 
■shallower.

Figures 9-7 through 9-9 present stress-intensity-factor results for bolt-. 
hole cracks as calculated by the finite element/crack closure integral method. 
Several different crack configurations Were considered. These were:

1) A single crack emanating from the bolt hole at a -45 degree, 
orientation with respect to the positive horizontal axis.

2) A crack growing on opposite sides of the bolt hole along a 
critical plane.

3) A crack where the lower crack line has broken through 
to the rail end, but cracking is still proceeding
on the upper line.
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Tbe results presented in Figure 9-7 are first considered in relation to the x j 
closed form solutions already discussed. The through-crack calculation yields 
a Ky value of 13.2 ksiVinch for a 0.10-inch crack length, while the for 
the surface flaw has a maximum value of 11.7 ksiVinch when a = 0.1 inch. The 
finite element calculation produces a result of 9.1 ksi inches for the same crack 
length. It is to be expected that the finite-element result would be less . • 
than either of the value obtained from closed form expressions because the 
latter do not take into account the reduction in stress away from the bolt 
hole when the crack is absent. Thus, it is concluded that the three ap
proaches show reasonably good agreement for short crack lengths.

Further examination of Figure 9-7 shows that a maximum stress-intensity 
factor of 12.8 ksiVinch is reached when the crack is assumed to turn and run 
longitudinally. With the crack 3.0 inches from the rail end, a maximum value 
of 15 ksiVinch was calculated.

Figure 9-8 presents results for a double crack. It is observed that at; 
the shorter crack lengths the stress-intensity-factor values are the sane for 
both crack tips. Further, it is observed that at 0.10 inch crack length, the 
results are about the same as those recorded for a single-sided crack. At 
longer crack lengths, however, much larger stress-intensity-factor values are 
obtained for the double crack. . -

The situation where the lower crack has already broken out but the upper 
crack is still propagating toward the head is presented in Figure 9-9. It is 
observed that this cracking proceeds with a rather high, nearly constant 
stress-intensity factor, as the flaw approaches the fillet region.

Now that a number of possible crack geometry combinations have been con
sidered, it is possible to imagine the sequence in which bolt-hole cracking 
occurs. Since in the early stages of crack growth the maximum values of 
stress-intensity factor are obtained for the double crack, it is quite likely 
that bolt-hole defects will propagate on both sides of the hole. It is Ob
served, that as the crack grows longer the lower crack tip attains the higher 
Kj value. More rapid cracking will occur on the lower branch until the 
crack breaks out of the rail end near the lower flange fillet region. At soma 
time during this process, the very high stress-intensity-factor values shown 
in Figure 9-9 will occur for the upper branch crack tip, and so the upper
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crack branch will rapidly propagate toward the rail head. At some point in 
the upper head fillet, the crack will turn because of the increasing resis
tance to cracking engendered by the. increasing fillet thickness. Before these 
stages are reached, it is possible that under actual wheel loading, Kj will 
reach critical values for both branches, resulting in unstable crack growth.

9.3 STRESS-INTENSITY-FACTOR VALUES FOR HEAD-WEB 
SEPARATION SITUATION

The head/web separation was modeled, in its initial states, as an embed
ded circular crack in a uniform stress field, described by Equation (9-6). 
Figure 9-10 presents results for this case, where a 0 =  2 5 , 0 0 0  psi stress, 
field was assumed normal to the crack plane.

The finite-element head/web separation model was .-then used to calculate 
stress-intensity-factor values for cracks where the flaw had already grown 
from the embedded defect to a through-crack. Two flaw geometries in this 
state were analyzed. The first of these, as shown in Figure 9-11, consisted 

I of a crack growing away from the initiation site, with an uncracked ligament
remaining between that site and the rail end* The second, Figure 9—12, pre- 
sents results for the Situation where the flaw on one side has broken through, 
to the rail end. This second case is considered the most likely of the two.
In this situation, which may be visualized in terms of the action of the joint 
bar resultant Q prying up the rail head, very large stress-intensity-factor 
values are quickly achieved. It must be expected from this result that very 
rapid crack growth is likely to occur for the head/web separation once the 
crack has broken through to the rail end.
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10. CONCLUSIONS ANi) SUGGESTIONS FOR FUTURE WORK

The major goal- of the present investigation has been to assemble informa
tion about stresses that may contribute to deterioration or fracture of rail
road rails. Such information is needed because of the imperative concern to 
improve rail track reliability in the United States. The stresses, are shown 
to be of several kinds, interrelated1 in their causes and effects, yet distinct 
enough to warrant individual attention. The most sweeping distinction is 
whether the stresses occur in'midrail or end sections,- Since their controlling 
factors differ, yet both sections are frequently subject to failure.

Midrail stresses have been studied for many years, as the many publica
tions about them attest, yet their variety and interrelationships which may 
lead to rail failure still deserve much elucidation. Thus this report treats 
bending stress (perhaps the most familiar subject of the past), contact 
stresses, residual stresses, and crack stresses, and finds subtleties in each 
class and many interrelationships between the classes.

An example of a subtlety regarding.rail bending is that it was found 
helpful to view the rail head near contact as a beam supported on the elastic 
foundation provided by the web, in addition to regarding the rail as a beam on 
the elastic foundation provided by the ties, ballast and subgrade. The finite 
element calculations of flexural stresses, depicted here in considerable de
tail, show this rail-head bending effect in the variations of at least two 
stress components. More broadly, those calculations show how six components 
of stress' vary under idealized loading conditions, and they also show effects 
of varying foundation stiffness and of eccentric and lateral loading. Much 
more could be shown by such calculations, such as changes due to wearing of 
the rail. Subjects such as contact stresses, however, demand further refine
ments.

A subtlety of contact stresses is the extent to which they may be affect
ed by fine details of the rail and wheel profiles. Means were introduced both 
for showing how details of the profiles affect the contact pressure distribu
tion and what subsurface stresses arise from a given distribution. The local
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stresses of contact are high enough to cause plastic flow, but fortunately 
these stresses decay rapidly away from the contact region. This report shows 
calculations of the subsurface stresses for a variety of load conditions, in
cluding some with tangential forces in the surface, and soma for realistic 
non-standard wheel/rail profiles. Fortunately, for many purposes the presump
tion of ideal profiles suffices.

There is much evidence that rail heads in service undergo plastic defor
mations, which induce significant residual stresses in the interior of the 
rail, but description of those stresses is still sparse. Efforts to predict 
those stresses analytically have involved assumptions with questionable valid
ity, and like laboratory experiments they are limited to initial phases of ani 
essentially long process. Therefore, in this report, though both analysis and 
experimentation were attempted, reliance has been placed on a few measurements 
of residual stresses in rails from service. The specialized nature of these 
results are recognized, so, much work remains-to be done regarding these 
stresses. Yet they appear to have a key role in crack growth and fracture, 
since they become tensile in a substantial region. The much larger contact 
stresses, in contrast, are mainly compressive, so their role in fracture seems 
more related to growth of residual stresses.

■ Crack propagating stresses can arise internally in rails if.there is a 
crack in a region where the enveloping normal stress is tensile or tangential, 
stresses are significant. The strongest possibility identified here for ten
sile stress comes from the residual stresses in rail heads, but flexural and 
contact stresses interpose cyclic alterations on them, so those stresses also 
influence possible crack growth. Therefore, the stress intensity factor cal
culations given here are based on realistic overall stress fields. These fac
tors vary substantially along the edges of the cracks, which were presumed to 
be elliptical in the present work. Hence, attention is given as to how varia
tions of stress distribution and the size of the ciack influence those fac
tors. The calculations of stress intensity factors were made using formulas 
that were available for buried elliptical cracks subjected to non-uniform nor
mal and tangential loads, after first compacting the formulas. The methodol
ogy used here could be applied to many.more hypothetical cracks and crack 
loads, and can furnish a basis for crack growth studies. Consideration of 
cracks near rail surfaces would require modifications in the methodology,



which, in turn, would complicate the procedure unless generous engineering 
approximations were used. Much further work could be done in these areas.

The study of stresses in rail ends was conducted in different ways, since 
that region involves such special considerations as how joint bars and bolt 
tensions affect the bending moment transmitted from one rail to the next, and 
how bolt holes affect stress concentrations in the web. Somewhat countering 
these complications is the observation that considerable study of rail bending 
can be.conducted viewing the rail in planar form, so that two-dimensional fi
nite element analysis produces useful approximate results. Thus finite ele
ment methods were used to expand beam theory study of joint bar reactions with 
the rail, including the effect of foundation modulus.

In order to study the distribution of stresses that might contribute to 
fracturing of a rail at a bolt hole or at the head web connection, a finite 
element model of the rail end waSi.-prepared with detailed elements around a 
bolt hole. It was used to compute circumferential stress around the periphery 
of the hole. Laboratory measurements were made to verify the stress varia-, 
tions around the hole. Then stress intensity factors were calculated for pos
tulated flaws at positions in the bolt hole where cracking is known to Occur, 
using simplified engineering formulas.

Viewing the program broadly, it may be seen that finite element methods 
provided opportunity for several new forms of stress evaluation. Finite ele
ment methods were most successful in the study of flexural stresses in the 
rail, for which much suggestive graphic information was obtained. Validation 
studies employing a photoelastic model and strain gages suggested that the 
results were generally accurate and adequate for many engineering purposes. 
Construction of a' comprehensive data base that would highlight, the effect of 
various parameters on rail stresses Is recommended. The method of computing 
subsurface stresses beginning with elemental surface loads was also quite suc
cessful and serves as a useful complement to the finite element approach in 
determining stresses near the wheei/rail contact.

Residual stress calculation remains the most problematic area in the 
study of midrail stresses. The mathematical model developed seemed capable of 
predicting trends in residual stress formation, but it seemed very demanding 
of accuracy and would be hard to pursue to an extent that would predict
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effects of realistic, extended service. Because of this it is suggested that 
the best approach for further work would probably be an experimental one in 
which measurements would be made at various stages of rail life. This could 
be done using service load conditions, preferably with some control so that 
gross tonnage would be known accurately. At the time of writing of this re
port, a program (DOT-TSC--I426, 1695) on experimental lines for determining re
sidual stress distributions was well underway. In the future, after further 
increases in computing speed have been effected, it may be appropriate to re
turn to analysis of residual stress growth.

The simplified.method applied for computing-stress intensity factors 
around railhead cracks, namely that derived from theories of Shah and . 
Kobayashf or of Smith and Sorensen, offers a good link between stress evalua
tions and projections of crack growth. Together with stress distributions al
ready computed and distributions which should be obtained through the studies 
recommended above, this method could be used to supply input for substantial 
study of crack growth. That study should account how stress intensity factors 
change under a passing load and what load spectrum a crack might be called to 
endure. Such studies should be made unless more general methods for computing 
stress intensity factors become available, such as might treat non-elliptical 
cracks growing faster where their stress intensity factors are higher. There 
is much room fpr fundamental developments in this area.

The study of rail epd stresses is a good subject for further experimental 
work, both for determining how variations in structure and loading affect 
stress distributions, and for finding how crack growth proceeds. Formation of 
residual stresses and the role of fretting in the cracking process at rail 
ends are subjects that have hardly been addressed thus far in a quantitive 
manner. Further work in these areas also is recommended.
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APPENDIX A

VALIDATION OF FINITE ELEMENT,FULL-RAIL MODELS

In order to validate the results obtained from finite element models of 
rails, extensive photoelastic tests vere conducted.. The numerical results 
were also compared with strain gage and deflection results obtained from the 
literature and other BCL programs. This validation effort is described in the 
two following subsections.

Photoelastic Validation Tests

For the purpose of validating the finite element models, a full scale 
photoelastic model of a 132-lb RE rail was fabricated and analyzed using the 
three-dimensional stress freezing technique.

Model Preparation * 100

There are a number of materials suitable for three-dimensional photo
elastic models but most of these popular resins cure in such a way that they 
must be machined' to final shape from a'rough casting. For a model of a 132-lb’ 
rail, machining to final shape was considered Impractical, so it was decided 
early in this program to cast the photoelastic models to final shape. Very 
few photoelasticians in the United States employ such a procedure, but there 
■are several British researchers, most.notably Fessler [A-l], who do. Since . 
Fessler and others had already found a resin suitable for this application, 
the same one was used here. It contains -.

100 parts per weight Araldite 6060,
30. parts per weight Phthalic Anhydride.

A description of the casting procedure follows.
In order to cast a model, a mold is required. In this Instance, a piece 

of new 132-lb rail was used for the mold core. The mold was made using a two- 
phase silicone rubber/plaster-of-paris construction procedure. The first 
phase was the application of a layer of GE RTV 630 silicone rubber to the rail
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core. To Insure a smooth casting surface, the rail was first sanded and 
cleaned with a-strong metal conditioner. The pits were then filled with epoxy 
and the entire rail was coated with vaseline petroleum jelly to provide a 
release for the RTV 630. Because the RTV 630 was fairly thin (easily pour
able), it was applied in a number of separate pourings. Temporary dams were 
required to confine each pour which was generally about l/8th-lnch deep. The 
RTV w a s mated to four aluminum angles; two each running along the top and 
bottom Of the rail as shown in Figure A-l. The angles were provided to insure 
accurate alignment when the mold was subsequently split open and refitted in 
- use. '

To provide a semirigid backing for the silicone liner, a plaster-of̂ paris 
casing was poured around the rail and silicone, using a sheet metal exterior, 
mold. To assure good, bonding between the casing and the liner, the silicone 
liner was covered with surgical gauze. The gauze was cemented to the silicone „ 
liner using Dow Corning bath tub sealer. Thus, the plaster of paris flowing 
in and around the gauze provided interlocking attachment. The completed mold* 
is shown in Figure A-2. The final step was removal of the rail. The mold was 
then ready for use.

Since the completed mold was open on both ends, filling the mold In the 
Vertical position required that the lower end be sealed. This was done by 
fastening a piece of silicone rubber sheet to the bottom of the mold with Cow , 
Coming tube sealer. The dead weight of the mold on the silicone sheet also 
provided additional sealing.

The procedure outlined below was used to make the two castings that were 
. poured. - v

.1) The required weight of resin wau calculated using the specific
gravity of the resin and curing agent (1.22) and the volume of the 
mold. ,,

2) The resin, which was solid at room temperature, was heated to about 
130 C to 140 C. (The resin melts somewhere below 100 C.)

3) The required weight of Phthalic Anhydride (a white crystalline 
powder) was stirred into the resin. The combined resin and. curing 
agent, hereafter called the resin, was then continuously stirred at 
120 C to 125 C until the Phthalic anhydride was totally dissolved







and invisible. In mixing large batches, a double boiler of mineral 
oil was used to heat the resin.

4) Prior to casting, the mold was sprayed liberally with Kraxo 1711 
' release agent and then preheated to 125 C.
5) The 125 C mixed resin was then poured into the 125 C preheated mold. 

An effort was made to pour the resin down the side of the mold, but 
this was difficult.

6) After the model was poured, the over, temperature was reduced to 
110 C and the model was given several days to cure.

7) The oven was allowed to cool down over a 12-hour period, and the 
model was subsequently removed from the mold while still hot to 
touch. The model was immediately postcured to 125 C to remove 
residual fringe patterns. Finally, the model was cooled, to room 
temperature over a 36-hour period.

While the same procedure was used with, both castings, the second casting 
contained residual fringes that could not be removed by the post-curing to 
160 C. The residual fringes were longitudinal and confined principally to the 
rail head.

No trouble was encountered in removing the castings from the mold. 
Although the mold lining .would have been good for many pourings, the plaster . 
casing was no longer sound. After the two pourings, .the mold casing contained 
many cracks and no longer provided the required rigidity .for the silicone 
liner. Had steel angles been used and had the exterior mold been left in 
position, the mold would have been more durable. If another mold were to be 
made, a reinforced epoxy ’casing would be considered. The Blaster casing was 
removed in anticipation of reusing the liner;

Loading of the Model
A loading fixture was required that could withstand the 130 C environment 

of the stress freezing cycle. Gravity loads are generally preferable for this 
type of work because of their stability, but because a load of 400 pounds was. 
to be used, another technique of load application was needed.
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Some observations on the reasons for conducting the test are appropriate. 
It was planned initially that the three-dimensional photoelastic model would 
simulate actual track and loading conditions. However, if this were done, and 
if results from the photoelastic model differed significantly from results 
from the firiitêelement model, a difficult question would'be posed:, do the 
results differ because of

a) errors in the photoel.istic analysis,
b) errors in the FE>! (finite-element method) analysis, or
c) errors in the matching of the boundary conditions? .

Because the purpose of the photoelcstic analysis was:to provide a validation 
of the finite element models, it seemed prudent to remove as many sources of 
discrepancy as possible. Thus, it was concluded that the simpler the boundary 
conditions were, the better would be the chances of proper validation. - The 
simple support was thus selected as the boundary condition for the bottom-of 
the rail since it represents the least complex situation. A point load was 
thought to be unreasonable due to the large local deformation that would 
result in the contact area. In order to reduce these deformations, an 
elliptical loading patch was employed with major and minor axes of 0.54 inch 
and 0.38 inch, respectively-. These dimensions are typical of contact for a 
steel rail, and wheel. . Even with the elliptical load patch, the difference in 
the model's Poisson's ratio and finite deformations that occur invalidate laws 
of similitude in the contact area.

The loading fixture that was finally designed and built is shown in 
Figure A-3. It employs a high temperature, 2-1/2-inch bore, Bimba pneumatic 
cylinder for load application and is fully adjustable to provide different 
spans and eccentricities of loading. The fixture was made so that it would 
slide into the oven as a shelf. ‘A nitrogen cylinder and a low pressure 
regulator were selected as a pressure source for the cylinder. Pressure was 
monitored continuously during Stress freezing so that the stability of loading 
could be measured. In order to provide the most accurate relationship between 
the applied pressure and the cylinder force, the system was calibrated with a 
load cell.
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FIGURE A-3. PHOTOGRAPH OF THE INSTRUMENTED MODEL INSTALLED IN THE LOADING FIXTURE
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Strain-Gage Results

Any experimental endeavor involves possibiities of error or even complete 
failure. Since three-dimensional photoelastic work contains many risks, it 
was desirable to use independent checks. Thus, a number of strain gages were 
applied to the photoelastic mpdel. The strain gages were also to .provide data 
for an asymmetric load case, for which the photoelastic model was rendered 
unusable by residual fringes.

Eleven 120 ohm foil strain gages with a gage length of 0.062 inch were 
applied to the photoelastic model at'the locations shown in Figure A-4.
(Other analyses had indicated that these points would be interesting). Two 
load cases were applied, a centered load of 464 pounds and a 0.75-inch off-set 
load of 275 pounds. Table A-l gives averaged results for a number of load 
applications. For the sake of comparison, actual rail stresses measured by 
Battelle are shown also, as are some results reported by the AAR [A-2] for 
cases where their information was sufficient to calculate stresses. One of 
these strains, is also used in the next section in the discussion of the 
photoelastic results.

In order to evaluate stresses from the strains, the room temperature 
modulus was required. To do this, a calibration bar was instrumented with two 
additional strain gages. The instrumented bar was then tested under bending 
and uniaxial tension. The results of the calibration indicated a room temper
ature modulus of 493,000 psi.

Stress Freezing and Slicing of the Model

The test fixture was placed in the oven and the photoelastic model was 
installed in it. The strain gages were used again to obtain a load position 
that would provide minimal eccentricity of loading as shown in Figure A-5.
The support rollers of the load fixture were adjusted for a span of 22 inches. 
The model was then heated to 125 C over a 12-hour period and the temperature 
was allowed to stabilize for several hours.

Up until this time, the model was unloaded. Care was taken in the stress 
freezing load. An optimal stress freezing load should produce readable (that





pygy 1 \ ■• *«»̂«g".— >*r*j

; TABLE A-l. • REDUCED STRAIN DATA

464-lb Symmetric Load 275 lb Asymmetric Load Offset .75 inch : „
GageLocation in./in. » psifrom data* , i psi BCL** » ,P8i AAR In. / in.: V psifrom data ' »; PSi BCL » psi AAR
•":i-: -87 -43 -64 •— , 1 -87 -43*.■(

'[2, -48 , -24 -30 , ' ■ — -73 -36* J' ; s; , — ; ■
3 +132 ' ■w +65 +59 ' ~.-t~ • +222 +109 . ! • • „  '
4 , +69 +34 +59 -37 r -18*

; -5 -252 -124 -112 __ ■ T T -199 -98* —  ...
' 6 ' -267 -132 -120 : -139 . +40 +28 ' +24
: 7 +79 0 ■ ■' 2 r  r +51 . +34 .i
8 -295 -143 ; -120 ; -139 ‘ -420 1 ■■ -■ -220 \ -- ■' -199

■ 9 \> +102 : 7 • . ' ̂ . *• ■■■ 2 +44 ’ -44 . — '
10 '■ -85 ■ -35 . -26 -87 -61. -30 0
li +78 +28 +19 , ;-/ 20 i

*Gages 1 to 5 were placed hear edge, so the stress fields there were presumed uniaxial.Gages 6 and 7 were considered to be a hair measuring the strains, for a-biaxial stress, field, presuming 7 =■ 0.3. So also were gages 8, 9 and 10, 11.
**These are stresses measured on Florida East Coast Railroad -tracks, scaled to conditions like those In the photoelastic teste. .
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is not excessively high or low) fringe values in the bulk of the photoelastic 
model, particularly in the areas of suspected stress, concentration. Further
more, it is desirable to keep deflection small enough that small deflection 
theory is valid. All photoelastic modeling materials frequently used in 
stress freezing are allegedly linear elastic and perfectly brittle. Thus, . 
material nonlinearity is not ordinarily considered. After all factor; were, 
considered, a target load of 354 pounds (75 psi at the nitrogen cylinder) was 
selected.

The load was gradually applied to the model by adjustment of the 
regulator on the nitrogen cylinder. At a load of 141 pounds (31 psi at the 
nitrogen cylinder) the model was visually checked in the oven. The check 
revealed the specimen to be deformed quite visibily, so any plans of further 
loading were dropped. After load application, the model was allowed to soak 
for an additional 12 hours and then cooled over a 36-hour period.

After cooling down, the model was removed from the load fixture.. Visual 
observation of the deformed photoelastic model revealed that.the head of the 
rail had bent excessively, although the bottom flange revealed no sudden 
change in curvature and was deflected as would be expected. This event is 
shown rather well in Figure A-6. Previous analytical studies had indicated 
the rail head responds like a beam or an elastic foundation (the web). How
ever, the degree to which this occurred in the model was not anticipated. A 
partial explanation of this event could be offered by the low epoxy modulus at. 
temperature. The modulus of the rail at temperature was estimated on the 
basis of the measured deflection assuming that the deflection was given by

W = PL48EI ■ m2k with k = tE
d

(A-l)

which,, represents the sum of the deflections due to simple beam bending and 
head bending (on the web). The modulus is given by

„  _ P rL3 , , (tMld)7* ,E " 2W l24f d t 1 (A-2)
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From this expression itwas found that E = 1521 psi. Using this value to 
calculate for the deflection of the head alone,.it was found that 72 percent 
of the total-deflection was due to this cause. This compares with the 20 
percent that might be expected for a steel rail. This discrepancy suggests 
that difficulty of constructing a full scale, full rail photoelastic model for 
the purpose-of examining flexural situations. .

Before the model was sliced, .it was observed and photographed extensively 
in the transverse direction. Figure A-7 is a photograph of the isochroinatic 
fringe patterh'“6btained in the central portion of the rail. It can be seen 
from the figure that the model appears to be loaded in the center of the span.

Iu two-dimensional photoelasticity, the isochromatic fringe order pro
vides the difference in principal stress magnitude throughout the model. At 
free boundries, this fringe order reduces to the tangential stress (that is 
the principal stress parallel to the rail profile) at the surface directly,, 
because the second principal stress is zero. In three-dimensional photo
elasticity, slices are cut from the model and viewed as two-dimensional 
slices. The fringe order is not modified by the slicing procedures. Planes ~ 
of symmetry are planes that have no surface shear and are therefore principal 
planes; therefore, slices from a three-dimensional photoelastic model that 
coincide with planes of symmetry provide the same Information as the two 
dimensional slice, i.e., the difference in principal stresses. The third 
principal stress, whether zero or nonzero, does not.enter the observation. A 
different case is.present when an arbitrarily located plane is considered. : In 
arbitrary planes, the isochromatics give twice the maximum in plane shearing 
stress. On boundaries, the component of tangential stress that is seen is 
that determined by the orientation of the slice.

Because principal planes provide more than usual information, they are 
employed in any slicing strategy. Hence, Planes I, 2, and 10 were natural 
Selections for slices as shown in Figure A-8. Additionally, Slices 3 through 
9 were selected to provide information on the distribution of the vertical 
O z stress. „

The procedure for removing the slices was complicated by the fact that 
the model had undergone significant deformation. The first step was to locate 
the slices accurately on the model. This was done on a surface plate with the
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help of several jigs. ..After the slices were located, they were cut on a band-: 
saw. It was. determined that a six teeth/inch blade operating at 100 ft/min 
with forced air cooling could cut the slices with no noticeable heating. This 
combination is much different from what others have reported usings but the 
rail model was unusually massive. The slices were not quite flat after remov
al and no attempt was made to make them planar. For better optical clarity-, 
the slices were hand sanded with several grades of wet-or-dry paper and min
eral oil. After sanding, thickness measurements were wade on all the.slices.

In order to allow assignment of quantitative significance to.the isochro
matic fringe orders, a calibration factor must first be known. To determine 
this factor, a separate calibration bar was poured and cured. The calibration 
bar was then stress frozen under uniaxial stress. The resulting fringe pat
tern gave a calibration constant of 1.414 psi-inch/fringe.

Comparison of Photoelastic and Finite Element -Analyses
•o t '

The results of the photoelastic analysis were encouraging. Of.primary . 
consideration here are Slices 2 and 3.: The isochromatic fringe.patterns for . 
these slices are shown in Figures A-9 and A-10. :'Of particular interest is the 
comparison of the tangential surface stress on Slices 2 and 3. Figures A-il 
and A-12 graphically show this stress, determined from photoelasticity. They 
also show corresponding stresses found by a strain gage and by finite element 
calculations using isoparametric brick-type elements with the shapes shown in 
Figure A-13 and having up to 21 nodes in an element.

The most distinguishing difference between stresses found by the differ
ent techniques comes from the reversal of sign of finite element stress above 
the upper fillet. The photoelast.ic results clearly did not show this rever
sal. It is thought to be a peculiarity of the finite element results attrib
utable to use of excessively large elements. Nevertheless, the agreement 
among the various results is generally good, so that the finite element method 
is generally indicated, though with warning to use more and smaller elements, Y 
This modification was incorporated in a revised finite element model. There 
is also, qualitative agreement between the shapes of the isochromatic lines in 
Figure A-9 and the contours for normal stress <jy and o z in Figure B-2 and 
B-3,- though those pertain to cases with boundary conditions different enough 
to discourage quantitative comparison.
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FIGURE A-9. ISOCHROMATIC FRINGE PATTERNS IN SLICE 2
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Of particular interest in Figures A-9 and A-10 is the rather severe "skin 
effect" in the web area of the model. The reason for this effect is not en
tirely. Clear , however, i t  is thought that it  was introduced in the casting or 
curing prbcess. It is particularly perplexing that the web area is so much 
more seriously affected than the other portions of the model.

■Validation on the Basis of Strain Measurements 
and Deflection Calculations

Strain gage results from three different sources were used to validate
finite element calculations. These sources were AAR published data [A-l], BCLw •
track measurements from the Florida East Coast Railroad [A-3] (FEC) and BCL 
strain gage measurements on the photoelastic model (discussed earlier). Rail 
deflection results from finite element calculations were compared with 
strength of materials calculations for a simply-supported beam.

Figure A-14 presents a comparison of the tangential stress distribution 
on a plane section under a central load. Finite element results for founda
tion moduli of 589 psi and 10,000 psi are compared with AAR [A-2] experimental 
results for a foundation modulus of 1600 psi. While reasonably good agreement 

-is found in the fillet region, considerable variation occurs in the middle 
web. It is probable that this is.due to the coarseness of the mesh in the 
finite-element model in that area.

A result obtained with a pair of gages on the BCL photoelastic model 
(Gages 6 and 7 in Table A-l) is compared with the full rail finite element re
sults in Figure A—11, after scaling to the load carried in the photoelastic 
test. Good agreement is observed for the tangential stress.

Figure- A-15 compares the deflection of the full rail finite element model 
with that from strength of materials beam theory,calculations based on spring ’ 
constants representing the FEC foundation. As can be seen, excellent agree
ment exists between the finite element and simple beam theory results.

On the basis of these comparisons, i t  was concluded that the finite 
element models formulated allowed the calculations of flexural stresses with 
sufficient accuracy inmost parts of the rail. Ideally, however, full-rail 
models should have somewhat finer meshing than that shown in Figure A—13.
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% ' S H A K E D O W N  O F  , S T R E S S E S  F R O M  R O L L I N G  C O N T A C T

Possibilities for Cylindrical Contact

* ■ ■ . ; ; ■ ■ '.

The presence of residual stresses may counteract contact stresses suf
ficiently to pre%’ent plastic flow, even though the latter alone might, produce 
such flow. To illustrate such conditions, consider the cylindrical contact 
case as treated by Merwin and Johnson [C-I], but revise their coordinate- sys- 
ten to agree with Figure 1-3, so that x varies in the direction of rolling, y 
varies laterally, and z vertically, with the origin at the.center of contact. 
By assuming plane deformation, they observed that the only residual stresses 
possible relate to the components qx and q z . They presumed also that yielding 
world occur only where the principal shear stress r in the xz plane exceeds 
some value k, that is where ,

t 2 ~T=r /(aC - oe) + At > k . (C-i)2 x z zx
If the components of stress are only those fcrora elastic contact theory, here

Q Q Qdenoted as o , o , and t , then r is maximum where x • 0 and z « 0.786 times X* z’ zx*the half-width of contact. Its value there is 0.300pQ where pQ is the maximum 
contact pressure. Thus if pQ > k/0.300 ” 3.33k, plastir. flow will occur un
less there is some counteracting stress such as residual stress,.

£Now suppose that at x *» 0 (eo that r 
elastic stresses alone would make t exceed k

0) there is a region where the 
There *-

T 1 e e e— (a - d ) if a >o
7 x z x z (C-2) f

C-l

J.



8 S - • G-' • .Merwin and Johnson assumed in effect, that a > o  , and where.t >k they postu-X zlated the pattern of residual stress to be

= 2(k-xfe) . (C-3)

included in a ,. the principal shear stress at x = 0 under load 

x = ^ / [ o e  + 2(k-re) -a6]2 = k (C-4)

which does not exceed k, though this aF, acting independently of any other
0  ̂gstress, would make t exceed k if (a -  a were greater than 4k somewhere.on 

the plane x = 0. Then they appealed to Melan's theorem [C-2] which states 
that if any residual stress can be found which, together with the stress due 
to load, constitutes a system within the yield limit, then under repeated 
loading the system will shake down to some system of purely elastic 
deformation. Conversely, according to Melan's theorem,-if no such residual 
stress can be found 'he system will not shake down ar.d continued plastic 
deformation will, occur at each passage of the load.

The residual stress postulated by Merwin and Johnson was designed to 
counteract stresses on the plane x = 0, but different residual stresses could 
have been postulated to lessen t elsewhere, and if it had been desired they 
could have nullified the contribution to t from the normal stresses ax and az
at some crucial position. However, no residual on t2X is possible and no re-

it r gsidual ax and az could counteract the contribution to t made by Tzx« so the
maximum t arising under elastic cylindrical contact cannot be less than the
maximum value of t . Thus if the maximum of t exceeds k, sbfkedovm cannot zx zxbe achieved, and plastic flow will occur with each passage of tla load. There 
are evidently other limitations which also should be considered for shakedown, 
as is suggested by the difficulty of preserving Merwin and Johnson’s postu
lated or during unloading if under load (<je-ce)>4k somewhere on the plane 

X  x z

x*When, this c is xbecomes



C-3

The theory of shakedown from Merwin and Johnson, contains hints for the 
development for more general elliptical Il'.rtzian contact. It is apparent that 
simplifying assumptions are needed if that theory is to be kept even moderately 
simple. .

Shakedown Under Elliptical Hertzian Contact

For three-dimensional stresses, it is frequently assumed that plastic 
flow occurs if J2>k, where k. is a constant' (equal to the tensile yield stress 
divided by /3) arid J9 is the second stress invariant

2

Under rolling contact in the x-directlon (using the notation of Figure 1-3),
residual stresses may develop with four stress components, namely
o ; o ,o and t , but not x,v nor x„„ since the residual deformations do not x y- 7. yz* zx xyvary in the x-directlon. Suppose that, under a given load of Hertzian form,6 • G 6 6 C 6elastic behavior would produce components a ,-a , a , x _ , x and x if the • x y z yz zx xyunloaded•body, were stress free, but that actually there are also residualr IT ITstress components ô, ô, oz> and x . These residual stress components may 
vary in the y and z directions, but not in the x-direction. Then the stress
invariant to be compared with k̂ is

J- 1 rV e r e  r-.2 , > e r e  r̂ 2 r e r e  r̂ 2-! , e r i2 ** t  [a +o -o -a j +la +o -a -a ] +[a +o -o - a ) +[ x +x I 61'’ x x y y J v y y z  z ’ v z z x x' J S yz y z J2

+(xe )2+(xe f . (C-6)v zxJ xy1 .

In order to study variations of J 2 in the x-direction, one may employ 
the following idealized but nevertheless representative approximations for the 
elastic stress components:

j2
2 2. 2 +(c - a ) + ( a  - a ) ] + xV z z X J

2 2 + X + Xyz zx xy (C-5)



F jt
C-4

e C1X 1°x = ~ T2~ 1 • °y = ~ 2 ~ 1  x +x
c„x, 

e 2 1

X  + x 1
c-x, e 3 1

z  ? •> *
X  + X j

C , x 2c5X1X 2c, x. xn 1yz ? •> » x +x~ zx 2.2 ’ xy 2 . 2  x -rXj x (C-7)

! j
I- i
i ii-«

where Xj and the c's do not vary with x. These approximations conform to the 
fact that for Hertz.contact the first four of these stresses are symmetric 
around x = 0 while the last two are antisymmetric. By suitable choices for Xj 
and the c's, which repress -t respective maximum values, these expressions 
agree with as many stre'. ompohents as are shown,in Figure 1-3. To these 
components one adds the respective residual stresses. Then, putting 5 ** x/xj, 
one finds

t ' i

H
! i

r't

A 3J?(s) = — j-=• H-- -̂-+ C, where
(€ + 1 ) (5 r+ l)

A = i. [(c j-ĉ Ĵ +Cĉ Ĵ̂ +Cĉ -zp̂ bĉ j - 4(ĉ 4Cg) ,. 2. 2,

B B3t(crc2)(0H )+(C2'C3){0H )+(C3^1){V°>:mC4TTyJ + *2. 2.

1 fc^-4>2-«4-<)2+(»X)2 + 6(x' >2]y ' y z
r )21yz1 (C-8)

!!I
■ £ Also

3J, 4A£ 2B£
3C (C 2+1)3 «2+1)2

2t;[2A+B(r+i)]
(C2+i)3 (C-9)

which vanishes if £ - 0, if £+ ± ®, or if ?2= £2 = -1- provided that valiiem Bis non-negative. Thus the extreae values of J (£) are

/



C-5

B2 .J„(0) = A+B+C, J„(±5 ) = C- ~  if 5 is real, and J0(±°>) = C ... (C-10)
l  2 m 4A m l

Also
d J 2 l-5£2 i-3£2Z = - 4A 1 ■ ■ , - 2B 1 ^3 5.2 ■) A(5+1) ? 1 ’(5 +DJ

(C-ll)

„2 2
[— 5 ]̂ '* -2(2A+B)=2552, and [— =4] = - ̂~r(2A+B)35 5=0 35 5=±5. 2A

b4?!
2A • (C-12)

Until the signs of A and B are determined, it is premature to say whether the 
various extreme values of J2 are minima or maxima.

To progress further in studying the behavior of-̂ (C) one may postulate 
a set cf residual stresses. Since it is analytically advantageous and physic* 
ally not implausible, it will be. postulated here that the residual stresses 
are proportional to the maxima of their related elastic contact stresses. In 
particular, let

r
0x -Xc, r

0v "Xc4 (C—13)
Also let

Then
Ce " |[(c;rc2)2+<c2"c3)2+(c3“cl)2+6c4]* Ct =

A = C - 4C . B = -2XC +4C . and C = X C , e t’. e t’ e
and It follows that

,1 ,J2(° = Cê—2 X  +  — T ~ 25+1 C5 +ir

(C-H)

(C-15)

(C-16)



C - 6

Then the extrema of J2(£) are
J2(0) = (l-X)2Ce , J2(±» ■= X2Ce , and

(1-2A)2C
= Ctfl~ 15 real*e t

(  C - 1 7 )

To decide whether £ is real so that the conditional extrema, exist, note . mthat
>  2** U - » % - 2 C l

Sn B AC - 2 Ce t (C-18)

and that this quantity is non-negative if [xĈ -20̂ ][(1 - X T h i s i r a -  
plles that the reality of ̂  depends on the value of X and on whether Ce>4Ct 
or C <4Ct-. ' >ln particular it can be shown that:

2C C -2Ct G t - - 'if C >4C , then £ is real if also ——' — x--• ,G C E C Le e
C “2C . 2Cif C <4C , then £ is real if also —̂ 7;--

e t a  C Ce e (C-19)

Note that Ce > 4 C t  implies A>0, while Ce < 4 C t  implies A<0. If C e =■ 4 C t , the only 
choice for X is V2 , and then it follows that J?(£) = Ĉ. If Ĉ AĈ  the possi
bilities are more varied.

3-2J.. If Ce>4Ct, that is A>0, and X is chosen to make £m real, then — 5— is3 F *"positive at £ = ±£ , so the values J.(±£ ) are minima, and the J_(0) and 
m 2 in LĴ (i °°) are maxima. To minimize the greater maximum, one should choose

X = ty? , so that Ĵ (0) = J_(i “) = C /4>C . If X were not chosen to make £„
*■ . 2 2 e t . . “real, then either J„(“) or J_(±£ ) would be a maximum, with value larger than 

2 2 mCe/4, and thus would be less advantageous.

If Ce<4Ct, that is A<0, then both and the larger of J2CO) or '•
J2(± ■») are minimized by taking X = ty2 » so again that is the value that should



be taken for A. In that case J„(±£ ) = C . while J',(0) = J„(± ") ■'= C./4 <2 m t *- 2 eCt, so the value of Cc_ is critical in determining whether plastic flow will 
cease, that is whether shakedown occurs.

Thus for the stresses under elliptical Hertzian contact, it has been 
shown on the basis of plausible approximations for the variation of the stress 
components in the rolling direction, that if the residual stresses are (not 
implausibly) proportional by the factor -A to the maxima of the respective 
components of. elastic contact stress, then the maximum value of ̂ (O can be
limited best by taking A = V2 * Then also there are five extrema of J?(C), and2  ̂they are (since also £ =1):m

, J,(0) = J0(± “) = C /4, and J0(±l) = C . (C-20)
L I e 2 t

Here it is the larger of the values Cg/4 and Ct which should be compared with 2k in deciding whether shakedown of contact stresses will occur. Of course Ce 
is simply the peak value of ̂ (O along the line under consideration without 
including any residual stresses, and is the maximum contribution made to Jp
by the components x2X and x^ which are not counteracted by residual stresses.

To decide whether Cg/4 or Ct is typically larger, consider the case
illustrated in Figure 1-3. There, because the line considered is on the plane
y = 0, the components x -and x vanish, and the maxima of the other- stressyz xycomponents show

C1 = -42 ksi, C2 = -35 ksi, C3 = -149 ksi, C4 = 34 ksi. (C-21)
From these, values it follows

Cg/4 = 1030 ksi2, and Ct = 1156 ksi2 , (C-22)
so it is the magnitude of Ct, which is critical for whether there will be plas
tic flow. If the yield stress for the material is taken to be 95 ksi, as for
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a strain hardening steel, k = 95//3~ ksi = 55 ksi, then k“ = 3025 ksi~. Since 
this is greater than the C£ for the stresses of Figure 1-3, it follows from 
Melan's theorem that shakedown of the stresses would occur for that case, 
though the size of Ce (- 4120 ksî >3025 ksî) shows that plastic flow would, 
occur readily in the absence of residual stress. If Ct were large enough to 
surpass k , then plastic deformation would occur cn every pass of the load un
less the body could develop more effective residual stresses of some class not 
included here (that is not uniformly proportional to the maxima of contact 
stress components).
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APPENDIX D

D E S C R I P T I O N  O F  A  M O D E L  F O R  D E T E R M I N I N G  
R E S I D U A L  S T R E S S E S  I N  R A I L S

A numerical method for the calculation of residual stresses due to 
wheel/rail contact was developed. This analysis extends the work of Merwin 
and Johnson [D-l] and Martin and Hay [D— 2] in that it is three dimensional, 
utilizes a direct finite element approacht and can account for the effects of 
work hardening.

Outline of Plan

The flow diagram presented in Figure D-l summarizes the calculation pro
cedure. The first step in the computation of the residual stresses resulting 
from wheel passage is to determine the subsurface strains using the specified 
load and contact distributions with the three dimensional finite element model 
and the computer program ADINA. These strains are then input to program 
GENTAPE which assembles the strain cycles' at the mesh (nodal) points of the 
model to simulate the passage of a rolling load. These strains are then oper
ated upon by program SHKDWN. This code really forms the most important com
ponent of the procedure since it is here that the elasto-plastic calculations 
are made. Resulting from the operation of this program are a set of uneaui- 
librated residual stresses as they exist in the rail head. These nodal forces 
are then input to a {jlane-strain two dimensional finite element model having 
the same mesh as those assumed originally. Resulting from this calculation is 
a set of stresses representing the unequilibrated portion of the residual 
stresses calculated earlier. These are then assembled from the integration 
point stresses by program EQSTRS In the proper order for summation with the 
original residual stresses. This is accomplished by program SHKDWN at which 
point the residual stresses due to the pass of the load are printed out. At 
this point the calculation procedure can either be terminated or the analysis 
of another cycle of loading can be made. If the latter course is chosen, it 
proceeds in a manner identical to that just described.

D-l
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ADINA 3D Elastic-Plastic Rail Head Model
()

Program GENTAPE

Strain field due to static load application (data on tape)
fAssembles strain in proper order to simulate foiling load passing a typical cross section

Strains due to rolling load (on tape)

\
Program SHKDWN

(V)

ADINA 2D Plane Strain Cross Section Model

Calculates unequilibrated residual stresses and nodal forces for equilibrium procedure
Nodal forces (on cards)

(> . Stresses (on tapes)

Program EQSTRS

<VJ

Program SHKDWN

Selects stresses of proper locations 
—  for summing with unequilibrafed 

jesiduai stresses
Stresses

Sums results to give corrected 
residual stresses

For nexl rolling cycle -
Residual stresses ore summed with elastic results for work- 
hardened rail in Program GENTAPE. This result is then input to 
SHKDWN and-the process outlined above is repeated.

FIGURE D-l. FLOWCHART OF RESIDUAL STRESS CALCULATION PROCEDURE *
<»
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Elastic subsurface stresses in rails have been analyzed previously by 
Martin and Hay [D—1] using an indirect finite element method. Their approach 
was adopted because of limitations on the computing machinery available at 
that time. Subsequent progress in code development obviated the need for that 
type of analysis in the present work. An elasto-plastic finite element model 
of the rail herd was developed to provide strain-cycle information for the re
sidual stress model. This consists.of a quarter section model of the rail 
head in which two vertical planes of symmetry are assumed.- Thus, the model 
consists of,a rectangular solid measuring 1.2- by 1.2- by 1.3 inches. It has 
a constant cross section mesh repeated at varying intervals along the length 
of the model. It includes 630 isoparametric-brick elements consisting of 1340 
nodes. Loading was applied to this model in the form of a 19,000-lb Hertzian 
contact distribution having semi-major and minor axes of dimensions 0.27 and 
0.189 inches. To avoid the additional complication of fiexural stresses, the 
model was presumed to be supported by a rigid foundation.

The elements directly under the'.load were constituted of a nonlinear 
material so that elasto-plastic.analysis could be performed. Prior to this, 
however, the model was run elastically, both for the purposes of comparison 
with other solutions and validation and for use in the residual stress work. 
Comparisons were made with closed form solutions, with the elastic brick 
(FRAC3D) results and with finite element results of Martin and Hay [D-2].
Good agreement between the solutions was found.

For the purposes of the elasto-plastic finite element analysis, a bi
linear, strain hardening, stress-strain curve was assumed. This, curve was 
based on laboratory uniaxial tension tests using material machined from an 
actual rail head. Table D-I summarizes the mechanical property results of 
these tests.



TABLE D-l. . TENSILE TEST DATA ON RAIL STEEL

SPEC. , NO. TEST TEMP.° F DIAM., INCH AREA,INCĤ YIELD STRESS (.2%) ksi • ULT. TENSILE STRESS (ksi) .%ELONCATION ELASTIC- MODULUS (ksi)
027 RT 0.2516 .04972 69.4 136.4 10.0 29,000
029 RT 0.2492 .04877 - 61.7 125.5 12.0 29,400

a



The elasto-plastic finite element analysis was conducted incrementally 
without equilibrium iteration. Five loading steps were required to achieve 
100% of the 19,000-lb total applied load; these increments were 68%, 72%, 78%, 
88%, and finally 100% of the load. .

For the purposes of the residual stress analysis; it was necessary to 
construct a strain cycle, simulating the passage of a rolling load for a single 
cross-sectional plane. This was done from the simple static contact cases 
analyzed by the finite element method. It was assumed that the strain seen at 
any point in the rail, head would be the same as that seen by any other point 
lying on the same horizontal (longitudinal) at some time. Thus, the variation 
in strain along a given longitudinal line due to a'static' load was taken to be 
the same as the strain at a point as a loaded wheel passed by. A computer 
program was written to assemble a magnetic tape describing the strain cycles 
for the nodal points of the cross-section. The results of this compilation 
are shown for the elastic case in Figure D-2 and for the elasto-plastic case 
in Figure t>-3. Here, x is measured longitudinally, y laterally, and z vertic
ally. The elastic strain in the z-direction is compared with that determined 
by Martin and Hay [D-2) by the indirect finite-element solution.. Good agree
ment is found for the components. These particular strain cycles were com
puted for a point lying at a depth 0.75 inches below the rail surface. Simi
lar cycles, differing only in the magnitude of the components, exist for the 
other points in the plane. As can be seen and as would be expected, the 
elasto-plastic strains are of significantly greater magnitude.

Program SKKDtffl .

Program SHKDWN calculates unequilibrated residual stresses on the basis 
of the following assumptions:

1) The elastic strain cycle derivable from a static contact situation 
is a sufficiently close approximation to the true elasto-plastic 
strain cycle of the rolling contact situation.
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FIGURE D-2. .ELASTIC STRAINS ALONG RAIL AXIS ON LONGITUDINAL PLANE OF SYMMETRY AND DEPTH = 0.075 INCH, DUE TO 19,000-LB LOAD



FIGURE D-3. elastic-plastic strains along rail axisON LONGITUDINAL PLANE OF SYMMETRY AND DEPTH = C.G75, INCH, DUE TO 19,000-LB LOAD
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2) The material is isotropic, elastic-plastic obeying an isotropic 
strain hardening law. Its yielding is described by the Von Mises 
criterion and the Prandtl-Reuss equations.

3) Every plane of the rail remains identical to every other plane in 
the rail both in terms of residual stress and material properties. 
Thus oxz and oyx are everywhere zero when no load is present.

4) A vertical plane of symmetry is assumed to exist- on the longitudinal 
centerline of the rail. Thus, only half the rail head is included 
in the analysis.

Analysis proceeds in the program in the following manner:
1) Various problem parameters are read in, including the coefficients 

of the linear equation describing the stress-strain curve, the yield 
stress, Poisson's ratio, the problem size, ahd so forth.

2) Strain cycle information is read from a tape, on a mesh point-by-mesh 
point basis. For each increment of strain, the stresses at all of 
the points in the cross-section are evaluated before moving on to 
the next increment. After the strain tensor at a point is read in, 
the strain components are transformed- into deviatoric stress compon
ents by the relation,

l: * 
* S,. = a - S ij . lj n j (i=j=1,2,3) (P-1)

where

S - 0../3 k ii (1-1,2,3) . (D-2)

At the same time, the strain deviation gradient is calculated using 
a three point divided difference approximation to the derivative. 
Thus,

de
dxul. E1.1 n ~ Eij n-1 

Xn ~ Xn-1 (xn ~ Xn-1)
cnl-l-en
Xn+l“Xn

£n~£n-l 
Xn“Xn-lx - x , n+1 n-1 (D-3)
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D-9

is the gradient at the point in the mesh. Finally, the equivalent 
strain for the current strain level is calculated using the familiar 
expression

2 2 2 2 
eef 1 l-e22̂ + ̂ e22~G33̂ + ̂ e33~ell̂

3
2 +  E

Vo (D-A)

ifitViri

if

3) Using the results from the uniaxial stress strain curve, the von
Mises yield criterion,

( - . - e ’<. e ex z (D-5)
where ez is the strain at yield (for the first approach to yielding)' 
is applied. If yield has not occurred at that mesh point, the 
stress is merely assumed to be that given by Equation (D-l). The 
program then proceeds to the next mesh point and repeats the se
quence of computations. If, however, it is found that yielding has 
occurred, then the increment of stress due to current value of 
strain is calculated using the Prandtl-Reuss equations. These are 
generally written in terms of deviatoric stress and strain as
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Tyz G[ V -  7 V

» •' \jr = G [ y - iUxz xz , 2 xzk (D-6)

where G is the elastic shear modulus, k is the yield stress in siro-'. 
pie shear, dots indicate time rates of change, and

- W = S e + S £ +Se + x y + r  y + t yxx y y z z yz yz zx zx xy xy (D-7)

Specifically, the time rate of change indicated above is replaced by 
the gradient in the rolling direction so that,

AS _xAx
Ae

2G(_xAx AWAx
2k

1
Sx)

At Ay -1xz _ A/__xz _ AWAx ,
Ax Ax . ,2  Txz ’k



■4) When the strain cycle has been completed, a system of. locally com
patible residual stresses remain. However, since stresses at the 
various levels have been computed .independently of each other, over
all equilibrium is not satisfied. To remedy this, the resultant 
planar nodal forces are calculated that would give rise to the.sys
tem of stresses just calculated if considered with respect to an as
sumed finite element mesh. This is accomplished by integrating the 
equation of equilibrium over the indicated elements. Thus, the for
ces at the center of the element are given by

~ v " .....  *y - > : r ' . '

3 a  3t- ' ?2 = // (-rF +-3f 0 dyds . (D-10)

These resultant forces are apportioned equally to the four corner 
nodes of the assumed finite element mesh. Actually what occurs in 
the program is somewhat more involved than what has just been des
cribed, but these mechanical details, involved as they are with the 
finite element methods, will not. be elaborated upon here. Nodal 
forces representing the residual stress system are finally output on 
punched cards.

Equations (D-8) were the forms of the Prandtl-Reuss relations actually 
used in the program. The strain rates used for a particular point in the 
strain cycle were those given by Equation (D-3). The increments of stress 
computed with Equation (D-8) are then added to -the stresses computed at the 
previous increment of strain. This process continues during the strain cycle 
until unloading of a point occurs. After this, stress is again calculated 
elastically and further unloading proceeds elastically.
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Two-Dimensional Finite-Element Railhead 
Cross Section Model ■

This planar symmetrical model, which is exactly the same as the cross 
section of.the three-dimensional railhead model, has 53 linear elements. The 
boundary conditions are appropriately arranged to simulate railhead support as 
described with the earlier model. The analyses are performed using the nodal 
forces produced from the unequilibrated residual stresses by program SHKDWN. 
The resulting stresses are output on tape.

Program EQSTR

This code, which is structurally almost identical to GENTAPE, arranges 
the stress output from the two-dimensional finite element model in a sequence 
that corresponds to that of the mesh points in Program SHKDWN. Once again, 
this program is. of little interest from a mechanics standpoint, so it will not 
be discussed further.

The stress computation procedure is then completed by subtracting the 
stresses computed by the finite element model (representing the unequilibrated 
portion of the computed stresses) from the original residual stress. Thus, at 
each mesh point

5urij (D-ll)

where sf® I . is the finite element component at the kth mesh point. The re- i 3suiting stress deviations are then output as the final residual stress state 
for that load pass. This operation is also accomplished with Program SHKDWN. 
A similar procedure is followed for the next pass of the load.



f r

t
J?

i

f

1
&

a
£$

D-13/D-14
//.

REFERENCES

D-l. Merwin, J. E. and Johnson, K. L., "An Analysis of Plastic Deformation in Rolling Contact”, Proceedings of the Institution of Mechanical Engineers, Vol. 177, (1963), p 676-685.
D-2. Martin, G. C. and Hay, W. W., "The Influence of Wheel-Rail Contact Form on the Formation of Rail Shells", TRANS-ASME 72-WA/RT-8, (1972)•

' / /



f--TT

APPENDIX E

MEASUREMENTS OF REPRESENTATIVE RESIDUAL STRESSES DUE TO ROLLING CONTACT ON RAILS

f {
f i

Destructive experimental measurements of the residual stresses developed 
during rolling contact on stress relieved rails were made in order to charac
terize the way residual stresses grow. For this purpose, special rail speci
mens were prepared and subjected to rolling loads under controlled conditions. 
The three-dimensional residual stress field was then determined, using the 
Battelle Slicing Technique.

Description of Test Specimen

s i l t
Mi
f

, Simulated-rail specimens were machined from 175-lb crane rail sections, 
Figure E-l. These specimens had a 10-inch crown radius and were 40 inches 
.long. A spectrographic analysis of the steel chemistry is presented in Table 
E-l, showing fractional percents for alloying elements.

TABLE E-l. SPECTROGRAPHIC ANALYSTS OF CRANE RAIL STEEL

c Hn P S SI Cu Sn HI Cr Kc A1 V Zb Zr 71 B Co y

*71 .80 .015 .039 .13 .18 .015 .072 1.00 .016 .013 .006 .004 .004 .002 .005 .006 .005

The specimen geometry, trimmed down from a heavier rail, was chosen in 
order to isolate the contact stress phenomena as much as possible from bending 
effects of the rail. Thus, the section was made as stiff as was reasonably 
possible using an available rail section. Special care was taken in fabricat
ing the specimen so as to assure uniformity of the crown radius and flatness

E-l
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of the web bottom. For the rolling operation, the rails were mounted on a 
firm base. In order to approach the ideal situation assumed in mathematical 
modelling, the specimens were subjected to an extensive stress relieving pro
cess that reduced them to a stress-free state prior to testing. This proce
dure is outlined in Table E-r2.

The stress relieving processes resulted in a lower tensile yield stress 
than was expected in a rolled rail. The stress-strain characteristics for the 
material are presented in Figure E-2. •

TABLE E-2. SUMMARY OF-THE STRESS RELIEVING PROCEDURE

Time/Date Temperature,F Remarks

3:30 p.m./12-17 78 Start Heat-Up■
. 9:05 p.m./12-20 1150. Reached 1150
6:45 p.m./>2-22 1250 Reached 1250
8:40 a.m./12-23 1263(a) Turn Off - Cool Down
9:32 a.m./12-27 382 Removed From Oven
4:37 p.m./12-23 250' . Removed Insulation
8:21 a.m./12-29 78 Stress Relief Complete

(a) Time at relieving temperature was 14 hours.

Description of Loading Apparatus

The rolling load tests wefe conducted by Battelle staff at the AAR 
Research Center in Chicago, Illinois. The tests were conducted.on a canti
lever wheel/rail loading fixture which had a stroke of 34 inches and was cap
able of applying loads in excess of 100,000 lbs, In this fixture, the rail.
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E-5

driven by a slider crank, moves under the rolling 36-inch wheel, which had 
been turned and refaced for these experiments. : To further eliminate the pos
sibility of bending of the specimen*a head-holding fixture was constructed tc 
provide additional support.

Test Cases

, A total of four specimens were subject to rolling. Two of these were 
rolled with a load of 10,000 lbs and two were rolled at 14,500 lbs. In these 
cases, the rolling load was passed over a first specimen once and a second. 
Specimen three times. All of the rolling passes were in the same direction 
and were made as near as possible to the centerline of the rail" head. It. was 
noted that the applied load fluctuated approximately 2000 pounds during each > 
traverse. This was probably the result of wear,in the machine slider support, 
rollers.

Battelle’s Slicing Technique

The Battelle' Slicing Technique for determining the three dimensional 
residual stress field in a rail consists of substantial modifications and 
unique combinations of techniques developed by Yasojima and Machii [E—1] and . 
by Kalakoutski [E-2] and by Meier [E-3]. The technique of Yasojima and Machii 
is modified in that a much thinner slice (-0.25 inch) than normal is taken.
The thin slice is then subsliced (diced). The Meier technique was applied 
essentially unaltered to determine the longitudinal strain ê . The, first y-z 
slice results in the longitudinal stress ax being relieved at each point in 
the slice. The strains (e and e in the y-z plane) are modified by a simple 
multiple of a, at each point (namely strains due to Poisson’s effect), o_v/E, 
added at each point. By dicing the y-z slice the modified strainsi t t ■ i(Sy and ê ) can be determined. Knowing ê , ê  and permits the original 
strain state to be determined readily. Finally from the original strain com
ponents, e , e , and e , the residual stress field, o , a and o is deter- ’ x’ y’ z’ x y zmined point by point.



Mathematical Formulation

Using the coordinate system as shown in Figure E-3, the assumptions for
- the residual stress field are as follows:

1. The residual stresses include a , a , a , and t . but notx y z yzt or t xz xy2; The stresses or strains that originally exist in the rail are not 
. . increased during slicing to an extent that causes plastic flow.

Also, upon unloading, the o-e curve is the line e = o/E.
3. The material is everywhere homogeneous, linear elastic, and isotro

pic. ;' ...... . . . __:... :

FIGURE,E-3. RAIL COORDINATE SYSTEM

On the basis of the third assumption, the principal residual stresses in the 
rail are as follows:

E i°x •

°y »

°x = Tr+^rr^)^<l" ^ V v(ex V ] (E-i)

where a , a , and o are the r««U!ual stresses and e , e , and e are the re- x y z x y zsidual strains, (For simplicity, the isotropic constitutive equations are 
presented,- but the method is equally well suited for orthotropic materials.) 
Conversely, the actual strains in the rail expressed in terms of the stresses 
are given by
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e 13 - fa -v(o +o )]
X E L x y z J
e _ ̂ [o -v(a +a )]
. y E 1 y x z J
E - 2 1E fa -v(a +o )] L z x y J

Now on the rail in question, let us apply

(E-2)

section, i.e., on the y-z plane, everywhere equal in magnitude but opposite to 
the original stress field. In doing this, £y and cz of Equation (E-2) are 
incremented in the manner described above.

Because of the absence of .residual stress components and x ,. the 
stress ox must be a self-equilibrating stress and does not. upset the equilib
rium of stresses in the y-z plane. Therefore, the change in incurred dur
ing slicing would only increment the strains ey and e by a Poisson effect and 
would not alter the stresses a and oz. Therefore, if the y-z section is sub-
sliced, the strains e and c in the slice after the section is made are giveny Z ■by the original strains, Ey and ez, plus the increment vaz/E, that is

e +vo /E and £ = e +vo /E .y x . z z x (E-3)
■- f
, I

I lf! ;5 ' i

Substituting vo /E from Equation (E—1) yields:

e.. =* e..+ ■r-rr-vri— (1-v)e (c 4c )} ,y (1+v)(1-2vj1 y z

’ ez + (l-bv)a-W(I~V)£x+v(ey^Z)̂ *
From the Jfeier technique, the original is determined directly.

stituting its value in Equation (E-4) permits evaluation of ev and
f f y  Zsince e and e are determined experimentally from the diced y-z slice.
y ?

(E-4)

Sub-



For positions on the top surface, the residual stress component o2 is 
zero. Thus, for points on . that surface

ez — (e +e )
-v  X y

/ .

(E-5)

Thus measurements of residual strains ex and on that surface suffice to 
imply values of all three components of residual strain.

The strains arising from the sectioning process, that is the measured 
and calculated strains e , e , e should be interpreted as the negatives of 
the original residual strains, hence the stresses implied by the. measured 
strains should be interpreted as the negatives of the original residual 
stresses..

Experimental Procedure
After the rolling load operations at Chicago, mentioned earlier, the 

specimens were returned to the Columbus Laboratories where the Battelle sec
tioning technique was applied to the specimens subjected to the 14,500-lb. 
load. This procedure was carried out in the following steps:

1) Biaxial strain gages were aj plied along the centerline of the rail 
on the running surface at the location shown in Figure E-4 (c).

2) The 0.25-inch thick, transverse Yasojiraa-Machii slice was cut from 
the simulated rail specimens with a bandsaw. Readings on the: strain 
gages were recorded.

3) Biaxial strain gages were applied to the face of this slice along 
the vertical centerline [Figu_e E-4 .(b)] after hand sanding the face 
with emery cloth.

4) The strain gage-bearing blocks shown in Figure E-4 (b) were then cut 
out on the bandsaw and the resulting strain fluctuations recorded.

5) Scribe marks were applied to the specimen where the Meier section
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b. Location of longitudinal rods in longitudinal section 
(seen in direction A-A). Gages on transverse slice 
at same depths.

c. Location of surface strain gages on longitudinal rod 
No. I (seen in direction B-B)
FIGURE E - U .  SECTIONING OF RAIL SPECIMENS
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6) The Meier slab was Chen cut from the rail specimen once again using 
the bandsaw. The change in length between the scribe marks was mea
sured. Strain variations were monitored during the cutting out pro
cedure.

7) The five longitudinal rods,. Figure-E-4 (b), were cut from the slab 
after the ends of the latter had been ground and polished.

8) The final length of the rods -were measured in the BCL metrological 
facilities. Strains on the top of the rail were monitored during 
this step.

9) Finally, strain gage bearing cubes were cut from the uppermost rod 
and the change in strain recorded.

In this way, triaxial strain readings were obtained at five locations at 
varying depth in the rail and biaxial surface strains were found at seven 
places on.the surface of the rail.

Statistical Study of Experimental Variability 
in Stress Measurements

To assess the variability inherent in the strain gage sectioning pro
cedure, a series of measurements of stresses along the surface centerline of 
the rail were made. It was assumed that since the load was relatively con
stant over the length from which the gages were to be removed, the stresses 
would also be constant.

As described earlier, a total of seven biaxial gages were applied 
and the corresponding areas then sectioned from the upper surface of each 
specimen. One of the gages was located on the transverse slice while the 
other six were along the surface longitudinal rod.

. . . .

Table E-3 presents the results of this series of, measurements for the 
two specimens. The first two columns list the measured strains. The stress 
components shown in the next two columns were computed using the procedure 
described earlier. The first set of values listed for each specimen corres
pond to the gage readings from the transverse slice. Mean stresses and
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standard deviations were calculated using the data from the remaining, six mea
surements. The single load pass specimen, Number 1, shows far less variation 
in stress than does the three-pass specimen. It is suspected that some irreg
ularity in the three pass rolling produced non-uniform stress along the top 
surface of Specimen 2. Thus the large scatter in stresses calculated for that 
specimen may not be due to variance in the measuring process. Moreover, such 
a scatter need not be expected at points deeper in the rail. Therefore, the 
standard deviations shown for Specimen 1 are probably representative of accur
acies attainable by this procedure.

Experimental- Results

The "raw" strain readings obtained during the dissection procedure are 
presented in Table E-4. This table includes both the results obtained from 
the dicing of the transverse slice and the removal of the rods for both speci
mens.

Table E-5 presents the subsurface strains and stresses evaluated from 
the data in Table E-4 by the analytical tneUiods described earlier. The sur
face strain, as measured by the centerline strain gages anc resultant stresses 
calculated by presuming oz = 0 at the top surface, are shown in Table E-3.

■■

£
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| TABLE E-3. SURFACE RESIDUAL STRESSES WITH STATISTICAL EVALUATIONS

Strains Produced bv Slicing Residual Stresses, psi
r r r r

Ex ey °x °y.. - . '

Specimen 1 (1 loading pass)

0.000230 -0.000189 -5713Ca) 3956(a)
0.000388 -0.000335 -9478 7207
0.000345 -0.000305 -8357 6643
0.000372 -0.000315 -9148 6705
0.000343 -0.000322 -8123. „ 7223
0.000344 -0.000275 -8621 5664
0.00029.4 -0.000224 -7477 4477

Mean Stresses (last six gages) -8534 6320
Standard Deviation 657 707

Specimen 2 (3 loading passes)

0.000369 -0.000199 -10197(a) 29n(a)
0.000423 -0.000142 -12541 498
0.000385 -0.000047 -12227 -2258
0.000156 -0.000240 -2769 6369
0.000490 -0.000244 -13741 3198
0.000449 -0.000008 -14723 -4177
0.000550 -0.000079 -17351 -2835

Mean Stresses (last six gages) -12225 -132
- Standard Deviation 4552 3695
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TABLE E-4. SUBSURFACE STRAIN AND DISPLACEMENT MEASUREMENTS (a)

Location
Number

Yaso.1ima-Mac.hli Strains

62 inch

Meier Deformations^3^
f

ez
•

£
y

2Q inch 2 finch Depth
inch

Specimen No. 1

1 -0.000138 0.00039A -0.000040 ’ 12.0636 12.0696 0.070
2 0.000121 -0.000081 -0.000028 12.0636 12.0662 0.280
3 -0.000006 -0.000007 -0.000018 12.0636 12.06A8 0.498
A -0.000002 0.0000A6 -0.000009 . 12.0637 12.0648 0.716
5 0.000027 0.000066 0.000000 12..06 37 12.0648 ’ 0.934

Specimen No. 2 .

I -0.000121 0.000A59 0.0002360 12.0627 12.0688 0.070
2 O.OOOOA5 0.00001A 0.0001653 12.0628 12.0660 0.280
3 -0.000060 -0.000113 -0.0001102 . 12.0639 12.0638 0.498
A . -0.000051 0.000016 0.0C00551 12.0629 12.0638 0.716
5 -0.000018 0.000066 0.0000000 12.0630 12.0640 0.934

(a) 62 - length change, due to removal of slab from rail,
i Q ■ Initial length before slicing out rods,

*■ final length of rods,
so that total deformation is AL = 62 + (1 - 2 ).

f .o
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TABLE E-5. SUBSURFACE RESIDUAL STRAINS AND STRESSES

r' \«

Position
No.

Strains Produced by Slicing : Residual Stresses (psi)

ez c-
~y «*■'

•- r - °z r
°y ■

r
ax

Specimen No. 1 .

1 -0.000319 0.000212 0.000494 . 652 -11624 -18112
2 • 0.000052 -C.000149 0.000211 -3187 1473 -6860
3 -0.000031 -0.000032 0.000091, 267 290 -2571.
4 -0.000033 0.000014 0.000086 -389 -1496 -3153
5 -0.000011 0.000027 0.000087 -1542 -2442 -3806

Specimen No. .2

1 -0.000310 0.000269 0.000486 -550 -13935 -18929
2 -0.000038 -0.000069 0.000251 -1621 -906 -8305
3 -0.000057 -0.000110 ■ 0.000065 3095 4318 260
4 -0.000068 0.000000 ■' 0.000065 1523 -23 -1526
5 ' -0.000043 0.000035 0.000081 -59 -19,97 -3054

E-14





APPENDIX F
STRESS INTENSITY FACTORS FOR LOADED ELLIPTICAL CRACKS

In order to quantify the large stresses which arise around the 
edge of a crack, it is customary to describe them in terms of stress intensity 
factors Kj., K^, and K̂ .̂. " According to linear elastic fracture analysis, 
key stresses near the edge of a loaded crack increase in proportion to lA/r, 
where r is distance from that edge. Thus the stress intensity factors K̂., 
and K j j j  are factors by which 1 / v 2 ttt should be multiplied to represent t ^  

and Tzt for small r, where c is the stress component normal to the crack 
plane and t  and t  are shear stresses acting on the crack plane in directions 
normal and tangential to the crack edge.- If the stresses which would arise in 
a certain region with no,crack present can be approximated by third order poly
nomials. then the stress intensity factors around elliptical cracks there can 
be derived from theories by Shah and Kobayashi [F-l] for K̂ , or by Smith and; 
Sorenson [F-2] for Kjj. and K̂ .̂ . Local coordinates (x1,y',z') used for such 
analyses are shown in Figure F-l, which also illustrates the parameter angle cp 
and the flaw semi-axes a and b. These theories apply readily only if the flaw 
is not too near a surface of the body containing the crack. Since well embedded 
cracks are themselves important, attention will be limited to them. Other 
analyses which have treated stresses around surface cracks include those by 
Smith, finery and Kobayashi [F-3], Thresher and Smith [F~4], Raju and Newman [F-5], 
and Bell [F-6].

The theories of Shah and Kobayashi [F-l] or Smith and Sorenson [F-2] 
are somewhat complicated analytically, but it has been found possible to 
simplify their results considerably beyond the forms provided by their authors, 
as will be shown here. Since effects from normal loads are simplest, those will 
be considered first.

F-l

/



o. Location of an Elliptical Flaw

b. Variation of tx ',  y ‘) on Ellipse with Parameter tp

FIGURE F-l. NOTATION USED FOR ELLIPTICAL FLAW IN RAIL
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Stress Intensity Factors from Normal Loads

General Formulas

Shah and Kobayashi considered an elliptical crack embedded in an 
infinite body subjected to a normal load p(x',y') (^- ê ,) on.the crack face 
of the form

W"1(Tp (x',y ’)=Ann+A7nx'+Am y :+A?nx' 2+Axlx1 y ’+An,y'2+A,nx’3+A,,x'2y '+A, ,x'y'2+An9y' 3.02 J 30 21 12 03 (F-l)
Their analysis:, however, did not express the stress intensity factor K̂.
directly in terms of the coefficients A of the load. Instead, it provided
a system of equations relating those constants to another set of constants c „
used in expressing the stress potential function, and then expressed the stress
intensity factor in terms of the constants ĉ  . Their equations relating the
Â j to the c^ have analytic coefficients'  ̂which are moderately complex
quantities depending on a and b, the semi-axes of the ellipse, on k' (= b/a)
and k ( = ./l - k'2), and on the complete elliptic integrals K(k) and E(k). By
reorganizing their expressions for the K it has been found possible to solvem 9 nfor their c^ explicitly in terms of their Â  , thus greatly simplifying the 
use of their theory for calculating the stress intensity factor Kj.. A byproduct 
of this simplification is that.it also shows how their theory can lead to a 
treatment for circular cracks, for which the vanishing of k makes their 
original formulas indeterminate. 1

In order to reorganize Shah and Kobayashi’s theory, we may begin by 
choosing a reference stress Â , which usually will be taken to.be A^ if that 
is not zero, but may be chosen to be any convenient fixed stress. Also let G 
be the shear modulus. Then define dimensionless load constants x.. as follows:

x.. = A. .a tr/A . J-j ij r CF-2)

Define new dimensionless constants related to their constants c^ as follows:

2Gc. .
Vlj ' » .1+1bJ+2r

(F-3)

V
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In order to. reexpress their coefficient functions K introduce the functions r m,n
fx(k) = 4E(k) ,

f900 = Aj [k,2K(k) - (l-2k2)E(k)] , 
k

f, (k) * - 7  f(2-k2)k,2K(k) -2(l-k2+k4)E(k)] ,
J k .
f.(k) = -4 [(-8+15k2-3k4)k,2K(k)+(8-19k2+9k4-6k6)E(k)] , 
4 k6

(F-4)

where K(k) and E(k) are complete elliptic integrals of the first and second 
kinds, respectively. Note that these functions have indeterminacies for both 
k = 0 (the circle) and k =1 (the line ellipse), but those indeterminacies are 
resolvable. In fact

f1(0) = 2tt , f2(0) = 6tt , f3(0) - - , f^o) = - ̂

fx(l) -.4 , f2(l) = 8 , f3(l) = - 16 , f4(l) = - 64 .

(.
(F-5)

Then all of Shah and Kobayashi's coefficient functions  ̂relating their:
constants to their constants c^ can be expressed as linear combinations
of the functions f̂ (k) multiplied by powers of a and b. Because of the many
implied relationships among the q It is not necessary to use all those
functions in ceexpressing the solution of their equations, but it is helpful
to observe these relationships, denoting revised versions of K as K :m,n m,n

Kl,l 5 Eb Kl,l “ fl ’

’’2,2

3,3

5̂,5

3, 2 , 1-
H ■ b *2,2 2f2

s ab4K = 3f,3,3 1
3. 4 1s a b Kc c

h
(F-6)

K4,4 * *5b2K4,4 5 £2 -  £3 ,



F-5

i

I

K, , = a\4K. , = f, ,4,6 4,6 3
3 4K, , = a .b K, . = f_ ,6,4 6,4 3

- *6.f M ' - 30f1-+ 5f2 - f3
\ .

*7,7 = ' . 35̂  _M f + i£x- 3 "2 3 f3 + 3f4

*7,9 ■ ■‘V S,9 —f - if 3 3 3 2 ’

fr *9,7 A %,7 7f3 - f4 9

*9,9 " " b *9,9 " f4 ;

*8,8 a ‘S \ e ' 7f3 - f4 9

| ■ *8 ,10 ' ̂ V l O = f4 '
■to *10,8 * »3A 10,8 « u>|h

-*

(F-6, Cont.)

35.K10 ,10 £ ab *10,10 = - 70fl + T f2 ■ 3f3 * 3f4

The new functions K are dimensionless forms depending only on the axis • 
m ’n 21/2ratio k̂ =? b/a or on k = (1 - k' ) ■ . Comparable dimensionless forms can

be made from all of Shah and Kobayashi's coefficients K , but the othersm,nare not needed in stating final solutions. • •

, By using the revised load constants and unknown constants 
together with the new coefficient functions K depending only on the four 
functions f.(k), Shah and Kobayashi's system of ten simultaneous equations 
becomes readily solvable in algebraic terms. Putting

*2 = *4,4 *6,6 * *6,4 *4,6 ’
°3 “ *8,8 *10,10 ’ *10,8 *8,10 
D4 = *7,7 *9,9 - K9,7 K7,9 ’

(F-7)



the solution becomes

7 00 K, '00,̂1 5K1,1 20 5K1,1K°2

710 F 10k2%2 1 7K2 2 30 7K2,212

701 3̂,3 ■
1 . 3+ ,̂ 21 7K, ,K03

720 D2 "20 .  - D2 02

■Yll y ” 11S,5

'02
K,1A,,d2 *20

*4 4+ D„ 02
(F-8)

7 30
' Q  O

d" 'K30 '7.9
T> n l 2  4

721
•‘10.10 K8,10
' I)3 ,v21 ‘ D3 h03

7.12
9,7 7̂ 7D/K30 +_C ^ 24 4

703
*10,8 *8.8D3 .” 21 D3 *03

In terms of the now available constants y^ and the parametric angle cf> for 
points on the ellipse, Shah and Kobayashi's i-tress intensity factor is 
given by

—— o 2 ' ir 7 24/k'(1-k cos 9>-̂ y00+Y10cos!p+Y01siiuf>-AyjQCoŝ'vp + VjjSinocos®-4y02sin
(F-9)

-4y3ocoŝ cp - 4y2 jC082<psinsp - Ay^^coS^sin^ - Ay^sln^pJ :



The formulas given here provide direct means for finding the
stress intensity factor from given load constants ^. The first step
can be to use the axis ratio k' to find k and hence the four functions
f.(k). From these there follow the sixteen given functions K , and from i m,nthem the coefficients applied to the revised load constants in the 
above solution for the y... Using the dimensions of the ellipse, the con
stants can be calculated from the given A.̂ , find applying these produces 
the solution for the y^ and hence the equation for K̂ . - -

Cracks Under -Tension and Bending

To provide some simple illustrative results from this- theory, 
suppose the the only non-vanishing load constants are A^ and A^, as 
would be true when simple bending stress is superposed on uniform tension in 
a body such as a rail. Than the non-vanishing y„. are

Hoo oo7k
fl

*01 *<
*“ 3̂,3 3f,

A00/Ar 4E(k) ’ and
(F-10)

01 A01b/Ar k'Abl/Ar
'3,3 3fi-2f2 l2£(k> - ~%£lc,2K(k>-<1-2k2>E<lc>] 4^(l 2̂)E(k)-k'2k<k) j

Then the stress intensity factor becomes
2 7 -P • A-.b -iKj “ Apjy/rrn (1-k cos cp)'4j_Cjt + -Ĉ (k> sincpj , where

C => ^ -- C’ k E(k) ’ k
2 —  kyk1

(l+k2)E(k)-k,2K(k)
(F-11)

Specifying the eccentricity of the elliptical crack makes it possible to eval
uate the coefficients and Ĉ , as is illustrated by the following short table:
k 0 0.2 0.4 0.6 0.3 0.9 0.99
k‘ 1.00000 C.97980 '0.91652 0.80000 0.60000 0.43589 0.14107 0
K(k) 1.57080 1.58690 1.64003 1.75077 1.99534 2.2S063 3.35711 CO
E(k) 1.57080 1.55494 1.50591 1.41307 1.27634 1.17170 1,02849 1
C,k 0.63662 0.63658 0.63573 0.63074 0.60689 0.56347 0.37559 0
c*Ck_ 0.42441 0.42250 0.41485 0.39647 0.36057 0,31691 0.18689 0
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To illustrate the effect of the constant part of the normal load 
(that is with only Aqq f 0), values in the above tabulation can be used to 
express K̂ /(Â vr13) as a function of cp for each value of k in the table.
These functions vary as shown in the first part of Figure F-2. To illustrate 
the effect of the variable part of the normal load associated with bending 
(that is with only Â ^̂ O), similar results were found for ̂ /(Â l̂vna), and 
they are shown in the second part of Figure F-2. Of course, for a crack in. ■ 
the head of a rail under pure bending both these kinds of load would be present 
in proportions varying with distance of the flaw from the neutral plane of the 
rail. Thus, for example, consider possible transverse flaws with horizontal 
major axes of length 2a situated at distance 10a above the neutral plane of 
the rail in bending. Then A^b/A^ = 0.1k', and, for flaws with eccentricities 
included in the above tabulation, the stress intensity factor varies as shown 
in Figure F-3. For these flaws, the high values of the stress intensity factor 
occurs at the top of the ellipse (at cp = ̂ ), where the crack is farthest from 
the neutral axis, and the value is largest for the circular crack (with k = 0).

To quantify the stress intensity factor from this, theory, one must 
specify a, AQQ and AQ̂ . Thus, pursuing the examples of Figure F-3, consider 
an ellipse with a=0.3 inch situated with center 3 inches above the neutral 
bending plane of the rail, so that A0̂ b/AQQ = 0.1k*. To get a representative 
Aqq, consider the bending moment in the rail above a particular tie beyond 
which ties at distances 24 and 48 inches support loads -333.96 lb and -267.57 
lb respectively, so that the moment desired is 20858 in.-lb. (These numbers 
were computed from test data recorded on the Florida East Coast Railroad.) 
Taking the moment of inertia of the rail to be 88.2 inches , the tensile stress 
at a position 3 inches above the neutral plane is, according to beam theory,

20858 x 3w* S  — ■ ■' ' ■■x 88.2 709.45 lb/in?

| Taking this as the value cf AQ0> one finds AQ /̂ria' = 688.74 lb/in?',2.
. j Multiplying this value by values shown in Figure F-3 for a chosen k yields'| the stress intensity factor at positions around the edge of the elliptical j.
j. crack having that value of k.
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F-ll
Stress Intensity Factors from Shearing Loads

Reorganization of Smith and Sorenson Formulas'

Smith and Sorenson also considered an embedded elliptical crack

t. ■■
e

■i

W-

1/

1

%-Ss
t

1
§Bi
rl
rg

ft • $

2a
,.2= 1, 0, (F-12)

as in Figure 1, and they presumed its face subjected to the shear loads
3 3

:'x' \  I 1mn ,m ,nx y

T y'*'

m=0 n=0

i  i

(F-13)

m=0 n=0
except that the raiiges of sunznation include only 0 5 m + n 5 3., The load
constants A and B here number 20. Paralleling the theory of Shah and mn mn -Kobayashi, Smith and Sorenson introduced a stress function involving 20 arbi
trary constants a and b' :;"for.O 5 m+n 5 3, and proceeded laboriously to 
construct a system of 20 simultaneous linear equations, showing each load
constant A or B as a linear function of the stress-function constants mn. mna and b . They denoted the coefficients of these equations as K. , with mn mn n i . j. i and j ranging from 1 to 20, and they presented them in tabular form as 
combinations of auxiliary functions denoted as . . . , M,,̂. . The M's
were shown as algebraic functions of a, b, k' (°b/a), k ( “ - k' -), K(k)
and E(k). Their plan for treatment of a specific ellipse under a given

then to findpattern of loads was to evaluate all the M's, then all the K
the constants a and b from the given load constants by solving the 20 mn mnsimultaneous equations , and finally to evaluate stress intensity factors 
Kjj and Kjjj- by using these a^ and in formulas they provided for K̂ j and 
ÎII* calculations are long and tedious, and they offer many opportu
nities for making mistakes. Therefore, an effort has been made here to 
organize and simplify this theory. Insofar as Smith and Sorenson's mathemati
cal entitles appear, their notation has been preserved. Moreover, a correction 
for one misprint in their paper has been included since they confirmed the 
correction in direct conversation. (It makes their polynomial multiplying

\
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E(k) in M27 be 8k4k'2 + 3k2k’2 + 2k2 - 8.)
To begin simplifying Smith and Sorenson's formulas, let

A in! n !X = r.n mn A ,(m+n1! ref
' B . â b̂ ! n !, mn ___ ■ „m+n.(l+6̂ n), Umn .V _.(m+n) ! (1°0 }:

mn
2Ga .2m+n(m+n+l)! mn .nH-1, n+2 . A bref mn

ref'
2Gb ^̂ "(m+n+l) ! an_______ __* m+l.n+2 A t-3. b

(F-M)

ref
where G is the shear modulus, A  ̂is a reference stress to be chosenreflater, and

nr+n _fl if ttt+n = 0) S0 ”\0 if nt+n 0 / ‘
Also let m + n.

, m.+ n,+ 1 n + it + 2 m. ! n.l (1+5,-. 1)l/ _ 1 ,, i i  i j i x____0i,j 2G i,j 3 + n^!

(F-15)

[2m1 + nJ (nij + nj + I-)!],

;
t

•4

!
\

. i

where the constants m. and n. are determined bv the order of thei i j  j :indices used in their 20 x 20 system of equations, so that
tn.x
uj

m' for the i*"— row,
m for the j—  column, n.J

= n for the i-̂- row 
n for the j™ column

In particular, inspection of their report shows they used:

m^or ®j)“ 1 if i (or j) = 2,
2 if i (or j) = 4,
3 if i (or j) = 9,

n.(or n,)- i j

3, 6, 10, 11, 13, 16, 20
5, 7, 12, 13, 17
8, 14, 18 '19

9*■ *4, 9, 11, 12, 14, 19
5, 8, 13, 15, 18
7, 16, 17

and

(F-16)

,3 if i (or j) = 10, 20
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Then their equation (2.16) is equivalent to

m M - T I
l 1 XI

(F-17)

This reformulation has the immediate advantage that all terms of the
matrix and the vectors are dimensionless. Further advantages will appear
later in the coefficients that are to be used.

Smith and Sorenson tabulated their 82 non-zero functions K. byi,jlisting numerical constants A, 
that

i, C, p, q for each pair of indices i,j so

= A. [B(l-v)Mp + CvMq]- 2G , . (F“18)
with v being Poisson's ratio. In the replacement of K , by the revised
function K  . the doubled shear modulus 2G is cancelled out, and their J mi+ni. /constant A is largely cancelled by the new factor nj n̂.! (1+5 q i  f

f(m.+ n.)! 2 ^ (m. + n + l)ij . The dimensional factors a * F aRd
n̂j+nj+i included in K. .so that they can be divided out of the func-X y J •tions M and H in order to get dimensionless functions '■! and M . Considering P q P qhow the various U 's contribute to the K . these dimensional factors are P . 1 , 1uniquely determined for 18 of their 29 functions M , and 5 of their M s can.s J ? Pbe ignored since they contribute nothing to the stress intensity formulas,
but for 6 of their M 's (those with p = 4, 8, 9, IS, 19, 20) three forms of ,Pdimensionless factor might be used. In defining the functions M , the factor- ow+mi + 1 n-j +n,2 , P ■ 'a J b J to be chosen here is the unique factor associated
with M (if there is a unique one) or else the associated factor having the

Plowest power of b. Concurrently, each M will be multiplied by a numericalPconstant which experience has shown to be convenient, intending to cancel 
this constant out by dividing it into AB and AC. This leads to the intro
duction of the functions M shown in the following list.

\
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A(̂ = -4ab t-k,2K(k) + (l-k2)E(k)]

• t?; 1i *i- !Ui
II
f  if I

ff
'< $ l 5

!

|

M„ = -4.ab2Ĥ  = 4  [k'2K(k) - E(k) ] .Z k
M.3 = 4ab2M3 = 8 [0-k,2K(k) - E(k) ]
M-4 = 2a3b2M4 = 4  t-2k,2K(k) + (2-0 E(k)]k
Â  = -2a3b2M. - 4  ̂[k?2K(k) - (l-2k2) E(k) ] k
AJg = -2ab4M6 = 4  t-K,2K(k) + (1+k2) E(k)]

A(? = a3b4M?̂— = 4  l(2-4c2)K 2K(k)-2(l-k2+k4) E(k)]
* l
! 1 . M8 = -3a5b2>lO

II [(8+k2)k ,2K(k) -  (8-3k2-2k4) E(kV]
“ ? f
! £
i f ’ ‘

V =-3a3b4M9 2.
S I ______  .

k6
[-(8 -9k2)k ,2K(k) + (S-13k2+3k4) E(k)]

h %
: |* I
f i 

■ . «10
5 2

=3a b M10 II [-2(l+2k2)k,2K(k) + (2 ^ k 2-8k4) E(k)J

l l  ••• 
it
t i  ■

M11 "=■ 3abbM33
. 2 

k4
[-2 (i-3 k 2)k ,2K(k) + (2-7k2-3k4) E (k )]

(F-19)

M 14 - 6a3b2M14 ■= 4  [(2+k2) k O ( k ) - 2 ( l - k 4)F.(k)]

A<15 - 6ab4M 13 = 4  [(2-3k2)k'2K(k)-2(l-2k2) E(k)](C
M =-15a5b2Mlf)= 4  [-(8+3k2+4k4)k,?K(k) + (8-k2+k4-8k6) E(k)J

k

A(1? =-15ab6M1? = ~  [ (8-19k2+15k4) k ,2K(k) - (8-23k2+23k4) E(k) J

Mlg = 5a7b2M g ** -4 [-(48+8k2+4k4)k,2K(k) + (48-16k2-9k4-8k6) F(k) ] 3it
5. 4,Al.■19 .«* 3a"b"M19 = 4  l(16-16k2-k4)k,2K(k) + (-16+24k2-4k4-2k6) E(k) 1

M20 = 5a3b6M20 = [-(48-10/.k2-Hi0k4)k,2K(k) + (48-128k2+103k4-15k6) E(k)]3k
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M,. = -5a7b2M? =- 7̂- [(8+13k2+2Ak4)k,2K(k) - (8v9k2+16k4-48k6) E(k)]3k
M-22 -5ab M22 3k [-(8-29k2+45kA)k,2K(k) + (8-33k2+58k4+15k6) E(k)]

M = 35ab M,. = [(4S-160k2+l93k*-i05k )k'̂ K(k) + 8(-6+23k -33k4+22kb)E(k)].D 3k
Mi7 = -a5 b % 7  : = T 6  3k .[ (-8+k2+4k4) k' 2K(k.) + (8-5k2-5k4+8k6) E (k) ] (F-19,cont.)
M2g = -a3b6M2g = — 6- [(8-15k2+3k4)k,2K(k) - (8-19kZ+9k4-6k6) E(k) ] ..3k°
M = 35a7b2M = [(48+lCk2+17k4+24k6)k,2K(k)/+ 8(-6+k2-k6+6k8) E(k) ]3k

The functions . . . M ■ are quite interdependent. One
way of.showing this is to express them in terms of the following five func
tions (with limits noted as k->0):
F^k) = E(k)
F (k) = ~  [k,2K(k)-E(k)] k
F3(k) = ■—  [2k’2K(k) - (2-k2) E(k)] k
F,(k) = ~  ((8+k2)k,2K(k' + (-8+3k2+2k4) E(k)]

*4 , t>

; 7 fi(o) = i
v !  V 0) = " l
? 3* f Fs(0) = " a (F-20)

F5(k) = [(16-16k2-k4)k,2K(k) + (-16+24k2-4k4-2k6) E(k)]; | F5(0) - |||
Using these functions we find
"l B - 8 F l - 8F2

M2 = 8F2
•M3 S3-8FX
M4 S3 -4

M5 a 8F1 + 4F2
M6 St AP _ AV*rl - r 2

(F-21)

i
r
i
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M , , s -  4 F ,  -  2 F „  +  2 F ,
7 1 2  3

X  M 8
= ? F

_ . 4

'¥■
-  > 9

= 1 0 F 3  -  2 F 4

■ ■ s  ■ ; ;  M i o
= '

- 1 6 F l  - 8 F 2  -  2 F 3  -

m ;
= . -  6 F 3  + 1 2 F 2  -  2 F 3

'■ ; X *
= / 8 F l  +  4 F 2  +  4 F 3

M ,  c a - 1 2 F „  +  4 F _■' 1}
t 1 5 2  3

\ ft ' - •
;. ' *  - M 1 6

= - 1 6 F X  -  8 F ,  -  2 F 3  -  2 F 4

: *  - i a . • -• •>

, \ M 1 7
s . ' 3 0 F _  - 2 0 F -  +  2 F .  

2  3  4

■ 1 *
i t : '
>- f ; . V

tz. - ( 1 4 F

|
>•' |- M  „ •rs
?■! 1 9

H  : ■
i i  . -i -1 ’ M 2 0

ss ( -  7 0 F 3  + 1 4 F , ( -

M

i r  : *•. W 2 1
83 ( 9 6 F 1  + 4 8 F ,  + 1 2 F 3  +  2 F ^

f l  . ■■■■ ^ 2 2 “ ( 3 0 F . .  - 9 0 F ?  + 3 0 F 3 ; -  2 F ^

f:l-
i 3‘ * ' -i 6
II

I I
>1-

IS
i I '

4 5 
2F.

25 (-210F2 +.210F3 - 28F̂  + 6F5)/3
M2? » (16F1 + 8F2 -(• 2F3 - 2Fa)/3

28
29

(12F1 + 6F2 - 16?3 + 2F4)/3 .
(96F, + 48F2 + 12F3 + 16FA + 6F,)/3

(F-21,cont.)
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F-17 - ;.11,
Using Smith and Sorenson's table of coefficients for the functions 

j. and converting it to a corresponding table for the revised functions K  ̂
while, replacing the functions Mp by the revised functions Mp, it Can be shown 
that

K. .  =  B ' ( l - v ) M  +  C ' v k , ( 2  ,i»J P q
(F-22)

where p, q and the new B'and C' are given in Table F-l, and the value of t  i s '

L  J+l if (p,q) = (6,A), (7,8), (11,9), (22,20), (27,18). or (28,19U . 
j.-l. for all other pairs (p,q) ) .

...  In comparison to Smith-and Sorenson's corresponding table, Table Frl
has no tabulation of constants A, since they have been absorbed into the other
constants in the revision process. Moreover, the variation of signs of the
constants B' here is nearly eliminated and the constants C' here are nearly
all unity. The near unanimity of these patterns for B' and C' after the
revision raises the issue of whether there are further errors in Smith and
Sorenson's tabulation of their functions, beyond the one already noted in
their ĉough their conversation confirming that error also confirmed
they knew of no. further errors. This subject will be pursued further by
considering forms their formulas take for a circular crack.

Before resolving the possibility of errors in Table F-l, it is
proper to note that revised formulation greatly simplifies the calculation
of the auxiliary functions here called the Mp, since the further auxiliary
functions a , g , and y used by Smith and Sorenson have been eliminated, and P P Pthe Mp's here are now simple combinations of five relatively simple functions
F.,(k), i = 1,2,3,A,5. The new functions F,(k) and M_ depend only on the ratio1 / 2 Pk* = b/a (or k =>/l-k' ), so they may be computed if only b/a is assigned. If 
v also is assigned, then the functions K , . may be computed also, and limits* Jfor all these functions may be found conveniently as k-*l as for a circular 
crack. (By contrast, Smith and Sorenson's formulas were crowded with varying 
powers of a and b separately, and consideration of .the limiting case as k'-*-l 
there was badly obscured in intricate, indeterminate expressions.)



TABLE F-l. COEFFICIENTS FOR REVISED FUNCTIONS K . , (Before Correction *)

i.j B' c p q

1.1 1 1 3 l
1,4 1 1 5 14
1,6 1 1 6 4
1,15 0 1 - 4
2,2 1 1/3 5 14
2,7 1 1 7 8
2,9 1 1 10 16 .
2,13 0 1. - 4
2,18 0 1 - 8
2,20 0 1 - 9
3,3 1 1 6 4
3,8 1 1 7 8
3,10 1 1 11 9
3,12 0 1 - - 4
3,17 0 1 -■ 9
3,19 0 1 - 8
4,4 1 1. 10 16
4,6 i 1 7 8
4,15 0 1 - 8
5,5 l 1 7 8
5,14 0 1 - s
5,16 0 1 - 9
6,4 1 1 7 R

6,6 l -1' 11 9
6,15 0 1 . - 9
7,7 1 1 28 19
7,9 1 1 27 18
7.18 0 1 - 19
7,20 0 1 - 20
8,8 1 1 27 i8
8,10 1 1 28 19
8,17 0 1 - 19
8,19 0 1 . - : 18
9,7 1 1 27 18
9,9 1 1 21 29
9,18 0 1 - 18
9,20 0 1 - 19

10,8 1 1 28 19
10,10 1 1 22 20
10,17 0 1 - 20
10,19 0 1 - 19

i.
i.j B ’ c* p q

11,5 0 - 4
11,11 1 1 3 2
11,14 1 1 5 4
11,16 1 , 1 6 4
12,3 0 1 A

12,8 0 1 - 8
12,10 0 1 9
12,12 1 1 5 4
12,17 1 1 7 9
12,19 1 1 10 8
13,2 0 1 -  ■ 4
13,7 0 1 - 9
13,9 0 1 - 8
13,13 1 1/3 6 15
13,18 1 1 7 9
13,20 1 1 11 17
14,5 0 1 ■ - 8
14,14 1 1 10 8
14,16 1 1 7 9
15,4 0 1 - 8
15,6 0 1 9
15,15 1 1 7 9
16,5 0 1 - 9
16,14 1 1 7 9
16,16 -1 -1 11 17.
17,3 0 1 - 19
17,10 0 1 20
17,17 1 1 28 20
17,19 -1 1 27 19
18,7 0 1 - 19
18,9 0 1 T 18
18,18 1 1 27 19
18,20 1 1 28 20
19,8 0 1 - 18
19,10 0 1 - 19
19,17 1 1 27 19
19,19 1 *& 21 18
20,7 0 1 - - 20
20,9 0 1 - 19
20,18 1 1 28 20
20,20 1 1 22 25

♦Entries for these pairs (i,j) need correction: (17,19), (6,6), (16,16), - (2,2), (13,13), (11,16). Plausible corrections are presented in the following discussion.
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Iti order to. treat cracks with specific load patterns,- one must
assign the load constants A and B which now (together with a,b and amn - an .reference stress A define the dimensionless load constants A and ref milih preparation for finding the dimensionless stress function•constants
a and S . If A.. ̂  0, it is normally a good choice for A but other inn mn 00 . . ~ ' refchoices may be made as circumstances require. Before embarking toward
solution for a and S , however, it is well to organize the equations to mn mn °be solved.

A map of the non-vaaishing functions K . . shows that Smith and-*■ , 3Sorenson's 20 x 20 systems of equations can be treated by solving the 
following subsystems. Note that the unknowns in each of these four sub
systems are mutually exclusive: ~ —  -

? X V f *7,7 “l2 + *7,9 a30+ *7,18 821+■ K7-20 803 X]2
*9.7 al 2  + *9,9 a30+ *9.18 B21+ K9,20 603 = 3 30
*18,7 “l2 + *16,9 a30 + *18,18 321 a . ifN.l8,20 B03 = y21
*20,7 a12 + *20,9 °30 + *20,18 621 f *20,20 803 = u03

COCO a21 + *8,10 a03 + *8,17 B12 + *8,19 3 30 “ *21
1̂0,8 a21 + *10,10 a03 + *10,17 £12 + *io.19 S30 = X03
*17,8 a21 + *17,10 a03 + *17,17 812+ *17,19 8 30 = **12
*19,8 a21 + *19,io a03 + *19,17 812+ k19,19 6 30 W30

K4> *20 + *4,6 a02 + *4,15 811 = A20 -
V a20 + *6,6 a02 + *6,15 811 -< A02 (III A)

*15,4 °20 + *15,6 302 f *15,15 811 “ yll --

*5.5 all + *5,14 820 + *5,16 fi02 a X11 )
*14,5 all + *14,14 820 + *14,16 502 “ 11201

(III B5
*16,5 “ll * *16,14 S20 + *16,16 S02 ll02 )

(IV A)

( I V  B )
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T h e  a b o v e  s u b s y s t e m s  can b e  s o l v e d  s e p a r a t e l y .  T h e n  t h e  f o l l o w i n g  s u b 

s y s t e m s  m a y  b e  solved f o r  t h e  r e m a i n i n g  s t r e s s  - f u n c t i o n -  c o n s t a n t s . .

K 2 , 2 al0 + K2,13 501 A10 " K 2 , 7 a12 " K2.9 “dO.'S.lS 321 ' ̂ 2.20 “'03
K13,2_a10 K13,13 B01 P01_,C13,7 a12- K 1 3 , 9 °30-K13, lS^r^l 3,20 B03

1 1 1  A )

K3,3 a01+K3,12Bl0 ~ XorK3,8 a21.S,10 a03-K3,l7S12 3̂.19 630
'32,3 "01 -'12,12B10 U10_K12,8 a2r̂ l2,10 a03'̂ 12,i7 S12 ‘*12,I9630

. a (II B)

K '  ' = ^  “ *1,4 a 20  ~ Kl,6 ®02 * K1,1S } (1 A) .1,1 00 00
Kll,ll e00 ~ p00 “ Kll,5 all ~ Kll,14 320 " Kli,16 S02l (l B)

Wlven the functions K , have been evaluati d numerically, the preceding* » J .equations can be solved by.ordinary numerical procedures.. However, with the 
algebraic forms for the K^ there.is also a possibility tor algebraic solution. 
The two subsystems of fourth order premise to complicate this process, but 
there is a possibility that some simplifications might be obtained, by replacing -- 
the 82 non-zero functions K , , by the shorter list of 29 functions ’•! or by1 9 j r .the much shorter list of five functions F̂ . Experience with the parallel
problem using normal loads instead of tangential loads suggests that several
simplifying relationships would arise, though it is possible that the burden
of the algebra would simply escalate. Consideration of the case a circular
crack, to be discussed below, should illuminate the prospects for algebraic
solution for the stress-function constants a and & .mn tan

__ \
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It remains to show how the stress intensity factors Kjj. and
can be found. Smith and Sorenson provide tables showing how Kjj-and
can be found in terms of individual stress function constants a and b . ' ■ 'mn mnIf their lists of formulas are combined in order to add all the contributions
to Kjj. and Kjjj, and if the resulting, formulas are reexpressed in terms of the
, load constants a and 8 found directly by solving the preceding sets of mn mnequations, it is found that

H A/F*A "TttA ,, .2 2 .ref (l~k cos ;p)* [ 2 2 k'cos9(a00-a10coscp-a01sincfH-a20cos cp+â sin̂ coscpfâ sin cp
.2 • 2 • 3. . 3..,2 2 3 3-a12sin cpcoscp-â sincpcos cp-â cos cp-â sin cp)

2 2+sincp(S00-B10coscp-S01sincpf620cos cp+B̂ sincpcoscpfÊ sin cp
2 2 3 3 1-312sin cpcoscp-e sin?cos cp-Ê cos cp-Ê sin cp)J ,

Km  _ A/T^l-v)
(F-23)

a " y rr = — r -xTt[-sin?(a0o"aiocoŝ aoisin^ 2 o cos2^ i i sin?cos^ o 2 sin2!?ref (1-k cos cp)*L 2 2 3 3
-a^sin cpcoscp-â sinipcos jp-â cos cp-cî sin cp)

2 *>+k'eoscp(E00-B10cosq;-g01sinqri-B20cos qH-E-̂ sincpcoscp+B̂sin cp
2 2 3 3 1~^12sin cPcosc?-S2isin?cos cp-B^sin ’

It may be noted that the same parenthesized quantities occur in IĈ as in ,
and indeed the two parenthesized quantities in are alike except that the
constants 3 replace the constants aran r mnThe simplicity and symmetry of the stress-intensity factor solutions
lend credibility to their accuracy and also show in part why the load constants
and stress function constants were redefined as they are here. The search for
simplicity and symmetry in the functions K. . was less reassuring, however, and!»J ,suggests further study such as the treatment of the circular crack discussed 
in the following. One may also notice the tantalizing question of whether 
some organization of this work might reveal enough pattern in the overall 
solution (including values of p and q, extension of the table of functions 
F̂ Ck), and coefficients for them it? determining the M ) to project the form 
of an extended solution using higher order polynomials for loads.
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Critique Provided by Circular Crack

The circular crack is an elliptical crack for which k' = 1
(and k-= 0), so the preceding, theory can be applied to it by letting k-* 0.
The formulas for the circular crack also should have many predictable ' '
symmetries among them, so it should be possible to check many of them for
mutual consistency. In particular, the influence on a load constant
from a stress-function constant a , , (or b , ,) should be the same as. them n m. ninfluence on a load constant B from.a stress function constant b.,nm n m(or ), because these exchanges amount simply to interchanging the names
for the x and y axes, and, with the axes of the ellipse equal, that should 
be immaterial. The circular crack is also a case for which independent 
analytic solutions for stress intensity factors exist for arbitrary tangential 
loads [F-7,F-8]and these offer further opportunities for checking the . 
solutions for the elliptical crack, at least in its special form as a circle. 
Therefore, this special case of the elliptical crack will be analysed in 
considerable'" detail.

The values.given above for the functions F̂ (0) for i=l, 2, 3, 4, 5
make'it possible to evaluate first the functions Af̂ and thence the 82 influence
functions K. * which show the dependence of the load constants on the stress-
function constants. Therefore, those functions have been evaluated and
grouped, as shown below, according to the systems of equations m  which they
occur. Labels have been added identifying pairs of functions which should be
identical. The pairing is within the same system for Systems IVA, IVB, HA
and IB, while for the Other systems it is from System HI A to System MB or
from System IA to System IB. Thus , in System IV A should equal K10/i/ xo)loin that same system, while JĈ-g in System MA should equal ^  in 
System MB. Doubtful cases (such as those with irregular B' or C' in 
Table F-l) are marked by asterisks. The 82 functions K. . for the circle are 
,thus as follows.
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"• -• - For System IV A For. System IV B i
r+- ; ■ K7,7 = [ 8(l-v) + 3v] 35tt/128 (1) *8,8 = [8(l-v) + 5v] 35rr/128 m • y. " ' f■i , i

— 7,9 '= t 8(1-v) + 5v] 35tt/128 (2) *8,10 = [8(l-v) + 3v] 35tt/128 [2] ‘ %
- " I •• ̂

K7,18 = [ 3v] 35rr/128 (3) 8,17 = ( 3v] 35tt/128 [3] {1
i',-r*- ••••’• • ' '-

K7,20
= t 5v] 35tt/128 (4) *8,19 - [ ■ 5v] 35n/128 [4] v;

K9,7 = [8(1-v) + 5v] 35tt/128 (5) *10,8 = f.3(l-v) + 3v] 35tt/128 [5] ' ' ’ |

*“9,9 = [40(1-v)+35v]35tt/128 (6) *10 ,10 = [40(l-v)+5v] 35rr/128 [6] ' 1 
\

K9,18 = t ; % 5v] 35tt/128 (7) *10,17 = [ 5v] 35tt/128 ’ [7] 1... . . < K9,20 a [ . 3v] 35tt/128 (8) *10,1? = [ 3v] 35ti/128 [8] iJ1
K18,7 a [ 3v] 35n/128 (3) *17,8 = [ ; 3v] 35n/128 [3] . . • • (IT

' i
1̂8,9 = [ 5v] 35rr/128 (4) *17,10 = [ 5v] 35tt/123 [41 .£

1̂8,18 = [8(l-v) + 3v] 35rr/128 (1) *17,17 = [8(l-v) + 5v] 35tt/128 m ' -IF■s.■v
' ' <v *18,20 - [8(l-v) + 5v] 35̂ /128 (2) **17,19 - [-8(l-v)+3v] 35rr/128 [2] ; I• • ?•

-̂20,7 = l 5v] 35rr/128 (7) *19,8 = [ 5v] 35tt/128 [7] - | •S
*10,9 = [ 3v] 35n/128 (8) *19,10 = [ , 3v] 35tt/128 t8j (F-24) 1■i
*10,18 ~ [8(l-v) + 5v] 35n/128 (5) *19,17 = [8(l-v) + 3v] 35tt/128 [5] ■■ j

*“20,20 =,[40(1-v)+35v] 35tt/128 (6) 1̂9,19 = [40(l-v)+5v] 35n/128 [6] '!■X

For System EL A For System IE B : i

>4,4 ST - [6(l-v)+5v] 15tt/16 Cl) *5,5 [2(l-v)+v] 15tt/16 (9) ,• .. ■ (,1f
a - [2(l-v)+v] 15tt/16 (2) *5,14 - - [ V] 15tt/16 (8) . 1 *'3'

; *4,15 8 - [ v] 15n/16 (3 ) *5,16 a - [ V] 15n/16 (7) I
*6,4 = - [2(l-v) + v] 15n/15 (4) *14,5 = - [ V] 15n/16 (6) : ■' 1 |

**6.6
s - [6(l-v)-v] 15tt/16 (5) *14,14 = - [6(l-v)+v] 15tt/16 (5) VS.51

*6,15 s - I v] 15tt/16 (6) *14,16 = - [2(I-v) +v] 15tt/16 (4) - 'I
*15,4 8 - 1 vj 15n/16 (7) *16,5 = -  [ v] 15rr/16 (3 ) . - '}
*15,6 8 - ( v] 15n/16 (8) *16,14 = - [2(l-v) + v] 15rr/16 (2) - ■ 1

/
si/ . 0  *15,15 = - [2(l-v) + v] 15tt/16 (9) 16,16 “ + [6(l-v)H-5v] I5tt/16 (1) :.1
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For System H A. / For System IB
* K n o .2,2 = [16(l-v)+4v] 3r./16 (1)

S ’3 =
[16(l-v)+4v] 3tt/16 [1]

K 2,7
= - Ii0(l-v)+5v] 3tt/16 (2) K3,8 = - [10(l-v)+5v] 3rr/16 [2]

K 2,9 .= - [30(1-v)+25v]3tt/16 (3) K3,10, = - [30(l-v)+5y] 3tt/16 [3]

K2,13 = [ 4v] 3n/16 (4) K3,12 t 4v] 3tt/16 [4]

K 2,18
= - { 5v] 3tt/16 (5) K3,I7 - [ 5v] 3rr/16 [5]

K2,20
= - [ 5v] 3rr/16 . (6) , K 3,19

- t 5v] 3n/16 £6]

K13,2
= [ 4v] 3rr/16 (4) ^12,3 = [ 4v] 3tt/16 £4]

K13,7 = - [ 5v] 3tt/16 (5) K12,8 - t 5v] 3tt/16 £51

K13,9 = -[ 5v] 3tt/16 (6) K12,10 = - t 5v] 3tt/16 [6]

*K13,13 = [16(l-v)+4v] 3tt/16 (1) K12,12 = t16(l-v)+4v] 3tt/16 (F-24
K13,18 = - Il0(l-v)+5v] 30/16 (2) K12,17 = - [10(l-v)+5v] 3rr/16 . [2] COnt

*13,20 = - [soo-v^sviwie (3) X12,19 = - [30(l-v)+5v] 3it/16 [3]
For System IA For System IB

V = - [2(l-v) + v] 2n (D KU,5 = I v] 3n/4 (4)

Kl,4 = [4(l-v) + 3v] 3rr/4 (2) Kll,ll " - [2(1-v) + v] 2 tt (1)

K1.6 = [4(l-v) + v] 3tt/4 (3) Kll,14 “ [ 4 (1-v) + v] 3it/4 (3)

Kl,15 = [ v] 3n/4 (4) * i/ = 11,16 [4(l-v) + v] 3tt/16 (2)

Examination of this list of values of the K for a circle shows4» Jthat most of the pairs which should be equal because of the symmetry here
considered are indeed equal, but a few fail this test. Thus, in.System IVB,
fC,'.- is inconsistent with K This discrepancy can be eliminated easily

1 7  917 o ,  1U
by changing the already suspicious sign of B' for while changing the
sign of fC_ would involve much more extensive changes for Table F-l. Thus

O ) 1 U  . . .

it is reasonable to believe that the sign of B' for K ^  ^  should indeed be 
changed, even though Smith and Sorenson did not know of this ne«;i.
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The symmetries required between System HI A and System HI B. hold 
except for that between
Since K

K , and K . and that between K., ,, and'K. 6,6 14,14 16,16 4,4
- , was already a suspicious case, and the simple change of the sign0,0

of B for K, , in Smith and Sorenson's table would smooth B1 and.provide the:
■ . . o , p  •

symmetry, it seems reasonable to make that change. Again the simple change 
of the Sign for A in would not only smooth the values of B' and C[
for the revised it would also provide the symmetry to so that
correction too seems reasonable. These changes too were new to the original 
authors.

The symmetries that should exist within System It A are satisfied, 
as are those that should exist in System IB, but in System HA the values 
of C  for ̂ 2 2 and-..K i3 are suspicious. To get a further ckeck of these 
these functions, formulas for the stress intensity factors and KJ1T,were 
derived from the Bell theory for the circular crack, presuming a crack load 
which could be described in Smith and Sorenson's notation by T2x = Sx/a 
while = 0. The Bell theory predicted

K,’ H •_ _2_ 4 cos 2p
S^na 3n 3n(2-v)

___ _ 4(l-v) sih2cp
SVria 3tt(2 - v)

(F-25)

In order for Smith and Sorenson's stress intensity formulas to produce this 
result from the given load, their constants must include

= 4-v
“oi 6tt(2-v) and p01 6rr(2-v) (F-26)

but with the symmetries ^ 3 and K  ̂^  2 » System HA can .
produce, that solution only if -;-

K 1 Z  = ^13jl3 - [16(l-v)+12v]3n/16 and = <13>2 = 4v 3tt/16 . (F-27)

The discrepancy between these values and those found from Smith and Sorenson's 
formulas for the K can be eliminated by multiplying their C for K_ _ andJ ’ * 9 AKjs by 3, and this also smooths the C' for K2 2 and 13 in Table F-l. 
This further correction is. also recommended here. *

The symmetries required between Systems IA and IB hold except for
that between K, , and K,. .,. To determine which of these functions is more 

1 , 4  1 1 , 1 0

<4
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probably correcti a load may be presumed which involves using one of them. 
To involve K ,  , ,  consider a circular crack with the load

(F-28)t = S(x2 + y2)/a2, t = 0 . zx ■■ yz
Then the only -non-vanishing load constants are 

A20 S/a2 and AQ2 = S/a2
so using S for A . the only non-vanishing X arid u , are ref . • mn • nn

>20 = 1 and >02 1 '
Then, by solving System HLA .(u3ing the corrected Kg g = - [6(l-v)+v] 15n/16),

20 ' 15tt ’ a 62
2v

15tt(1-v) ’ and P11 15n(l-v)
(These values would have been more complicated without the correction to Kg g.)
Then from System IS, temporarily using = [4(1-v)+hv]3tt/4 with an
unspecified constant k, one finds

= _ 8+(k-3)v 
00 20n(2-y) '

These constants imply that the stress intensity factors and K̂ . are
K. K,H 8{5-v)+3v(h-3) . m  8(5-4v)+3v (1-v)(k-3) .

, =  =  -  r ~  ~ c o s  cp ,  ' ' , —  =  — 1------------T F T T o — \ — — ^ s i n t p ,rra 15n(2-v) Y S/na 15n(2-v) .

By using Bell's theory to get stress intensity factors from this same load, . 
one finds expressions exactly like these become by putting x = 3. Thus the 
value for K* , derived from Smith and Sorenson's formulas has been vindicated1.4by this test, but the value of ĝ has been disproved.

Identification of a correction for ĝ is not a simple matter.
Multiplication of its C' by 3 to give the required ̂  ^  for k = 0 would
produce a unique irregularity in the table for C', and infusion of a factor
3 in would produce havoc in the table for C'. A rederivation of a general
expression for fĈ  ĝ by the methods used by Smith and Sorenson would be very
laborious, as indeed their original effort was. Nevertheless, some resolution
of the mistake in K,, ,,-is needed unless one agrees to avoid considering 11, lbloads which would involve use of Systems HI B and IB . ■
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Some hope for resolution of this impasse can be sought in the poss

ibility that for ^  the given value of q is in error, so that perhaps sonie
W other than M, should be used in its place. Among the 24 functions /,{ used P 4 Phere, two assume values' as k -* 0 which would yield the right limiting value
for K,, ,, as k -» 0. These two are M,, and ; but again it is not clear 11,16 14 15which of these would be better or whether some unlisted M is needed. .

A choice of a replacement for in ĝ should be made in a 
larger context than cases with k = 0, since the function should serve for all 
values df k, and differing Ĥ 's need not vary proportionately as k varies. 
Therefore, it is helpful to observe in Table F-l that there is much repetition

. .. Thus, for example, = K~ 0 = K,. , = K,
1> J .t* J » o

among the K>>jall have p = 7, q = 8, and B'
= K since6,4C' = 1. One may also gratefully observe that 

which are equal to each-other since all have p =7,
the five K̂   ̂symmetric to these for the circular case are 17 ?
K16,14 ’ *15,15 and *14,16q = 9 and B' = Cf m' 1-.. Employing the corrections for the K. . already pro-’ t, 3 'posed, this pattern of equalities among K. ,'s which correspond in the symmetry

t , Jto other /s equivalent to each other in Table 1 is a widespread, pattern in
that table, indeed it is universal if q = 15 for ^  , since then
K.. , h K as is commended for these two K. ,'s because of their respec-11)10 lj>ly v - i>jtive symmetries to  ̂and  ̂which are identical to each other;

From the above observations, it is therefore recommended that the 
following changes should be made in the the Smith and Sorenson formulas:■ ■- 21. In. for M^, change the sign of -2k to + (as Sorenson agireed).

2. Reverse the sign of A for K̂ g ̂ g.
3. Reverse the sign of B for
4. Reverse the sign of C for K. ,.0,05. Multiply C for ̂  2 hy 3.
6. Multiply C for ^  by 3.
7. In , replace M̂  by , that is put q - 15.

To justify these changes fully for the general elliptical crack, one should
. rederive the formulas for the K. . fend hence the K. .), probably by redoing - i» J t * JSmith and Sorenson's work. That, however, would be a major effort, too large
for the present circumstances.
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Using these changes to correct the K. . for the circular crack,i,Jone.obtains equations which can be solved algebraically for all the a andmn

g in terms of the dimensionless load constants X and u, . The solutions are mn mn mn
1

'00 " 2tt(2 - v) LX00 + 5(X20 + X02)

C10
=01 6rr(l-v) (2-v) 

2

6h(21- v) 1(4-V)[X10+ 7(X12+X30)] - V froi+ 7 2̂.X*^03>j} ’
(̂4-3v)[X01 + -(\21+*03)] - v t io + 70^ 2̂ 03^ ) ’

O'20 15n(2 - v) "■(3_V)X20 + X02 +' Vtil l ]  ’

“ll 15tt(1-v) (2-v)L~ (8_8v+v )Xn  +v ̂ 20 + v(1"v) ^02] ’

a02 15tt(1-v) (2-v)[(i-V̂ X20 ‘ (3_2v)Xo2 + V |J,llJ »

“30 " 35tt( 2 ^ v) [■(8”V)X12‘f ̂ 8_3v)X30 " 3vp,21 + V ^03] ’
Of,21 5 35^a— )-(2-v)l<40-45^  >X21 - (8-?V)X03 " ‘^ s o ]  *

®12 35ttC1-v) (2-v)[<4°-35nH_3v )^12 ‘ (1_V) (8-v)X30 ~ v('7+v^ 21 " 3 v(1-v>p.03J ,

ff03 = 33n(l-v) (2-v)[‘  ̂ 7̂ X21+ <8‘ 5v) x03 ‘  3v,A12 +Vtl3oj 5

g00 2 t t (2 

1
^00 + 5(p,20 + ^02

(F-30)

P10 " 6fr(l-v) (2-v) V V [ \ ) 1  + 7(X?1+X03>]  + (4-3v)t l 0+|(fi12̂ 30) j l  ’

J01 1=~^0 l ‘ V [ X10 + 7<X12+X30)J + (4-V)̂ 01+|(ti21̂ 03)] }  ’ 

P20 = 15tt(1-v) (2-v)[vXll " (3_2v)^20 + 5

6n(2
2

P11 ’  15n(T-v)(2-v) [ v(1- v)X20 + v X 02 " <8-8vfv̂  
2

P

J .

02 15tt(2 - v) [Vn-ll * ̂ 20 (33:v)̂ o2j *

P30 = 35n(l-v)(2-v) [ ' 3vX21 + vX03 " (8' 7v>M-12 + (8-5v)p,3Qj  »

P21 = 35n(l-v)(2-v)L‘ v(7+v)X12 " 3vO--v)X30 + (40-35\H-3v2)p,21 - (1-v) (8-v)n03j ,

P12 35rr(l'^ j(2-v) [ " v(7' 8v)X21 " 3vXQ3+ (40-45vf8v2)p,12 - (8-7v)p,3()]  ,

P03 35tt(2 - v) [“3vX12 +vX30 " <8"v^21 + (8-3v)n03J ' 1;
. % '

1 ;
•. Ji
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These algebraic solutions for the stress function constants ex
inn •and B for the circular crack are based on K. - including the corrections 

nui 1 ,  jalready suggested so that
*17,19 = 18(1'V) + 3V’J 35,t/12 8 ’
K6 = - [6(1-v)+v]15tt/16 , K16 16 = - [6(l-v)+5v]15n/16
K2,2 = *13 13 = f16(1-v) + 12 v]3n/16 ,
Kn i6 = [4Cl-v) + 3v]3n/4 .

(F-31)

Further changes in the K. would alter at least some of these solutions,■̂>3but it car* be seen that these solutions exhibit the kind of symmetry that
was demanded during the examination of the coefficients K. .. Therefore,t y J.a need for further corrections seems unlikely. Viewing them, one may spec
ulate too on how complex the algebraic solutions would be for cases with 
non-zero k. For that more general case, the complexity of the solutions 
■should be several times great.er, since It would involve at least the five 
functions F̂ (k). One might pursue this analysis for the circular crack 
further by making a parametric study of how stress intensity factors vary 
with particular load constants, but before doing that one should consider 
that the alternate Bell theory treats a much wider variety of loads. (The 
limitation of Che Bell theory is that it refers simply to a circular crack, 
not to elliptical cracks generally, but the loads there may have arbitrarily 
high order.)

The importance of the results given here for the circular crack 
is that they show so conclusively that there are non-trivial errors in the . 
formulas Smith and Sorenson reported, and that they provide plausible correc 
tions for them. They also reveal previously hidden order in the formulas 
which makes comparison with other analysis possible. Consideration of the 
corrections in the larger context of general elliptical cracks, however, 
still remains appropriate.
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Evaluation of Effects from Shear Loads on Elliptical Cracks

: ■ General Solution for Stress Function-Constants The reorganized
formulas shown above as Systems IVA to IB provide an improved opportunity
to solve for the stress function constants a 7 and B needed in determiningmn 'mn °the coefficients for the stress intensity factors and K^. In showing 
■ this, note first that the determinants for the two fourth order:systems are

A4A "

* 1 , 7 K 7 , 9 *7,18 K 7 , 2 0

00. a,
ii° *3,10 *8,17 *8,19

*9,7 *9,9 *9,18 *9 ,20 , and A4B = So,8 *10,10 *10,17 *10,19
K 1 8 , 7 - 1 8 , 9 *18,18 *18,20 *17,8 *17,10 *17,17 *17,19
^20,7 K 2 0 , 9 *20,18 K 2 0 , 2 0 *19,8 *19,10 *19,17 *19,19

(F-32j

and denote cofactors of the elements K. ' of these determinants respectively
„4A _4B i,jas C. . or C. . , so that for example i,J

_4A _
9,7

V *7,18 *7,20 , ,,4B _ , and > 1710 -

00A00 K8,17 *8,19
*18,9 *18,18 *18,20 > 10,8 *10,17 *10,19
*20,9 ^20,18 *20,20 *19,8 *19,17 *19,19

(F-33)

Then tha solutions for the or and B apnearing in Systems IV A and IV B are:mn mn . .
_ f „4A , „4A . , „4A 4A "j'/A

“ l2 “ L C7,7 X12 C9,7 X30 + C18,7 ̂ 21 ' C20,7 ^OIX^A’ ’

a30 = [’ C7,9 X12 + C9,9 X30 C18,9 ^21 + C20,9 ̂ j ^ A  ’

. P21 = [ C7,18X12 ’ C9,18X30 + C18,18̂ 21 " S o . ^ O s l ^ A  ’

an)
03 r-c4A L 7,2

_4a:
20̂ 12 + _ 9,20 oO " U18,20^21 + L20,- C,4A + C,,4A /A4A ’

f „4B
“21 “ 1 C8,

4B x _ „4B . 4B
8 21 "10,8^03 L17,8 ̂ 12 C19,8 ̂ 3o]/A4B *

“03.7 [" C8,10X21 + C10,10X03 + C17,l(fl2 + C19,10t',3o]/A4B ’ 

P12 = [ C8,17X21 " C10,17X03+C17,17̂ 12 “ C19,17^30^48 ’

P30 = t C8,19X21 + C10,19X03 ’ C17,19̂ 12 + C19,19M'3o3/A4B ’

(F-34)

I S ,

r S
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Similarly, for Systems IiIA and HI B, note that their determinants are
F-31 /

» (F-35)

and let the cofactors of the elements K. .in these determinants be denoted3A ■ 2b ^»3as CT . and C. . respectively. Then the solutions for the a and {3 i, j 1 , j nm mn

*4,4 *4,15 *5,5 V ia *5,16

A3A 5 *6,4 *6,6 :K6,15 , and A3b = V s *14,14 — 14,16'

*15,4 *15,6 *15,15 *16,5 K16,14 *16,16

appearing in the Systems HI A and HI B are:

“20 = L ̂ 4 X20 - c3A -6,4 X02 + c3ACi5,4
Q = T- c3A X + X ' - C3A°02 L 4,6 20 6,6 02 15,6

,4 ̂ ll]/A3A ’ 

lK a -
'11 = r c3Al % 15X20 C6,15X02 + Cl5,15M'll]/A3A ’

and <T-36)

“ll ~ [ C5,5 X11 ‘ C14,5 ̂ 20 + C16,5 ^02]/A3B ’

g20 = [-C5*I4X11 + °14,14̂ 20 " C16,14M;02]/A3B ’
- = I „3B ■> o3B , r3E I.p02 L C5,16X11 ’ C14,16̂ 20 C16,16M'02j/A3B '

The general algebraic solutions for Systems HA and IB are compli
cated by the appearance in the right hand members of constants obtained by
solving Systems IVA and IVB. Nevertheless, it is possible to formulate gen
eral solutions conveniently using the following second order determinants:

and
J31

*2,1 *2,13 and da2 = *2,2 *2, j
*13, j *13,3 J *13,2 V.j

h , S *3,12 and d*2 = *3,3 *3,j
K12,j *12,12 J *12,3 *12, j

for j = 7, 9, 18, 20,
(F-37)

for j = 8, 10, 17, 19.

'

r



Then the solutions for the constants or and g appearing in Systems HAmn mnand H B can be expressed as follows:

aio =

J01

Ofor

1̂3,13̂ 10 ' 2̂,13̂ 01̂ A2A
' 1 [~.y f nAlr4A nAl 4A , A1 AA Al„AA V

a2aW -  X12v D7 C7,7 D9 C7,9 + D18C7,18 ’ D20C7,2oJ
+ X i'-dauaa + nA1c4A - DA1C4A + nA1c4A ^30V °7 ''9,7 • °9 C9,9 D1SC9,18 + D20C9,20 )

+  Ui f DA V A  -  d a 1 c 4 a  +  DA1cAA - nAXc4A^lV u 7  '18,7 c9 18,9 D18C18,18 D20C18,20y
 ̂ +u f-DA1C4A +DA1C4A - DA1C4A + DA1c4A M  • ̂ 03\ 7 20,7 °9 -20,9 D18C20,18 D20C20,20/J ’

('K13,2410 + K2,2 ̂ O'l'/̂ A ■
. -.1. T v f nA2 AA. . nA2 AA A2 AA A2 AA \
A ^ A aL 12̂  7 7 ’ 7 V C7,9 L18C7,18 °20C7,20V

+ 1 ( nA2r4A . nA2 AA A2.AA . _A2.AA V+X30V °7 °9,7 + °? C9,9 " D18C9,18 + °20C9,20 J
+  u  (  n ^ c 4 4  -  d A 2 c 4 a  +  D A 2 C 4 A  -  n A 2 C4 A  Y+fi21\ P7 C18,7 °9 C18,9 + D 18C18,18 D2QC18,20/

( _A2̂ AA A2_AA A2 AA , _A2„AA \1+ 0̂3V °7 C20,7 + °9 C20,9 ' D18C20,18 + D20C20,20/J ’
^12,12X01 * K3,12P’10^A2B . (F-38)

JL-T X ( dB1c4B ■; _ DB1 AB 1 B1 AB _ Bl.AB A2̂BA4BL 2iV D8 8,8 D10c8,10 D17q8,17 ,19C8,19 J
+ Js (_DB1o4B , A 4B _  ̂̂ 1, AB \03V "8 C10,8 + D10C10,10 ' D17C10,17 + D19C10,19y
H l i  D>B1c4B - db1c4b + 8 17,8 D10 17,10 DB1C4B . db1c4B YU17 17,17 U19 17,19̂
. , nBl AB . Bl.AB B1 AB . B1 AB V|+ a«J-Dg Ci9j8 + DioCl9,10 * °17C19,17 + B19C19,19̂ J ’

P10 = (_K12,3X10 + K3,3 HlÔ Â2B



Finally, the solutions for and (3̂  from Systems IA and IB are:

tt00 }oo ■ r3A 4 4,4 - k i A  * k1,15% 15 )/A3A
+ X02̂ r, c3A 4 6,4 ; k1,6c1?6 + e1,15C6,15 )/A3A

; - *n\Ki, c3A4 15,4 + K1.15CU,15)/43a!|. (Fr39)
0̂0 = *11, .̂ 00 " xm Kn 3B, 5̂ 5,5 - K C3B Kll,14 5,14 + ̂ 11i16̂ 5̂ 16 ĵ A3B

+ m,20'v 11 c3B,5̂ 14,5 K C3B 11,14 14,14 . K r?B '11,16 14,16/̂ A3B -
**02\K11 c3B

,5 l*-,5
- K C3B Nll,14 16,14 + K  ■ C3B ' 11,16 16,161)/a3BJ •

These solutions for the 20 stress function constants a and 8mn mnshow directlv their dependence on the 20 dimensionless load constants A‘mnusing coefficients which depend only on the eccentricity ratio k an<f on-v.
Of course, those coefficients are highly dependent on the functions K. .. ,) Jand since the K. , have been the subject of corrections, it is well to 
restate what their values are taken to be. Two.effects of the corrections 
are that C1 (of Table F-l) becomes universally equal to unity; and B1 = 1 
unless there is no function , in which case B1 = 0. By adopting an extra 
function’Mq = 0, the column specifying B' can be dropped. Thus the proposed 
corrections imply that

where

r

K t j “ (1 - v^+vk' with r = 6̂  + £’ (F-40)

^ 1 if p = 
(o if p J and

'2 if (p,q> « (6,4),<7,8), (11,9), (22,20), (27,18) or (28,19) 
(o for all other pairs (p,q) 

with the values of p and q (and the consequent r) as shown in Table F-2.
)•
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An implication of the above definitions and corrections is that
■ B'l _B1 = D17 D19 (fC3,17 +K3,19 ̂  K3,12 

(K12,17+>i:i2,19) K12,12
O. and Df+D^£ K3,3 (K3,3 +K3,10 *

K12,3 (K12,3+K12,10)
=  o , (F-Al)

as pursuit of the algebra shows. These relations pertaining to Systems IV B.V 
and n-B have corresponding relations pertaining to Systems IV B and IB, namely

° A, K
<K2,18 4K2,20 ̂ K2,13 = 0, and _A2. A2 _ D7 + Dq = K 2 , 2 (*2,7 +̂ 2,9 5
(IC13,18+K13,20) K13,13 ■ / :•y *13,2 <*13,7+*13,9>

s 0, (F-42)
as pursuit̂ of'.algebra again shows, using the demonstrable relation that

21t F4 =. 4Fx + 2F2 + 8F3 .
This symmetry-among four vanishing sums of D's commends the correction applied 
to 2 an̂  ̂ 13 »which is the tripling of Smith and Sorenson's. C.‘ It does
this for all values of k, not simply for the circle which has k = 0.

I:
■fs;-I - f

Illustrative Calculations for an Elliptical Crack To illustrate 
calculations for a non circular crack, consider one with k'.= b/a = 0.5. For it 
k = Ji/2, so that K(k) =2.156515648, E(k) = 1.211056028; and then

fl<Fr(k) = 1.211056028 , F2(k) =- 0.8959028213, F3(k> = - 0.7743328196,
F4(k) =- 2.094829391 

Then the Mf s become
= - 2.521225654 

M2 = - 7.167222570 
= -9.688448224 

M4 = 3.097331278 
M5 = 6.104836939

F5(k) = 1.670836478

M, 8.427835397
M? =-4.601084109 
Mg = -4.189658782

AL

M
”10
11
M14 =
W,15

- 3.553669414
- 10.66100824
- 16.46850438
3.007505660 

= 7.653502577
M16 = - 15.58008703
-«17 = 6.434197535

3.341672956

<«lg = 3.341672956
M2q = 4.950222343 
« 21 = 19.92546355 
M22 = 32.64086965 
M25 = 31.40331406 
M27 = 4.950222340 
M28 = 5.785640580 
M29 = 13.49126601.

(F-43)

In Table F-2, many pairings of Mp and M̂  are repeated for two or more fC  ̂, 
and with all such repetitions the value for r is also repeated. Thus among
the 82. non-zero K. , there are oniy 26 different values. The value derivedJ ' - • •for each combination (p,q) and the functions K. . it represents are shown in■’the following list, presuming that v = 0.3.



(p»q)
(3.1)
(3.2) 
(0,4) 
(5,4)

(l“V)M+vk,ru 
-7.538281453 = K 
-8.932080528 =K

j  r e p r e s e n t e d

1,1
11,11

0.4645996917; 
5.202585241 ;

Kl,15 K2,13 K3,12 Kll,5 K12,3 K13,2
Kll,14= K12,12

(6,4) 6.131784624 = K1,6 = K3,3
(0,8) - -0.6284488173 = K2 ,18 = K3 ,19 = K4,15 =  K 5,14,= S.2,8 = *13,9 “ *14, 5 = *15,4
(7,8) -3.534983285 = *2,7= *3,8 = *4,6 = *5,5= *6,4 :
(10,8) -8.719603403 *12,19 ^14,14 ; : , r :
(0,9) -0.5330504121 " *2,20 = fC3,17 = *5,16 = *6,15 = *12,10 = *13,7 = *15,6= *16,5
(7,9) -4.286859701 = S?,17 = *13,18= *14,16 = *15,15= *16,14
(11,9) -11.79447827 = *3,10 = *6,6
(5,14) 5.175637555 = *1,4= *2,2
(6,15) 8.195535551 = *11,16= *13,13 . (F-44)
(10,16) -9.404110605 = *2,9= *4,4
(11,17) -16.20197918 = *13,20 = *16,16
(0,18) 0.9651296303= *8,19 = *9,18= *18,9= *19.8
(21,18) 15.87803375 = *19,19
(27,18) 3.947720453 = *7,9 = *8,8 = *9,7
(0,19) 0.5012509434 = *7, 18 = *8,17 = *9,20 = *10, 19 = *17,8 = *18,7= *19,10 = *20,9
(27,19) 4.467657525 = K 1 7 , 19 = -18,18 ° *19,17 ;
(28.19) 4.300573878
(0,20) 0.7425333515

(22.20) 23.21987543 =K
(28.20) 5.535015109
(22,25) 32.26960297 ■= K
(21,29) 17,99520429

K7,7~K8,10_K10,8
K7,20 K10,17 = fC17,10 S o , 7
10,10

K17,17_K:18,20 = K20,18
20,20
C9,9
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■These K. . depend solely on k’ and v, not.on loads, but they determine hoy . ■ .
a and 3 depend on any crack loads X and u, . Thus from System IV A : an mn •. mn mn ~ .
®12 = 0*29302716X12'0'06337514̂ 30‘0*0i5303®5M'2l " 0 00313324ti03 ’
a30 = -°-06337514\r + 0.0699884l>v3Q - 0.0107539>̂ 2x + 0.00221570̂  ,
P2i = -0.01530385\12 - 0.01075395XQ0+0.28854426;in - 0.04897311p03 ,

■ SQ, = -0.00313324\12 + 0.00221570X30 - 0.04897311p,21 + 0.0394266&a03 . \:‘ \
From System IV B : . ;■ '
a21 = 0.32258780121- 0.05913049\03-0.00900632u 12 - 0.01520729̂ 30 ,
aQ3 ® -0.05913049\21 + 0.0540922lV03- 0.00443076p,12 + 0.0031332Ŝ 30 ,
P12 = -0.00900632X21 - 0.0d443076X03 + 0.23486398p12 - 0.06539698̂ 3Q ,
P30 = -0.01520729\21-! 3.00313325X03-0.06539698ji12 + 0.08220625430 .
From System III A:

V;- a20 = -0.1205823dX20 + 0.03554115\o2 + 0.01325786p,,1 ,
a02 “ °-03554115X20'0,09574022?L02 + C)'00669454lJ'll ’ (F-45)

’ : Pll = 0.01325786X20 + 0.00669454?L02 -0.23604701p,11 . : -
From System HI 6 :
an = -0.28685133X11 +0.01843213̂ +0.00456057̂ 2 ,
P20 “ 0,0182*3213Hl ‘ 0*13301748̂ 20+0*0345S849(i02 ’
P02 = 0.00456057X̂  + 0.03458849̂ - 0.07102262̂ 2 . --' /'■
Using results from Systems IV A and IVB; Systems H A and H B imply:
«10 ■- 0.19420117X10 + 0.08322907(X12+X30) - 0.01100914^ - 0.00471820(u21+p,03) , 
P0i = -O.O1106914X1̂ -O.0O47182O(X12+X30)+O.12264175noi + 6.O5256P75(n21+ii(j3yV 
oQ1 = O.16419566X01 + 0.07036957(X21+XQ3) - 0.01466295^- 0.00628412 ,
prQ = ̂-0.01466295X01T 0.00628412(X21+X03) +0.19352156|i10+0..08293781(jll241j,30)7 
Using results from Systems 1A and HI B, Systems IA and IB imply: 
a0Q » -0.13265623X00 - 0.05306249(X20+X02)+0.00000000^11 ,
0̂0 “ 0.00000000XU - 0,11195600̂  - 0,04478240,
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The many symmetries afnong the coefficients for these solutioms for

the stress function constants correspond tosymmetries among coefficients in
in the systems of equations fromwhich they, were found, with those symmetries
in turn coming from the many equalities among the K .. The equality among. i»Jpairs of coefficients in the solutions for PqI’ °01’'̂ 10’ aQ0 ant* ̂ 00
doubtlessly refect some intrinsic order in the'whole analysis, though that 
order is not now apparent in the formulas and does not appear in the arithmetic 
until almost the end of alô g calculation. One other suggestive observation 
was that in solving Systems 1A and IB the extended right-hand members of 
those equations were found to be >
l00 - Klj4“20 - *1,6 y  - V 5 B11 ' X00 + 0-40000000(S o +i02> + 0-0ff00000̂ ll 'and (F-46)

These results too surely reflect inherent order in the overall analysis. Since 
all the corrections applied to Smith and Sorenson's formulas were used in 
obtaining these results;, those corrections seem well vindicated.

-v -
V
\
•\ ■ ' Y

With'the solutions.provided here for elliptical cracks with kr= b/a = 0.5
in a body with v = 0.3, it is now a simple matter to find the constants'or 'mnand for any given crack loads T and Tzy represented in polynomial form 
including terms for which 05 m+n 5 3. These constants in turn directly pro
vide -equations showing how stress intensity factors and vary along the 
crack front. Some information about how variation of the ratio k1 . ( = b/a)..
.would affect the solutions can be had by comparing results presuming k!=0.5 
with results for a circular crack (k' = 1) since solutions for a circular were 
presented above.

The solutions given here for a and 8 for the case with k' = 0.5mn mnwere used in the calculations for and reported in Chapter 5.
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& APPENDIX G
REPORT OF NEW TECHNOLOGY.

The work performed under this contract was an exploratory investigation 
into the stress pattevns prevalent in existing railroad track. There were no 
new technologies dev>.-loped as part of this effort.
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