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1. IN TR O D U C T IO N

The first part (section 2) covers the development of an elastic model for the analysis of contact 
stresses in railroad rails. The main goal of the work was to develop a reliable method of analysis 
of such stresses in rails subject to both normal and tangent surface tractions. It  has been assumed 
that both the Stress-strain and strain-displacement relations are linear, and consequently, the 
minimum total potential energy principle has been chosen as the mechanical model for the 
problem under consideration. Such assumptions, usually considered to be very restrictive in 
analysis of contact stresses, are consistent with the assumptions underlying the model for analysis 
of residual stresses where the elastic stresses constitute the main input data. The numerical 
model applied to the analysis of elastic stresses is the displacement model of the finite element 
method. It  has been assumed that the external loads can be described by means of Fourier series, 
and the analysis can be performed by superimposing the responses due to symmetric and 
antisymmetric load contributions. This way the problem can be reduced to a selected cross 
section of the rail. An appropriate two-dimensional finite element has been derived and applied 
to the analysis. Both the mechanical and numerical models have been implemented in two 
computer programs. These programs have verified using an example problem formulated for a 
simply supported beam subject to contact loading varying along the longitudinal axis and 
constant along the width of the beam. Finally, the approach has been applied to analysis of 
contact stresses in a real railroad rail working in service conditions.

The second part of the report deals with the modification of the existing software for the 
evaluation of residual stresses in railroad rails subject to cyclic loads. Significant changes have 
been made with regard to the types of loads that can be considered. A  new finite element has 
been formulated and the program flow logic has been expanded so that not only normal but also 
tangent surface traction can be considered. Additionally, a new algorithm that allows the 
inclusion of thermal loads has been implemented in the computer programs. The mechanical and 
numerical models, the computer programs, and their validation are described in section 3 of this 
report.

The subject of this report is the analysis of elastic and residual stresses in railroad rails working
in service conditions. The report consists of two parts.
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2. E L A S T IC  M O D E L  FO R  A N A LYSIS  O F C O N TA C T STRESSES

This section covers all the matters associated with the development of an elastic model for 
analysis of contact stresses in railroad rails. Section 2.1 contains some introductory remarks 
dealing with possible approaches to such analyses. Sections 2.2 and 2.3 describe the mechanical 
and numerical models, respectively. The above models have been implemented in two computer 
programs described in section 2.4. The approach has been validated by means of test problems 
formulated for a simply supported beam subject to contact loads. The results and discussion of 
these tests are presented in section 2.5. Finally, the model has been applied to the evaluation of 
elastic contact stresses in a railroad rail subject to both normal and tangent tractions (section 2.6).

2.1 IN T R O D U C T IO N

The subject of this section is the analysis of elastic stresses in a selected class of prismatic bodies 
subject to contact loading. The purpose of the work is to formulate a reliable method of analysis 
of such stresses in railroad rails under normal and tangent tractions.

In general, there are two approaches to the problem of analysis of elastic contact stresses. The 
first one is mainly based on analytical formulae and certain experimental observations. The 
second approach takes advantage of numerical methods, especially of the finite element method.

As far as the first approach is concerned, the engineering design of rail and wheel profiles is 
traditionally based on the simplified application of the Hertz contact theory [7]. Both the rail and 
the wheel are modeled as circular cylinders crossing at right angles. The cylinder radii are 
defined as the design crown radius of the rail and the design nominal rolling radius of the wheel, 
respectively. The normal load pressing the cylinders together is defined as equal to the design 
static load supported by the wheel. The contact area is an ellipse with semi-major axis A and 
semi-minor axis B  computed by means of the Hertz formulae. The normal pressure distribution 
over the contact zone is given by

P (X ,Y ) =  p 0
/ y V

( 2 . 1 )

with respect to tangent-plane coordinates (X ,F ) and with the origin at the center o f the contact 
zone. The peak pressure p 0 is also computed using the Hertz formulae. The main task in the

next step of this approach is to compute the corresponding stresses. This is usually done by 
means of integration of the classical Boussinesq influence functions [7] for stresses due to a unit 
normal force acting at a surface point on an unbounded half space. In this case, the pressure 
distribution determined from the Hertz formulae plays the role of a weighting function. 
A  similar approach may be applied in case of a tangent load using the classical Cerruti influence 
functions [7] for stresses due to a unit tangent force acting at a surface point on an unbounded 
half space.

The main disadvantages of this approach are the quite restrictive assumptions concerning the 
shape of the surfaces in contact. As for the shape of the contact zone and the distribution of the

2 - 1



surface tractions, they can be modified quite easily to take into account real conditions, e.g., to 
deal with offset contacts (by introducing local radii, including the third radius representing the 
wheel profile curvature) or to comply with experimental observations. On the contrary, the 
application of simplified formulae for stress distributions may result in significant violation of 
the equilibrium equations and the static boundary Conditions.

Regarding the second approach, numerical methods seem to be the most powerful mehtods for 
analysis of contact problems. They not only allow taking into account the real geometry of the 
bodies in contact and their material properties but also modeling the contact phenomenon 
including all accompanying effects. The problem could be solved using one of the commercial 
finite element analysis programs. However, their practical application in the case under 
consideration is limited, especially when one takes into account the fact that the problem is fully 
three-dimensional, the shapes of the wheel and rail are quite complex, and the size of the contact 
zone is very small. It implies application of meshes that consist of a huge number of finite 
elements. The analysis becomes extremely memory- and time-consuming, not to. mention all the 
problems connected with mesh generation.

In this work, the main purpose of the elastic analysis of contact stresses is to provide essential 
input data for the elastic-plastic analysis of residual stresses. The elastic analysis usually has to 
be performed repeatedly, especially when multiple loading paths are considered. For this reason 
it has been decided to apply a simplified approach to the problem. Both the shape and size of the 
contact zone, as well as the surface tractions, are treated as known data, usually but not 
necessarily obtained by means of the Hertz formulae. The approach also allows one to eliminate 
the wheel from the analysis and to take advantage of the prismatic shape of the rail. The key 
point in this approach is that the external loads can be expanded in the Fourier series and the 
complete analysis can be performed by superimposing the response due to the symmetric and 
antisymmetric load contributions. The problem is still three-dimensional but only a selected 
cross section has to be discretized. This allows one to reduce significantly the total number of 
unknown variables and consequently the required amount of computer memory, unfortunately at 
the expense of central processor time. This approach is described in section 2.3.

2.2 M E C H A N IC A L  M O D E L

Let a body be in a state of static equilibrium under the action of body forces Ft(x ) in V, surface 

tractions 7](x) on , and displacements 5 j(x ) on dVu , where V is the volume occupied by the 

body, 3Va and dVu are parts of the boundary surface d V , x represents a point of the body, and 

i =  1 ,2 ,3 .

It  has been assumed that both the stress-strain and strain-displacement relations are linear. These 
assumptions, usually considered to be very restrictive in the analysis of contact stresses, are 
consistent with the assumptions underlying the model for analysis o f residual stresses (section 3) 
where elastic stresses are used as input data.

Thus, the analysis of the elastic stresses is the classical boundary value problem of linear 
elasticity and may be solved using the minimum total potential energy principle [8]. This 
principle may be stated in the form of the following optimization problem:
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F in d  the minimum o f  the tota l p o ten tia l energy fu n ction al

n  = j^e,fifltk,dV-julF,dV- jUlT,dS ( 2 . 2 )

V1 V 3VC

w ith resp ec t to the d isp lacem en t f ie ld  ut (x) satisfying the k in em atica l boundary  

con dition s

U -  =  u t on  dVu, (2.3)

where e i;.(x) is the strain field related to the displacement field u fx )  by

(

£ij 2

d u ,  d u -  

— L  +  — L  

y O X j  d x t

(2.4)

and E ijkl is the tensor of elasticity coefficients that relates the stress field o tj{x )  to the strain field 

Eij(x) in generalized Hooke’s law

~ ^ijkfkl * (2-5)

For proof o f the minimum total potential energy principle, the reader is referred to [8].

2.3 N U M E R IC A L  M O D E L

This section describes the numerical model applied to the analysis of elastic stresses. It has been 
divided into three parts. The first part presents some basics of the finite element method, its 
concepts and notation. The second and third parts deal with the detailed description of the finite 
element that has been implemented in the computer programs developed for the problem under 
consideration.

2.3.1 Finite-Elem ent Form ulation

The numerical model applied to the analysis of elastic stresses is the displacement model of the 
finite element method. It may be derived from the minimum total potential energy principle (see 
the previous section). The region of the body V is divided into a finite number Ne of disjoint 
subregions Vn (finite elements) and the functional (2.2) is written (using matrix notation) in the 
form

Ne
n = f >

n=1
( 2 . 6 )
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in which

(2.7)% n  =  J - £ 7 E e < / F - J u ^ F W -  J u r T d S ,

V„2  K  (3V„)„

where (dVa ) denotes the part of dVa that belongs to the nth element.

For each finite element, the displacements u are represented in the following form

u =  N qn (2.8)

where N =  N (x) is the displacement interpolation matrix and qn is the vector of generalized 

displacements defined at a finite number of nodal points of the element. The corresponding 
strains e , related to the displacements u by (2.4), and stresses o , related to the strains e by 
(2.5), can also be expressed in terms of the generalized displacements qn, that is

£ =  Lu = LNq„ =  B qn, (2.9)

a  = E£ =  EBq„ (2.10)

where L  is the matrix of differential operators and B is the strain interpolation matrix. 

The substitution of (2.8) and (2.9) into (2.7) results in

tu = —qrk  q — qrQ
n  ^  n n ” n

in which

and

k n = |B rEBdV
V,

Q n =  j N rF J V +  f N ’ T d S
W a  ) „

( 2 . 1 1 )

( 2 . 1 2 )

(2.13)

are, respectively, the element stiffness matrix and the vector of generalized forces due to loads 
acting on the element.
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Finally, the substitution of (2.11) into (2.6) yields

(2.14)

which may be written in the following short form

n = i q rK q -q rQ, (2.15)

where K is the stiffness matrix of the whole domain, q is the vector of total generalized 
displacements, and Q is the vector of total generalized forces. The total generalized
displacements q can be found as such values that satisfy the kinematical boundary conditions 
(2.3) and minimized the total potential energy of the body (2.15). , After they have been 
determined, the corresponding strains £ and stresses a  can be evaluated using formulae (2.9) 
and (2.10). For a more extensive description of the finite element method and its techniques, the 
reader is referred to [9], [10], [11].

2.3.2 Prismatic Finite Element

The subject of the analysis is a prismatic body subject to external loads that can be represented by 
means of Fourier series. Taking into account the well-known orthogonality properties of these 
series and assuming that the material of the body is linear elastic, uncoupling of the Fourier 
modes occurs and the analysis can be performed by superimposing the response of the body due 
to the symmetric and antisymmetric load contributions. Thus, the description of the finite 
element can be simplified significantly [9], [11].

In the case under consideration, it is convenient to describe the problem in a system of 
rectangular cartesian coordinates (x, y, z). Some of the relations just presented can be rewritten 
almost automatically and will be done without any extensive comment. The other relations, 
especially those connected with the strain interpolation matrix and element stiffness matrix, will 
be discussed in detail to provide assistance in case the computer programs have to be modified.

The first goal of the analysis is to describe the external loads and their Fourier representation. 
The vector of surface tractions T can be written in the following form

(2.16)

in which

N
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(2.17)T,(z,l) =  S f c W s i n  P„z +  ̂ (Q co s  P,z],
71=0

T, (z, l) =  E P S  (l)cos p„z+ 7: (Osin P ,z ]
n=0

where the indices s and a  denote the symmetric and antisymmetric load contributions, 
respectively. Almost identical expansions can also be written for body forces, boundary 
conditions, etc. The parameter Pn = n l l / L ,  where L  denotes the length of the body, has been
introduced in order to simplify further notation. The coordinate z is defined in the longitudinal 
direction of the body. The coordinate l represents any local coordinate that allows one to 
describe the surface tractions uniquely for all points of the boundary surface. Usually, it is 
identified with the vertical coordinate y  except for flat parts of the boundary surface where the 
horizontal coordinate x is used instead.

In order to simplify the notation, further considerations will be restricted to the symmetric load 
contributions and only the nth Fourier mode will be taken into account (consequently, the indices 
s, a , and n will be omitted). For . the antisymmetric loading, the sine function should be 
replaced by the cosine function and vice versa. When derivatives are calculated (matrix B), such 
replacement is sometimes accompanied by a change in sign.

The vector of displacements u, the vector of generalized displacements qn, and the
displacement interpolation matrix N defined in (2.9) can be written in the system of rectangular 
cartesian.coordinates as follows

u T( x ,y ,z ) = { u x(x ,y ,z )  uy(x ,y ,z )  Mz(*,y,z)}, (2.18)

q l= {q f  ••• q [}, ■ (2.19)

N(x,y,z)=[N1(x,y,z) ... N^(x,y,z)] (2.20)

in which

q[={?*, <lyi i =  l, (2.21)

N,(x,y,z)=
Ar,.(x,y)sinPnz Q 0 

0 N i(x ,y )s in ^ nz 0 
0 0 Ni( x ,y ) c o s $ nz_

(2.22)

where k  is equal to the number of nodal points of the element, q(. is the vector of generalized 
nodal displacements at the ith node of the element, and is the shape function associated with 
this node. The assemblage of different parameters associated with nodal points of finite elements
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will be used quite frequently, since it corresponds to the structure of the computer programs. 
There also exists an opposite approach where the information of the same type is grouped for the 
whole element or even for the whole structure. In spite of the fact that this usually allows one to 
describe the problem much more concisely, it is rarely implemented in computer codes.

Further analysis requires the relations (2.9) and (2.10) also to be specified in the system of 
rectangular cartesian coordinates. The stress a  and strain 8 vectors, and the matrix of 
differential operators L can be written as follows

*T- r" ....................7 *}»  (2-23)=  {e ** e *y e zz y * y  y yz

®  ®  yy ®  zz ^ xy ^ yz ^xz}’ (2.24)

'a 0 0
dx

0
a 0

0 0 a

a a
dz

0
dy ax
0 a a

dz dy
a 0 a

. dz dx

(2.25)

The form of the matrix of elasticity coefficients E does not depend on the system of coordinates, 
that is

E =

1 —V V V 0 0 0
1 —V V 0 0 0

1 — V 0 0 0
E 1 —2v o o

(l + v)(l-2v)
sym

2
1 — 2v 

2
0

1 —2v 
2

(2.26)

where E  is Young’s modulus and v is Poisson’s ratio.

Before the strain interpolation matrix B is derived, it is convenient, as it was done in (2.19) and 
(2.20), to divide it into submatrices that are associated with the nodal points of the element

B  = [B, ... B*]. (2.27)
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The substitution of (2.27), (2.25), (2.20), and (2.22) into (2.9) results in

B, =

dN,
dx

-sinp„Z

0

0

0

dN, ■ ft ~sm pnz
dy

0

dN; . ■ dN, .
— s i n p nz — -^sinp^z

dx

0

0

0

- ^ , P n s i n P nz

0

dN;
V - C O S P „ Z
dy

^ , P n co s p „ z  0

dN,

dx
L COsP„Z

(2.28)

Consequently, before the element stiffness matrix kn is computed, the integrand in (2.12) should 
be decomposed, to yield

BrEB =
< ' BfEBj ... BfEB,
j E[B, ... B ,]= ■ • # •

1--
- w sym B[EB,

(2.29)

in which

b ;e b . =< j (l + v)(l-2v) * *

1̂1 , 1̂2 k l3

2̂2 2̂3
sym * * kyi

(2.30)

It should be stressed that the matrix in (2.30) is not symmetric. The abbreviation **sym** is 
used to point out that the" componenets of the lower triangular part of the matrix may be 
computed using the expressions for the corresponding symmetric components of the upper part, 
but at the same time the indices i and j  have to be exchanged, i.e.,

k mnQ>j)=k ** Cm )- (2.31)

The substitution of (2.28) with the appropriate indices and (2.26) into the left-hand side of (2.30) 
results in the following expressions for the components of the matrix on the right-hand side of 
(2.30)

K x =  (! ~  V ) ̂ f r  1 7  ̂  ®nZ +  ^dy ^  ̂ nZ +  ^ Y ^ N ‘N J ^  COs2 » (2 3̂2a)
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(2.32 b)
. dA; dNj . l - 2 v d N .  dN, .
*12 = v — ^sin p „z+ — —  — ^sm  P„z, dx oy 2 dy ox

/ ^ N -  A. n - 2 0  l - 2 v d N -  2

* 1 3  = _ v "a7 ^ P « sin P» z + — ■W ; ^ - P « cos P*z ’dx
(2.32c)

. .d N i dNj , 2 \ - 2 v d N .d N ,  . 2o * - ^ A7. . o2 2
* 2 2 = ( 1 - v ) - T i ^ Sln2 P„Z + ---------- L ^ e , - 2 D ^ M D 2 „ „ „ 2

dy dy 2  3 *  3 *  (2-32^

7 d-Wj , r D - 2 D 1 -  2v 5iV, Q 2 n
*23 =  ~ v " ^ ' iVA sin P „ z + ^ — ^ - ^ - P ^ o s  P n*> (2.32c)

*33 = (! -  vJiVjiVjP* sin2 P „z + t—̂ L  ̂  ̂  cos2 P„z + cos2 p„z. (2.32/)
l-2 v  dAT, diV̂ 

2 dy dy 2 dx dx

Finally, the integrand in the second term of (2.13) should be found (in the case of body forces the 
procedure is identical). Using the same approach as above, it can be written as follows

N
N f NfT'
j ■ T = j

'_K_ _NfT_

in which

N{TX sin2 Pnz 
NfT = < NpCy sin2 P„z 

N(TZ co s2 PnzJ

(2.33)

(2.34)

At this point, the most important formulae that allow one to compute the element stiffness 
matrix kn and the vector of the generalized forces Qn, defined respectively in (2.12) and (2.13),
have been derived. After the displacement interpolation matrix N has been assumed, the 
appropriate integration (usually numerical) can be performed and both matrices can be 
assembled. The integration should be carried out in the system of rectangular cartesian 
coordinates, that is

J  f(p c ,y ,z )d V  = J  J  f ( x ,y ,z ) d x  d y d z , (2.35a)
vn 0 A„

L

J  f ( x ,y ,z ) d S  = j j f ( x , y , z ) d s d z  (2 3 5 b )
P M .  °*.
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where An is the area of the nth element, and sn denotes the side of the element that belongs to
(dVa )n. In the above finite element formulae, the only functions that depend on z are the
trigonometric functions, so the integration along the longitudinal direction may be carried out 
separately. Additionally, taking into account the following integrals,

f 2 « nI cos --- z d z -
o L

f • 2 « nsm — zdz -  ■
o L

the formulae can be simplified significantly.

2.3.3 Quadrilateral Finite Element

fL’ .
[L /2 ,

if n  = 0 
if n = 1,2,... ’

(2.36a)

0,
L/2,

ifn = 0 
if n =  1,2,... (2.36 b)

The finite element applied to the analysis of elastic stresses is the isoparametric four-node 
element with bilinear interpolation of the displacement field. It corresponds to the element that is 
used for the analysis of residual stresses in order to simplify the process of data preparation.

The elements are described in the global coordinate system (x , y ) defined on a selected cross 
section. In general, they are irregular quadrilateral elements (figure 2.1a) and that is why it is 
convenient first to map them isoparametrically into squares (figure 2.1b) and then to construct 
the interpolation functions for one typical element. For the case under consideration, the 
transformation can be written as follows

i=i

i=l

(2.37)

in which

/ (i ,r ) )= i (l +| | ,) (l + Tm , )  (2.38)

where (x,.,y;) and ) are the coordinates of the nodes in the systems of global and local 
coordinates, respectively.
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y 3(x3,y3 )
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7>
3(1,1)

'e

1 (-1 ■ -1) 2(1, -1)

Figure 2.1 Quadrilateral Finite Element

The computation of the basic finite-element matrices requires the differentiation and integration 
in the system of global coordinates (jt,y). However, both these operations can also be carried
out in the system of local coordinates (̂ ,T)) using the following relations

where

p i p  ]

dx< = j 1
d i

>
8 3

1 1

J g(x ,y )d xd y  =  J  J g(|,Ti)|det J |d |d rj

dx dy

T =  ^  W
J _  a* dy 

3 ti 5r|

(2.39)

(2.40)

(2.41)

is the Jacobian matrix (operator) relating the global coordinate derivatives to the local coordinate 
derivatives and

detj = dx dy
a f d n

3x dy
d n d %

(2.42)
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is the determinant of the Jacobian matrix. The substitution of (2.37) and (2.38) into (2.41) and 
(2.42) results in

where

a l + a 3r\ bx +  b3T) 
o 2 + b2 + bjE,

det J  = a :b2 — a 2b Y + ( a f a  — a 3b̂  )£, + (a3b2 — a 2b3 )r|

' 1 ,
4 -X)+ x2+ x3-*4
1 ,

a2 4 -x, -*2 + x3+ x4
\,

<h 4 X)-x2+ x3-X4

b i = ^ ( - y i + y 2 + y 3 - y 4 )

b 2 = ^ ( - y i - y 2 + y 3 + y 4 ) -

b 3 = \ {

(2.43)

(2.44)

(2.45)

The shape functions N-t are assumed to have exactly the same form as the transformation 
functions (2.38), that is

v .C> ti) -  /;(s-n)- .0-46)

2.4 COMPUTER PROGRAMS

The mechanical and numerical models described in the previous sections have been implemented 
in two computer programs called RAILE and FOURIER. Taking into account the goal of the 
work, both programs have been especially tailored for the analysis of elastic stresses in railroad 
rails subject to contact loads. However, their structures have been chosen so that they can be 
modified quite easily to include other types of loading. This section contains some basic 
information about the programs.

The program RAILE is a finite element code that allows one to analyze elastic stresses in a 
prismatic body subject to external loads represented by means of Fourier series. It is executed in 
batch mode, i.e., both the input and output data exist as external files and no interaction between 
the program and its user is required. The input data consist of six ASCII files, which contain the 
information about the topology of the finite element mesh, material properties, and loading. The 
loading information is prepared by means of the program FOURIER. The output data consist of 
three ASCII files that contain the solution to the problem, i.e., the Stresses and displacements for 
the earlier user-specified cross sections.

The program FOURIER is an auxiliary program that computes the coefficients of the Fourier 
series for external loads. It has been assumed that a rail may be subject to any number of loads of 
contact type. In order to define each of the loads, the systems of global (x, y, z )  and local
(X, Y, Z) coordinates have to be established (figure 2.2). The system of global coordinates is a
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rectangular cartesian system. The way the system of local coordinates is defined is very flexible. 
In the simplest case (figure 2.2), the origin C  of the system coincides with the center of the 
contact zone, the X  axis is normal to the plane (x, y) in the direction of the z axis, the Y axis
directed along the a: axis, and the Z axis is defined so that the system (X ,Y ,Z ) is a
right-handed, rectangular cartesian system. In the most general case (figure 2.3), the location of 
the origin does not have to coincide with the center of the contact zone and, additionally, the 
slope of the (X, Y) plane may be specified by giving the value of the angle a  . In this case, the
center of the contact zone C' is defined as the projection of the point C onto the rail surface in 
the Z direction.

The dimensions of the contact zone and the surface tractions are defined in the system of local 
coordinates. According to experimental observations, it has been assumed that the contact zone 
can be approximated by a rectangle with sides 2a  and 2b, which are parallel to the X  and Y 
axes, respectively (figure 2.4), and the surface tractions can be described by means of 
bi-parabolic functions

in which

h { x , Y ) = t w i =  X ,Y ,Z (2.47)

9 _ T ] _

16 a b  ’
a  -  A b  =  B (2.48)

where ti denotes the surface tractions caused by the force T; acting in the /th local direction; the
parameters A and B  are the semi-major and semi-minor axes of the ellipse computed using the 
Hertz formulae. It should be stressed that such a definition does not correspond to the definition 
of the surface tractions in (2.16), where the system of global coordinates was used, but the 
appropriate transformation has been included in the program.

2.5 NUMERICAL TESTS

A wide variety of numerical tests has been carried out to validate the approach applied to the 
analysis of elastic stresses, as well as the computer programs described in the previous section. 
All of the tests performed can be divided into two groups.

The first one consists of relatively simple benchmark problems with known analytical solutions. 
Unfortunately, these tests are one-dimensional and they did not permit the drawing of 
conclusions that could be useful for real three-dimensional problems. These tests were 
performed in the initial stage of testing and their results are not presented here. There also exist 
more combined two- and three-dimensional problems with known analytical solutions, but the 
simplifying assumptions made to formulate them are so restrictive that their usefulness is also 
questionable.
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F i g u r e  2.2 C o n v e n t i o n s  for t h e  G l o b a l  a n d  L o c a l  S y s t e m s  o f  C o o r d i n a t e s
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F i g u r e  2.3 C o n v e n t i o n s  for t h e  L o c a l  S y s t e m  o f  C o o r d i n a t e s  —  G e n e r a l  C a s e

F i g u r e  2.4 C o n v e n t i o n s  for a  R e c t a n g u l a r  C o n t a c t  Z o n e  w i t h  Bi- 
P a r a b o l i c  D i s t r i b u t i o n  o f  S u r f a c e  T r a c t i o n s
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The second group of tests consists of more complex problems with unknown analytical solutions. 
The most important examples are those formulated for a simply supported beam subject to 
contact loading, varying along the longitudinal axis and constant along the width of the beam 
(figure 2.5). The solutions to these problems have been compared with solutions obtained by 
means of ABAQUS, v. 5.3-2 [12]. It should be stressed that such comparisons were possible 
because the problems were two-dimensional. If they had been formulated as three-dimensional 
problems, a special approach would have had to be applied while using ABAQUS. It could also 
have turned out that much more powerful computer equipment would have been necessary.

F i g u r e  2.5 S i m p l y  S u p p o r t e d  B e a m  u n d e r  C o n c e n t r a t e d  S u r f a c e  
T r a c t i o n s  ,

Two cases of loading were considered, in which a simply supported beam of length /, height h, 
and width w was subject to concentrated vertical tz (X ) and horizontal tx {X ) surface tractions of 
parabolic distribution (figure 2.6). The corresponding Fourier series included only symmetric 
and antisymmetric modes.

Some selected results are shown in figures 2.7 through 2.18. They were obtained assuming the 
following non-dimensional data: length l -  10, height h =  1, width w = 0.5, Young’s modulus 
E =  1, and Poisson’s ratio v = 0.3. The intensity of the surface tractions (peak value) was equal 
to 1.0 and the width of the contact zone 2a  = 0.5 corresponded to the width of the beam. The 
number of Fourier modes (harmonics) was equal to 400 modes.

The problem was solved using three finite element meshes of square elements that consisted of 
16, 32, and 64 elements in the vertical direction, and 8, 16, and 32 elements in the horizontal 
direction, respectively. For comparison, the problem was also solved using ABAQUS. In this 
case, it was treated as a two-dimensional plane stress problem.
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F i g u r e  2.6 V e r t i c a l  a n d  H o r i z o n t a l  S u r f a c e  T r a c t i o n s  in t h e  S i m p l y  
S u p p o r t e d  B e a m  P r o b l e m

The convergence of the solution for the case of vertical loading is presented in figures 2.7 
through 2.9. The vertical o  yy and horizontal o  u normal stresses are plotted along the y  axis for
two selected cross sections that contain the center (z = 5) and the end (z = 4.75) of the contact 
zone, respectively. The shear stresses a  yz are also plotted for two cross sections, but instead of
the cross section z = 5, where these stresses are equal to zero, an additional cross section z =  4.5 
was chosen. In figures 2.10 through 2.15, some selected stress tensor components are presented 
in the form of contour line plots.

f J c .

The results for the case of horizontal loading are shown in figures 2.16 through 2.18. The stress 
tensor components are plotted for the same cross sections as before, i.e., containing the center of 
the contact zone and either the end point of the zone or the point of the coordinate z = 4.5, 
depending on where non-zero values exist.

In both cases of vertical and horizontal loads, high quality solutions have been obtained. The 
largest errors occur on both the top and bottom surfaces (a consequence of the bilinear 
interpolation of the displacement field). However, the values at the centroids of the elements, 
which are used in the analysis of residual stresses, are subject to much smaller errors, even in the 
vicinity of the contact zone. These results validate both of the programs developed for the 
analysis of elastic stresses.
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F ig u re  2 .9  Shear ‘E la s tic ’ Stresses <xyz in  th e  S im p ly  S u p p o rte d  B e a m
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2.6 E X A M P L E  A N A L Y S E S  F O R  A  R A I L R O A D  R A I L
After the computer programs had been successfully validated using the test problems described 
in the previous section, they were applied to the evaluation of elastic stresses in a 132 R E  rail 
section subject to contact loading.
T w o  cases of loading were considered. In the first one, the rail w a s  subject only to the vertical 
surface tractions tz ( X ,  F )  of intensity to z =  1239.98 M P a  acting over the rectangular contact area 
of dimensions a  =  6.947 m m  and b  —  5.083 m m , with the center C  of coordinates x  =  0  m  and 
y  =  0.180086 m  and the slope a  =  0° (for the notation and conventions see section 2.4). T h e  
parameters tQZ, a , and b  were calculated using the formulae (2.48) where the vertical force T z  

w a s  equal to 77.84 k N  and the dimensions of the elliptical contact area, A  =  6 . 4 m m  and 
B  =  4.683 m m ,  were obtained by m e a n s  of the Hertz formulae assuming the following data: 
radius of the wheel R 2 =  0.4064 m , radius of the wheel profile R l , = ° o , and radius of the rail 
profile Rj =  0 . 2 5 4 m ; the rail w a s  assumed to be flat in the longitudinal direction, i.e., /?(= °°.

In the,second case of loading, the rail w a s  subject to the horizontal surface tractions t x ( X ,  F )  of 
intensity t o x  =  0 3 t o z =  371.994M P a . For simplicity, the other data, including the dimensions of 
the contact zone, were assumed exactly the s a m e  as in the first case of loading.
T h e  problem w a s  solved for a rail section of length / =  5.08 m  loaded in the middle of its span. 
T h e  n um be r  of the Fourier m o d e s  (harmonics) w a s  assumed to be equal to 1000 m o d e s  for both 
of the cases considered. .
A s  far as the material properties are concerned, Y o u n g ’s modulus E  and Poisson’s ratio v were 
assumed to be temperature-independent and equal to 206.832 G P a  and 0.3, respectively. 
Additionally, the dimensions of the Hertz ellipse were calculated assuming that both the rail and 
the wheel were m a d e  of material with the s a m e  elastic constants.
T h e  problem w a s  solved using three finite element meshes that consisted of 340, 466, and 682 
elements, respectively. T h e  first mesh, s h o w n  in figures 2.19 and 2.20, is based on  one of the 
meshes supplied by the Volpe National Transportation Systems Center. T h e  original m e s h  w as  
slightly modified, so that the generation of denser meshes could be performed partly 
automatically. T h e  m e s h  refinement w a s  restricted to the head where the highest concentration 
of stresses w a s  expected, particularly to the area below the contact surface (figures 2.21 
and 2.22).
T h e  results for the case of vertical loading are s h o w n  in figures 2.23 through 2.36. T h e  
convergence of the solution with respect to the m e s h  density is presented in figures 2.23 
through 2.28, where the stress tensor components are plotted along the lines a  -  a  and (3 -  (3 
s h o w n  in figures 2.20 through 2.22. T h e  normal stresses o ^ o ^ . o ^ ,  and shear stresses o ^  

are plotted for two selected cross sections, z  —  2.540 m  and z  =  2.547 m , that contain the center 
and the end point of the contact zone, respectively. T h e  shear stresses o yz and o  xz are also

2-30



plotted for t wo  cross sections, but instead of the cross section z  =  2.540 m , where these stresses 
are equal to zero, an additional cross section, z  =  2 . 5 5 4 m , w as  chosen. These results indicate 
that the m e s h  #1 is definitely too coarse for the problem under consideration. It seems to be 
obvious w h e n  one takes into account the fact that the n u m b e r  of finite elements along the contact 
zone w a s  equal to 4. T h e  results obtained for the m e s h  # 2  are good but the m e s h  is still too 
coarse to reflect the variation of stresses correctly. T h e  m e s h  #3 m a y  be recognized as 
appropriate for the problem considered.
T h e  convergence of the solution with respect to the n u m b e r  of harmonics is presented in 
figures 2.29 and 2.30. Only one point of the rail —  the center of the contact zone —  w a s  chosen 
to investigate this problem and that is w h y  the shear stresses, which are equal to zero at this 
point, are not shown. T h e  assumed n u m b e r  of harmonics seems to be appropriate for the 
problem under consideration. However, in real analyses s o m e  excess in this n u m b e r  is 
recommended, especially w h e n  the elastic stresses are used as input data for the analysis of 
residual stresses in which even small variations in the elastic stresses m a y  result in different 
solutions.
Finally, in figures 2.31 through 2.36, the stress tensor components are s h o w n  in the form of 
contour line plots. Only the solutions obtained for the cross section z  =  2.540 m  are presented.
T h e  results for the case of horizontal loading are s h o w n  in figures 2.37 through 2.45. T h e  
convergence of the solution with respect to the m e s h  density is presented in figures 2.37 
through 2.42. In figures 2.43 through 2.45, the stress tensor components are s h o w n  in the form 
of contour line plots. Only the plots for the shear stresses o yz and o  xz are presented because
these are the only stress tensor components strongly influenced by the horizontal loading.
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F I N I T E  E L E M E N T  M E S H  # 1

Figure 2.19 Finite Elem e n t  M e s h  # 1  in the P r o b l e m  of a Railroad Rail
under Contact Loading
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F I N I T E  E L E M E N T  M E S H  # 1  (head)
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F I N I T E  E L E M E N T  M E S H  #1  (d e t a i l)

Figure 2.20 Finite Elem e n t  M e s h  # 1  in the P r o b l e m  of a Railroad Rail
under Contact Loading —  H e a d  a n d  Detail
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F I N I T E  E L E M E N T  M E S H  # 2  (head)

F I N I T E  E L E M E N T  M E S H  # 2  (d e t a il)

Figure 2.21 Finite Element M e s h  # 2  in the P r o b l e m  of a Railroad Rail
under Contact Loading —  H e a d  a n d  Detail
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F I N I T E  E L E M E N T  M E S H  # 3  (head)

F I N I T E  E L E M E N T  M E S H  # 3  (d e t a il)

x [cm]

Figure 2.22 Finite Element M e s h  # 3  in the P r o b l e m  of a Railroad Rail
under Contact Loading —  H e a d  a n d  Detail
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Cross-section z  =  2 . 5 4 0 m ,  line a  - a

y  [cm]

C r o s s -s e c t io n  z  =  2 .5 4 7 m ,  lin e  a  -  a

y  [cm]

Figure 2.23 N o r m a l  ‘Elastic’ Stresses <rxx in the Railroad Rail u n d e r
Vertical Loading
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Cross-section z  =  2 . 5 4 0 m ,  line a  - a

y [cm]

C r o s s -s e c t io n  z  =  2 .5 4 7 m , lin e  a  -  a

y [cm]

Figure 2.24 N o r m a l  ‘Elastic’ Stresses <7yy in the Railroad Rail under
Vertical Loading
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C r o s s -s e c t io n  z  =  2 .5 4 7 m ,  lin e  a  -  a

Figure 2.25 N o r m a l  ‘Elastic’ Stresses crzz in the Railroad Rail under
Vertical Loading
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C r o s s -s e c t io n  z  =  2 .5 4 7 m , lin e  p  -  p

y [cm]

Figure 2.26 Shear ‘Elastic’ Stresses crxy in the Railroad Rail under
Vertical Loading
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Cross-section z  =  2 . 5 4 7 m ,  line a  - a

Figure 2.27 Shear ‘Elastic’ Stresses cryz in the Railroad Rail under
Vertical Loading
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Figure 2.28 Shear ‘Elastic’ Stresses crxz in the Railroad Rail under
Vertical Loading
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Figure 2.29 N o r m a l  ‘Elastic’ Stresses <xxx a n d  <Tyy as a Function of the
N u m b e r  of Fourier M o d e s  in the Railroad Rail under Vertical
Loading
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Figure 2.31 Contour Lines of Normal ‘Elastic’ Stresses crxx and cryy in the
Railroad Rail under Vertical Loading — Solution for Mesh
#1
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Figure 2.32 Contour Lines of Normal ‘Elastic’ Stresses <rxx and <Xyy in the
Railroad Rail under Vertical Loading — Solution for Mesh
# 2
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Figure 2.33 Contour Lines of Normal ‘Elastic’ Stresses <xxx and cryy in the
Railroad Rail under Vertical Loading — Solution for Mesh
# 3
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F ig u re  2.34 C o n to u r L ines o f N o rm a l <xzz and Shear <rxy ‘E la s tic ’ Stresses 
in  th e  R a ilro a d  R a il under V e rtic a l Load ing  — S o lu tio n  fo r 
M esh # 1
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Figure 2.35 Contour Lines of Normal <xzz and Shear <rxy ‘Elastic’ Stresses
in the Railroad Rail under Vertical Loading — Solution for
Mesh # 2
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Figure 2.37 Normal ‘Elastic’ Stresses <rxx in the Railroad Rail under
Horizontal Loading
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Figure 2.38 Normal ‘Elastic’ Stresses <Tyy in the Railroad Rail under
Horizontal Loading
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Cross-section z =  2.547m, line a  - a

y  [cm]

Figure 2.39 Normal ‘Elastic’ Stresses <xzz in the Railroad Rail under
Horizontal Loading
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Cross-section z = 2.547m, line p - p
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C r o s s -s e c t io n  z  =  2 ,5 5 4 m , lin e  p  -  p
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Figure 2.40 Shear ‘Elastic’ Stresses <rxy in the Railroad Rail under
Horizontal Loading
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Cross-section z = 2.540m, line a  - a
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Figure 2.41 Shear ‘Elastic’ Stresses eryz in the Railroad Rail under
Horizontal Loading
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Figure 2.42 Shear ‘Elastic’ Stresses <xxz in the Railroad Rail under
Horizontal Loading
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3 .  M O D E L  F O R  A N A L Y S I S  O F  R E S I D U A L  S T R E S S E S

T h i s  c h a p t e r  c o v e r s  all t h e  m a t t e r s  a s s o c i a t e d  w i t h  t h e  m o d i f i c a t i o n  o f  t h e  e x i s t i n g  [ 1 7 ]  

e l a s t i c - p l a s t i c  m o d e l  a n d  c o r r e s p o n d i n g  c o m p u t e r  p r o g r a m s  f o r  t h e  a n a l y s i s  o f  r e s i d u a l  s t r e s s e s  

i n  r a i l r o a d  rails. S e c t i o n  3 . 1  c o n t a i n s  s o m e  i n t r o d u c t o r y  r e m a r k s  d e a l i n g  w i t h  p o s s i b l e  

a p p r o a c h e s  t o  r e s i d u a l  s t r e s s  a n a l y s i s .  S e c t i o n s  3 . 2  a n d  3 . 3  d e s c r i b e  t h e  m e c h a n i c a l  a n d  

n u m e r i c a l  m o d e l s ,  r e s p e c t i v e l y .  T h e  a b o v e  m o d e l s  h a v e  b e e n  i m p l e m e n t e d  i n  a  p a c k a g e  o f  

c o m p u t e r  p r o g r a m s  d e s c r i b e d  i n  s e c t i o n  3 . 4 .  F i n a l l y ,  t h e  m o d i f i e d  m o d e l  a n d  c o m p u t e r  

p r o g r a m s  h a v e  b e e n  e x t e n s i v e l y  v a l i d a t e d  b y  m e a n s  o f  t e s t  p r o b l e m s  f o r m u l a t e d  f o r  a  r a i l r o a d  

rail s u b j e c t  t o  c o n t a c t  l o a d i n g .  S o m e  s e l e c t e d  r e s u l t s  o f  t h e s e  t e sts a n d  t h e i r  d i s c u s s i o n  a r e  

p r e s e n t e d  i n  s e c t i o n  3 . 5 .  ■

3 . 1  I N T R O D U C T I O N

T h e  s u b j e c t  o f  t h i s  c h a p t e r  is a n a l y s i s  o f  r e s i d u a l  s t r e s s e s  i n  a  s e l e c t e d  c l a s s  o f  p r i s m a t i c  b o d i e s  

m a d e  o f  a n  e l a s t i c - p e r f e c t l y  p l a s t i c  m a t e r i a l  a n d  s u b j e c t  t o  b o t h  m e c h a n i c a l  a n d  t h e r m a l  c y c l i c  

l o a d s .  T h e  p u r p o s e  o f  t h e  w o r k  is t o  i m p r o v e  t h e  e x i s t i n g  m o d e l  a n d  c o m p u t e r  p r o g r a m s  f o r  

a n a l y s i s  o f  r e s i d u a l  s t r e s s e s  i n  r a i l r o a d  rails w o r k i n g  i n  s e r v i c e  c o n d i t i o n s .

I n  g e n e r a l ,  t h e r e  a r e  t w o  m e t h o d s  f o r  a n a l y s i s  o f  r e s i d u a l  s t r e s s e s  i n  a  b o d y  u n d e r  a  c y c l i c  l o a d .  

T h e  first o n e  is t h e  c l a s s i c a l  i n c r e m e n t a l  a n a l y s i s  [ 1 0 ] ,  [ 1 1 ] ,  o r i e n t e d  t o w a r d s  t r a c i n g  t h e  full 

p r o c e s s  o f  l o a d i n g  o f  t h e  b o d y .  It p e r m i t s  t h e  d e t e r m i n a t i o n  o f  t h e  b e h a v i o r  o f  t h e  b o d y  a t  e a c h  

m o m e n t  o f  t h e  l o a d i n g  p r o c e s s  a n d  t h e  i n f o r m a t i o n  o b t a i n e d  t h i s  w a y  is c o m p l e t e ,  i.e., b o t h  t h e  

statical a n d  k i n e m a t i c a l  q u a n t i t i e s  a r e  k n o w n .  T h e  m a i n  d i s a d v a n t a g e  o f  t h e  i n c r e m e n t a l  a n a l y s i s  

is t h e  f a c t  t h a t  i n  c a s e  o f  c y c l i c  l o a d s  it is e x t r e m e l y  t i m e - c o n s u m i n g .  A n  a t t e m p t  t o  t r a c e  o n l y  

o n e  c y c l e  o f  l o a d i n g  f o r  a  r e a l  r a i l r o a d  rail w o u l d  p r o b a b l y  r e q u i r e  h u n d r e d s  o r  t h o u s a n d s  o f  

i n c r e m e n t s .  T h e  n u m b e r  o f  c y c l e s  t h a t  s h o u l d  b e  t a k e n  i n t o  a c c o u n t  t o  r e a c h  a  s t a t e  o f  

s h a k e d o w n  m a y  a l s o  b e  q u i t e  l a r g e .  M o r e o v e r ,  t h e  s e r v i c e  l o a d - t i m e  h i s t o r y  r e q u i r e d  a s  i n p u t  

d a t a  is n o t  k n o w n ,  s o ,  s u c h  a n  a n a l y s i s  s h o u l d  b e  p e r f o r m e d  s e v e r a l  t i m e s  a s s u m i n g  t h e  m o s t  

r e p r e s e n t a t i v e  l o a d i n g  p a t h s .  F i n a l l y ,  t h e  d i m e n s i o n  o f  a  p r o b l e m  t h a t  is s o l v e d  u s i n g  

i n c r e m e n t a l  a n a l y s i s  is d e t e r m i n e d  b y  t h e  total n u m b e r  o f  s t r e s s  o r  s t r a i n  s t a t e s  a n d  f o r  a  r a i l r o a d  

rail m u s t  b e  a t  l e a s t  e q u a l  t o  t h r e e .  T h u s ,  p r a c t i c a l  a p p l i c a t i o n s  o f  t h i s  a p p r o a c h  t o  t h e  p r o b l e m  

u n d e r  c o n s i d e r a t i o n  s e e m  t o  b e  o u t  o f  t h e  q u e s t i o n  u n l e s s  v e r y  p o w e r f u l  c o m p u t e r  e q u i p m e n t  is 

a v a i l a b l e .

T h e  s e c o n d  m e t h o d  o f  a n a l y s i s  o f  r e s i d u a l  s t r e s s e s  is t h e  s h a k e d o w n  a n a l y s i s .  It a l l o w s  o n e  t o  

d e t e r m i n e  w h e t h e r  t h e  b o d y  u n d e r  c o n s i d e r a t i o n  is a b l e  t o  a d a p t  t o  c u r r e n t  c y c l i c  l o a d s .  I f  t h e  

b o d y  s h a k e s  d o w n ,  s o m e  a d d i t i o n a l  i n f o r m a t i o n  o f  e i t h e r  s t r e s s  o r  d i s p l a c e m e n t  t y p e  m a y  b e  

o b t a i n e d  d e p e n d i n g  o n  t h e  m e t h o d  u s e d  ( e i t h e r  t h e  c l a s s i c a l  s tatical M e l a n  t h e o r e m  o r  t h e  

k i n e m a t i c a l  K o i t e r  t h e o r e m  [13 ] ) .  T h e  m a i n  a d v a n t a g e  o f  t h i s  a p p r o a c h  is t h e  f a c t  t h a t  o n l y  t h e  

f i n a l  s t a t e  o f  t h e  b o d y  a f t e r  a d a p t a t i o n  is c o n s i d e r e d  w i t h o u t  t r a c i n g  t h e  w h o l e  s e r v i c e  l o a d - t i m e  

h i s t o r y .  T h e  a n a l y s i s  r e q u i r e s  o n l y  t h e  e n v e l o p i n g  l o a d  s t a t e s  t o  b e  k n o w n  a n d  t h e y  c a n  u s u a l l y  

b e  f o u n d  q u i t e  eas i l y .  M o r e o v e r ,  t h e  d i m e n s i o n  o f  a  p r o b l e m  t h a t  is s o l v e d  u s i n g  s h a k e d o w n  

a n a l y s i s  is d e t e r m i n e d  b y  t h e  n u m b e r  o f  r e s i d u a l  s t r e s s  o r  s t r a i n  states. F o r  r a i l r o a d  rails, t h e s e  

s t a t e s  c a n  b e  a s s u m e d  t o  b e  t w o - d i m e n s i o n a l ,  s i m p l i f y i n g  t h e  a n a l y s i s  s i g n i f i c a n t l y .  T h e  m a i n  

d i s a d v a n t a g e  o f  t h i s  a p p r o a c h  i n  t h e  c l a s s i c a l  s e n s e  is t h e  f a c t  t h a t  o n l y  s o m e  s e l e c t e d
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i n f o r m a t i o n  m a y  b e  o b t a i n e d ,  a n d  it c o r r e s p o n d s  t o  t h e  m a x i m a l  m a g n i t u d e  o f  t h e  l o a d  f o r  w h i c h  

s h a k e d o w n  is p o s s i b l e .

A  n o v e l  a p p r o a c h  t o  t h e  p r o b l e m  o f  e v a l u a t i o n  o f  r e s i d u a l  s t r e s s e s ,  t h e  c o n s t r a i n e d  e n e r g y  

m i n i m i z a t i o n  m e t h o d  [2], [ 1 4 ] ,  [ 1 6 ] ,  h a s  b e e n  a p p l i e d  i n  t h i s  w o r k .  I n  c o n t r a s t  t o  t h e  c l a s s i c a l  

s h a k e d o w n  a n a l y s i s ,  it a l l o w s  o n e  t o  c o m p u t e  r e s i d u a l  s t r e s s e s  n o t  o n l y  f o r  t h e  l o a d  o f  m a x i m a l  

m a g n i t u d e  b u t  a l s o  f o r  a  l o a d  o f  a n y  m a g n i t u d e  f o r  w h i c h  s h a k e d o w n  is p o s s i b l e  ( t h e  s o - c a l l e d  

a c t u a l  stresses). T h i s  a p p r o a c h  h a s  b e e n  s u c c e s s f u l l y  a p p l i e d  t o  t h e  e v a l u a t i o n  o f  r e s i d u a l  

s t r e s s e s  i n  r a i l r o a d  rails [4], [ 1 7 ] ,  [ 1 8 ] ,  a n d  w h e e l s  ( r e p o r t  7). It h a s  p r o v e n  t o  b e  p o w e r f u l  a n d  

r e l i a b l e  a n d  g i v e s  e s i m a t e s  o f  rail r e s i d u a l  s t r e s s  f i e l d s  t h a t  s e e m  t o  b e  i n  r e a s o n a b l e  a g r e e m e n t  

w i t h  a v a i l a b l e  e x p e r i m e n t a l  m e a s u r e m e n t s .  I n  t h i s  w o r k ,  s i g n i f i c a n t  c h a n g e s  h a v e  b e e n  m a d e  

r e g a r d i n g  t h e  t y p e s  o f  l o a d s .  T h e y  c a n  b e  d i v i d e d  i n t o  t w o  g r o u p s .  T h e  first o n e  d e a l s  w i t h  

t r a c t i o n  l o a d s .  I n  t h e  rail a n a l y s e s  t o  d a t e ,  o n l y  n o r m a l  t r a c t i o n s  d u e  t o  w h e e l / r a i l  c o n t a c t  h a v e  

b e e n  m o d e l l e d  b e c a u s e  t h i s  a p p e a r s  t o  b e  a  r e a s o n a b l e  a p p r o x i m a t i o n  f o r  t h e  u n p o w e r e d  w h e e l s  

o f  f r e i g h t  c a r s ,  w h i c h  c o n s t i t u t e  t h e  m a j o r  s o u r c e  o f  rail m e c h a n i c a l  l o a d i n g .  I n  t his c a s e ,  s o m e  

r e s i d u a l  s t r e s s  t e n s o r  c o m p o n e n t s  c a n  b e  a s s u m e d  t o  b e  e q u a l  t o  z e r o .  A d d i t i o n a l l y ,  e x t e r n a l  

l o a d s  c a n  b e  r e p r e s e n t e d  b y  o n l y  o n e  e n v e l o p i n g  e l a s t i c  s t r e s s  s t a t e  t h a t  c o r r e s p o n d s  t o  t h e  c r o s s  

s e c t i o n  c o n t a i n i n g  the, c e n t e r  o f  t h e  c o n t a c t  z o n e .  H o w e v e r ,  i n  s o m e  c a s e s  s u c h  s i m p l i f y i n g  

a s s u m p t i o n s  s e e m  t o  b e  u n j u s t i f i e d  a n d  n o t  o n l y  n o r m a l  b u t  a l s o  t a n g e n t  s u r f a c e  t r a c t i o n s  s h o u l d  

b e  t a k e n  i n t o  c o n s i d e r a t i o n .  C o n s e q u e n t l y ,  all t h e  r e s i d u a l  s t r e s s  t e n s o r  c o m p o n e n t s  h a v e  t o  b e  

i n c l u d e d  i n  t h e  a n a l y s i s ,  a n d  s e v e r a l  e n v e l o p i n g  e l a s t i c  s t r e s s  s t a t e s  s h o u l d  b e  c o n s i d e r e d  t o  

r e p r e s e n t  e x t e r n a l  l o a d s  p r o p e r l y  ( t h e  s e l e c t i o n  o f  o n e  e n v e l o p i n g  s t r e s s  s t a t e  is s t r a i g h t f o r w a r d  

o n l y  i n  c a s e  o f  n o r m a l  l o a d s ) .  T h e  a b o v e  i s s u e s  h a v e  b e e n  t a k e n  i n t o  a c c o u n t  w h i l e  f o r m u l a t i n g  

a  n e w  finite e l e m e n t  a n d  e x p a n d i n g  t h e  c o n s t r a i n t  f l o w  l o g i c  i n  t h e  c o m p u t e r  p r o g r a m s  ( m a n y  

e n v e l o p i n g  s t r e s s  stat e s  c a n  b e  d e f i n e d ) .  T h e  s e c o n d  g r o u p  o f  m o d i f i c a t i o n s  is c o n n e c t e d  w i t h  

t h e r m a l  l o a d s .  T h e s e  l o a d s  a r e  u s u a l l y  a c c o m p a n i e d  b y  s u b s t a n t i a l  v a r i a t i o n s  i n  m a t e r i a l  

p r o p e r t i e s ,  r e q u i r i n g  t h e  a p p l i c a t i o n  o f  a n  a p p r o p r i a t e  a l g o r i t h m  f o r  t h e  e v a l u a t i o n  o f  r e s i d u a l  

s t r e s s e s .  S u c h  a n  a l g o r i t h m  h a s  b e e n  p r o p o s e d  i n  [4] a n d  i m p l e m e n t e d  i n  t h e  c o m p u t e r  p r o g r a m s  

d e s c r i b e d  i n  s e c t i o n  3 .4.

3 . 2  M E C H A N I C A L  M O D E L

T h e  m e c h a n i c a l  m o d e l  a p p l i e d  t o  t h e  a n a l y s i s  o f  r e s i d u a l  s t r e s s e s  i n  r a i l r o a d  rails is b a s e d  o n  t h e  

c l a s s i c a l  M e l a n  t h e o r e m  a n d  t h e  H a a r - K a r m a n  p r i n c i p l e  [ 1 3 ] .  It h a s  b e e n  f o r m u l a t e d  f o r  a n  

e l a s t i c - p e r f e c t l y  p l a s t i c  b o d y  t h a t  is s u b j e c t  t o  c y c l i c  l o a d i n g

-  b o d y  f o r c e s

-  s u r f a c e  t r a c t i o n s

-  a n d  d i s p l a c e m e n t s

II**

lE
r F.t(x,t + ntc) in V,

T,(*.<) = 7](x,t + ntc) on aya, (3.1)

«;.(x,r+ntc) in dVu,
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w h e r e  V  is t h e  v o l u m e  o c c u p i e d  b y  t h e  b o d y ,  d V Q a n d  d V u  a r e  p a r t s  o f  t h e  b o u n d a r y  s u r f a c e  

d V , x  r e p r e s e n t s  a  p o i n t  o f  t h e  b o d y ,  t  t h e  t i m e ,  t c  t h e  p e r i o d  o f  o n e  c y c l e ,  n  t h e  n u m b e r  o f  

c y c l e s ,  a n d  i  =  1 , 2 , 3 .

T h e  e v a l u a t i o n  o f  r e s i d u a l  s t r e s s e s  t a k e s  t h e  f o r m  o f  t h e  f o l l o w i n g  o p t i m i z a t i o n  p r o b l e m :  

F i n d  t h e  m i n i m u m  o f  t h e  t o t a l  c o m p l e m e n t a r y  e n e r g y  f u n c t i o n a l

U c =\\(?rii-Q%)cm (?u-Vu)dV ( 3 . 2 )

w i t h  r e s p e c t  t o  t h e  r e s i d u a l  s t r e s s  f i e l d  O y ( x )  s a t i s y i n g

-  t h e  e q u i l i b r i u m  e q u a t i o n s

< ^ = 0

-  t h e  s t a t i c a l  b o u n d a r y  c o n d i t i o n s

vj° u  =  0

i n  V ,

; o n d V a ,

-  a n d  t h e  y i e l d  c o n d i t i o n s

<1>(g - j + O y J <  0  i n  V  u  5 V ,

( 3 . 3 )

( 3 . 4 )

( 3 . 5 )

w h e r e  O y °  =  a * ° ( x )  is a n  initial r e s i d u a l  s t r e s s  field, O y  =  q f j ( x , t )  is a n  e l a s t i c  s t r e s s  field, 

is a  f u n c t i o n  t h a t  r e p r e s e n t s  t h e  y i e l d  c o n d i t i o n s ,  v j  is a  u n i t  n o r m a l  v e c t o r  t o  t h e  s u r f a c e  

d V a  , a n d  C ijk l is t h e  t e n s o r  o f  e l a s t i c  c o m p l i a n c e s .

T h e  s o l u t i o n  o b t a i n e d  t h i s  w a y  is e i t h e r  t h e  e x a c t  s o l u t i o n  o *  o r  a n  u p p e r  b o u n d  i n  s e n s e  o f  

t h e  total c o m p l e m e n t a r y  e n e r g y  b f  t h e  b o d y ,  i.e.,

M o ' - a ^ s n ^ a ' - o . ' " ) .  ( 3 . 6 )

I n  t h i s  w o r k ,  t h e  a b o v e  m e c h a n i c a l  m o d e l  h a s  b e e n  a p p l i e d  t o  a  s e l e c t e d  c l a s s  o f  p r i s m a t i c  b o d i e s  

m a d e  o f  a n  e l a s t i c - p e r f e c t l y  p l a s t i c  m a t e r i a l  w i t h  t e m p e r a t u r e - d e p e n d e n t  p r o p e r t i e s .  It h a s  b e e n  

a s s u m e d  t h a t  t h e  r e s i d u a l  s t r e s s  s t a t e  d o e s  n o t  d e p e n d  o n  t h e  l o n g i t u d i n a l  d i r e c t i o n .  

C o n s e q u e n t l y ,  t h e  p r o b l e m  m a y  b e  c o n s i d e r e d  a s  a  t w o - d i m e n s i o n a l  o n e .  H o w e v e r ,  t h e  total 

s t r e s s  sta t e  is still t h r e e - d i m e n s i o n a l  a n d  t h e  y i e l d  c o n d i t i o n s  s h o u l d  b e  i m p o s e d  o n  e n v e l o p i n g  

s t r e s s  s t a t e s  t h a t  c o r r e s p o n d  t o  d i f f e r e n t  c r o s s  s e c t i o n s .  T h e  n u m b e r  o f  s u c h  s t a t e s  d e p e n d s  o n  

t h e  t y p e  o f  l o a d i n g  a p p l i e d  t o  t h e  b o d y  a n d  c a n n o t  u s u a l l y  b e  d e t e r m i n e d  i n  a d v a n c e .

T h e  e l a s t i c  s t r e s s  f i e l d  < j y ( x , t )  is t h e  s o l u t i o n  t o  t h e  g i v e n  b o u n d a r y  v a l u e  p r o b l e m  u n d e r  t h e  

a s s u m p t i o n s  o f  t h e  l i n e a r  t h e o r y  o f  elasticity. It r e p r e s e n t s  b o t h  t h e  s t r e s s e s  d u e  t o  r a i l - w h e e l
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c o n ta c t a n d  th e  s tresses a s s o c ia te d  w ith  th e rm a l e ffe c ts . T h e  la tte r  s tresses a re  a c c o m p a n ie d  b y  

s u b s ta n tia l v a r ia tio n  in  m a te r ia l p ro p e rtie s , a n d  th e  o p tim iz a tio n  p ro b le m  (3 .2 -3 .5 )  has to  b e  

re p la c e d  b y  a se q u e n ce  o f  s u b p ro b le m s  c o rre s p o n d in g  to  s u b s e q u e n t tim e  p a ra m e te r v a lu e s  

t  =  t0, tv T h e  zth s u b p ro b le m  is  s o lv e d  b y  a p p ly in g  th e  re le v a n t th e rm a l s tresses a n d

m a te r ia l p ro p e rtie s  a n d  a s s u m in g  th a t th e re  e x is t in it ia l re s id u a l s tresses e q u a l to  th e  re s id u a l 

s tresses o b ta in e d  in  th e  ( z '- l ) t h  s te p , i.e ., o  f /  (r ; ) = a ~ ) .

3 .3  N U M E R IC A L  M O D E L

T h is  s e c tio n  d e s c rib e s  th e  n u m e r ic a l m o d e l a p p lie d  to  th e  a n a ly s is  o f  re s id u a l s tresses in  ra ilro a d  

ra ils . I t  has be e n  d iv id e d  in to  tw o  p a rts . T h e  f ir s t  o n e  p re s e n ts  th e  g e n e ra l fo rm u la tio n  o f  th e  

m o d e l, its  c o n c e p ts , a n d  n o ta tio n . T h e  se co n d  p a rt d e a ls  w ith  a  d e ta ile d  d e s c r ip tio n  o f  th e  f in ite  

e le m e n t th a t has b e e n  im p le m e n te d  in  th e  c o m p u te r p ro g ra m s  d e v e lo p e d  fo r  th e  p ro b le m  u n d e r 

c o n s id e ra tio n .

3 .3 .1  F in ite -E le m e n t F o rm u la t io n

T h e  n u m e ric a l m o d e l a p p lie d  to  th e  a n a ly s is  o f  re s id u a l s tre sse s  has  b e e n  d e riv e d  fro m  th e  

m e c h a n ic a l m o d e l p re s e n te d  in  th e  p re v io u s  s e c tio n  u s in g  th e  a ssu m e d  s tre ss  m o d e l o f  th e  f in ite  

e le m e n t m e th o d  [9 ] .  T h e  re g io n  o f  th e  b o d y  V  is  d iv id e d  in to  a  f in ite  n u m b e r N e o f  d is jo in t 

s u b re g io n s  Vn ( f in ite  e le m e n ts ). F o r  e a ch  f in ite  e le m e n t, th e  fo llo w in g  f ie ld s  a re  a ssu m e d :

(1 )  a  s e lf-e q u ilib ra te d  re s id u a l s tre ss  f ie ld  a '-  ,

(2 ) a  d is p la c e m e n t f ie ld  th a t has to  b e  c o n tin u o u s  a lo n g  th e  c o m m o n  b o u n d a ry  o f  tw o  

a d ja c e n t e le m e n ts , a n d

(3 ) th e  c o rre s p o n d in g  s tra in  f ie ld  £ -  re la te d  to  th e  d is p la c e m e n t f ie ld  ut b y  (2 .4 ).

T h e  stress f ie ld  a p p ro x im a tio n  in  th e  a ssu m e d  s tre ss  m o d e l is  d is c o n tin u o u s  a lo n g  th e  

in te re le m e n t b o u n d a rie s . In  g e n e ra l, th is  is  a llo w e d  in  s o lid  c o n tin u u m  m e c h a n ic s  p ro v id e d  th a t 

th e  c o rre s p o n d in g  s u rfa c e  tra c tio n s  a re  in  e q u ilib r iu m . T o  s a tis fy  th is  re q u ire m e n t, th e  to ta l 

c o m p le m e n ta ry  e n e rg y  fu n c tio n a l (3 .2 )  has to  b e  m o d ifie d  b y  a n  a d d itio n a l te rm  w ith  th e  s tra in  

f ie ld  p la y in g  th e  ro le  o f  L a g ra n g e  m u ltip lie rs . T a k in g  in to  a c c o u n t th e  d iv is io n  o f  th e  re g io n  in to  

f in ite  e le m e n ts , th e  m e c h a n ic a l m o d e l (3 .2 -3 .5 )  m a y  b e  w r it te n  as fo llo w s :

F ind the minimum o f  the tota l complementary energy functiona l

n c= E
n= 1

J \ v i f i j k P  a d V - \ o  ij£ iJ dV (3 .7 )

with respect to the self-equilibrated residual stress f ie ld  a ' ( x )  satisfying the yie ld  

conditions
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O ( a , y + a j 0 + a f in V n u ( d V \ , (3 .8 )) < 0

w h e re

a ~  =  a  — a
i j  i j  IJ

*o (3 .9 )

I t  s h o u ld  b e  s tre sse d  th a t th e  s ta tic a l b o u n d a ry  c o n d itio n s  (3 .4 )  a re  s a tis fie d  a u to m a tic a lly  w h e n  

th e  m o d ifie d  fo rm  (3 .7 ) o f  th e  to ta l c o m p le m e n ta ry  e n e rg y  fu n c tio n a l is  u se d .

F o r  e a ch  f in ite  e le m e n t, th e  s tresses o ~  a n d  th e  d is p la c e m e n ts  u.t a re  re p re s e n te d  (u s in g  m a tr ix  

n o ta tio n )  as fo llo w s

g  =  Q P „ , (3 .1 0 )

u  =  N q „  (3 .1 1 )

w h e re  Q  is  a  s tre ss  in te rp o la tio n  m a tr ix , is  a  v e c to r  o f  s tre s s  p a ra m e te rs , N  is  a 

d is p la c e m e n t in te rp o la tio n  m a tr ix , a n d  q n is  a  v e c to r o f  g e n e ra liz e d  d is p la c e m e n ts  d e fin e d  a t a

f in ite  n u m b e r o f  n o d a l p o in ts  o f  th e , e le m e n t. T h e  c o rre s p o n d in g  s tra in s  8 ,  re la te d  to  th e  

d is p la c e m e n ts  u  b y  (2 .4 ) , ca n  a ls o  b e  e x p re sse d  in  te rm s  o f  th e  g e n e ra liz e d  d is p la c e m e n ts  q n , 

th a t is

8 =  L u  =  L N q „  =  B q n (3 .1 2 )

w h e re  L  is  th e  m a tr ix  o f  d iffe r e n tia l o p e ra to rs  a n d  B  is  a  s tra in  in te rp o la tio n  m a tr ix .

T h e  s u b s titu tio n  o f  (3 .1 0 ) a n d  (3 .1 2 ) in to  (3 .7 ) a n d  (3 .8 ) re s u lts  in  th e  fo llo w in g  n u m e r ic a l m o d e l 

fo r  th e  e v a lu a tio n  o f  re s id u a l s tresses:

F ind  the minimum o f  the total complementary energy functiona l

n=1 J
(3 .1 3 )

with respect to the generalized displacements q n and the stress parameters P n satisfying 

the y ie ld conditions

i n V „ u ( W \ , (3 .1 4 )

in  w h ic h

H n J  Q r C Q  d V , (3 .1 5 )
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(3 .1 6 )G „  =  j Q r B r fV ,

o  27

^ = f — Q TCdQ ,  (3 .1 7 )
l  +  v

Y2, = ^ - Q  TC „ ( a '°  + a ‘ ) ,  (3 .1 8 )
1 +  v  v '

Y3„ = - ^ r)(<! R- + a ‘ J c d(a ’ ’ + a ‘ ) - o 20, (3 .1 9 )

w h e re  E  is  Y o u n g ’ s m o d u lu s , v  is  P o is s o n ’ s ra t io , Cd is  th e  d e v ia to r ic  p a rt o f  th e  m a tr ix  o f  

e la s tic  c o m p lia n c e s , a n d  c 0 is  a  f lo w  s tre ss , u s u a lly  a ssu m e d  to  b e  5  o r  10%  a b o v e  th e  s p e c ifie d

a ve ra g e  0 .2 %  o ffs e t y ie ld  s tre n g th . T h e  fo rm s  o f  th e  y ie ld  c o n d itio n s  (3 .1 4 ) a n d  m a tric e s  (3 .1 7 -  

3 .1 9 ) h a ve  been  d e r iv e d  a s s u m in g  th e  M is e s -H e n c k y  y ie ld  c r ite r io n .

T h e  a b o ve  d e s c r ip tio n  o f  th e  n u m e r ic a l m o d e l a p p lie d  to  th e  a n a ly s is  o f  re s id u a l s tresses is  v e ry  

c o n c is e . Its  g o a l w a s  to  p re s e n t th e  b a s ic s  o f  th e  m o d e l, p a r t ic u la r ly  th e  n o ta tio n  th a t is  n e ce ssa ry  

to  u n d e rs ta n d  th e  d e ta ile d  in fo rm a tio n  a b o u t th e  f in ite  e le m e n t u s e d  in  case  o f  ra ilro a d  ra ils . F o r 

m o re  e x te n s iv e  d e s c r ip tio n  o f  th e  m o d e l a n d  th e  te c h n iq u e s  th a t a re  u s e d  in  re a l im p le m e n ta tio n s , 

th e  re a d e r is  re fe rre d  to  [1 6 ], [1 8 ],

3 .3 .2  Q u a d r ila te r a l F in ite  E le m e n t

T h e  f in ite  e le m e n t a p p lie d  to  th e  a n a ly s is  o f  re s id u a l s tre sse s  in  ra ilro a d  ra ils  is  a  fo u r-n o d e  

e le m e n t w ith  lin e a r  a p p ro x im a tio n  o f  th e  s tre ss  f ie ld  a n d  b ilin e a r  a p p ro x im a tio n  o f  th e  

d is p la c e m e n t f ie ld .  In  d ie  p re s e n t case , a ll e le m e n ts  a re  d e s c rib e d  in  d ie  g lo b a l s y s te m  o f  

re c ta n g u la r c a rte s ia n  c o o rd in a te s  (x, y )  d e fin e d  o n  a  s e le c te d  c ro s s  s e c tio n . In  g e n e ra l, th e y  a re  

ir re g u la r  q u a d rila te ra l e le m e n ts  ( f ig u re  2 .1 a ) a n d  th a t is  w h y  i t  is  u s u a lly  c o n v e n ie n t f ir s t  to  

tra n s fo rm  th e m  in to  sq u a re s  ( f ig u re  2 .1 b ) a n d  th e n  to  c o n s tru c t th e  in te rp o la tio n  fu n c tio n s  a n d  

b a s ic  f in ite  e le m e n t m a tric e s  o n ly  fo r  o n e  ty p ic a l e le m e n t d e fin e d  in  th e  lo c a l s y s te m  o f  

re c ta n g u la r c a rte s ia n  c o o rd in a te s  T |) .  T h e  tra n s fo rm a tio n  a n d  th e  re la tio n s  b e tw e e n  

in te g ra tio n  a n d  d iffe re n tia tio n  in  b o th  th e  sys te m s  o f  c o o rd in a te s  a re  d e s c rib e d  in  s e c tio n  2 .3 .3 .

T h e  v e c to r o f  s tresses a  , th e  v e c to r  o f  s tre ss  p a ra m e te rs  P n , a n d  th e  s tre ss  in te rp o la tio n  m a tr ix  

Q  d e fin e d  in  (3 .1 0 ) c a n  b e  w r it te n  in  th e  g lo b a l s y s te m  o f  re c ta n g u la r c a rte s ia n  c o o rd in a te s  as 

fo llo w s :

® °  yy °zz y xy ^ yz X xz}’

p : = { p . -  p 15}>

(3 .2 0 )

(3 .2 1 )
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in  w h ic h

Q = [Qi Q 2] (3.22)

1 a : y  0  0  0  0 0 0  0 '

0  0  0  1 *  y  0  0  0 0

0  0  0 0 0  0  1 *  y  0

0 - 7  0 0 0  - *  0 0 0 1 ’

0 0  0  0 0  0  0 0 0 0

0  0  0 0 0  0  0 0 0  0

'0 0  0  0  O '

0 0 0 0 0
_  0  0  0  0  0

Q2 = 0 0 0 o p ’ 
1 * 7 0 0  

0 0  - *  1 7

(3.23)

(3.24)

w h e re  th e  m a tr ix  Q  ha s  b e e n  d e riv e d  a s s u m in g  th e  lin e a r  a p p ro x im a tio n  o f  th e  s tre ss  te n s o r 

c o m p o n e n ts  a n d  th e n  s a tis fy in g  th e  e q u ilib r iu m  e q u a tio n s . A d d it io n a lly , i t  ha s  b e e n  d iv id e d  in to  

s u b m a tric e s  Q j a n d  Q 2 to  s im p lify  th e  d e r iv a tio n  o f  th e  m a tr ix  H n .

B e fo re  th e  m a tr ix  H n , d e fin e d  in  (3 .1 5 ), is  d e riv e d , i t  is  c o n v e n ie n t to  d iv id e  i t  in to  tw o  p a rts  th a t 

c o rre s p o n d  to  th e  d e v ia to r ic  C d a n d  v o lu m e tr ic  C „ p a rts  o f  th e  m a tr ix  o f  e la s tic  c o m p lia n c e s  C , 

th a t is

H n = H , n + H vn (3 .2 5 )

in  w h ic h

H rf„  =  J  Q r C dQ  d V , (3 .2 6 )

V„

H vn =  J  Q r C vQ  d V , (3 .2 7 )

v„

w h e re
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'2 -1  - 1 0 0 0

2  - 1 0 0 0

_  1 +  v 2  0 0 0
C d = — —

d 3  E 6 0 0

s y m 6 0

6

'1 1 1 0 0 0

1 1 0 0 0

1 — 2 v 1 0 0 0
C = -------

v 3  E 0 0 0

s y m 0 0

0

(3 .2 8 )

(3 .2 9 )

T h e  s u b s titu tio n  o f  (3 .2 2 -3 .2 4 ) , (3 .2 8 ), a n d  (3 .2 9 ) in to  (3 .2 6 ) a n d  (3 .2 7 ) re s u lts  in  th e  fo llo w in g  

fo rm  o f  b o th  th e  in te g ra n d s :

Qrc dQ = Q f
Q f

c</[Qi q 2]= Q f C d Q i  0  

0 Q2rC,Q2

QrCvQ = Q f
LQ2J

cv[Qi Q 2]= Q[CVQl 0
0 0

w h e re

QfC^Qj 1 +  v
-------- x

3 E

2x 2  y - 1 —X

2x2 +  6 y 2 2  xy —x —X2

2 y 2 -y - x y
2 2x

2x2

sym

-y •' —1 -JC -y 0

5xy - x  - x 2 -xy - 6 y

-y1 -y -xy -y2 0

2 y —1 —x -y 0

2xy —X —X2 -xy 0

2y2 +  6 jc2 -y -xy -y2 -6 x

2 2x 2  y 0

2x2 2 xy 0

2y2 0

6

(3 .3 0 )

(3 .3 1 )

(3 .3 2 )
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Q 2r C , Q 2 =
1 +  V

3  E

T 1 — 2 v
o J c  a  = ---------

1 v 1 3  E

6 6x 6 y 0 0

6x2 6xy 0 0

6 y 2 +  6 x 2 —6x -6xy 7

sym 6 6 y

- 6y2 J

X y 1 X y 1 X y o '

X2 xy X X2 xy X X2 xy 0

y2 y xy y 1 y xy y2 0

l X y l X y 0

X2 xy X X2 xy 0

/ ■ y xy y2 0

l X y 0

X2 xy 0

s y m y2, 0

0

(3 .3 3 )

(3 .3 4 )

F in a lly , to  c o m p u te  th e  m a tr ic e s  H dn a n d  H vn, a p p ro p ria te  in te g ra tio n  s h o u ld  b e  p e rfo rm e d .

T a k in g  in to  a c c o u n t th e  fa c t th a t th e  re s id u a l s tre ss  s ta te  d o e s  n o t d e p e n d  o n  th e  lo n g itu d in a l 

d ire c tio n , su ch  in te g ra tio n  c a n  b e  c a rr ie d  o u t o v e r th e  a re a  An o f  th e  n th  e le m e n t, th a t is

j  f ( x ,y )d V  = L j  f ( x ,y )d x  dy (3 .3 5 )

A,

w h e re  L  is  th e  le n g th  o f  th e  e le m e n t (a n y  n o n -z e ro  v a lu e ). U s u a lly , i t  is  m u c h  m o re  c o n v e n ie n t 

to  use  th e  lo c a l s y s te m  o f  c o o rd in a te s  ( ^ , r | )  in s te a d  o f  th e  g lo b a l s y s te m  (x , y ) ,  th u s  th e  fo rm u la  

(2 .4 0 ) s h o u ld  b e  a d d it io n a lly  a p p lie d .

T h e  v e c to r o f  d is p la c e m e n ts  u , th e  v e c to r o f  g e n e ra liz e d  d is p la c e m e n ts  q „ , a n d  th e

d is p la c e m e n t in te rp o la tio n  m a tr ix  N  d e fin e d  in  (3 .1 1 ) ca n  b e  w r it te n  in  th e  lo c a l s y s te m  o f  

c o o rd in a te s  as fo llo w s :

u’'(|,ll)={«,(g,T)) M,(|, tl) iiil.n )}, (3.36)

«I = K  ••• S i } .  (3.37)

N ( l, 1 l) = [ N 1( l , n )  . . .  N 4d , T i) ]  (3 .3 8 )

in  w h ic h

3-9



*1/ { Qxi 4tyi Qzi }> !?•••» 4, (3.39)

N , ( ? , T l )  =

H f e r i )  P 0

0  N f ( | , r i )  0

0 0 N.-g/n)
(3 .4 0 )

w h e re  q , is  th e  v e c to r o f  g e n e ra liz e d  n o d a l d is p la c e m e n ts  a t th e  ith  n o d e  o f  th e  e le m e n t, a n d  Ni 

is  th e  shape  fu n c tio n  a s s o c ia te d  w ith  th is  n o d e , th a t is

^ if e ;n ) = ^ ( l + ^ I. ) ( l + T i T i f). (3 .4 1 )

F u rth e r a n a ly s is  re q u ire s  th e  re la tio n  (3 .1 2 ) a ls o  to  b e  s p e c ifie d  in  th e  lo c a l s ys te m  o f  

c o o rd in a te s . T h e  s tra in  v e c to r e  a n d  th e  m a tr ix  o f  d if fe r e n tia l o p e ra to rs  L  can  b e  w r it te n  as 

fo llo w s :

e r  =  { e ^  Y *  7 *  Y * } >

3
0 0

dx

0
3

0

0

3y 

0 0

3 3
0

3y dx

0 0
3

0 0

3y
3

dx

(3 .4 2 )

(3 .4 3 )

B e fo re  th e  s tra in  in te rp o la tio n  m a tr ix  B  is  d e r iv e d , i t  is  c o n v e n ie n t, as w a s  d o n e  in  (3 .3 7 ) and- 

(3 .3 8 ), to  d iv id e  i t  in to  s u b m a tric e s  th a t a re  a s s o c ia te d  w ith  th e  n o d a l p o in ts  o f  th e  e le m e n t

b  =  [ b 1 . . .  b 4 ] . (3 .4 4 )

T h e  s u b s titu tio n  o f  (3 .4 4 ), (3 .4 3 ), (3 .3 8 ), a n d  (3 .4 0 ) in to  (3 .1 2 ) re s u lts  in
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BN,
00

dx
BN;

00
By

0 0 0

BN, BN,
0

By Bx
BN,

0 0
By 

BN,
0 0

Bx

(3 .4 5 )

C o n s e q u e n tly , b e fo re  th e  m a tr ix  G „  is  c o m p u te d , th e  in te g ra n d  in  (3 .1 6 ) s h o u ld  b e  d e c o m p o s e d , 

w h ic h  y ie ld s

Q r B  =  [Q t B , . . .  Q tB 4 ] (3 .4 6 )
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in  w h ic h

Q r B , =

dN;
0 0

dx
). dN,- x — — - y

d N
— iH - y 0

: dy 
dN. 
-z r~ y 0 0
dx

0
dN;

0

0

dy
dN;

" — - x 0

dN;
-------- - x

dy
dN; dN; 
— - y ---------- x 0

dy , 

0

■dy. dx , 

0 0

0 o 0

0 0 0

dN;

dy

0

dN;

dx

0

0

dN;

0 0

dy
dN; 
— - x

0
dN.

0

dy
dN; 

• y ----------

0

dy

0

dx
dN;

0 0

dx
dN;
—
dx

(3 .4 7 )

T h e  in te g ra tio n  n e ce ssa ry  to  c o m p u te  th e  m a tr ix  G „  s h o u ld  b e  c a rr ie d  o u t u s in g  th e  sam e 

te c h n iq u e  as in  th e  cases o f  th e  m a tr ic e s  H rfn a n d  H vn.

W ith  re g a rd  to  th e  m a tric e s  (3 .1 7 -3 .1 9 ) , th e y  c a n  b e  c o m p u te d  q u ite  e a s ily . T h e  fo rm  o f  th e  

m a tr ix  Y ln has  a lre a d y  b e e n  d e r iv e d  a n d  c a n  b e  re c o g n iz e d  in  (3 .3 0 ), (3 .3 2 ), a n d  (3 .3 3 ). T h e

s u b s titu tio n  o f  (3 .2 2 -3 .2 4 ) a n d  (3 .2 8 ) in to  (3 .1 8 ) a n d  (3 .1 9 ) re s u lts  in  th e  fo llo w in g  fo rm s  o f  th e  

v e c to r  Y2n a n d  s c a la r Y3n:
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X 2 n  =

2 °  xx °  yy ® zz

f a x x - V y y - G ^ X - f o x y y  

f o x x - G y y  - 0 « ) y

- ( V x x - l O y y + O z z )  

~(?xx-2 o „ + o a)x
■ - ( o * - 2 a » + a « ) y - 6 r ^  

- ( ° » + ° w - 2 < * « )  

- K + % - 2 o J a : 

- ( ° » + -a * y - 2 o * ) y  

6̂
6 S z  

6xyzx

(3.48)

F3n= |[(o x C- o xv)2 + (a}y- a zz)2 + (o;„ - a z?)2+6(xJy+T]z+T^)]^a^ (3.49)

w h e re  th e  v e c to r  a  re p re s e n ts  th e  su m  a  R° +  a  £ .

3.4 COMPUTER PROGRAMS

T h e  m e c h a n ic a l a n d  n u m e r ic a l m o d e ls  d e s c rib e d  in  th e  p re v io u s  s e c tio n s  h a v e  b e e n  im p le m e n te d  

in  a p a c k a g e  o f  c o m p u te r p ro g ra m s . T h e  p a c ka g e  c o n s is ts  o f  s ix  p ro g ra m s  th a t c a n  b e  d iv id e d  

in to  tw o  g ro u p s .

T h e  f ir s t  g ro u p  c o n ta in s  fo u r  p ro g ra m s  c a lle d  S T R A T E G Y , S T A T C O N D , O P T IM , a n d  

E L A S T Z O N . T h e s e  p ro g ra m s  c o n s titu te  th e  m o s t im p o rta n t p a rt o f  th e  p a cka g e . T h e y  p e rm it 

th e  s o lu tio n  o f  th e  p ro b le m  o f  th e  e v a lu a tio n  o f  re s id u a l s tre sse s  n o t o n ly  fo r  ra ilr o a d  ra ils  b u t 

a ls o  fo r  c a r w h e e ls . V ir tu a lly  a n y  a ssum ed  s tre ss  f in ite  e le m e n t ca n  b e  u se d . T h e  se c o n d  g ro u p  

c o n s is ts  o f  tw o  a u x ilia ry  p ro g ra m s  c a lle d  M A T R IX  a n d  R E S ID U A L . T h e se  re la tiv e ly  s im p le  

p ro g ra m s  a re  s tr ic t ly  c o n n e c te d  w ith  th e  p ro b le m  to  b e  s o lv e d  ( r a il,  w h e e l), w ith  th e  ty p e  o f  f in ite  

e le m e n ts  (q u a d r ila te ra l, tr ia n g u la r ) , a n d  f in a lly  w ith  th e  a p p ro x im a tio n s  o f  th e  s tre ss  a n d  

d is p la c e m e n t fie ld s .

T h e  s tru c tu re  o f  th e  p ro g ra m s  a n d  th e  p ro g ra m  f lo w  lo g ic  a re  re la tiv e ly  s tra ig h tfo rw a rd , e x c e p t 

th a t th e  u s e r s h o u ld  b e  p re p a re d  to  m o n ito r  th e  p ro g re s s  o f  th e  o p tim iz a tio n  a n d , i f  n e c e s s a ry , to  

a d ju s t c e rta in  c o n tro l p a ra m e te rs . T h e  f ir s t  p ro g ra m  to  b e  e x e c u te d  is  M A T R IX , w h ic h  c o m p u te s  

th e  f in ite -e le m e n t m a tric e s  d e fin e d  in  (3 .1 5 -3 .1 9 ) fo r  g iv e n  in p u t d a ta . B a se d  o n  th is
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in fo rm a tio n  a n d  th e  c u rre n t s ta te  o f  re s id u a l s tre sse s , th e  c o n tro l p ro g ra m  S T R A T E G Y  e x a m in e s  

th e  y ie ld  c o n d itio n s  (3 .1 4 ) fo r  a ll e n v e lo p in g  s tre ss  s ta te s  a n d  d iv id e s  th e  w h o le  b o d y  in to  tw o  

p a rts  —  e la s tic  a n d  p la s tic  zo n e s . I f  a ll th e  y ie ld  c o n d itio n s  a re  s a tis fie d , th e  c u rre n t re s id u a l 

s tre ss  s ta te  is  th e  f in a l o n e  a n d  th e  p o s t-p ro c e s s in g  p ro g ra m  R E S ID U A L  is  e x e c u te d . I f  th is  is  

n o t th e  case , a n e w  re s id u a l s tre ss  s ta te  ha s  to  b e  fo u n d  a n d  th e  p ro g ra m  S T A T C O N D  is  c a lle d . 

T h is  p ro g ra m  a llo w s  o n e  to  fo rm u la te  th e  o p tim iz a tio n  p ro b le m  (3 .1 3 -3 .1 4 )  in  te rm s  o f  th e  

u n k n o w n  s tre ss  p a ra m e te rs  a s s o c ia te d  o n ly  w ith  th e  p la s tic  z o n e . T h e  in flu e n c e  o f  th e  e la s tic  

z o n e  o n  th e  fo rm  o f  th e  to ta l c o m p le m e n ta ry  fu n c tio n a l (3 .1 3 ) is  fo u n d  u s in g  s ta tic  c o n d e n s a tio n . 

T h e  o p tim iz a tio n  p ro b le m  is  s o lv e d  b y  m e a n s  o f  th e  p ro g ra m  O P T IM , u s in g  th e  m e th o d  o f  

fe a s ib le  d ire c tio n s  [1 9 ]. I t  s h o u ld  b e  s tre sse d  th a t O P T IM  is  th e  o n ly  p ro g ra m  th a t has to  b e  ru n  

in te ra c tiv e ly . In  s p ite  o f  th e  fa c t th a t a  s p e c ia l p ro c e d u re  o f  a u to m a te d  o p tim iz a tio n  ha s  bee n  

d e v e lo p e d , u s e r in v o lv e m e n t is  u s u a lly  re q u ire d , e s p e c ia lly  in  th e  case  o f  v e ry  la rg e  o p tim iz a tio n  

p ro b le m s . A f te r  th e  o p tim iz a tio n  p ro b le m  h a s  b e e n  s o lv e d  a n d  th e  s tre ss  p a ra m e te rs  in  th e  

p la s tic  zo n e  h a v e  b e e n  fo u n d , th e  p ro g ra m  E L A S T Z O N  is  e x e c u te d  a n d  th e  s o lu tio n  in  th e  e la s tic  

z o n e  is  c o m p u te d . T h e  la tte r  p ro g ra m  te rm in a te s  th e  b a s ic  lo o p  in  th e  p ro g ra m  f lo w  lo g ic  a n d  

S T R A T E G Y  is  c a lle d  a g a in .

T h e  in p u t d a ta  fo r  th e  p ro g ra m s  c o n s is t o f  se ve n  f ile s  o f  A S C II ty p e . F o u r o f  th e m  c o n ta in  th e  

in fo rm a tio n  a b o u t th e  to p o lo g y  o f  th e  f in ite  e le m e n t m e s h  a n d  m a te r ia l p ro p e rtie s . T h e y  h a v e  

e x a c tly  th e  sam e fo rm a t as th e  in p u t f ile s  u se d  in  th e  p ro g ra m  R A D L E  d e s c rib e d  in  s e c tio n  2 .4 . 

T h e  o th e r th re e  f ile s  c o n ta in  th e  in fo rm a tio n  a b o u t e la s tic , th e rm a l, a n d  in it ia l  re s id u a l s tresses. 

A s  fo r  th e  e la s tic  s tresses, th e  n u m b e r o f  e n v e lo p in g  s tre ss  s ta te s  is  d e fin e d  b y  th e  u s e r a n d  is  

lim ite d  o n ly  b y  a v a ila b le  c o m p u te r e q u ip m e n t. T h e  th e rm a l s tresses h a v e  b e e n  a ssu m e d  to  b e  

c o n s ta n t in  th e  lo n g itu d in a l d ire c tio n . In  fa c t, th e s e  s tre sse s  a re  e la s tic  s tre sse s  a n d  a n  a d d itio n a l 

f i le  ha s  b e e n  c re a te d  fo r  th e  u s e r’ s c o n v e n ie n c e . F in a lly , th e  in it ia l re s id u a l s tre sse s  h a v e  a ls o  

b e e n  a ssu m e d  to  b e  c o n s ta n t in  th e  lo n g itu d in a l d ire c tio n  (a  b a s ic  a s s u m p tio n  in  th e  n u m e r ic a l 

m o d e l) a n d  s e lf-e q u ilib ra te d . I t  s h o u ld  b e  s tre sse d  th a t, i f  th e  in it ia l  re s id u a l s tre sse s  co m e  fro m  

e x p e rim e n ta l d a ta , th e  la tte r  re q u ire m e n t is  u s u a lly  n o t s a tis fie d  u n le s s  th e  m e a s u re m e n ts  a re  

p o s t-p ro c e s s e d .

T h e  o u tp u t d a ta  c o n s is t o f  f iv e  A S C II f ile s . F o u r  o f  th e m  c o n ta in  th e  s o lu tio n  to  th e  p ro b le m , 

i.e ., th e  re s id u a l a n d  to ta l s tresses c o m p u te d  a t th e  c e n tro id s  a n d  n o d e s  o f  th e  f in ite  e le m e n ts . 

T h e  f i f t h  f i le  c o n ta in s  som e  in fo rm a tio n  a b o u t th e  o p tim iz a tio n  p ro b le m s , e le m e n ts  in  th e  p la s tic  

z o n e , a n d  a c tiv e  c o n s tra in ts  ( y ie ld  c o n d itio n s )  fo r  a ll e n v e lo p in g  s tre ss  s ta te s .

3.5 EXAMPLE ANALYSES FOR A RAILROAD RAIL

T h e  a p p ro a c h  a p p lie d  to  th e  a n a ly s is  o f  re s id u a l s tre sse s  in  ra ilro a d  ra ils  a n d  th e  c o rre s p o n d in g  

c o m p u te r p ro g ra m s  h a d  bee n  v e r if ie d  th o ro u g h ly  u s in g  v a r io u s  b e n c h m a rk  te s ts  w ith  b o th  k n o w n  

a n d  u n k n o w n  a n a ly tic a l s o lu tio n s . T h e  c o m p re h e n s iv e  d e s c r ip tio n  o f  th o s e  te s ts  a n d  th e ir  re s u lts  

ca n  b e  fo u n d  in  [4 ] ,  [1 7 ], a n d  [1 8 ]. In  th is  w o rk , s ig n if ic a n t ch a n g e s h a v e  b e e n  m a d e  re g a rd in g  

th e  ty p e s  o f  lo a d s . F ir s t o f  a ll,  to  b e  a b le  to  d e a l w ith  n o rm a l a n d  ta n g e n t lo a d s  a c tin g  

s im u lta n e o u s ly , a  n e w  f in ite  e le m e n t ha s  b e e n  fo rm u la te d . In  c o m p a ris o n  to  th e  f in ite  e le m e n ts  

c o n s id e re d  p re v io u s ly , i t  c o n ta in s  a ll th e  re s id u a l s tre ss  te n s o r c o m p o n e n ts . A d d it io n a lly , th e  

p ro g ra m  f lo w  lo g ic  has be e n  e x p a n d e d  so  th a t m a n y  e n v e lo p in g  s tre ss  s ta te s  c a n  b e  d e fin e d . T h e  

n e w  f in ite  e le m e n t has b e e n  v e r if ie d  u s in g  th e  sam e te s ts  as in  [1 7 ], w h e re  a  th ic k -w a lle d  

c y lin d e r  s u b je c t to  e ith e r in te rn a l p re s s u re  (n o rm a l lo a d ) o r  to rs io n  ( ta n g e n t lo a d ) w a s  c o n s id e re d .
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U n fo rtu n a te ly , to  th e  a u th o rs ’ k n o w le d g e , th e re  a re  n o  b e n c h m a rk  p ro b le m s  w ith  k n o w n  

a n a ly tic a l s o lu tio n s  th a t c o u ld  b e  u se d  to  v e r ify  th e  a b o v e  m o d ific a tio n s  th o ro u g h ly . H o w e v e r, 

th e  q u a lity  o f  th e  re s u lts  d e s c rib e d  b e lo w  in d ic a te s  th a t th e  c o m p u te r p ro g ra m s  h a v e  b e e n  

m o d ifie d  p ro p e r ly . T h e  se co n d  g ro u p  o f  m o d ific a tio n s  is  c o n n e c te d  w ith  th e rm a l lo a d s . T h e se  

lo a d s  a re  u s u a lly  a c c o m p a n ie d  b y  s u b s ta n tia l ch a n g e s  in  m a te r ia l p ro p e rtie s , re q u ir in g  th e  

a p p lic a tio n  o f  an  a p p ro p ria te  a lg o r ith m  fo r  th e  e v a lu a tio n  o f  re s id u a l s tre sse s . S u ch  a n  a lg o r ith m  

has b e e n  p ro p o s e d  in  [1 4 ] a n d  v e r if ie d  in  [1 5 ], w h e re  a  ra ilro a d  c a r w h e e l s u b je c t to  th e rm a l lo a d  

d u e  to  s to p -b ra k in g  w a s  c o n s id e re d . T h e  sam e a lg o r ith m  h a s  b e e n  im p le m e n te d  in  th e  c o m p u te r 

p ro g ra m s  d e s c rib e d  in  th e  p re v io u s  s e c tio n . In  th e  a u th o rs ’ o p in io n , a d d itio n a l te s ts  w e re  n o t 

n e ce ssa ry . M o re o v e r, su c h  te s ts  w o u ld  re q u ire  th e  c o rre s p o n d in g  e la s tic  a n a lyse s  to  b e  

p e rfo rm e d  f ir s t ,  w h ic h  c o u ld  b e  th e  s u b je c t o f  a  se p a ra te  s tu d y .

T h e  c o m p u te r p ro g ra m s  d e v e lo p e d  fo r  th e  e v a lu a tio n  o f  re s id u a l s tresses h a v e  b e e n  a p p lie d  to  

e s tim a te  r a il s h a k e d o w n  s tre ss  s ta te s  in  a 132  R E  r a il s e c tio n . T w o  cases o f  lo a d in g  h a v e  b e e n  

c o n s id e re d .

In  case # 1 , th e  r a il w a s  s u b je c t o n ly  to  v e r tic a l s u rfa c e  tra c tio n s  tz (X ,Y )  o f  in te n s ity  

toz =  1 2 3 9 .9 8  M P a  a c tin g  o v e r a  re c ta n g u la r c o n ta c t a re a  o f  d im e n s io n s  a =  6 .9 4 7  m m  a n d  

b =  5 .0 8 3  m m , w ith  th e  c e n te r C  o f  c o o rd in a te s  x  =  0 .0  m  a n d  y =  0 .1 8 0 0 8 6  m  a n d  th e  s lo p e  

a  =  0° ( fo r  th e  n o ta tio n  a n d  c o n v e n tio n s  see s e c tio n  2 -4 ). T h e  p a ra m e te rs  toz, a , a n d  b w e re  

c a lc u la te d  u s in g  th e  fo rm u la e  (2 .4 8 ), w h e re  th e  v e r t ic a l fo rc e  Tz w a s  e q u a l to  7 7 .8 4  k N , a n d  th e  

d im e n s io n s  o f  th e  e llip t ic a l c o n ta c t a rea , A  =  6 .4 m m  a n d  B  =  4 .6 8 3 m m , w e re  o b ta in e d  b y  

m e a n s o f  th e  H e rtz  fo rm u la e  a s s u m in g  th e  fo llo w in g  d a ta : ra d iu s  o f  th e  w h e e l R± =  0 .4 0 6 4  m , 

ra d iu s  o f  th e  w h e e l p r o f ile  Rz =  ° o , a n d  ra d iu s  o f  th e  r a i l  p r o f ile  R1 =  0 .2 5 4  m ; th e  r a il w a s  

a ssum ed  to  b e  f la t  in  th e  lo n g itu d in a l d ire c tio n , i.e ., R '~ °o .

A s  fa r  as th e  m a te r ia l p ro p e rtie s  a re  c o n c e rn e d , Y o u n g ’ s m o d u lu s  E , P o is s o n ’ s ra t io  v , a n d  th e  

f lo w  s tre ss  o 0 w e re  a ssu m e d  to  b e  te m p e ra tu re -in d e p e n d e n t a n d  e q u a l to  2 0 6 .8 3 2  G P a , 0 .3 , a n d

4 4 8 .1 3 7 , M P a , re s p e c tiv e ly . A d d it io n a lly , th e  d im e n s io n s  o f  th e  H e rtz  e llip s e  w e re  c a lc u la te d  

a s s u m in g  th a t b o th  th e  r a i l  a n d  th e  w h e e l w e re  m a d e  o f  m a te r ia l w ith  th e  sam e, e la s tic  c o n s ta n ts .

T h e  p ro b le m  w a s  s o lv e d  u s in g  th e  sam e f in ite  e le m e n t m e sh e s  th a t w e re  u se d  in  th e  e la s tic  

a n a lyse s  p re s e n te d  in  s e c tio n  2 .6 . T h e  e la s tic  s o lu tio n  n e ce s s a ry  as in p u t d a ta  w a s  fo u n d  b y  

m eans o f  th e  p ro g ra m s  d e s c rib e d  in  s e c tio n  2 .4 . T h e  c o n to u r lin e  p lo ts  o f  e la s tic  s tresses fo r  

m eshes # 2  a n d  # 3  a re  s h o w n  in  s e c tio n  2 .6 . T h e  a n a ly s is  o f  re s id u a l s tresses w a s  p e rfo rm e d  

a s s u m in g  o n ly  o n e  e n v e lo p in g  e la s tic  s tre ss  s ta te  fo r  th e  c ro s s  s e c tio n  th a t c o n ta in e d  th e  c e n te r o f  

th e  c o n ta c t z o n e . In  s p ite  o f  th e  fa c t th a t su ch  s e le c tio n  se e m e d  to  b e  s tra ig h tfo rw a rd , a fte r  th e  

re s id u a l s tre ss  s ta te  h a d  b e e n  fo u n d , th e  y ie ld  c o n d itio n s  w e re  a d d itio n a lly  e x a m in e d  fo r  

n e ig h b o r in g  c ro s s  s e c tio n s .

S om e  s e le c te d  re s u lts  fo r  case  #1  a re  s h o w n  in  fig u re s  3 .1  th ro u g h  3 .6 . T h e  c o n v e rg e n c e  o f  th e  

s o lu tio n  w ith  re s p e c t to  th e  m e sh  d e n s ity  is  p re s e n te d  in  fig u re s  3 .1  a n d  3 .2 , w h e re  th e  s tre ss  

te n s o r c o m p o n e n ts  a re  p lo tte d  a lo n g  th e  lin e s  a - a  a n d  P -  [J s h o w n  in  fig u re s  2 .2 0
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th ro u g h  2 .2 2 . T h e  c o n to u r lin e  p lo ts  o f  s tre sse s  fo r  th e  m esh e s # 2  a n d  # 3  a re  p re s e n te d  in  

fig u re s  3 .3  th ro u g h  3 .6 .

T h e s e  re s u lts  in d ic a te  th a t m e sh  #1  is  d e fin ite ly  to o  co a rse . M e s h  # 2  seem s to  b e  a c c e p ta b le , a n d  

m e sh  # 3  m a y  b e  re c o g n iz e d  as a p p ro p ria te  fo r  th e  p ro b le m  u n d e r c o n s id e ra tio n . T h e  s o lu tio n s  

o b ta in e d  fo r  m eshes # 2  a n d  # 3  a re  in  q u ite  g o o d  a g re e m e n t. S ig n if ic a n t d iffe re n c e s  ca n  be  

o b s e rv e d  o n ly  fo r  n o rm a l s tresses o ^ ,  b u t th e se  s tresses a re  s tro n g ly  in flu e n c e d  b y  th e  fa c t th a t

th e  b o u n d a ry  c o n d itio n s  o n  th e  c o n ta c t s u rfa c e  a re  s a tis fie d  in  a n  in te g ra l sense .

In  case # 2 , th e  w h e e l w a s  s u b je c t to  th e  v e r t ic a l s u rfa c e  tra c tio n s  tz (X ,Y )  o f  in te n s ity  

tQZ =  1 2 3 9 .9 8  M P a  a n d  th e  h o r iz o n ta l s u rfa c e  tra c tio n s  tx ( X ,Y )  o f  in te n s ity  

t ox =  0 .3 toz =  3 7 1 .9 9 4  M P a . T h e  o th e r d a ta  w e re  a ssu m e d  to  b e  e x a c tly  th e  sam e as fo r  case # 1 . 

T h e  e la s tic  s o lu tio n  w a s  fo u n d  u s in g  th e  p ro g ra m s  d e s c rib e d  in  s e c tio n  2 .4 . T h e  c o n to u r lin e  

p lo ts  o f  e la s tic  s tresses fo r  m esh e s # 2  a n d  # 3  a re  p re s e n te d  in  s e c tio n  2 .6 .

T h e  a n a ly s is  o f  re s id u a l s tresses w a s  p e rfo rm e d  a s s u m in g  th a t s e v e ra l e n v e lo p in g  s tre ss  sta tes 

h a d  to  b e  ta k e n  in to  c o n s id e ra tio n . In  th e  f ir s t  s te p , th e  n u m b e r o f  s u c h  s ta te s  w a s  a ssu m e d  to  b e  

e q u a l to  5 , c o rre s p o n d in g  to  th e  d iv is io n  o f  th e  c o n ta c t z o n e  in to  4  s e c to rs  in  th e  lo n g itu d in a l 

d ire c tio n . In  th e  se co n d  s te p , th e  n u m b e r o f  s e c to rs  w as. d o u b le d , re s u ltin g  in  9  e n v e lo p in g  stress 

s ta te s . T h e  d iffe re n c e s  b e tw e e n  th e  c o rre s p o n d in g  s o lu tio n s  w e re  v e ry  s m a ll a n d  fu r th e r  d iv is io n  

w a s  n o t c o n s id e re d .

T h e  re s u lts  in  th e  fo rm  o f  c o n to u r lin e  p lo ts  o f  re s id u a l s tresses fo r  m e sh e s  # 2  a n d  # 3  a re  sh o w n  

in  fig u re s  3 .7  th ro u g h  3 .1 2 . In  s p ite  o f  th e  fa c t, th a t th e  h o r iz o n ta l lo a d in g  c o n s titu te s  o n ly  3 0 %  

o f  th e  v e r t ic a l lo a d in g , i t  has re la tiv e ly  s ig n if ic a n t in flu e n c e  o n  th e  q u a lity , o f  th e  re s u lts , w h ic h  is  

lo w e r  th a n  in  # 1 . U n fo rtu n a te ly , a v a ila b le  c o m p u te r e q u ip m e n t d id  n o t p e rm it th e  s o lu tio n  o f  

th is  p ro b le m  fo r  d e n s e r m eshes. I t  s h o u ld  b e  s tre sse d  th a t th e  q u a lity  o f  th e  s o lu tio n  is  in flu e n c e d  

n o t o n ly  b y  th e  m e sh  d e n s ity  b u t a ls o  b y  th e  q u a lity  o f  th e  e la s tic  s o lu tio n , w h ic h  is  u se d  as in p u t 

d a ta . C o m p a ra tiv e  te s ts  c a rr ie d  o u t fo r  p ro b le m s  w ith  k n o w n  a n a ly tic a l s o lu tio n s  in d ic a te  th a t 

e v e n  s m a ll d iffe re n c e s  in  th e  la tte r  s o lu tio n  m a y  re s u lt in  d iffe re n t re s id u a l s tre ss  s ta te s , a n d  th a t 

is  w h y  a p p ro p ria te  m e sh  re fin e m e n t m u s t n o t b e  n e g le c te d .
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Figure 3.7 Contour Lines of Normal Residual Stresses <rxx and <Tyy in
the Railroad Rail under Vertical and Horizontal Loading
(Loading Case # 2 ) — Solution for Mesh # 2
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Figure 3.9 Contour Lines of Normal <tzz and Shear <rxy Residual Stresses
in the Railroad Rail under Vertical and Horizontal Loading
(Loading Case # 2 ) — Solution for Mesh # 2
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Figure 3.10 Contour Lines of Normal <xzz and Shear <xxy Residual Stresses
in the Railroad Rail under Vertical and Horizontal Loading
(Loading Case # 2 ) — Solution for Mesh # 3
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Figure 3.11 Contour Lines of Shear Residual Stresses <xyz and crxz in
the Railroad Rail under Vertical and Horizontal Loading
(Loading Case # 2 ) — Solution for Mesh # 2
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Figure 3.12 Contour Lines of Shear Residual Stresses cryz and <xxz in
the Railroad Rail under Vertical and Horizontal Loading
(Loading Case # 2 )  — Solution for Mesh # 3
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