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PREFACE

The Federal Railroad Administration (FRA) is sponsoring research
development, and demonstration programs to provide improved safety,
performance, speed, reliability, and maintainability of rail trans-
portation systems at reduced life-cycle costs. A major portion of
these efforts is related to improvement of the dynamic characteristics

of rail vehicles, track structures.

Under the RR 515 Project, the Transportation Systems Center
GTSC)is maintaining a center for resources to be applied to these
programs. As part of this effort, TSC has been acquiring,
developing, and extending analysis tools to support these FRA

objectives.

As a result of a survey of FRA requirements and existing
analysis tools, it was found that there is a need for an analytical
method of predicting the performance of rail vehicles on curved
track taking into account the non-linearities associated with
creep forces and the mechanism of flange contact. This report
provides a description of in-house efforts to provide a baseline
analysis of an idealized truck to provide first-order estimates
of the effects of these non-linearities. A more complete model,
including a more complete description of rail profile and vehicle/
t}uck non-linearities, is currently under development by Law and
Cooperrider under contract DOT-TSC-902 to Clemson University.

The major portion of the work described here was perfdrmed by
Professor A. B. Perlman of Tufts University while under a temporary
appointment to the TSC staff.
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NOMENCLATURE

Location of points on the wheel profile
creep coefficient (force)

longitudinal component of creep force
lateral component of creep force
resultant creep force

gravitational force

truck wheelbase

change in height of axle load because of lateral
displacement

lateral stiffness of wheelset relative to the
vehicle body (force per unit displacement)

yaw stiffness of wheelset relative to the
vehicle body (couple per unit angle)

distance between wheel rail contact points
gravitational moment (couple)

normal force on a wheel

lateral suspension force on truck

wheel radius

rolling radius

curve radius

distance along track centerline

longitudinal creep velocity
lateral creep velocity
resultant creep velocity
truck velocity

wheel load

ix



NOMENCLATURE (CONT'D)

lateral displacement of wheelset from truck
centerline

lateral displacement of truck center of gravity
wheel profile conicity

effective conicity

reference point on wheel rail profile

friction coefficient

angle of wheel contact plane with horizontal
wheelset yaw displacement

yaw displacement of truck body

1, front axle

2, rear axle

1, outside wheel

2, inside wheel

derivative with respect to lateral displacement

derivative with respect to time.



1. INTRODUCTION

A significant portion of railway track is curved. Negotiation
of these curves by freight and passenger vehicles presents problems
of wheel and rail wear, noise, and possible derailment which are
more severe than for tangent track. The causes of these conditions
are generally attributed to large lateral forces resulting from
contact of wheel flanges with the rail.

Current attempts to provide improved curving performance
include reduction of rotational stiffness of the truck for yaw
motion of the axles. Lubrication of center plates, large clearances
of components, and parallelogramming of freight trucks and flexible
passenger trucks. In combination with large wheel-profile conicity,
guidance through curves without flange contact is possible. Recent

1.1 have

linear analyses of the dynamics of flexible trucks
examined the feasibility of steering through the action of creep
forces alone. Unfortunately, the requirements of low yaw stiffness
and high conicity for flangeless guidance compromise the lateral
dynamic stability (hunting characteristics) of rail vehicles on
tangent track. For existing designs, curve guidance is produced

by a combination of creep force and flange mechanism. The flange
mechanism is the dominant means for guidance in tight curves such

as those which commonly exist in urban transit properties.

Under these conditions, both creep forces and the gravitational
action of the flange are non-linear in nature. The objective of
this analysis is to examine the non-linear effects of wheel
geometry and creep characteristics over a range of lateral
displacements sufficiently large to produce gross sliding motions.

The model for this motion is a flexible truck moving slowly
on a curved track. Since the curving performance of a complete
vehicle is worse than a single truck, the truck is a first limit
for such performance. This baseline model represents the simplest
credible account of the non-linearities which provide guidance in

the range of lateral displacements on the order of nominal flange



clearance. As such it is employed to obtain bounding condition
and qualitative characteristics of the effects of non-linearities
on the guidance of vehicles in curves.



2. BACKGROUND

Recent investigations of the dynamics of rail vehicles on
curved track have considered the steady motion of a flexible

s 2 Using linear representations of wheel-profile conicity

vehicle.
and creep forces, these analyses have established limits for the
minimum curve radius which can be negotiated without slip as a function
of the lateral suspension parameters of the vehicle. These results
also indicate that the respective outward and inward displacements

of the leading and trailing axles of a truck from the rolling

position of a free wheelset is strongly influenced by yaw stiffness.

On most curves, the linear analysis indicates that stiff trucks

either slip or exceed nominal flange clearances. As a result of

these conclusions, previous examinations of truck-curving have

4,5,6 In these earlier analyses

assumed that trucks were rigid.
it is assumed that steering is achieved through friction forces

resulting from gross slipping of wheel flanges on rail.

In the construction of new high-speed rail vehicles, the
linear, steady-curving analysis has been a basis for rational
design of suspension components.7 However, the design demands
for guidance by creep forces only require large flauge clearance.
In addition, non-linear guidance effects were observed in actual

vehicle performance.

As noted.elsewhere,1 the effects of gravity forces on the
linear analysis are small as long as the wheel-rail contact is
on the wheel tread. As the contact point moves to the root of the
flange or to the flange wall, the magnitude of gravity forces become
comparable to that of creep. For sufficiently large lateral displace-
ments of the wheels, the creep limit is reached, slip occurs, and
the motion is controlled by gravitational effects. In fact, the
lateral forces associated with resistance to raising the wheel
upon the rail are the essence of the character of the flange.

The analysis presented here extends the work of the linear

creep, linear conicity investigations to include regions where



both effects are non-linear. Under some of the conditions where
the linear analysis predicts slip steering may in fact be achieved
without gross-sliding. However, since inertia effects are neg-
lected, curve entry transients may be somewhat underestimated.

The model, shown in figure 1, is a two-axle, flexible
vehicle with profiled wheels traversing a curve of radius, R at
a constant forward speed, V. It is described in terms of lateral
and yaw displacements of the two wheelsets and the body or frame
of the vehicle. The lateral displacements are measured in the
direction of the local curve radius and the yaw is referenced to
the same radial direction. Wheel gauge (between the contact
points with the rail) is denoted by 22 and the vehicle wheelbase
by 2 h&. The flexibility of the suspension is represented by a
yaw stiffness, kR, which resists relative rotation of the axles
and the body and lateral stiffness, kL, which resists relative
motion of the ends of the body and the axle centers of gravity.
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3, NON-LINEAR GRAVITATION FORCES

For small lateral displacements of a wheelset, with profiled
wheels, the concept of gravitational stiffness has been introduced 8
to represent the lateral forces which resist the movement as a
linear function of the lateral displacement. In general however,
these forces are non-linearly dependent on the lateral movement
of the wheelset. An idealized description of this non-linearity
is the knife-edge rail model of figure 2.9 The gravity effects
can be viewed as the lateral force, Fg’ required to raise the load
on the axle of the wheelset as it is moved over a frictionless
rail. Assuming that the yaw of the axle is small and ignoring the
compliance of the track, the wheelset will roll through an angle
6 as it is displaced a distance, y, laterally. As a result, the
potential energy of the axle load, 2W, will be ZWhZ, where

- T, ' 7
h, =8 +( Z R (1)

s L : 2
6'_"22— (2)

From the Principle of Virtual Work, the work done by the force,
Fg’ through a virtual displacement, y, is equal to the change of
potential energy of the system, so that

1 ]
p_ - _ (Potential Emergy) _ (rl i )+ y(.rl " )
2
oy

For profiled wheels, the rolling radii at the outside and
inside contact points of the wheels with the rails are
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1 r + g (Y+50) - g (60), (43.)

rz r+ g 660 = Y) - g (‘60), (4b)
where 50 is defined by the wheel and track gauges and the wheel
rail profiles.

As the wheelset 1is displaced laterally, the normal forces
also produce a torque which tends to destabilize yaw motion and

is given approximately as
Mg = W {g' (y + 65) - 8" (8 - y)] Y. (5)

In the examples considered here, g(y) will be taken as a
polynomial in Yy representing the wheel profile and g' (y) as
the wheel rail contact angle. More generally, g(y) can be viewed
as a description of the rolling radius (e.g-, experimental
determination) as a function of the lateral displacement which

accounts for movement of the contact point along the rail head.
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Figure 2. Wheelset with Non-Linear Profile
and Knife-Edge Track Representation
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!4, CREEP FORCES

When the lateral and yaw displacements of a wheel differ
from rates consistent with pure rolling motion, creep forces
are generated as a result of the relative rates of strain in the
contact zone between the wheel and rail. This phenomenon can be
described as a functional relationship between the creep forces
and difference in actual rolling velocities normalized on the
forward speed. Newland1 has described the details of the
appropriate kinematics of a wheelset moving at constant velocity
on a turn. In terms of the notation and sign conventions of
figure 3, the lateral and longitudinal components of creep velocity
for the ith wheelset are

_ Vi
Vyi =¥ Wi, (6a)
Y, . T LY.
1i - 1 L,
Vx1i r "V "R (6b)
y _ T-T,s . Ly By
x21 T ) R (6¢)

Ignoring the effect of spin creep, the resultant creep force
at each wheel, ngi, is non-linearly related to the resultant
creep velocity, Vji’ at the corresponding wheel.

_ 2 2 .
Vi _‘/ Vyi V%51 (7)

For large creep velocities, Cooperrider10 has applied the
non-linear functional form of creep curve shown in figure 4 to
the analysis of truck-hunting. Assuming, as a first approximation,
that the creep coefficients for pure lateral and pure longitudinal



Figure 3. Creep Velocity Components for Two-Axle Vehicle
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Figure 4. Non-Linear Creep Force Relationship
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motion are equal, this creep relation can be expressed as

N =

i | 3. 3
N gi =3 Evy50° + 7, (£ vy4)75 for vy,<g,

(8)

Where f, the creep coefficient, is a function of the material and
geometry of the contact area, u is the limiting adhesion or
friction coefficient, and Nji the normal force between the wheel
and rail. When the contact point is on the flange wall, N.i is
taken such that its vertical component equals the wheel load; i.e.,

Nji cos ¢ji =W, (9)

= -1 !
¢ji = tan rji . (10)
The resultant creep force can be resolved into lateral and
longitudinal components which act to oppose the motion of their

corresponding creep velocities. These components of creep force
are as follows:

fyji = vyi fji’ (11a)

fe5i = Vaii i, (11b)

Wherefjiis the effective creep coefficient of wheel j
as defined by

F..
f.. =L,
ji Vji

(12)

The effect of these creep forces on each wheelset is a
lateral force,

12



=f ..+ f ..
Fci yli y2i, (13)
and a yaw couple,

Mg = 20Egq5 * £404)0 (14)

as shown in figure 5.

13



S, . tl
Figure 5. Creep Force and Couple Acting on 1 1Wheelset
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5. EQUATIONS OF MOTION

If the effects of the vehicle and axle inertia for yaw and
lateral accelerations are small compared with creep and gravit-
ational forces, the motion of the vehicle will be determined
by a balance of the suspension forces against creep and gravitation.

1,2 but are also

Such conditions prevail for steady-curving,
a reasonable approximation of the motion of a vehicle moving slowly
along a curve. In contrast with steady-curving, the rates of yaw
and lateral displacement for the latter situation can be non-zero
so that creep (and therefore all)forces may vary. As long as no
slip occurs, this motion is the kinematic mode for a flexible
vehicle on curved track. For a given set of initial conditions,
the displacements are a function of the distance traveled along

the curve and are independent of the speed of the vehicle. The
gravitational effects of a vehicle traveling at a velocity which
differs from the balance speed for superelevation of the track

can be represented by a lateral force, P, applied to the body

of the vehicle.

Consistent with the assumptions of small inertia effects,
gyroscopic terms can be ignored. The balance of creep, gravitation,
and suspension forces are described by six equations for yaw and
lateral equilibrium of the two wheelsets and for the body.
Considering equations (13) + (14), these conditions can be written

as
kL (yy - ¥g - ha¥) = -Fq - Fgl 5 (15a)
ki Oy - yg +hi¥y) = -F, - Foa | (15b)
kp (¥ - ¥5 - 5D =M ¢ M1 » (15¢)
kg (¥ - ¥g + %& ) - Myt Moy (15d)

15



ky (2yg - yp -y =P (15e)

(2, - ¥ - ¥,) + k he (y, - y; + 2ha¥g) = 0 (15f)

1

By substituting from equations (6) to (14), the equation of
motion can be solved in terms of the lateral and yaw displacement
rates. Noting that %% = V, these rates can be expressed as a
function of the distance along the track.

dy. [
i_ ; 1 ; = n

w e g On s P e

d- : (r : )

Yi 1 1 1i T
= = - f —_ -1 + f O_- h)

ds R m(fli + le) 1i T 2 =
_Mgi + kR (Wi - WS + gﬂ)] (16b)

The minus and plus signs correspond to i = 1 (front axle)
and i = 2 (rear axle), respectively. The motion of the body is
determined by the positions of the wheelsets and the force, P.

_ 1 P
y3 = 2 ll_-(yl A Yz) it FL‘] , (178.)

]
o l[kR (¥+ ¥,) +khe(y;-y,) } .

3 2 2
kR + (hg) kL

(17b)

16



6. RESULTS

The set ofnon-linear, first-order differential equations (16)
was programmed for numerical inteération on a digital computer
using a fourth-order Runge-Kutta algorithm. Right-hand sides of the
equations were calculated by proceeding from displacements at each
wheel sequentially through computation of rolling radii, gravi-
tational forces and couples, normal forces, creep velocities, and
creep forces. Reduced step sizes were generally required for
conditions of large creep or slip. Typical run times for 40 steps
on a DEC 10 computer were on the order of 10 seconds.

6.1 WHEELSET

Motion in the kinematic mode is illustrated by the lateral
displacement of an unrestrained wheelset with constant conicity
wheels (Fig. 6). Starting from zero initial conditions (i.e., atthe
track centerline with no yaw), the displacement is a sinusoid with
a mean value and an amplitude equal to the steady-curving tracking
error, y, = %%, predicted by the linear theory. (Parameters for
those examples were selected to facilitate comparison with results
of the linear analysis presented elsewhere .l)For smaller wheel
conicity, a, both the amplitude and wavelength of the displacement
increase. This sinusoid about the steady-tracking position 1is
identical to the motion called kinematic-hunting of conical wheels
about thz centerline of tangent track which has wavelength given

T

by 2m % . 1f the wheelset is started from the conditions for

steady-curving, there is no oscillatory motion. In this case,
steady motion is essentially pure-rolling. The axle lines up
with the local radius so that there is no yaw, ahd the steady
motion requires no longitudinal creep force. Only a very small
lateral creep force is needed to offset the gravitational force.
For the oscillatory motion, some longitudinal creep force acts
to turn the axle. However at displacements consistent with the
linear theory, creep forces can be taken as negligible, and a

17
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Figure 6. Kinematic Mode of Wheelset with Linear Profile
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Figure 7. Polynomial Representation of Narrow Flange Profile
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free wheelset with a linear profile should negotiate a curve of

any radius without slipping.

To investigate the effects on non-linear geometry, the
Association of American Railroads'{AAR) standard narrow flange wheel
profile was approximated by the high-order polynomial of figure 7,
Since this representation does not account for the movement of the
wheel-rail contact point along the railhead, a neutral-rolling
contact point at a nominal location, A, allows an unreasonably large
representation of flange clearance. For the contact point at B, C,
or D, the clearance can be presented more realistically as shown in
figure 8. The gravitational force computed from equation (3)
reaches a maximum roughly when the slope stops increasing about
half-way up the flange. The curve corresponding to a neutral
"point A is essentially that for a constant 1/20-conicity.

Figure 9 represents the lateral motion of the free wheelset
with the neutral radius at c on a moderate curve (R = 1 mile).
Qualitatively, this motion is similar to that of the linear geometry.
The sinusoidal oscillation about the steady-tracking position has
an amplitude dependent on the initial conditions. The dotted
curve is the lateral displacements started from a position
corresponding to the conicity at c. For this geometry, the mean
displacement, the steady-tracking error, is reduced to a value,

25 o is an effective conicity,2 r1—r2, for radii r, and

Yo T R e 7y, 1

r, computed at the steady-tracking position. “Figure 10 %llustrates
the influence of effective conicity on the predicted steady-
tracking position for the standardHWide-flange profile. The steady-
tracking curve for each contact point was determined by computing
the rolling radii and effective conicity for a given lateral
displacement, and then, calculating the curve radius consistent
with a tracking error equal to the displacement. The limiting
effect of the flange is clearly evident in contrast with the
linear-profile prediction. One simple interpretation of these
curves would be in terms of a nominal flange clearance limit on
curve radius. For a nominal clearance of 0.3 inch, the linear-
profile 1imit would be about 2500 feet, while the 1limit from the

curve point "'c'" is 1300 feet.

20
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Figure 9. Kinematic Mode of Non-Linear Profile
Wheelset with Neutral Radius at Point C
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As the radius of the curve becomes smaller, the effect of
the geometricnon-linearitykan interact with the non-linear form
of the creep forces. In contrast with the linear theory, the steady-
tracking position of the wheelset can be limited by the coefficient
of friction rather than by the effective conicity. For example, at
R = 500 feet, the ¥, from curve "c" for the sample wheelset is
0.451. As shown in figure 11, for u = 0.2, the motion of the wheel-
set is highly damped and quickly reaches steady value of 0.367.

This is a sliding rather than a rolling motion.

This steady position in slip motion can be determined by a
reasonable approximation from an examination of equations (15).
Noting that steady conditions correspond to a lateral displacement
for which the algebraic sum of the creep and gravitational forces 1is
zero, y can be computed from the gravitational force required for
this balance. In the steady motiom, the yaw displacement of the
wheelset it negligible. Therefore, the resultant creep force 1is
essentially pure lateral since little longitudinal component is
needed to offset the gravitational couple. For a given coefficient
of friction, the maximum creep force at each wheel is limited to uN.
The F_ required to balance the total lateral creep force on the
wheelset is, therefore, approximately 2uW. A graph such as figure 8
can be used to determine the lateral displacement corresponding to
that value of F_. As jndicated in figure 11, as M increases, the
wheel can climb farther up the flange. When slipping finally occurs,
the displacement adjusts to the steady-tracking position consistent
with the effective conicity. These results give an indication of
adhesion as an agent providing the mechanism for wheel-climbing which
may lead to derailment.

Thus for a given curve radius, the steady-curving position
will be the minimum of the limiting friction or the effective
conicity value. Alternatively, the limiting friction can be
interpreted in terms of the minimum radius for which the wheelset
will not slip. As indicated in figure 11 for the profile charact-
erized by the curve 'c'", this l1imiting radius is 870 feet for w =
0.2, and 6.20 feet for u = 0.3.

23
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6.2 FLEXIBLE VEHICLE

When suspension elements are present in the vehicle which
restrain the yaw and lateral motion relative to the body of the
vehicle, the kinematic mode of motion differs from that of the
free wheelset. Even on curves with a radius large enough that no
slipping occurs, creep forces of significant magnitude may be
generated to guide the vehicle. A motion typical of a flexible
vehicle for such conditions is shown in figure 12. In this
example with constant conicity wheels, the characteristic lateral
motion of each wheel is a damped sinusoid which is asymptotic to
the steady-tracking position predicted by the linear theory. The
wavelength and damping ratios of these trajectories are functions
of the lateral and yaw stiffness. This motion is analogous to the
kinematic mode of a flexible truck on tangent track for which the
wavelength and damping vary between the values for a free wheelset

Al s jele2 The difference in magnitudes of the

and for a rigid truck.
motion of the leading and trailing axles is characteristic of the
angle of attack with respect to the centerline which the flexible

truck adopts since it cannot roll through the curve.

Some of the effects of the creep and geometric non-linearities
on this basic kinematic tehavior are shown in figure 13. The
example truck is moderately flexible with the straightline repre-
senting the linear-theory prediction1 of three times the corres-
ponding displacement of a free wheelset. For a linear profile
but non-linearcreep, the dotted curve follows the non-linear
saturation characteristic of the creep curve.It isasymptotic to a
slipping radius limit. This result is consistent with experimental
results reported by Boocock” for a model vehicle on a roller rig
and provides a means for laboratory determination of a limiting
friction. The dashed curve represents the combined effects of
non-linearcreep andnon-linear profile (neutral contact point taken
at "c¢" in Fig. 7). As can be seen from the terminations of the
plots, the limiting curve radius for no slip is strongly influenced
by the non-linearities.

26
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However, with the non-linear results available, a modification
of the linear interpretations is possible. For example, Newland1
has represented the lateral displacements of the wheelsets of the
flexible truck as a function of non-dimensional yaw-and-lateral
stiffness parameters. The displacemeﬁts are particularly sensitive
to the yaw-stiffness parameter, K1 = T%HT, in which the creep co-
efficient, f, is taken as the slope of the creep curve for the linear,
small creep-velocity range. For relatively high-yaw stiffness, the
creep forces required even for steady-curving may be a large fraction
of the total available creep. It can be seen from figure 4 that at
large creep velocities, the effective creep coefficient is reduced
as compared with the linear value of the initial slope. In figure 14,
the normalized steady-tracking error of the front wheelset of a
flexible vehicle with linear profile wheels (conicity = 0.05), but
non-linear creep forces, is compared with results of the linear
analysis.1 The deviation of the linear and non-linear results can
be interpreted in terms of the effective creep coefficient, shifting
the linear results shown in figure 14 to the left-hand to account
for an increase in the dimensionless yaw stiffness (i.e., the lateral
displacement corresponds toa yaw-stiffness parameter with £ equal to

the effective rather than the linear creep coefficient).

A similar interpretation can be associated with the steady-
curving results for a vehicle with non-linear creep and non-linear
wheel profile. If no slip occurs in the steady-tracking, the lateral
displacement can be related to the corresponding tracking error for
a free wheelset with the same wheel profile. In this case, the
lateral displacements in the non-dimensional tracking error are
computed from the effective conicity, while K] corresponds to the

effective creep coefficient.

In contrast with the free wheelset, significant components of
both longitudinal-and-lateral creep force are required to steer a
flexible vehicle. The approximation of gravitational force off-
setting lateral creep at slip conditions cannot be readily extended
for non-linear geometry and creep of the vehicle. However, an
effective creep force can be calculated from the resultant creep
force computed by the program for steady-curving conditions. This
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coefficient can then be used to modify the linear results, such as
Newland's non-dimensional curve radius, Ry W/fhf, to determine a
minimum radius for steady-curving without slip. A similar argument
can be applied to modify the linear prediction of superelevation
effects.

As the results of the free wheelset kinematic motion indicate,
the forces and slip conditions in transient motion such as curve
entry are likely to be more severe than those of steady-curving.
While the design of spiral track sections is intended to alleviate
the effects of entry, local disturbances produce motions significantly
different from steady-curving. For such circumstances, the linear
predictions cannot be readily modified so that force magnitudes and
conditions of slip must be determined from exercise of the computer
program for specific vehicle and curve geometry, suspension parameters,

and initial conditions.
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